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1. DEFINITION OF KURANISHI STRUCTURE

Definition 1.1. ([FOOO, Definition A1.1]) A Kuranishi neighborhood of p in X is
a quintuple (V,,, E,, Ty, ¥y, s,) such that:
(1) V, is a smooth manifold of finite dimension, which may or may not have
boundary or corner.
(2) E, is a real vector space of finite dimension.
(3) T, is a finite group acting smoothly and effectively! on V, and has a linear
representation on F,,.
(4) s, is a I') equivariant smooth map V,, — E,,.
(5) 1y is a homeomorphism from s,*(0)/T', to a neighborhood of p in X.
We put U, =V, /T, and says that U, is a Kuranishi neighborhood. We sometimes
say that V), is a Kuranishi neighborhood by a slight abuse of terminology.
We call £, xV}, =V}, an obstruction bundle and s, a Kuranishi map. For x € V,,,
denote by (I',), the isotropy subgroup at z, i.e.,

(Lp)e =A{y €Ty vz =z}

Let o, be a point in V,, with s,(0,) = 0 and ¥,([0p]) = p. We will assume that o,
is fixed by all elements of I',.

Definition 1.2. ([FOOO, Definition A1.3]) Let (V,, Ep, L'y, ¥p, sp) and (Vy, Eq, Ty, g, s4)
be a pair of Kuranishi neighborhoods of p € X and ¢q € wp(sgl(O)/Fp), respectively.
We say a triple (épq, Opqs hpq) & coordinate change if
(1) hypg is an injective homomorphism I’y — T',,.
(2) ¢pq : Vog — Vp is an hyy equivariant smooth embedding from a I'; invariant
open neighborhood Vpq of 04 to V,,, such that the induced map ¢, : Upq —
U, is injective.
(3) (épq, ¢pq) 1s an hy,q equivariant embedding of vector bundles E; x Vg —
E, x V,. Here and hereafter ¢ . Upq — Uy is a map induced by ¢,, and

Lp
qu =Vap/Tp-

(4) ¢pq©Sq = SpOodpg. Here and hereafter we sometimes regard s, as a section
sp 1 Vp — B, x V, of trivial bundle E, x V,, = V.

(5> g =1Pp o qu on (Sq_l(o) N qu)/FtI'

(6) The map hy, restricts to an isomorphism (I'g). — (T'y)g,, () for any z €
Vpq. Here

(L) ={y €Te| vz =2}

Lwe always assume orbifold to be effective.
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We also assume the following condition?. dabersp (the differential of the Kuranishi
map in the normal direction of the normal bundle) induces a bundle isomorphism
E, xV,
Ny, V, = _“p X Vpg (1.1)
Gpq(Eq X Vpq)

as I'g-equivariant bundles on V,,q N s, (0).

Definition 1.3. ([FOOO, Definition A1.5]) A Kuranishi structure on X assigns a
Kuranishi neighborhood (V,,, E;,, Ty, ¥y, sp) for each p € X and a coordinate change
(Ppq> Ppqs hpq) for each q € Yp(s,1(0)/Tp) such that the following holds.

(1) dimV,, — rank E,, is independent of p.?

(2) Ifr € Y ((VpgN sq_l(O))/].“q)7 qE ¢p(sg1(0)/f‘p) then there exists yp,,. € ')
for each connected component (¢,' (Vo) "VorNVpr)a 0f ¢t (Vg ) MVar NV
such that

hpg © hgr = Ypgr  hpr - ('qur) s Bpg © Pgr = Vpqr - Pprs (?qu © (lgqr = Vpar * (lgpr-
Here the first equality holds on (¢,'(Vyg) N Vgr N Vpr)e and the second
equality holds on E, x (¢, (Vog) N Ver N Vir)a-

A space X with Kuranishi structure is called Kuranishi space.

-1

Definition 1.4. Consider the situation of Lemma 1.3. Let Y be a topological
space. A family {f,} of I',-equivariant continuous maps f, : V,, = Y is said to be
a strongly continuous map if
fp o bpg = [o

on Vpq. A strongly continuous map induces a continuous map f: X — Y. We will
ambiguously denote f = {f,} when the meaning is clear.

When Y is a smooth manifold, a strongly continuous map f : X — Y is defined
to be smooth if all f, : V,, = Y are smooth. We say that it is weakly submersive if
each of f, is a submersion.

2. DEFINITION OF GOOD COORDIATE SYSTEM.

Definition 2.1. An orbifold is a special case of Kuranishi space where all the
obstruction bundles are trivial.

Remark 2.2. We include paracompact case for orbifold. The modification of the
definition seems obvious and so are omitted. We use only the compact case for
general Kuranishi space. (Though we can define paracompact case.)

Definition 2.3. Let X,Y be an orbifold and F : X — Y be a continous map. F
is said to be an embedding of orbifold if F' is a homeomorphism to the image and
the following conditions are satisfied for each ¢ € X and p= F(q) €Y.
. X X . X .
(1) There exists an open subset Vsq C Vg of the chart of ¢ that is I';' equi-
variant and containing o,.
(2) There exists a smooth embedding F : V;X — V¥ of manifolds.
(3) There exist a group isomorphism hy, : Fé( — F},f such that F, is hy,
equivariant.

2This condition is written as a condition for tangent bundle to exist in [FOOO, Definition
A1.14]. 16 years of experience shows that Kuranishi structure without tangenet bundle is not
useful at all. So we include it in the condition of Kuranishi structure.

3This follows from (1.1) under suitable connectivity assumption.
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(4) The map hyg restricts to an isomorphism (I')), — (L) )g,,(x) for any
T e Vp)g .
(5) Fy induces the map Flyx rx : Vg /T — VY /T
An embedding of orbifold is said to be a diffeomorphism if it has an inverse that is
an embedding.
Two embedding of orbifold is said to be the same if they coincides set theoreti-
cally.

Remark 2.4. We use only embedding of orbifold and no other maps between them.

We omit the definition of vector bundle over orbifold. ([FOn] Definition 2.7. It
is called orbibundle there.) The section of vector bundle is defined in [FOn] page
942 line 3. We also omit the definition of embedding of vector bundle over orbifold.

Hereafter we put

Up = y(s5 1 (0)/T). (2.2)
We modify the definition of good coordinate system in [FOOO, Lemma 6.3] as
follows.

Definition 2.5. Let X be a space with Kuranishi structure. A good coordinate sys-
tem on it consists of partially ordered set (9, <) of finite order, and (U, Ey, ¢y, Sp)
for each p € P, with the following data.

(1) Uy is an orbifold of finite dimension, which may or may not have boundary
or corner.
E, is a real vector bundle over U,.
sy is a section of £, — U,.
1y is a homeomorphism from 3;1(0) to an open set of X.
If g < p, then there exists

(Upq: éyoq’gaq)

where :
(a) Upq is an open subset of Uy such that

Yq(Upg N Sq_l(o)) =Yp((Up N Sp_l(o)» NYq((Ug N Sq_1<0)))7 (2.3)
i Uyq — Uy is an embedding of orbifolds.

?pq is an embedding of vector bundles Fy|y,, — E, over ¢
?pqOSq:SpOQPq, wq:/(bpogpq'
dfipersp induces an isomorphism of vector bundles 4 at sq_l(O) NUpq-

pg’

~ K

o By
Ny U, >~ -—P% ° 2.4
UpqUp (Eq)|qu ( )
(6) If v < q <p, Yp(sp ' (0)) Neog(s51(0)) Nee(s7H(0)) # 0, we have
qu Oéqr - Qm’ ?pq O?qr - épt'

Here the first equality holds on Qq_rl (Upq)NUqeNUypy, and the second equality

holds on (Et)|(9qfr1(U,,q)anmU.,r)-

“We omit the definition of normal bundle of embedding. In our definition of embedding the
definition is easy.
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(7)
U wn(5;1(0)) = X,
peP
(8) If ¢p(sp (0)) N Yq(s51(0)) # 0, either p < g or g < p holds.
(9) The Conditions 2.6, 2.8, 2.10 and 2.11 below hold.
Condition 2.6 (Joyce). Suppose p > ¢ > t.

6y Upa) N0, (Upe) = &, (6 (Upq) N Upe).-

Lemma 2.7. Condition 2.6 is equivalent to the following:
Ifpzqzvandz €Uy, y € Upg with ¢, (x) = ¢, (y), then ¢ (2) € Upq and

0., (2, (7)) =v.

Pq —qr

pq

Proof. The including O in Condition 2.6 is always obvious. ‘@ € Uy, y € Upq
with th(a:) = qu(y)’ is the left hand side of Condition 2.6. ‘th(m) € Upq and

?pq@qt(x)) =g’ is the right hand side of it. O

Condition 2.8. If (,.; Up,q # 0 then (),c; Up,q # 0. If ,c; qu,(qui) # ) then
ﬂielupqm # @

Here and hafter we put
Upq = 1q(sq"(0) N Uq). (2.5)
Condtion 2.8 and Definition 2.5 (8) implies the following:
Lemma 2.9. Suppose q < p; for j = 1,...,J and (V;c;Up,q # 0. Then the set

{g}U{p; | 7 =1,...,J} are linearly ordered. (Namely for each v,5 € {q} U {p, |
j=1,...,J} at least one of t > s or s >t holds.)

The proof is omitted.

~—1
Condition 2.10. Suppose Up N Uge # O or th (Upq) # 0. We also assume
p > q > t. Then we have

¢

(Upq) = Upe N Uge.

A1
T

Condition 2.11. The map U,y — U, x Uq defined below is proper.

& (9, (@), 2). (2.6)

The existence of good coordinate system is proved in Section 4.

Lemma 2.12. The following ~ is an equivalence relation.
Let x € Uy and y € Uy. We say x ~ y if and only if
(1) z=y.
(2) p>qand g (x) = .
(3) 4> p and o, (y) = .

Proof. Only transitivity is nontrivial. Let zq ~ 2, 22 ~ x3, x; € Uj,.
Suppose p1 < pa < p3. Condition 2.10 implies Up,p, N Upyp, = (szpl)’lUpgm.

Therefore Definition 2.5 (6) implies
r3=¢ (v2)=¢ ¢ (r1)=0¢

p3p2 —P3p2—p2p1 —Pp3p1

(1)
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Namely x3 ~ x1. The case p; > po > p3 is similar.

Suppose p1 > p2 < p3. Condition 2.8 and Definition 2.5 (8) implies either
p1 > ps or p1 < p3. Let us assume p; < p3. Then Condition 2.10 implies x5 €
(9p1p2)_1UP3p1. Then Definition 2.5 (6) implies

¢, (x1)=¢ (¢

—pP3p1 —p3p1 " —p1p2 (x2)) = T3

Namely x1 ~ x3. The case p; > ps3 is similar.
Let us assume p; < py > p3. By Condition 2.8 we have either p; < p3 or p; > p3.

Then Condition 2.6 implies x3 = épgpl (1) or &y = ?mps (x3), as required. O

Definition 2.13. We define U(X) as follows. We take disjoint union

U(Xx)=J U

peP

~ defines an equivalence relation. U(X) is the set of ~ equivalence classes. We
define a quotient topology on it.
The map II, : U, — U(X) sends an element of U, to its equialence class.

Lemma 2.14. U(X) is Hausdorff.

Proof. Let z;,y;,z,y € U(X). Assume [z;] ~ [y;] and lim; o0 [25] = [2], limy oo [y5] =
[y]. Tt suffices to show = = y. We may assume x; # y; By taking a subsequence if
necessary and exchanging x; with y;, we may assume x; € Upq € Uy and y; € Uy
and lim; oo x; = x € Ug, limiso0 ys = ¥ € Up. Then Condition 2.11 implies that
x; converges in Upq. Therefore

y=limy; = lim ¢ (2;) = ¢, ().

i—o0 —P4 —Pq
The lemma follows easily. (]
We put
s710) = (T (s, 1 (0) N Ty). (2.7)

The maps 9, for various p induce a I:lap

Y :sH0) — X. (2.8)
Definition 2.5 (4),(7) and (2.3) imply that (2.8) is a bijection. Let

I:X->UX)

be its imverse.
Lemma 2.15. [ is a homeomorphism to its image.

Proof. X is compact. U(X) is Hausdorff. Moreover I is continuous and injective.
|

Lemma 2.16. Suppose we have a good coordinate system. Then there exists an
open subsets Uy C Uy and Uy, C Uyq such that the restriction to U, and U, gives
a good coordinate system, and U; and U';q are relatively compact in U, and Upq,
respectively.



6 K. FUKAYA AND K. ONO

Proof. We take an open subset U, C U, for each p that is relatively compact in U,
and

U ¢e(sp ' (0)nT}) = X.

peP
We may choose it so that

(th, #0 < (\Uy, #0 (2.9)

i€l i€l
‘We put

-1

Upq = Upa NUg N &, (Up)- (2.10)
Condition 2.11 implies that U;;q is relatively compact. It is straightforward to check
that they satisfy the conditions in Definition 2.5. (]
Remark 2.17. (1) If Ky is a compact subset of U, for each p then we may

choose U, etc. in Proposition 2.16 so that U, contains K.

(2) On the other hand, we may choose U, as small as we want as far as the
condition (J,cq Uy = X. In fact at the begining of the proof we take Uy, so
that this is satisfied and do not need to change it.

We define U’(X) from U, and Uy, in the same way as Definition 2.13.
Definition 2.18. We define Jyx)u/(x) : U'(X) — U(X) by sending the ~-
equivalence class [z] of z € U'(X) to the equivalence class of z € U(X) in U(X).

By (2.10) we find that if & ~ 7 in U(X) for Z,§ € U'(X) then Z ~ § in U’(X).
Therefore Jy(xyu+(x) is injective.

Lemma 2.19. Jyx)v/(x) i a homeomorphism to its image.

The proof is omitted.

Lemma 2.20. Let v = ¢,(i) € X, ¥ € s, '(0) C U,. Then there exists a neigh-
borhood Dy (x) of T in Uy, such that

(1) I, : Op(x) — I, (Op(x)) is a homeomorphism.

(2) I, (Op(z)) is an open subset of U, <, q(Ug)-

Proof. Choose O, (x) C U, so that it is relatively compact in U,.

Clearly II, : Oy(xz) — U'(X) is injective and continuous. It extends so to the
closure of O,(x) that is compact. (1) follows.

We prove (2). Let g < p. It suffices to show

115 (I (D ()
is open in Uy. In fact
6710, ()) 11 Ugq = 65 (0p(@) 11 (Upa MU 1 65 (U7)) = 115 (11,9 (2).
(Here qu is qu :Upq — Uy) O
Remark 2.21. This lemma holds for U(X) also.

The next lemma plays a key role in the next section to show basic properties of
the virtual fundamental chain.

Lemma 2.22. For any x € X there exists q1,...,qm €°B, q1 < -+ < qm and open

sets Qq, () C Ug,, 4, with the following properties.
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1) z €Uy, fori=1,...,m.

2) ;1) € D, (2).
) Vg (@) € Qq, () \ Qq, () fori>1. Here the closure is taken in U,,.

) The map Iy, : Qq,(x) = U'(X) is a homeomorphism to its image.

) The union of the images of Iy, : Qq, () = U'(X) is an open neighborhood
of I(x).

(6) dimU,, < dimUy, fori # 1.

(
(
(3
(4
(5

Proof. By Lemma 2.9 there exists a maximal q; such that x € Z/Ié.

Sublemma 2.23. There exists q,, € P such that it is mazimal in the set {q € P |
x € H;}.

Proof. Let q,q' € {qe P |z € U;}. Since the closure of U is contained in Uy, it
follows that Uy N Uy # 0. Therefore by (2.9) Uy NU, # 0. The sublemma follows
from Definition 2.5 (8). O

By Sublemma 2.23 we can take q1,. .., qm, such that q; <--- <q,, and
{q|zelUyyn{q|dimU,; >dimUy, } = {q; | i =2,...,m}.
Then we can use Lemma 2.20 to find required g, (x). (We do not need q; (i # 1)
with dim Uq, = dim Uy, since x is in (the interior of) Qq, (x).) O
We put
Uo)= |J Tq(Q. (). (2.11)

i=1,....m

By (5) $4(x) is an open neighborhood of = in U’(X).

3. VIRTUAL FUNDAMENTAL CHAIN.

To start the construction of perturbation and virtual fundamental chain, we
shrink U, using Lemma 2.16 as follows.
First we take an extension of the subbundle qu(Eq|U;,q) of Ep@pq(U;q) to its

neighborhood in U,. We also fix a splitting
E,=E; 0 E; (3.12)

on a neighborhood of ?pq (Upq)- We can take such an extension of the subbundle and

splitting since Uéq is a relatively compact open subset of U4 that is a suborbifold
of U,.
Using splitting (3.12) the normal differential

dﬁbersq : NUF’”]U{; - = (313)

is defined. (Note without fixing the splitting dapersq is well-defined only at sq_l(O) N
Upg-)

By assumption, (3.13) is an isomorphism on s;'(0) N U},. We take an open
neighborhood 2, of s;(0) N Uy, so that (3.13) is an isomorphism on 20,.

We take Uy for each q so that

7 / /
Uy NU,q C Wy,
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for each p. (We can take such Uy by Remark 2.17 (2).) Thus from now on we may
assume that (3.13) is an isomorphism on Upq.
We start with this Uy, Uy and repeat the construction of the last section.

Namely we take Upn)7 Uég) such that
1) The conclusion of Lemma 2.16 is satisfied when we replace U,,U,, by
ps Ypq
Uy Y U and U}, UL, by UM, USY.
(2) The conclusion of Lemmas 2.7-2.22 hold for U;n), Uég).
1 1) .
(3) US,USy) is UL, UL,
Let U™ (X) be the space obtained from U("), U™ as in Definition 2.13.
p pq

Let us consider the good coordinate sytem (Uy, By, ¢y, sp) p € *B of our Kuranishi
structure. We put B = {p1,--- ,pn}, where p; < p; only if i < j. Let #P = N.

We take n = 10N? and consider U,‘S”), Ué;b) as above.

Proposition 3.1. For each € > 0, there exists a system of multisections sc, on
U,Sn) for p € B with the following properties.

(1) se,p is transversal to 0.

(2) Sep o?pq = épq O Seq-

(3) The derivative of (arbitrary branch of) s, induces an isomorphism

~ %

Ny 0, = e (3.14)
T Bl |
that coincides with the isomorphism (3.13).
(4) The C° distance of scp from s, is smaller than e.
Proof. 5 We will construct a perturbation sf)p on UélOkQ) forp = py,...,py satisfying

(1)-(4) above, by upward induction on k.
We describe the step to construct s ,,. So we fix k& here. We identify the image

¢ (UMY in U™ with UL . (Here i < k.) We put

—PrPi
b k—1)2+10(k
i i 10(k—1)2410(k—1
Nk = U NU(10<k—1>2+10<k—i>>U!§k ( ) (k=i (3'15)
j=i PRPj

and will define s’ by downward induction on i. Here the open subset

&Pk

i (10(k—1)*+10(k—1)) : (10(k—1)?+10(k—1))
NU;mp(kfl)erm(kfi)) U,, is a tubular neighborhood of Uy, .
kPj
We assume the closure of
) (m+1)
NU(10<k71)2+10<k—i)>UPk
PP
is compact in
i+1 U(m)
U(lO(k—l)2+10(k—i—1)) Pr
PEbj

Let us start the induction for ¢ = £ — 1. We have embedding Uélgik__ll)z) —

Uéio(kflﬁ). We take its tubular neighborhood Ng_l U,gio(kflf). We also

(10(k—1)2)
PrPr—1

5The argument below is one written in [Fu]. (If shorter proof is preferable for the reader please
read page 3-4 of [Fu].)
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have sf’;i on Uékp(k D +10(k—i-1)) . We have already taken a splitting

Epk = EPk .1 D Epk

1

on Uéigik 11)2+10(k =), (Here we identify E,, , with its image by ¢p,p,_,.) We

extended the bundles E,, ,, ;—k to N’C(li(k e )U(lo(k %) 6
pkpk 1
We extend sep, , to /\/k(ul)(k 12 )Uéio(k V% o that it is €/2 close to s. and
”kpk 1

coincides with one already defined at the zero section of the normal bundle for the
first component Fy,, , and take the component of the Kuranishi map s,, for the
second component. Transversality condition is obviously satified. (2)(3)(4) also
hold by construction. '
Now we go to the inductive step to construct s; , assuming we have sij,i.
We consider the embedding
(10(k—1)2+10(k—i)—10) (10(k—1)2+10(k—i)—10)
UPkPJ ' - Upk ' )

U(lo(k 1)2410(k—i))—10

for j > ¢+ 1. We identify Uy, . with the image of embedding and

take tubular neighbofhood
NG: U(lO(k 1)*+10(k—i)~10) (3.16)

(10(k—1)2+10(k—i)—10)
PkPj

Note we already have our section sﬁ,i on the intersection of (3.16) and N

We next apply the same argument as the first step to obtain a s b OLL
i+1 U(10(1c71) +10(k—1)—9)
U(lo(l«—l)2+10(k—i)—9) Pr .
Prbi
We take a smooth function
A+ (10(k—1)2410(k—i)—9)
X - U ;(1o(k 1)2410(k—1i)— s)UPk - [07 1]
of compact Support such that y =1 on
k—1
10(k—1)2+10(k—i)—8
U NIL p(10Ck— 1)2410(k—1i)—8) Uék ( 4 L ) (317)
PR
‘We put:
1
s Xsffpk (1 —x)s S o (3.18)

Remark 3.2. The sum of multlsectlon is a bit delicate to define. In our case sLi
and Slél;p . is defined by extending the multisection to the tubular neighborhood. This
process does not change the number of branches. (Namely it is extended branch-
wise.) So though these two do not coincide as sections, each branch of sﬁ,}ﬁ has a
corresponding branch of s/, . So we can apply the formula (3.18) branch-wise.

We restrict (3.18) to

i (10(k—1)%2+10(k—i)—T7)
U NU(lo(k—1)2+10(k—i)—7) Upk .
. PEpj

(10(k71)2>
U (10(k— 1)2)
kak 1

6We can do so by taking NE—1 small.
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(3.18) satisfies the properties (1)(2)(3)(4) obviously.

Remark 3.3. We use Lemma 2.9 here for the consistency of tubular neighbor-
hood. We may use the Mather’s compatible system of tubular neighborhoods [Ma].
However the present situation is much simpler because of Lemma 2.9. So the com-
patibility of tubular neighborhoods is obvious.

It conicides with siﬁc on the overlapped part because we take x = 1 on (3.17).
We continue the induction upto ¢ = 1. Then we have a required multisection

Pk on

1 o

N = U A g 590
j:: PEpj

(10(k — 1)%2 + 10(k — 1) < 10k? — 10.) By [FOn, Lemma 3 14] we can extend it to

2
UéiOk =9 So that it satisfies (1) and it coincides with s.f,. on

101@279)
U (10k2 —9) Upk

Pkpj
Therefore (1)(2)(3)(4) are satisfied. The proof of Proposition 3.1 is complete. O

We thus have constructed our perturbation that is a multisection s, ;. To obtain
virtual fundamental chain and prove its basic properties we need to restict it to an
appropriate neighborhood of the union of zero sets of s, and study the properties
of s, there.

We already shrunk our good coordinate system several times. We shrink again
below. Let us denote by U,, U(X) etc. the good coordinate system and a space
obtained from it when we proved Proposition 3.1. (In other words U, = UéN) in
the notation we used during the proof of Proposition 3.1.) During the discussion in
the rest of this section we restart numbering the shrinked good coordinate system
and will write again Uém). The following is the key lemma. Note the closure of
3U<1)(X)U<2)(X)(U(2)(X)) is compact metrizable space. We take and fix a metric
on it. Then by (2.19) we can fix a metric on U™ (X) for all m so that the maps
Ty (xyuem (x) Preserves metric for m’ >m > 2.

For a metric space Z and C C Z we put

B.(C;2Z2)={z€ Z|d(zC) < €}. (3.19)

Lemma 3.4. We may choose U(Q), U(S) and 6 =0 >0, so that

Bg(I(X) (2) U sz 7—1 ﬂU(Q)( ))
pi€P
(3.20)
=Ty (x)U® (x) Bs(I(X )U(3) U I, (5 U(3)( )
pi€P

Proof. For each x € X we take its neighborhood £()(z) as in (2.11). We choose a
neighborhood O, of x in U®)(X) and 6; so that

O, N1y, (2 (2)) = 0, N1, (O (2)). (3.21)
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and
0, NUP(z) > Bs, (I(z); UP(X)).
(Note z is in the interior of Qggl) (z). So we can take O, small so that (3.21) is
satisfied.)
Sublemma 3.5. We may take U®) and 63 > 0 so that

0, NUP (z) N By, (I(2), U (X)) n | 1, (5.,
pi€P

C Iye xyue x) | Bs(1(X), U (X U I, (5.,,(00 N U® (X))
pieP

for each x holds for sufficiently small €.
Proof. We have
UP(X)N0, = |J (0P (@) N0,

By (3.21) we have
O, N, (22 (2)) = 0, N1y, (A4 (2))
x q1(84q, z a1 (S eqy :
Therefore we may choose U£3) close enough to Uéz) so that

0 Ny, (47 (2)) € Ty (0 (x) (o (257 (2))):
On the other hand, in a sufficietly small tubular neighborhood Ny, Ug, (i > 2)
the zero set s;; (0) is contained in the subset Uy, C NUql U, This is a consequence
of Proposition 3.1 (3).
We can choose 03 > 0 sufficiently small so that O, N U (z) N Bs, (x, U (X)) is
contained in this tubular neighborhood. (We may choose d3 independent of = since
X is compact.) The sublemma follows. (]

We find finitely many x; € I(X), ¢ =1,...,I and § > 0, such that

I
U 0z, nU® (23) N By, (I(2:), U (X)) D Bs(I(X); U (X)) (3.22)
(3.22) irr:plies that

I

U [ Ox 0P (@) 0 Bs, (s, UP (X)) 0 | Ty, (52, (

i=1 pi€P

o Bs(I(X),UP(X))) N (J Ty, (52, (0) nUP (X)),

pi€P
Therefore Sublemma 3.5 implies that the left hand side of (3.20) is contained in the
right hand side. The inclusion of the other direction is obvious. (]
Lemma 3.6.
Bs(1(X), U (X)) 0 [ Ty, (555,(0) 1 U (X)) (3:23)
pi€P

is compact if € > 0 is sufficiently small.
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Proof. Lema 3.4 implies

B(S(I(X)7 Uq}HPz epl mU(S)( ))
nie 3.24
= Bs(1(X), T (x n U (s 0)nT?(x)) .
p; P

(We take above closure in U (X).) We remark U®)(X) is a relatively compact
subspace of U(?)(X).) The right hand side of (3.24) is clearly compact. O

Hereafter we fix § and write (3.23) by s-(0)s. It is a subspace of U®)(X).

Lemma 3.7.

!i_rf(l)jU<2)(X)U<3)(X)(Se_1(0)5) C Bs(I(X), UP(X)))n |J 1, (5, (0) nUP (X)),
piEP

Here the convergence is by Hausdorff distance.

Proof. This is a consequence of the next sublemma applied to the right hand side
of (3.24) chartwise and branchwise. O

Sublemma 3.8. Let E — Z be a vector bundle on a compact metric space Z and
s its subsection. Suppose s. be a family of sections converges to s. Then

im s~ 1(0) C s71(0).
lim s (0) € s7(0)
Proof. Let p > 0. We put

e(p) = inf{|s(x)| | 2 € Z\ By(s~(0); 2)}.
Clearly
e (0) € By(s™'(0); X)
if € < €(p). The compactness of Z implies ¢(p) > 0. O

Lemma 3.9. s71(0)s has a triangluation.

This is proved in [FOn, Lemma 6.9].

Suppose we have a strongly continuous map f = {f, | p € P} to a topological
space Z and our Kuranishi space X is oriented. ([FOOO, A1.17].) Then we can
put weight to each simplex of top dimension in s;1(0)s. and f.[X]. ([FOn, (6.10)].)
That is a singular chain of Z (with rational coefficient.) We consider the case our
Kuranishi structure has no boundary.

Lemma 3.10. We can put the weight on each of the top dimensional simplices so
that f.([X]) is a cycle.

Proof. 1t suffices to prove that for each z € s7'(0)5 the zero set of each brach of
Se¢,p is a smooth manifold in a neighborhood of z. This is again a consequence of
the proof of Lemma 3.4 as follows. Suppose x € Oy, N 11(2)(1'1-). Then we proved
that s_*(0)s in a neighborhood of @ coincides with the zero set of s q,. On the
other hand each brance of s. 4, is transversal to 0 by Proposition 3.1. d
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4. EXISTENCE OF GOOD COORDINATE SYSTEM.
The purpose of this section is to prove the next theorem.

Theorem 4.1. Let X be a compact metrizable space with Kuranishi structure in
the sense of Definition 1.8. Then X has a good coordinate system in the sense of
Definition 2.5. They are compatible in the following sense.

Definition 4.2. Let X be a space with Kuranishi structure. A good coordinate
system is said to be compatible with this Kuranishi structure if the following holds.
Let (U’ E’, Sp wp) be a chart of the given good coordinate system X. Then for

each q € ¥}(q), ¢ € U] N (s,) "' (0) there exists (?pq’?pq) such that
W 8,

open neighborhood of 04 and Upq = Ve /Ty
pall0d) = @

: Upg — U, is an embedding of orbifold. Here V,, is a I'; invariant

2) ¢

(3) , s an embeddlng of vector bundles Eq|y,, — Ej.
(4> q° Sq p© (15

) v O¢ 0118 H0) N Upg-

(6)

6 dﬁberSp 1nduces an 1som0rphlsm of vector bundles at Sq ( n Upqg.

¢ Ep
Ny, U, = 4
U7 T (By)lu,,
(7) It 7 € Yg(Upg N's;1(0)), ¢ € P)((s},)7(0)) then
gpqo(bq’“ :?pr’ ?pqoéqr = Pyr

Here the first equality holds on (b (qu) NUq-NU,, and the second equality
hOldS on ( )‘fqu(qu)anTﬂUpT
(8) Suppose 0 > p and the coordinate change of good coordinate system is
~l
given by (Uép,gop,g;p). Let g € w{a(sgl(o) N Ugy)- Then we have
/ _ ~l ~ - ~
?Op Oépq =%op ?w ngq o ?oq
Here the first equality holds on ¢;q1 (U p)ﬂquﬂU oq, and the second equality
holds on F, |¢ 1(U/F)OUF"10U°‘1

Proof of Theorem 4.1. The proof is one given in [Fu, pages 5-7 and 11-12]. We
explain it in more detail below.
Any point p € X has well defined dimU,. We put d, = dim U,. We put

X(@) ={pl|d, =2}
The first part of the proof is to construct an orbifold (plus obstruction bundle

etc.) that is a ‘neighborhood’ of a compact subset of X (9). Let us define such a
notion precisely.

Definition 4.3. Let K, be a compact subset of X (9). A pure orbifold neighborhood
of K, is (U, Ex, S«, 1¥.) such that the following holds.

(1) U, is a d-dimensional orbifold.
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(2) E, is a vector bundle.” Its rank is 0 — dim X. (Here dim X is a dimension
of X as a Kuranishi space.)
(3) s4 is a section of E,.
(4) ¥« : 571(0) = X is a homeomorphism to an neighborhood U, of K, in
X(0).
We also assume the following compatibility Condition with Kuranishi structure of
X. For any p € ¥,(s;71(0)) C X there exists (U*p,g*p,g*p) such that
(a) U*p is an open neighborhood of [o,] in U,.
(b) ¢ U*p — U, is an embedding of orbifold.
()
(d)
)
)

»|U., — Es is an embedding of vector bundle that cover Q*p

s%

qb ospfs*oqb ,on Uy

w—w*oqﬁ ons L0) N U.,.
T

he restrlctlon of ds* to the normal direction induces an isomorphism

(e
(f

E
Ny, U, = =2 (4.25)

as vector bundles on the orbifold U., at s,(0)..
(g) If g € ¥y(s,"(0) N Usp) then

¢, 06, = 0 06 =0

Here the first equality holds on d) ( U.p)NUpqNU,q and the second equality

holds on E, |¢ Uep) W Ve’

Hereafter we put
U = o(s:(0)). (4.26)
The goal of the first part of the proof of Theorem 4.1 is to prove the following.

Proposition 4.4. For any compact subset K of X () there exists its pure orbifold
neighborhood.

Proof. We cover K by U,,, where p; € K and

wpi(S;;,-l(O)) = Up,.
There exist compact subsets K; of U, such that the union of K; contains K. Thus
to prove Propositiont 4.4 it suffices to prove the following lemma. ([l
Lemma 4.5. Let K1, Ko be compact subsets of X(0). Suppose K; and Ko have
pure orbifold neighborhoods. Then K1 U Ko has pure orbifold neighborhoods.

Proof. Let (U;, E;, s;,;) be a pure orbifold neighborhood of K;. We denote the
map Q*p the open set Uy, etc. for (U;, E;, s;, ;) by Qip, Uip etc. (Namely we
replace x by i € {1,2}.) The open subset U; is as in (4.26).
Let ¢ € K1 N K. We take an open subset Uja,4 such that
0q € Ulg;q C Ulq N U2q C Uq (427)

and
Ui, = U1q NUzy C X. (4.28)

"Here and hereafter vector bundle is in the sense of orbifold.
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Here Usq = 1h4(5;,(0) N Usq). We take q1,...,q; such that

I
KiN Ky C | Jthayg,.
i=1

We take relatively compact open subset Uy, , in Uiz, such that

I
KiNKy €| U,
i=1
By a standard arguement in general topology we can choose it so that the following
holds.

Condition 4.6. If Ui2q, ﬂulz;qi/ #* (0, then Ui2;q, ﬂulg;qi, N X(D) #* 0.

We assume the same condition for {U,.,. }.
For each r € K1 N K5 we take an open subset Uf of U, containing o,- such that

Condition 4.7. (1) U Cc Uy, and U? C Us,.
(2) It ¢, (U) N ¢, (Uryy,) # 0 then UOCmeb (Ut2iq,)-

(3) If ¢, (UX) NG, (Unyyy,) # 0 then U C Ug,r N6 (Urzig,)-
We choose r1,...,r; € K1 N K5 such that

J
Uud > KinkK,. (4.29)
j=1
We put
1
U2(1)*UU< )N, ( 12q1)>CU17
e (4.30)
1)
U1(2 —UU( ¢ (U12q)>CU2-
1=17=1
They are open sets orbifolds and so are orbifolds. We remark
USY oo WKy N Ky),  UW o ey ' (K N K). (4.31)

Lemma 4.8. There exists a diffeomorphism of orbifolds ¢, Ug) — US) with the
following properties.

(1) If v =9, (;) then
?21(96) = ?grj (Z5)- (4.32)
(2) There exists a bundle isomorphism
égl |U(1> - E2\U1(;>
over ¢, . On the fiber of x = ?”j (Z;) we have

~ ~—1

b, = (4.33)

o .

L2r;  Llrj
(3) On UQ(P we have:

S OQQI = 921 0 57. (4.34)
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(4) OnsyH0)N UQ(P, we have:
oo ?21 =11 (4.35)
Proof. (1) Note the right hand side of (4.32) is well-defined because of Condition

4.7 (1). So to define ¢, it suffices to show that the right hand side of (4.32) is
independent of j. Suppose

z=¢, (&) =9

Slry, (i.j,) = é1111((]‘1_)
By Condition 4.7 (2) we have &; € Ug,r;, Tjv € Uy, and

gb ((i‘j/) € U12;qi~ Since
—qi’l”jl

(@5) € Urzyg,,

—qiTj

010 By, @) =T =0, (8, (%))
it follows that
?qirj (:Z']) = qur]_, (‘(zj')'
Therefore
927'1' (jj) - 92% (?%‘Tj (i‘j)) = équ (?qi'rj/ (jj/)) = QQT],/ (j]/)7

as required.

We thus defined ¢, . We can define ¢, in a similar way. It is easy to see ¢, 09,
and ¢ , o ¢, are identity map. Therefore ¢, is an isomorphism.

(2) We define éQ , by (4.33). We can prove that it is well-defined and is an

isomorphism in the same way as the proof of (1).
(3) (4) (4.34) follows from (4.32) and (4.33). (4.35) follows from (4.32). O

We now use the maps ?21 etc. to glue Uy and Us. In order to obtain a Hausdorff
space after glueing we need to shrink them as follows. (The argument to do so is
the same as Section 2 so we are slightly sketchy here.) Let UY C Uy and US C Us
be relatively compact open subsets such that

Pi(s7H0)NTY) D K1, va(sy H(0) NTUY) D K.
Let Wy C UQ(P be a relatively compact open subset such that
War D s7(0) N (UP N g H(UY)). (4.36)
We put
Usy = War NUY N, N (US), Urz = ¢, (Un).
We put
Ut = (U UUy)/ ~
where ~ is defined as follows = ~ y if and only if one of the following holds.

(1) z=y.
(2) JZGUQlﬁU{). y:ém(l‘)EUg.

(3) x €U120U§). y:?w(:v) S U?
Lemma 4.9. U™ is Hausdorff.

This is because we take closure Us; in the definition of ~ (2)(3).
Let
Agy = (Way \ War) NUY N g H(US).

and A the closure of the image of Aoy in U.
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Lemma 4.10. A does not intersect with the image of the sets
{z €U} |si(x) =0} U{z € UY | sz(z) =0} (4.37)

inUT.
Proof. We denote by s~1(0) the image of (4.37). Let z; € Aa1. Suppose lim;_, o [2;] =
[z]. We will prove that [z] ¢ s71(0).

Since UY is relatively compact in U, we may assume that x; converges in Uj.
Let y be the limit.

Since z; ¢ Woy and Woy is open it follows that y ¢ Wa;. On the other hand
y € (UY N, (UY)). Therefore by (4.36) s1(y) # 0.

If x € UY then x = y and we are done.

Suppose x € Ug. Then x = lim;_, ?21(951-). Since ém is continuous on U; we

have z = ¢, (y). It implies s3(2) # 0. The proof of Lemma 4.10 is complete. [

Let II; : U? — U™ be the obvious map. We put

U=U*\{ILi(z) | 2 € U7 '(U) \ Uz1, s1(2) = 0,91 (x) € ¢2(s57(0))} \ A, (4.38)
Lemma 4.10 implies that U is an open subset of UT. Moreover U™ has an orbifold
chart outside A. Therefore U is an orbifold.

Let s;;'(0) be the intersection of the image of (4.37) and U. There exists a map
¥ :s;'(0) — X induced by ¥y and 1),. Its image contains K U K». It is injective
by (4.38).

We use Lemma 4.8 (2)(3)(4) to obtain other data on U. It is straightforward to

check that they satisfy the conditions of Definition 4.3. The proof of Proposition
4.4 and Lemma 4.5 are complete. (]

We thus completed the first part of the proof of Theorem 4.1 and enter the
second part.
Let

D= (o€ Zuo | X(0) £ 0).

(D, <) is an ordered set. A subset D C @ is said to be an ideal if
veDV >0 = 0debD.

For D C ® we put

X(D)={JXx().
0eD
X (D) is a closed subset of X if D is an ideal.

Definition 4.11. Let D C © is an ideal. A mized orbifold neighborhood of X (D)
is given by Uy, Ky for 0 € D and (L éb,a for 9,9’ € D with 9 < ?’. Moreover we
have U(D) and J,. We assume they have the following properties.

(1) Ky is a compact subset of X ().

(2) Uy is a pure orbifold neighborhood of K. (We write ¢Dp etc. instead of

Q*p etc. for the structure maps of U,. Namely we replace * by 0.)
(3) Let vy : Uy Ns31(0) — X be as in Definition 4.3 (4). Then we have

Ko 2> X@)\ | ¢o (U N5 (0)) . (4.39)

>0
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(4) Uyrp is an open neighborhood of

Py (Ko Mo (Upr N 55,1(0)))
in U(d) and
?a’a Uiy — Uy
is an embedding of orbifold.

(5) A
(20 Eslu,,, — By
is an embedding of vector bundle that covers Qa/a’ Here £, — U, is a vector
bundle that is a part of the structure of pure orbifold neighborhood Us,.

(6)
50/ 0@y = éa'a © 5
holds on Uyry.
(7)
Por 0 Qa'a =1
holds on Uyry N s51(0).
(8) The restriction of dsys to the normal direction induces an isomorphism

Ey
P T (4.40)
Poro(Ealu,,,)

as vector bundles on Uyry N 551(0).
(9) If p € Yo (Unro N 85 1(0)) C bor (Upr N 55,(0)) then we have

éb’b Oébp = ?D/p

on Uy, N ?;pl(Ua/a). Moreover we have

Ny

Qb’b Ogbp = ?D’p

on Ep\UD/pnga—pl(Ua,ay

(10) The space U(D) is Hausdorff and metrizable. IT; : Uy — U(D) is a home-

omorphism onto its image. We have
Upro = Iy ' Ty (Uy) (4.41)
and
Iy og,, =1h. (4.42)
on Uyry. Moreover

UD) = U L (Uy).

oeD
We call U(D) the total space of our mixed orbifold neighborhood.

(11) We define a subset s;,'(0) of U(D) by s5,"(0) = Uyep o (s5 ' (0)) We define

Yp 551 (0) — X such that ¥p o Iy = ¢y on s5(0) C Uy. (This is well-
defined by (7).) We require that

Yp :spt(0) = X

is a homeomorphism onto a neighborhood of X (D) in X.
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Note (4.39) implies
c | v (55(0)) . (4.43)
oeD
We also have the following;:

Lemma 4.12. If U(D)’ is an open subset of U(D) such that
U(D) 2> ¢pH(X U (s

2eD
Then there exists mized orbifold neighborhood of X (D) such that its total space is
the above U(D)'.

Proof. We put Uj) = Uy NI, Y(U(D)), Ul,, = Iy (Ily:(Uy') N U(D)’). We define
E} and various maps by restricting ones of U(D). It is straightforward to check
that they satisfies the required properties (1)-(11) of Definition 4.11. O

The goal of the second part of the proof of Theorem 4.1 is to prove the following;:

Proposition 4.13. For any ideal D there exists a mized orbifold neighborhood of
X(D).

Proof. The proof is by an induction on #D. If #D = 1 then D = {0} with 0
maximal in ©. We put K = X (0) that is compact. We use Proposition 4.4 and
obtain U, a pure orbifold neighborhood of Ky = X (9). The proposition is proved
in this case.

Suppose we proved the proposition for all D’ with #D’ < #D. We will prove it
for D. Let dg be an element of D that is minimal. We put D’ = D\ {9p}. D’ is an

ideal. So we have a mixed orbifold neighborhood of X (D’). We denote it by Ua(l),

ngl), ¢, etc. (Here d,2" € D'.)
Let ICS)) be a compact subset of X (9¢) such that
U 4" @7 n(s2”)710) 2 (X(00) \ K3,). (4.44)
oeD’

We apply Proposition 4.4 to ICgt) to obtain UD(;). The main part of the proof is to

glue UD(;) with X (D) to obtain the required mixed orbifold neighborhood of X (D).
The construction is similar to the proof of Lemma 4.8. The detail follows.
Let U®)(D’) be a relatively compact open subset of UM (D’) satisfying

UP(D') > 4p (X(D'))
We may choose it sufficiently close to UM (D’) such that
U 4" @7 0(s2")710) 2 (X(00) \ K3,). (4.45)
oeD!

Here Ua(z) is obtained from U (D’) as in the proof of Lemma 4.12.
Let Ua(i) C Ua(i) be a relatively compact open subset containing (wgi))*l(ngt)).
We may choose U(Q) and U (D’) such that

D (s8N 0) N T U wH) (sH) 1 0) NUP (D)) 5 X (20). (4.46)
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We put
Lo, = X (00) N5 ((s5)71(0) N UL

Nep! ((s5) 71 (0)NTP(D)).

For each ¢ € Lp, we take an open neighborhood Ug in U, that satisfies the
following conditions.

(4.47)

Condition 4.14. (1) If 2 > 29, g € %§"((s8)=1(0) N U{?) N Loy, then UL C
UD(;). Here UD(;) is as in Definition 4.3 (a) for the pure orbifold neighborhood

U(l)
(2) U9 c Uaoq7 where Ua([l)()l is as in Definition 4.3 (a) for the pure orbifold

neighborhood Ua(é) .

We take finitely many ¢; € Ly, ¢ = 1,...,I such that the following condition
holds.

Condition 4.15. For any 0 € D’ we have:
U Ud 5 ((s8)=1(0) NU) N Lo
{ilgiew$” ((s$)=1(0)NU)NLa o}

Here Z/lgi = wéf)((sfﬁ))‘l(o) N U(?q;)'

Since

Lo, € | " ((s8) 10 nU?)
€D’
Condition 4.15 implies

I
Uug, o Lo, (4.48)

We may assume that {4 } satisfies Condition 4.6.

We next take a relatively compact open subset Ugi_ of U, gi such that the following
holds.

Condition 4.16. For any 0 € D', we have:
U Uy~ 25 (s57)71(0) N UY) 1 Lo
{ilas eV ((s87) =1 (0)NUP)N Lo }

Here U9~ = i ((sit))71(0) N UY").

We also assume that {U)} satisfies Condition 4.6.
For r € Ly, we take an open neighborhood U? of o, in U, with the following
properties.

Condition 4.17. (1) fo >0 and r € wgl)((sgl))—l(O) ﬂUD(2)) N Ly, then

1
U c U%;.
2) o cull).

(3) 1 ) (U N gD (U7) # 0 then UY < UL N1 (6) 1 (D).
(4) H@?(Uﬁ)mgg(%>7é@then U C U N (¢<1) H(Ug)-
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We choose r1,...,r; such that the following holds for each 0 € D’.
U O () O N TR N Loy (4:49)

{jmewé“((sé”>—1<o>nU§”>mcao}

‘We now put

Usa, = U

{lryens) (s$)=1(0)NU)NLa, }

U oV U2 ed W),

{ilgiew ((s)=1(0)NU)INLag }

(4.50)

This is an open subset of Ua(?. Since Ua(i) is an orbifold its open subset Ua(;()) is also
an orbifold. We remark that

W) A (8D)71(0) o Lo) N (S THO) N TP, (451)

Lemma 4.18. There exists an embedding of orbifolds qb(l) : D(%()J — U(l) with the
following properties.

(1) Ifz= Qgti(ij) then

S () = ) (&))- (4.52)
(2) There exists a embedding of vector bundles

A (1)

?aao ! Do |U(1) - E(l)

that covers lea)o
(3) If o >0’ > 0g then
1 _ 1)
¢aao ¢ao' ¢a/ao
on (ng(l) )71(UD(%?) N Ua(%i and

Zorag
2 (1) A1) ~(1)
D00 = Lo © Lo,
on By, o, - wnug, -
(4) We have
M5 e® — g1 5 W
© ?ga)o B Qaao ° 5o
on Ua(%z
(5) We have

v ol = vl

on Uga) 0 (35,)7(0).
(6) The restriction of dsgl) to the normal direction induces an isomorphism
S N
Poo, (Eoo Uz, )

as vector bundles on Uy, N 551 (0).

Ny, Us = (4.53)
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Proof. The proof is similar to the proof of Lemma 4.8.
Note the right hand side of (4.52) is well defined because of Condition 4.17 (1).
We first show that the right hand side of (4.52) is independent of j. Suppose

r= ol () :ggli._,@j/) € o\ (U).

Then by Condition 4.17 (3) we have &; € Ug,?,, & € Uy, and ¢\!) (i;) € UY,
—qiTj
Qgizj,(jj’) S Ugi . Since
(1) (1) R ¢)) (1) -
¢D0q1 (QQLTJ( )) r= ¢Doq1 (qur /(iL’] )
it follows that
o) (7)) = o1 ().

—qiTj —qiT

Therefore
¢§1T)() o\ (") (&) = ¢1)(¢(1 (@) = o) (3;)

40q; “—q;T Dr v Dr v

as required. We remark that ¢$,) is an open embedding of orbifolds. Therefore
Poor;

9210)0 defined by (4.52) is an embedding of orbifolds.
The proof of (2) is similar. Then the proofs of (3)-(6) are straightforward. O

We put
Usay = (@)~ (U3 Ué?. (4.54)

Let ¢(20 and ¢ be the restrictions of ¢(10 and (;5 to Ua(a) and EDU|U<2>

We define
vPm) = JUu?/ ~. (4.55)
oeD
Here ~ is defined as follows.
x ~ gy if and only if one of the following holds.

(1> Y 2 2 2
2) 2e U, ye U cUP, z =P (y).
3) yeUy, z et cUP, y=¢)(2).

We define IIj : UD(Q) - U (2)(D) by sending an element to its equivalence class.
Those data satisfy (1)-(11) of Definition 4.11 except the Hausdorff-ness of U (D)
and injectivity of ¢g).

We again use a similar trick as in the last part of the proof of Proposition 4.4 to
modify UB(Q) etc. as follows.

We remark that we have a continuous map

o) UG, = UPD(D)
from U = Usen Ih (Ua(a)) such that
11 4 42
(bD’D o HD ° ?aao

holds on Ua(i())
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Note U (D) can also be written as
U (D) = U (D) VUR)/ ~

where x ~ y if and only if one of the following holds.

(1) z=y. . ) )

(2) e UL, yeUfh cUD, x=¢0) ().
2 2

(3) ye Uy, zeUsy, cUL, y= ¢>§?ao(w)~

We also remark that U(?)(D’) is already Hausdorff by induction hypothesis.
We take relatively compact subset U®)(D’) of U?)(D’) such that

UB(D") > X(D')
and a relatively compact subset Ua(g) of UD@) such that
Usa) 2 () (0.
We take U®)(D') and Ub(g) such that
o) (VD) NG 0) vl (U 0 68)710) 2 X(D).

We take Wprp, C U(D2/)ao such that

Wiy O 53, (0) N (U N (5 )1 UB(D"))
and set
Ubhy = Woray 1 (U8 1 (62) )7H(U (D))
We now define U®)(D)* by
UOD) = UOD)) L)/ ~

where x ~ y if and only if one of the following holds.

(1) z=y. “

(2) = € U (D), yeUD%cUéo Lz =02 (y).
+=(3)

(3) y € UD(D), w € Upy, C UL, y = o) (x).

Lemma 4.19. U®)(D)* is Hausdorff.

The proof is the same as the proof of Lemma 4.9 and so is omitted.
We put

Aprag = (Wpray \ Wora) 0 (USS 0 (¢2) ) HUP (D)) € U2,

Let A be the closure of the image of Apry, in U( ).
Let (s g)) 1(0) be the image of the union of (sD/ )~H0)NUB) (D)) and (sgi)) Lo)n
U in UB)(D)*

Lemma 4.20. (S(Dg)) oynA=90.
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The proof is the same as the proof of Lemma 4.10 and is omitted.
We put

U(D) =U®) (D)*

( f 456
\ (A OIS ({x € U\ US| 500 (0) = 0, o, (2) € US/)})) 120

where H(D:ggo : Ua(i) — UG)(D)7T is a map that send an element to its equivalence
class.
Lemma 4.20 implies that U(D) is an open subset of U®)(D)*.

Lemma 4.21. wg) induces an injective map
¢p (s8N 10)NUD) — X.
This is immediate from definition.
Lemma 4.22. ¢p is a homeomorphism to the image.

The proof is the same as the proof of Lemma 2.15 and is omitted. The proof of
Proposition 4.13 is complete. (]

Lemma 4.23. We may choose U(D) so that the following holds in addition. Let
0 > 0. If

K
() o (Us,) N Tl (Us,) # 0
k=1

then

K
() Mo (Vo 1551 (0)) N oy, (Uor M 55,1 (0)) # 0.
k=1
Proof. We will modify U (D) so that it satisfies this addional condition by induction
on #D.
The inductive step is as follows. We take 99 € D that is minimal in D. We put
D' =D\ {2}
We modify Uy, so that the conclusion of the lemma holds by induction on K.
We assume the conclusion of the lemma holds for K < Ky — 1. We consider the
case of Kj. Let

C={{01,...,0K,} | (4.57),0; are all different.}

Ko
() Mo (Us,, M s5(0)) NI, (U N 55, (0)) = 0. (4.57)
k=1
We replace Uy, by
Ko
UDO \ U ﬂ Uakao'
{01,..,0K, }EC k=1
The induction works. O

Now we are in the position to complete the proof of Theorem 4.1. We apply
Proposition 4.13 to obtain a mixed orbifold neighborhood of X(®) = X. We put
B =D C Zsg. The order is <. For 0 € ® = P, we have Uy, Ey, sy, ¥y by
Definition 4.11 (2)(3). Let us check Definition 2.5 (1)-(9).
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Definition 2.5 (1)-(4) follows from Definition 4.11 (2)(3). Definition 2.5 (5)(6)
follows from Definition 4.11 (4) - (8). Definition 2.5 (7) follows from Definition 4.11
(11). Definition 2.5 (8) is obvious since P C Z~o. Condition 2.6 in Definition 2.5
(9) follows from Definition 4.11 (10) (11). Conditions 2.8 and 2.10 in Definition
2.5 (9) follow from Lemma 4.23 and (4.41). Condition 2.11 follows from 2.5 (9)
especially Hausdorff-ness of U(X).

The proof of Theorem 4.1 is now complete. ([
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