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Abstract. Since the advent of machinery of Gromov’s pseudoholomorphic
curves and of Floer homology in the late 80’s, Floer homology has played fun-
damental role in the development of symplectic topology. Due to the many
technicalities involved in its rigorous definition, especially in the case of Floer
homology of Lagrangian intersections (or in the context of ‘open string’), the
subject has been quite inaccessible to beginning graduate students and re-
searchers coming from other areas of mathematics. In the mean time, Fukaya’s
categorification of Floer homology, i.e., his introduction of an A∞ category into
symplectic geometry (now called the Fukaya category) and Kontsevich’s homo-
logical mirror symmetry proposal, followed by the development of open string
theory of D-branes in physics, have greatly enhanced the Floer theory and
attracted much attention from other mathematicians and physicists as well
as the traditional symplectic geometers and topologists. Symplectic Algebraic
Topology is gradually taking its shape.

This book provides systematic explanation of both the problems of sym-
plectic topology and analytical details and techniques in applying the machin-
ery embedded in the Floer theory as a whole. It also provides a self-contained
exposition of basic Floer homology theory in both open and closed string con-
texts, and its systematic applications to symplectic topology. The basic objects
of study in this book are the geometry of Lagrangian submanifolds and the
dynamics of Hamiltonian diffeomorphisms and their interplay in symplectic
topology.
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Preface

This book provides a self-contained exposition of basic Floer homology in both
open and closed string contexts, and systematic applications to problems in Hamil-
tonian dynamics and symplectic topology. The basic objects of study in this book
are the geometry of Lagrangian submanifolds and the dynamics of Hamiltonian
diffeomorphisms and their interplay in symplectic topology.

The classical Darboux theorem in symplectic geometry reveals flexibility of
the group of symplectic transformations. On the other hand, Gromov and Eliash-
berg’s celebrated theorem [El87] reveals subtle rigidity of symplectic transforma-
tions: The subgroup Symp(M,ω) consisting of symplectomorphisms is closed in
Diff(M) with respect to the C0-topology. This demonstrates that the study of
symplectic topology is subtle and interesting. Eliashberg’s theorem relies on a ver-
sion of the nonsqueezing theorem, such as the one proved by Gromov [Gr85] using
the machinery of pseudo-holomorphic curves. Besides Eliashberg’s original combi-
natorial proof of this non-squeezing result, there is another proof given by Ekeland
and Hofer [EkH89] using the classical variational approach of Hamiltonian sys-
tems. The interplay between these two facets of symplectic geometry, analysis of
pseudoholomorphic curves and Hamiltonian dynamics, have been the main driving
force in the development of symplectic topology since Floer’s pioneering work on his
semi-infinite dimensional homology theory, which we now call the Floer homology.

Hamilton’s equation ẋ = XH(t, x) arises in Hamiltonian mechanics and the
study of its dynamics has been a fundamental theme of investigation in physics since
the time of Lagrange, Hamilton, Jacobi, Poincaré and others. Many mathematical
tools have been developed in the course of understanding its dynamics and finding
explicit solutions of the equation. One crucial tool for the study of the questions
is the least action principle: a solution of Hamilton’s equation corresponds to a
critical point of some action functional. In this variational principle, there are two
most important boundary conditions considered for the equation ẋ = XH(t, x) on
a general symplectic manifold: one is the periodic boundary condition γ(0) = γ(1),
and the other is the Lagrangian boundary condition γ(0) ∈ L0, γ(1) ∈ L1 for a
given pair (L0, L1) of two Lagrangian submanifolds. A submanifold i : L →֒ (M,ω)
is called Lagrangian if i∗ω = 0 and dimL = 1

2 dimM . This replaces the two-point
boundary condition in classical mechanics.

A diffeomorphism φ of a symplectic manifold (M,ω) is called a Hamiltonian dif-
feomorphism if φ is the time-one map of ẋ = XH(t, x) for some (time-dependent)
Hamiltonian H . The set of such diffeomorphisms is denoted by Ham(M,ω). It
forms a subgroup of Symp(M,ω). However, in the author’s opinion, it is purely a
historical accident that Hamiltonian diffeomorphisms are studied because the defi-
nition ofHam(M,ω) is not a priori natural. For example, it is not a structure group
of any geometric structure associated to the smooth manifold M (or at least not

ix
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known yet, if any), unlike the case of Symp(M,ω) which is the automorphism group
of the symplectic structure ω. Mathematicians’ interest in Ham(M,ω) is largely
motivated by the celebrated conjecture of Arnold [Ar65], and Floer homology was
invented by Floer [Fl88b, Fl89b] in his attempt to prove this conjecture.

Since the advent of Floer homology in the late 80’s, it has played fundamental
role in the development of symplectic topology. (There is also the parallel notion in
lower dimensional topology which is not touched upon in this book. We recommend
interested readers Floer’s original article [Fl88c] and the masterpiece of Kronheimer
and Mrowka [KM07] in this respect.) Due to the many technicalities involved in
its rigorous definition, especially in the case of Floer homology of Lagrangian inter-
sections (or in the context of ‘open string’), the subject has been quite inaccessible
to beginning graduate students and researchers coming from other areas of math-
ematics. This is partly because there is no existing literature which systematically
explains both the problems of symplectic topology, the analytical details and the
techniques in applying the machinery embedded in the Floer theory as a whole. In
the mean time, Fukaya’s categorification of Floer homology, i.e., his introduction
of an A∞ category into symplectic geometry (now called the Fukaya category) and
Kontsevich’s homological mirror symmetry proposal, followed by the development
of open string theory of D branes in physics, have greatly enhanced the Floer the-
ory and attracted much attention from other mathematicians and physicists as well
as the traditional symplectic geometers and topologists. In addition, there has also
been considerable research into applications of symplectic ideas to various problems
in (area-preserving) dynamical systems in two dimension.

Our hope in writing this book is to remedy the current difficulties to some
extent. To achieve this goal, we focus more on the foundational materials of Floer
theory and its applications to various problems arising in symplectic topology, with
which the author is more familiar, and attempt to provide complete analytic de-
tails assuming the reader’s knowledge of basic elliptic theory of (first-order) partial
differential equations, second year graduate differential geometry and first year alge-
braic topology. In addition, we also try to motivate various constructions appearing
in Floer theory from the historical context of classical Lagrange-Hamilton’s varia-
tional principle and Hamiltonian mechanics. The choice of topics included in the
book is somewhat biased partly due to the limitations of the author’s knowledge
and confidence level, and also due to his attempt to avoid too much overlap with
the existing literature on symplectic topology. We would like to particularly cite
the following 3 monographs among others and compare this book with them:

(1) “J-Holomorphic Curves and Symplectic Topology”, McDuff, D., Salamon,
D, 2004.

(2) “Fukaya Categories and Picard-Lefschetz Theory”, Seidel, P, 2008.
(3) “Lagrangian Intersection Floer Theory: Anomaly and Obstruction, I &

II”, Fukaya, K., Oh, Y.-G., Ohta, H., Ono, K, 2009.

(There is another more recent monograph by Audin and Damian [AM10] written
in French. Due to our lack of French, we are not qualified to comment on the book.)

First of all, Part II and Part III of this book could be regarded as the pre-
requisite for graduate students or post-docs to read the book (3) [FOOO09] in
that the off-shell setting of Lagrangian Floer theory in this book presumes pres-
ence of non-trivial instantons, or non-constant holomorphic discs or spheres around.
However we largely limit ourselves to the monotone case and avoid the full-fledged
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obstruction-deformation theory of Floer homology which would inevitably involve
the theory of A∞-structures and the abstract perturbation theory of virtual moduli
technique such as the Kuranishi structure which is beyond the scope of this book.
Luckily, the books (2) [Se08] and (3) [FOOO09] can fill this important aspect of
the theory, which we strongly encourage readers to consult with. We also largely
avoid any extensive discussion on the Floer theory of exact Lagrangian submani-
folds, except on the cotangent bundle case, because Seidel’s book [Se08] already
carries out extensive study of the Floer theory and the Fukaya category in the
context of exact symplectic geometry to which we cannot add anything. There is
much overlap of the materials in Part II on the basic pseudo-holomorphic curve
theory with Chapter 1 - Chapter 6 of McDuff-Salamon’s book (1) [MSa04]. How-
ever our exposition of the materials is quite different from that of [MSa04]. For
example, from the beginning, we deal with pseudoholomorphic curves of arbitrary
genus and with boundary and unify the treatment of both closed and open case e.g.,
in the regularity theory of weak solutions and in the removal singularity theorem.
And we discuss the transversality issue after that of compactness which seems to
be more appropriate in accommodating the techniques of Kuranishi structure and
abstract perturbation theory. There are also two other points that we are par-
ticularly keen about in our exposition of pseudoholomorphic curve theory. One is
to make the relevant geometric analysis resemble the style of the more standard
geometric analysis in Riemannian geometry emphasizing the tensor calculations via
the canonical connection associated to the almost Kähler property whenever possi-
ble. This way we derive the relevantW k,p-coercive estimates, especially an optimal
W 2,2-estimate with Neumann boundary condition, by pure tensor calculations and
an application of Weitzenöck formula. The other is to make the deformation theory
of pseudoholomorphic curves resemble that of holomorphic curves on (integrable)
Kähler manifolds. We hope that this style of exposition widens the scope of readers
beyond the traditional symplectic geometers to graduate students and researchers
from other areas of mathematics and enable them to more easily access important
developments in symplectic topology and related areas.

Now comes the brief outline of the contents of each part of the book.
Part I gives an introduction to symplectic geometry starting from the classical

variational principle of Lagrange and Hamilton in classical mechanics and intro-
duces the main concepts in symplectic geometry, i.e., Lagrangian submanifolds,
Hamiltonian diffeomorphisms and symplectic fibrations. It also introduces Hofer’s
geometry of Hamiltonian diffeomorphisms. Then the part ends with the proof
of Gromov-Eliahsberg’s C0-rigidity theorem [El87] and the introduction to con-
tinuous Hamiltonian dynamics and the concept of Hamiltonian homeomorphisms
introduced by Müller and the present author [OhM07].

Part II provides a mostly self-contained exposition of the analysis of pseudo-
holomorphic curves and their moduli spaces. We attempt to provide the optimal
form of a priori elliptic estimates for the nonlinear Cauchy-Riemann operator ∂J
in the off-shell setting. For this purpose, we emphasize our usage of the canonical
connection of almost Kähler manifold (M,ω, J). Another novelty of our treatment
of the analysis is a complete proof of the boundary regularity theorem of weak solu-
tions (in the sense of Ye [Ye94]) of J-holomorphic curves with totally real boundary
conditions. As far as we know, this regularity proof has not been given before in
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the existing literature. We also give a complete proof of compactness of the sta-
ble map moduli space following the approach taken by Fukaya and Ono [FOn99].
The part ends with an explanation of how compactness-cobordism analysis of the
moduli space of (perturbed) pseudoholomorphic curves combined with a bit of sym-
plectic topological data give rise to the proofs of two basic theorems in symplectic
topology; Gromov’s nonsqueezing theorem and nondegeneracy of Hofer’s norm on
Ham(M,ω) (for tame symplectic manifolds).

Part III gives an introduction to Lagrangian Floer homology restricted to the
special cases of monotone Lagrangian submanifolds. It starts with the overview of
Lagrangian intersection Floer homology on cotangent bundles and introduces all
the main objects of study that enter in the recent Lagrangian intersection Floer
theory without delving into too much technical details. Then it explains the details
of compactification of Floer moduli spaces whose details are often murky in the
literature. The part ends with the construction of a spectral sequence, a study of
Maslov class obstruction to displaceable Lagrangian submanifolds and Polterovich’s
theorem on the Hofer diameter of Ham(S2).

Part IV introduces Hamiltonian Floer homology and explains the complete con-
struction of spectral invariants and various applications. The applications include
construction of the spectral norm, Usher’s proofs of the minimality conjecture in the
Hofer geometry and the optimal energy-capacity inequality. In particular this part
contains a complete self-contained exposition of Entov-Polterovich’s construction
of spectral quasi-morphisms and the associated symplectic quasi-states. The part
ends with further discussion of topological Hamiltonian flows and their relation to
the geometry of area preserving homeomorphisms in two dimension.

The prerequisites of the reading of this book vary part by part. The standard
first year graduate differentiable manifold course together with a little bit of knowl-
edge on the theory of fiber bundles should be enough for Part I. However Part II, the
most technical part of the book which deals with the general theory of pseudoholo-
morphic curves, the moduli spaces thereof and their stable map compactifications,
assumes readers knowledge on the basic language of Riemannian geometry (e.g.,
that of volume 1 & 2 of Spivak [Spi79]), basic functional analysis (e.g., Sobolev
embedding and Reillich compactness and others), elliptic (first order) partial dif-
ferential equations and knowledge of the first year algebraic topology course. Then
materials in Part III and IV, which deal with the main topics of Floer homology
both in the open and closed string context, rely on the materials of Part I and II
and should be readable on its own. Those who are already familiar with basic sym-
plectic geometry and analysis of pseudoholomorphic curves should be able to read
part III and IV immediately. This book can be used as a graduate text book for
the introduction to Gromov and Floer’s analytic approach to modern symplectic
topology. The readers who would like to learn more about various deeper aspects
of symplectic topology and mirror symmetry are strongly encouraged to read the
books (1) - (3) mentioned above in addition depending on their interest.

The author would like to end this preface by recalling his personal experi-
ence and perspective which may not be shared by others, but which he hopes may
help readers to see how the author came up with the current shape of this book.
The concept of symplectic topology emerged from the celebrated Eliashberg and
Gromov’s symplectic rigidity theorem. Eliashberg’s original proof was based on
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the existence of some C0-type invariants of symplectic diffeomorphism which mea-
sures the size of domains in the symplectic vector space. Existence of such an
invariant was first established by Gromov as a corollary of his fundamental Non-
squeezing Theorem proven by using the analytical method of pseudoholomorphic
curves. With the advent of the method of pseudo-holomorphic curves developed by
Gromov and the subsequent Floer’s invention of elliptic Morse theory resulted in
Floer cohomology, the landscape of symplectic geometry had changed drastically.
Many previously intractable problems in symplectic geometry were solved by the
techniques of pseudo-holomorphic curves, and the concept of symplectic topology
gradually began to take shape.

There are two main inputs that had the author shape the structure of the
present book. The first is about the way how the analytical materials are treated in
this book. The difficulty, or the excitement, with the method of pseudo-holomorphic
curves at the time of its appearance was that it involves a mathematical discipline of
the nature very different from the type of mathematics employed by the main stream
symplectic geometers at that time. As a result the author feels that it created
some discontinuity between the symplectic geometry before and after Gromov’s
paper appears, and the way how the analysis presented was given quite differently
from the way how they are normally treated by geometric analysts of Riemannian
geometry. For example, the usage of tensor calculations is not as much emphasized
as in Riemannian geometry. Besides, in the author’s personal experience, there
were two of the stumbling blocks getting into the Gromov-Witten-Floer theory as
a graduate student and as a beginning researcher working in the area of symplectic
topology; one was to get rid of some phobia towards the abstract algebraic geometric
materials like Deligne-Mumford moduli spaceMg,n of stable curves, and the other
was to absorb the large amount of analytical materials that enter in the study of
moduli space of pseudoholomorphic maps from the original sources in the literature
of relevant mathematics whose details are often too sketchy. It turns out that many
of these details are sort of standard in the point of view of geometric analysts and
can be treated in a more effective way using the standard tensorial methods of
Riemannian geometry.

The second is about the way how the Floer theory is presented in the book. In
the author’s personal experience, it seems to be most effective to learn the Floer
theory both in the closed and in the open string context simultaneously. Very often
problems on the Hamiltonian dynamics are solved via the corresponding problems
on the geometry of Lagrangian intersections. Because of this reason, the author
presents the Floer theory of the closed and the open string context at the same time.
While the technical analytic details of pseudo-holomorphic curves are essentially
the same for both closed and open string context, the relevant geometries of the
moduli space of pseudo-holomorphic curves are very different between the closed
case and the open case of Riemann surfaces. This difference makes the Floer theory
of Lagrangian intersection very different from that of Hamiltonian fixed points.

This book owes much debt to many people whose invaluable help cannot be
over-emphasized. The project of writing this book started when I offered three-
semester-long course on symplectic geometry and pseudoholomorhphic curves at
the University of Wisconsin-Madison in the years 2002-2004 and another quarter
course on Lagrangian Floer homology while I was on sabbatical leave at Stanford
University in the year 2004-2005.
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I learned most of the materials on basic symplectic geometry from Alan Wein-
stein as his graduate student in Berkeley. Especially, the majority of the materials
in part I of this book are based on the lecture notes I had taken for his year-long
course on symplectic geometry in 1987 - 1988. One could easily see the influence of
his mathematics widespread over all of the part I. I would like to take this chance
to sincerely thank him for his invaluable support and encouragement throughout
my graduate study.

I also thank Yasha Eliashberg for making my sabbatical leave in Stanford Uni-
versity possible and giving me an opportunity of offering the Floer homology course.
Many thanks also go to Peter Spaeth and Cheol-Hyun Cho whose lecture notes on
the author’s course in 2002-2004 became the foundation of this book. I also thank
Bing Wang for his excellent job of typing the first draft of part I and II of this book,
without whose help the appearance of this book would be in great doubt. Thanks
also go to Dongning Wang, Erkao Bao for their proofreading of an earlier version
of part II and IV respectively, and Rui Wang, Yoosik Kim for their proofreading of
some earlier version of part I and II.

I also thank my long time friends and collaborators, Kenji Fukaya, Hiroshi Ohta
and Kaoru Ono for their collaboration on Lagrangian intersection Floer theory and
its applications. Much of the materials in part III is based on our collaboration.
Special thanks go to Kenji Fukaya for his great leadership and vision of mathematics
throughout our collaboration from which the author has learned much mathematics.

I thank Michael Entov and Leonid Polterovich for their astounding construction
of symplectic quasistates and quasimorphisms which I believe starts to unveil the
true symplectic nature of the analytical construction of Floer homology and spectral
invariants. I also thank Claude Viterbo, Michael Usher, Lev Buhovsky and Soban
Seyfaddini for their important mathematical works which are directly relevant to
the author’s recent research on spectral invariants and topological Hamiltonian
dynamics and which the author very much appreciates.

I also thank various institutions in which I spent some time during the writing
of the book. Special thanks go to Korea Institute for Advanced Study (KIAS),
National Institute of Mathematical Sciences (NIMS) and Seoul National University
in Korea which provided financial support and excellent research environment.

Finally, but not the least, the author’s unreserved thanks go to late Andreas
Floer whose amazing mathematical work has dominated the author’s entire math-
ematical work.

List of conventions

We follow the conventions of [Oh05c, Oh09a, Oh10] for the definition of
Hamiltonian vector fields and action functional and others appearing in the Hamil-
tonian Floer theory and in the construction of spectral invariants and Entov-
Polterovich’s Calabi quasimorphisms. They are different from e.g., those used in
[EnP03, EnP06, EnP09] one way or the other.

(1) The canonical symplectic form ω0 on the cotangent bundle T ∗N is given
by

ω0 = −dΘ =

n∑

i=1

dqi ∧ dpi
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where Θ is the Liouville one-form given by Θ =
∑n

i=1 pi dq
i in the canon-

ical coordinates (q1, · · · , qn, p1, · · · , pn) associated to a coordinate system
(q1, · · · , qn) on N .

(2) The Hamiltonian vector field XH on a symplectic manifolds (M,ω) is
defined by dH = ω(XH , ·).

(3) The action functional AH : L̃0(M)→ R is defined by

AH([γ, w]) = −
∫
w∗ω −

∫ 1

0

H(t, γ(t)) dt.

(4) In particular, AH is reduced to the classical Hamilton’s action functional
on the path space of T ∗N ,

∫

γ

p dq −
∫ 1

0

H(t, γ(t)) dt

which coincides with the standard definition in the literature of classical
mechanics.

(5) An almost complex structure is called J-positive if ω(X, JX) ≥ 0 and
J-compatible if the bilinear form ω(·, J ·) defines a Riemannian metric.

(6) Note that R2n ≃ Cn carries three canonical bilinear forms: the symplectic
form ω0, the Euclidean inner product g and the Hermitian inner prod-
uct 〈·, ·〉. We take the Hermitian inner product to be complex linear in
the first argument and anti-complex linear in the second argument. Our
convention of the relation between these three is

〈·, ·〉 = g(·, ·)− iω0(·, ·).

Comparison with Entov-Polterovich’s convention [EnP09]

In [EnP03, EnP06, EnP09], Entov-Polterovich used different sign conven-
tions from the ones [Oh05c] and the present book. If we compare our convention
with the one from [EnP09], the following is the list of differences

(1) The canonical symplectic form on T ∗N in their convention is

ω̃0 := dΘ =
n∑

i=1

dpi ∧ dqi.

(2) The definition of Hamiltonian vector field: [EnP09] takes

dH = ω(·, XH).

Therefore by replacing H by −H , one has the same set of closed loops as
the periodic solutions of the corresponding Hamiltonian vector fields on a
given symplectic manifold (M,ω) in both conventions.

(3) Combination of (1), (2) makes the Hamiltonian vector field associated
to a function H = H(t, q, p) on the cotangent bundle give rise to the
same vector field. In particular, the classical Hamiltonian vector field on
the phase space R2n with canonical coordinates (q1, · · · , qn, p1, · · · , pn) is
given by the expression

XH =
n∑

i=1

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi
∂

∂pi

)
.



xvi PREFACE

(4) Definition of action functional: [EnP03] and [EnP09] takes

(0.0.1) −
∫
w∗ω +

∫ 1

0

H(t, γ(t)) dt

as its definition. We denote the definition (0.0.1) by ÃH([γ, w]) for the
purpose of comparison of the two below.

(5) In particular, ÃH is reduced to

−
∫

γ

p dq +

∫ 1

0

H(t, γ(t)) dt

on the path space of T ∗N , which is the negative of the standard definition
of Hamilton’s action functional in the literature of classical mechanics
(e.g., [Ar89], [Go80]).

(6) Since both conventions use the same associated almost Kähler metric
ω(·, J ·), the associated perturbed Cauchy-Riemann equations have ex-
actly the same form, in particular have the same sign in front of the
Hamiltonian vector field.

(7) In addition, Entov and Polterovich [EnP03, EnP06] use the notation
c(a,H) for the spectral numbers where a is the quantum homology class,
while we denote a for a quantum cohomology class. The comparison is
the following

(0.0.2) ρ(H ; a) = c(a♭; H̃) = c(a♭;H)

where a♭ is the homology class dual to the cohomology class a and H is
the inverse Hamiltonian of H given by

(0.0.3) H(t, x) = −H(t, φtH(x)).

(8) The relationship between the three bilinear forms on R2n is given by

〈·, ·〉 = g(·, ·) + iω̃0(·, ·)
for which the the inner product is complex linear in the second argument
and anti-complex linear in the first argument.

With these understood, one can translate every statements in [EnP03, EnP06]
into the ones in terms of our notations.
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CHAPTER 1

Least action principle and the Hamiltonian

mechanics

In this chapter, we start with reviewing Hamilton’s least action principle in the
classical mechanics. We will motivate all the basic concepts in symplectic geometry
out of this variational principle. We refer to [Go80] or [Ar89] for further physical
applications of this principle.

1.1. Lagrangian action functional and its first variation

We start with our explanations on Rn and then move onto general configuration
space M . We call Rn the (configuration) space and R × Rn the space-time. We
denote by qi, i = 1, · · · , n the standard coordinate functions of Rn, and by

(q1, · · · , qn, v1, · · · , vn)
the associated canonical coordinates of TRn ∼= Rn ×Rn. It is customary to denote
the canonical coordinates by

(q1, · · · , qn, q̇1, · · · , q̇n)
instead especially in the physics literature. We will follow this convention, whenever
there is no danger of confusion.

We denote by γ : [t0, t1]→ Rn a continuous path, regarded as the trajectory of
a moving particle. In coordinates, we may write

γ(t) = (q1(t), · · · , qn(t)), qi(t) = qi(γ(t)).

We say [t0, t1] the domain of the path and denote

P = Pt1t0 (Rn) = {γ | Dom(γ) = [t0, t1]}.
In the Lagrangian formalism of the classical mechanics, the relevant action func-
tional, called the Lagrangian action functional , has the form

Φ(γ) =

∫ t1

t0

L(t, γ, γ̇) dt

where L is a function, called the Lagrangian,

L = L(t, q, q̇) : R× Rn × Rn → R

Example 1.1.1. Consider a motion on Rn over the time interval [t0, t1], i.e., a
map γ : [t0, t1]→ R.

(1) The energy functional is defined by

E(γ) =
1

2

∫ t1

t0

|γ̇|2 dt.

3
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(2) The length of the path γ : [t0, t1]→ Rn is given by

L(γ) =

∫ t1

t0

|γ̇| dt.

As in the mechanics literature, we denote by ∆γ the infinitesimal variation.
In the more formal presentation, we note that the tangent space of Rn at a given
point x is canonically identified with Rn itself. Therefore we can write a variation
h = ∆γ ∈ TγP at the path γ as a map

h : [t0, t1]→ Rn.

We denote by |h| the norm of h with respect to a given norm on the linear space

TγPt1t0 (Rn) ∼= Γ(γ∗(TRn)).

We will not delve into the matter of giving the precise mathematical description
of the following definition, which is the analog of the standard definitions to the
finite dimensional case in the current infinite dimensional case. We refer to e.g.,
[AMR88] for the precise mathematical definitions.

Definition 1.1.2. Let Φ be as above.

(1) A functional Φ is differentiable at x if there exists a linear map F (γ) such
that

(1.1.1) Φ(γ +∆γ)− Φ(γ) = F (γ) ·∆γ +R

where R = R(γ, h) = O(|h|2).
(2) If this holds, F (γ) is said to be the differential of Φ at γ and denote by

dΦ(γ).
(3) We call any path γ an extremal path if it satisfies F (γ) · h = 0 for all

variation h.

Now we find the formula of the differential F (γ) · h in terms of the Lagrangian
density L. For given h : [t0, t1]→ Rn regarded as a variation (or a tangent vector)
of γ, we have

F (γ) · h =
d

ds

∣∣∣
s=0

Φ(γ + sh)

=
d

ds

∣∣∣
s=0

∫ t1

t0

L(t, q + sh, q̇ + sḣ) dt

=

∫ t1

t0

d

ds

∣∣∣
s=0

L(t, q + sh, q̇ + sḣ) dt

=

∫ t1

t0

(
∂L

∂q
· h+

∂L

∂q̇
· ḣ
)
dt.

Integrate the second term by parts and get
∫ t1

t0

∂L

∂q̇
· ḣ dt = ∂L

∂q̇
· h
∣∣∣
t1

t0
−
∫ t1

t0

d

dt

(
∂L

∂q̇

)
· h dt.

Therefore,

(1.1.2) F (γ) · h =

∫ t1

t0

(
∂L

∂q
− d

dt

(
∂L

∂q̇

))
· h dt+ ∂L

∂q̇
· h
∣∣∣
t1

t0
.
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To describe the condition of extremal paths of Φ in terms of the Lagrangian
density function L, we require that the boundary term, i.e., the second term of
(1.1.2) vanish. There are two common ways of achieving this goal in the mechanics.

1. Two point boundary condition: We define the subset

(1.1.3) Pt1t0 (Rn; q0, q1) = {γ ∈ P
t1
t0 (R

n) | q(t0) = q0, q(t1) = q1}
of Pt1t0 (Rn), which consists of the paths satisfying the so called two point boundary
condition. In this case, the variation h = ∆γ satisfies

ḣ(t0) = 0 = ḣ(t1).

For such γ and h, we have

∂L

∂q̇
· h
∣∣∣
t1

t0
=
∂L

∂q̇
(t1, γ(t1), γ̇(t1)) · h(t1)−

∂L

∂q̇
(t0, γ(t0), γ̇(t0)) · h(t0) = 0− 0 = 0.

Therefore if we restrict Φ to this subset Pt1t0 (Rn; q0, q1), the corresponding restricted
functional has the first variation given by

(1.1.4) F (γ) · h =

∫ t1

t0

(
∂L

∂q
− d

dt

(
∂L

∂q̇

))
· h dt.

Hence we have derived the equation of motion

Proposition 1.1.3. Let q0, q1 be two fixed points in Rn. Consider the func-
tional

Φ(γ) =

∫ t1

t0

L(t, γ, γ̇) dt

for the paths γ under the two-point boundary condition

γ(0) = q0, γ(1) = q1.

Then γ is extremal if and only if it satisfies

(1.1.5)
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0, i = 1, · · · , n.

We next discuss another natural boundary condition, the periodic boundary
condition.

2. Periodic boundary conditions: Consider the subset

Lt1t0(Rn) = {γ ∈ P
t1
t0 (R

n) | γ(t0) = γ(t1), γ̇(t0) = γ̇(t1)}.
The corresponding variation h = ∆ will satisfy the periodic boundary condition

h(t0) = h(t1).

In addition, provided the density function L = L(t, q, q̇) satisfies the time-periodic
condition

(1.1.6) L(t0, ·, ·) ≡ L(t1, ·, ·),
then the boundary term of (1.1.2) again vanishes this time, however, because we
have

∂L

∂q̇
(t1, γ(t1), γ̇(t1)) · h(t1) =

∂L

∂q̇
(t0, γ(t0), γ̇(t0)) · h(t0).

We summarize this into



6 1. LEAST ACTION PRINCIPLE AND THE HAMILTONIAN MECHANICS

Proposition 1.1.4. Suppose L satisfies (1.1.6). Consider the functional

Φ(γ) =

∫ t1

t0

L(t, γ, γ̇) dt

restricted to the paths γ under the periodic boundary condition

γ(0) = γ(1)

Then γ is extremal if and only if it satisfies (1.1.5).

Equation (1.1.5) is called the Euler-Lagrange equation of L. Note that this is
the second order ODE with respect to the variable γ(t) = (q1(t), · · · , qn(t)).

Remark 1.1.5. Since the above discussion is independent of the choice of co-
ordinates (q1, · · · , qn), as long as we use the associated canonical coordinates of
TRn ∼= Rn×Rn, the Euler-Lagrange equation for L is also coordinate independent
(or covariant in the physics terminology). In other words, if (Q1, · · · , Qn) is an-
other coordinate system of Rn, then the associated Euler-Lagrange equation has
the same form as

∂L

∂Qi
− d

dt

(
∂L

∂Q̇i

)
= 0, i = 1, · · · , n.

1.2. Hamilton’s action principle

The Lagrangian that is relevant in Newtonian mechanics has the form

(1.2.7) L = T − U
where T is the kinetic energy

T = T (x, ẋ) =
1

2
mẋ · ẋ

and U = U(x) : Rn → R is the potential energy which is a function depending only
on the position vector x ∈ Rn. Then the Newton’s equation of motion

(1.2.8)
d

dt
(mq̇i) = −∂U

∂qi
, i = 1, · · · , n

is equivalent to the Euler-Lagrange equation (1.1.5) for the Lagrangian (1.2.7).
This gives rise to

Hamilton’s least action principle: Motions of the mechanical system under
Newton’s second law coincide with the extremals of the functional

Φ(γ) =

∫ t1

t0

Ldt

(under an appropriate boundary condition as mentioned before).

Recall that in Newtonian mechanics, the momentum vector is defined by

(1.2.9) mẋ =: p

and the force field is provided by

−∇U =: F.

Due to the special form of the Lagrangian given in (1.2.7), pi = mq̇i is nothing but
∂L
∂q̇i . This leads to the following notion in the classical mechanics. (See [Go80] or

[Ar89] for more discussions.)
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Definition 1.2.1. Let L be an arbitrary Lagrangian. Then the generalized
momenta, denoted as pi, are defined by

(1.2.10) pi =
∂L

∂q̇i
.

With this definition, the E-L equation becomes

(1.2.11) ṗi =
∂L

∂qi
, i = 1, · · · , n.

Exercise 1.2.2. Interpret (1.2.10) and (1.2.11) in the invariant fashion. Ex-
plain why one should regard the right hand side thereof as a covariant one tensor
or as a differential one-form.

1.3. The Legendre transform

In solving a mechanical problem, one often first finds the formula for the mo-
menta pi in time and then would like to convert this into a formula for the position
coordinates qi. This is not always possible, though. A necessary condition for the
Lagrangian L is its convexity with respect to ẋ for each fixed position vector x.
Such a function should be considered as a family of convex functions

ẋ 7→ L(t, x, ẋ); Rn → R

parameterized by the position vector (t, x) ∈ R× Rn.
In this section, we discuss an important operation the Legendre transform that

appears in many branches of mathematics. Recently, Legendre transform plays
an important role in a rigorous formulation of the mirror symmetry in relation
to Stronminger-Yau-Zaslow proposal. We refer to [SYZ01], [Hi99] and [GrSi03]
for more explanation on this aspect. Partly because of this recent resurgence of
its interest, we provide some detailed mathematical explanations on the Legendre
transform in an invariant fashion. After that, we will return to the Hamiltonian
formulation of the classical mechanics.

1.3.1. Legendre transform of a function. Let V be a (finite dimensional)
vector space, and V ∗ its dual vector space. We denote by 〈, 〉 the canonical paring
between V and V ∗.

Definition 1.3.1. Let U ⊂ V be an open subset. A function f : V → R is
said to be convex on U ⊂ V , if it satisfies

(1.3.12) f((1− t)x1 + tx2) ≤ (1 − t)f(x1) + tf(x2)

for all t ∈ [0, 1] and for all x1, x2 ∈ U , and strictly convex, if

(1.3.13) f((1− t)x1 + tx2) < (1 − t)f(x1) + tf(x2)

for all t ∈ (0, 1) and for all x1, x2 ∈ U .

The following is an easy exercise to prove.

Lemma 1.3.2. (1) Any convex function f on U is continuous on U .
(2) Any strictly convex function f : V → R is bounded below and has the

unique minimum point.

Example 1.3.3. Let V = R and consider the function f(x) = xα

α with α > 1.
Then f is convex on R.
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For a given function f : V → R, we consider the function F : V × V ∗ → R
defined by

F (x, p) := 〈x, p〉 − f(x)
and the value

(1.3.14) g(p) = sup
x∈V

F (x, p).

The new function g, if defined, is called the Legendre transform or the Fenchel
transform.

In general, the value of g may not be finite. However whenever the value is
defined, we have the following inequality

(1.3.15) 〈x, p〉 ≤ f(x) + g(p)

which is called the Fenchel inequality. To make the value of g everywhere finite,
one needs to impose the following superlinearity of f

Definition 1.3.4. Let V be a (finite dimensional) vector space. A function
f : V → R is said to be superlinear, if f is bounded below and

(1.3.16) lim
|x|→∞

f(x)

|x| = +∞.

Exercise 1.3.5. Prove that the superlinearity in this definition is equivalent
to the statement that for all K < ∞, there exists C(K) > −∞ such that f(x) ≥
K|x|+ C(K) for all x ∈ V .

An example of a convex but not superlinear function is f(x) = e−x as a function
on V = R.

We borrow the following from Proposition 1.3.5 of Fathi’s book [Fa04] re-
stricted to the finite dimensional cases.

Proposition 1.3.6. Let f : V → R be a function. Then

(1) If f is superlinear, then g is finite everywhere.
(2) If g is finite everywhere, it is convex.
(3) If f is continuous, then g is superlinear.

Proof. We first prove (1). By the superlinearity (1.3.16) and Exercise 1.3.5,
there exists a constant C = C(|p|) such that f(x) ≥ |p||x| + C(|p|) for all x ∈ V .
Therefore we have

〈x, p〉 − f(x) ≤ |x||p| − f(x) ≤ |x||p| − (|x||p| + C(|p|)) = −C(|p|) <∞
This proves g(p) = supx∈V (〈x, p〉 − f(x)) <∞. On the other hand, we have

g(p) = sup
x∈V

(〈x, p〉 − f(x)) ≥ −f(0) > −∞

which proves (1). For the property (2), we note that g is the upper bound for the
family of linear function, which is obviously convex,

p 7→ 〈x, p〉 − f(x)
and hence must be convex. To show (3), we will apply Exercise 1.3.5. For any K,
we derive

g(p) ≥ sup
|x|=K

〈x, p〉 − sup
|x|=K

f(x)
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for all K. But we have sup|x|=K〈x, p〉 = K|p| and sup|x|=K f(x) is bounded since

f is assumed to be continuous. Note that the sphere {x ∈ V | |x| = K} is compact
because we assume V is finite dimensional. This finishes the proof. �

The following theorem is due to Fenchel. We leave its proof as an exercise or
refer to [Fa04].

Theorem 1.3.7 (Fenchel). Suppose that f : V → R is continuous and super-
linear on V . Then

(1) If f is convex and differentiable, then we have

∀x ∈ V, g ◦ df(x) = df(x)(x) − f(x).
Moreover 〈x, p〉 = g(p) + f(x) if and only if p = df(x).

(2) We have f(x) = supp∈V ∗ (〈x, p〉 − g(p)) if and only if f is convex.

Exercise 1.3.8. Prove Fenchel’s lemma, Theorem 1.3.7.

Proposition 1.3.9. Suppose that f : V → R is continuous and superlinear on
a finite dimensional vector space V , and let g : V ∗ → R be its Legendre transform.
Then

(1) g is everywhere continuous
(2) For every p ∈ V ∗, there exists v ∈ V such that 〈v, p〉 = f(v) + g(p).
(3) If f is convex, for every x ∈ V , there exists p ∈ V ∗ such that 〈x, p〉 =

f(x) + g(p).

Proof. Statement (1) follows from the convexity of g. For the proof of (2),
we first note that

|〈x, p〉| ≤ |x||p|, lim
|x|→∞

f(x)

|x| =∞.

From this, we see that

lim
|x|→∞

〈x, v〉 − f(x)
|x| = −∞.

Hence the supremum g(p) of the continuous function p 7→ 〈x, p〉 − f(x) is the same
as the supremum of its restriction to a big enough bounded sets. Therefore the
supremum of g is achieved. In other words, there exists v ∈ V such that

g(p) = 〈v, p〉 − f(v)
which finishes the proof. For (3), we remark that (V ∗)∗ = V and f is the Legendre
transform of g by Theorem 1.3.7 (2). Therefore it follows from (2). �

Corollary 1.3.10 (Surjectivity). If f is everywhere differentiable and super-
linear, then df : V → V ∗ is surjective.

Proof. This follows from Theorem 1.3.7 (2) together with Proposition 1.3.9
(2). �

The map L : x 7→ df(x); V → V ∗ is called the Legendre transform map
associated to the function f . The following is a re-statement of Theorem 1.3.7.

Proposition 1.3.11. Let f : V → R be C1 and superlinear and L : V → V ∗

be its Legendre transform map. If g : V ∗ → R is the Legendre transform of f , then

(1.3.17) ∀x ∈ V, , g ◦ L(x) = df(x)(x) − f(x).
Moreover 〈x, p〉 = f(x) + g(p) if and only if p = df(x).
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Theorem 1.3.12 (Injectivity). Suppose that f : V → R is a C1 convex function.
Then its associated Legendre transform map L : V → V ∗ is injective if and only if
f is strictly convex.

Proof. Let p ∈ V ∗ and F : V ×V ∗ → R be the function F (x, p) = 〈x, p〉−f(x).
Then we have p = df(x) if and only if dFp(x) = 0. Therefore x is the unique
maximum point of the strictly concave function Fp : x 7→ 〈x, p〉 − f(x). Hence L is
injective.

Conversely, if L is injective, the concave function

x 7→ 〈x, df(v)〉 − f(x)
has only v as a critical point, and so v must be the unique maximum point. Let
v = (1− t)x+ ty with t ∈ (0, 1) with x 6= v 6= y. Then we have

〈df(v), x〉 − f(x) < 〈df(v), v〉 − f(v)
〈df(v), y〉 − f(y) < 〈df(v), v〉 − f(v).

Since t, 1 − t > 0, taking the convex combination of these two inequalities and
multiplying by (−1), we obtain

(1 − t)f(x) + tf(y)− df(v)((1 − t)x+ ty) > 〈df(v), v〉 − f(v).
But we have chosen x, y so that (1− t)x+ ty = v and so this implies (1− t)f(x) +
tf(y) > f(v). This proves the strict convexity of f . �

Combining Corollary 1.3.10 and Theorem 1.3.12, we have the following

Corollary 1.3.13 (Bijectivity). Suppose that f : V → R is a C1 convex
function. Then its associated Legendre transform map L : V → V ∗ is bijective if
and only if f is strictly convex and superlinear. In that case, L is a homeomorphism.

One can also easily see that if f is C2 and superlinear, then L is a C1 diffeo-
morphism.

The following is an amusing example from [Ar89] which shows that Young’s
inequaltiy in the classical analysis is a special case of Fenchel’s inequality (1.3.15).

Example 1.3.14. Consider the function f : R+ → R+ given by

f(v) =
vα

α
, α > 1.

This function is C1, strictly convex and superlinear and so its Legendre transform
g : R→ R is everywhere defined which is again strictly convex and superlinear. In
fact, one can apply

(1.3.18) g(p) = 〈v, p〉 − f(v), p = df

dv
(v)

to find the explicit formula of g. We compute df
dx = xα−1. Solving the equation

p = xα−1 with respect to x for any given p, we obtain

v = p1/(α−1).

Substituting this into (1.3.18), we derive

g(p) = p1+
1

α−1 − pα/(α−1)

α
=
pβ

β
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where β > 1 is the unique positive number solving

1

α
+

1

β
= 1.

Therefore in this case, the Fenchel inequality (1.3.15) is reduced to Young’s inequal-
ity

xp ≤ xα

α
+
pβ

β

for any x, p > 0.

1.3.2. Legendre transform and Hamiltonian action functional. Now
we consider the product V × V regarding it as the tangent bundle TV of V . We
denote by x a point in V . Choose any coordinates (q1, · · · , qn). We denote by

(q1, · · · , qn, q̇1, · · · , q̇n)
the associated canonical coordinates of V × V ∼= TV . We recall that the canonical
coordinates are linear in the fiber direction of TV with respect to the basis

{
∂

∂q1

∣∣∣
x
, · · · , ∂

∂qn

∣∣∣
x

}

at any given point x ∈ V . Therefore we can canonically talk about the fiberwise
convexity of any given function

L = L(x, ẋ) : V × V → R

with respect to the fiber coordinates (q̇1, · · · , q̇n) at any given x ∈ V . Similarly we
also consider the canonical coordinates of V × V ∗ = T ∗V ,

(q1, · · · , qn, p1, · · · , pn).
We also consider a time-dependent family L = L(t, x, ẋ) : R×TV → R. We denote
the (fiberwise) Legendre transform of L by H : R× V × V ∗ → R defined by

(1.3.19) H(t, x, p) = sup
ẋ∈V

(〈ẋ, p〉 − L(t, x, ẋ)) .

The function H is called a Hamiltonian or a Hamiltonian function associated to
the Lagrangian L.

Assuming that L is (fiberwise) C1 strictly convex and superlinear, the Legendre
transform map

L : R× TV → R× T ∗V
defines a fiber-preserving bijective homeomorphism. Furthermore, we have the
identity

(1.3.20) H(t, x, p) = 〈v, p〉 − L(t, x, v)
where v = v(t, x, p) ∈ V is the unique solution solving the equation

(1.3.21) p = dẋL(t, x, v)(= L(t, x, v)).
In the canonical coordinates, we have

pi =
∂L

∂q̇i
, i = 1, ·, n

which are exactly the generalized momenta associated to the Lagrangian L as de-
fined in Definition 1.2.1. Then the Euler-Lagrange equation becomes ṗi =

∂L
∂qi .
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Now we derive a fundamental theorem in the Hamiltonian mechanics. First we
introduce the notion of prolongation

Definition 1.3.15. For a given path γ = γ(t), we define its prolongation,
denoted by γ̃ : R× V × V ∗ by

γ̃(t) = (γ(t), p(t))

where

p(t) = dẋL(γ(t), γ̇(t)).

We call this p the generalized momenta of L .

Theorem 1.3.16. Let H be the Legendre transform of L. Then a path γ = γ(t)
is a solution of the Euler-Lagrange equation on V ( the configuration space) if and
only if its prolongation γ̃ : R×V ×V ∗ satisfies the following equation on T ∗V ( the
phase space)

(1.3.22) q̇i =
∂H

∂pi
, ṗj = −

∂H

∂qj

Proof. We compute the differential of H on R×V ×V ∗ in two different ways.
First, we have

(1.3.23) dH =
∂H

∂t
dt+

∂H

∂pi
dpi +

∂H

∂qj
dqj .

On the other hand, differentiating (1.3.20) considering v as a function of (t, x, p),
we derive

dH = vidpi + dvi pi −
(
∂L

∂t
dt+

∂L

∂qj
dqj +

∂L

∂q̇i
dvi
)

= vidpi −
∂L

∂t
dt− ∂L

∂qj
dqj +

(
pi −

∂L

∂q̇i

)
dvi.

The last term drops out here because v is the solution of p = dẋL, i.e, pi =
∂L
∂q̇i , i =

1, · · · , , n. Hence this latter equation is reduced to

(1.3.24) dH = −∂L
∂t
dt+ vidpi −

∂L

∂qj
dqj .

Comparing (1.3.23) and (1.3.24), we have obtained

∂H

∂t
= −∂L

∂t
,
∂H

∂pi
= vi,

∂H

∂qj
= − ∂L

∂qj
.

Now suppose that a path x = x(t) is a solution of the Euler-Lagrange equation
d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi = 0. Then the prolongation t 7→ (x(t), p(t)) with p(t) given by

pi =
∂L
∂q̇i will satisfy

ṗj = −
∂H

∂qj
, q̇j(= vj) =

∂H

∂pi
.

The converse will also follow by reading the above proof backwards. �

The equation (1.3.22) is called Hamilton’s equation associated to the function
H . At this stage, we notice that Hamilton’s equation can be considered for arbitrary
function H : R× V × V ∗, not necessarily coming from the Legendre transform of a
Lagrangian L. Theorem 1.3.16 then implies that Hamilton’s equation is reduced to
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the Euler-Lagrange equation when applied to H that arises via the Legendre trans-
form of a Lagrangian L. We rephrase Theorem 1.3.16 into the following invariant
formulation

Theorem 1.3.17. Let L be a strictly convex C2 function and L : TV → T ∗V
be the associated Legendre transform map. Then a path γ : R → V is a solution
of the Euler-Lagrange equation of L if and only if L(γ̇) is a solution of Hamilton’s
equation associated to the Legendre transform H of L.

From now on, we will always assume all maps are assumed to be smooth, unless
otherwise stated.

It turns out that the general Hamilton’s equation carries a least action prin-
ciple on the phase space T ∗V , which we now explain. The classical phase space
corresponds to T ∗Rn = Rn × (Rn)∗.

Definition 1.3.18 (The action functional on phase space). Let [t0, t1] be an
interval and λ : [t0, t1]→ T ∗V be a curve. The action of λ is defined to be

(1.3.25) AH(λ) =

∫

λ

p dq −
∫ t1

t0

H(t, λ(t)) dt

We call AH the Hamiltonian action functional or just the (perturbed) action
functional associated to the Hamiltonian function H .

The following proposition shows that the Hamiltonian action functional spe-
cializes to the Lagrangian action functional via the Legendre transform. The proof
is immediate and omitted.

Proposition 1.3.19. Suppose that H is the Legendre transform of L and L be
the Legendre transform map of L. Let γ : [t0, t1]→ V be any path and λ = γ̃ be its
prolongation of γ. Then we have

AH(λ) =

∫ t1

t0

L(t, γ(t), γ̇(t)) dt.

A straightforward computation proves the following first variation formula of
AH , given in (1.3.25).

Exercise 1.3.20. Prove the following first variation formula:

(1.3.26) δAH = p · δx|t1t0 −
∫ t1

t0

(
ṗ · δx− ẋ · δp+ ∂H

∂x
δx+

∂H

∂p
δp

)
dt.

Here we follow the physicist’s notations by denoting the variation vector of λ
by ξ = (δx, δp) and δAH := dAH(ξ). This formula gives rise to the following least
action principle on the phase space.

Theorem 1.3.21. Consider either of the following two cases:

(1) (Two point boundary condition) Let H : [t0, t1]× T ∗Rn → R be any
Hamiltonian. Put x(t0) = x0, x(t1) = x1 for given fixed points x0, x1 ∈ v,

(2) (Periodic boundary condition) Assume that H : R × T ∗Rn → R is
time-periodic, i.e., satisfies

H(t0, x, p) ≡ H(t1, x, p)

for all (x, p) ∈ T ∗V . Put x(t0) = x(t1).
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Then a path λ : [t0, t1] → T ∗V satisfies Hamilton’s equation if and only if λ is an
extremal of AH , i.e., satisfies δAH(λ) = 0.

Proof. The proof is an immediate consequence of the first variation formula
(1.3.26). �

From now on, unless otherwise stated, we will always consider the unit interval
[0, 1] as the domain of a path λ. It is also customary to require H is one periodic
when we consider the periodic boundary condition.

1.4. Classical Poisson brackets

Recall that classical Hamilton’s equation associated to a function H , which
may or may not be time-dependent, is the first order ordinary differential equation
associated to the vector fields

∂H

∂p

∂

∂q
− ∂H

∂q

∂

∂p

on the phase space Rn × (Rn)∗ ∼= R2n. We denote this vector field by XH and call
the Hamiltonian vector field associated to the function H .

The historical development of Hamiltonian mechanics and classical physicists
and mathematicians’ attempts to find explicit solutions for the various mechanical
system reveals that the following algebraic structure on the space of differentiable
functions are useful, which turns out to be the fundamental background geometric
structure governing the Hamiltonian mechanics.

Definition 1.4.1 (Classical Poisson bracket). Let F, H be two functions on
Rn× (Rn)∗. The Poisson bracket, denoted by {F,H}, between F and H is defined
by the formula

(1.4.27) {F,H} = dF (XH) =
∑

j

(
∂F

∂qj
∂H

∂pj
− ∂H

∂qj
∂F

∂pj

)
.

From the formula, it is manifest the Poisson bracket defines a map

{·, ·} : C∞(R2n)× C∞(R2n)→ C∞(R2n).

The following proposition summarizes the properties of this bracket.

Proposition 1.4.2. The bracket satisfies the properties:

(1) (Skew symmetry) {F,H} = −{H,F}
(2) (Bilinearity) {F +G,H} = {F,H}+ {G,H}
(3) (Leibniz rule) {FG,H} = F{G,H}+ {F,H}G
(4) (Jacobi identity) {F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} = 0
(5) (Nondegeneracy) {F,G} = 0 for all G if and only if F ≡ C for some

constant function C ∈ R.

The properties (1)-(3) are easy to see from the formula (1.4.27). For the proofs
of (4) and (5), we need some preparations.

Let X (R2n) be the set of vector fields on R2n and ham(R2n) the subset of
Hamiltonian vector fields, i.e.,

ham(R2n) = {X | X = XH , H ∈ C∞(R2n)}.
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We denote by ev(q,p) : X (R2n) → T(q,p)R2n ∼= R2n the evaluation map defined by

ev(q,p)(X) = X(q, p). The following lemma shows ampleness of ham(R2n) on the
tangent space.

Lemma 1.4.3. At each point (q, p) ∈ R2n, we have

ev(q,p)(ham(R2n)) = T(q,p)R
2n ∼= R2n.

Proof. This is an immediate consequence of the following basic formulae

(1.4.28) Xqj = − ∂

∂pj
, Xpj =

∂

∂qj
.

�

Proof of nondegeneracy (5). From the formula (1.4.27), we have {C,H} =
0 for all H if C is a constant function. For the converse, we consider H = pj or
H = qj . We then have

{F, pj} = dF (Xpj ) = dF

(
∂

∂qj

)
=
∂F

∂qj

and

{F, qj} = dF (Xqj ) = −dF
(

∂

∂pj

)
= − ∂F

∂pj
.

Therefore if {F,H} = 0 for all H , then in particular we will have

∂F

∂qj
=
∂F

∂pj
= 0.

This proves that F must be constant. �

Finally one can directly prove the Jacobi identity from the definition (1.4.27).
Instead of carrying out this direct calculation, we will postpone its proof to the
later chapters in which we will prove the Jacobi identity in the general context.

The Poisson bracket plays an important role in finding conserved quantities
in the mechanical systems in the Hamiltonian mechanics, which in turn plays a
fundamental role in the study of completely integrable systems. It also plays a
fundamental role in quantizing the classical mechanics into the quantum mechanics.
We refer to [Ar89] for general discussion on the completely integrable systems and
solving them by integration by quadratures, and [Di58] for the quantization process
via the Poisson brackets. It turns out that the Poisson bracket is the geometric
structure hidden in R2n that governs the Hamiltonian mechanics, which we will
generalize into the symplectic manifolds in the following chapters.





CHAPTER 2

Symplectic manifolds and Hamilton’s equation

In this chapter, we will provide globalization of the discussions of the previous
sections in two stages:

• Replace V by a manifold N and generalize the Lagrangian mechanics.
• Replace V ×V ∗ to an arbitrary even dimensional manifold M and gener-
alize the Hamiltonian mechanics.

The first stage generalization goes through without introducing any additional
structure, but the second requires an additional geometric structure, the symplectic
structure.

2.1. The cotangent bundle

We start with the observation that the Hamiltonian action functional

AH(λ) =

∫

λ

p dq −
∫ 1

0

H dt

can be generalized to the cotangent bundle T ∗N of an arbitrary manifold N . Noting
that the Legendre transformation still can be defined on the tangent bundle TN
for fiberwise convex functions, our discussion of the Hamiltonian action functional
includes that of the Lagrangian action functional on TN . Therefore we will focus
our discussion on the cotangent bundle. We refer to Fathi’s book [Fa04] for a nice
mathematical exposition on the Lagrangian dynamical system on general manifolds
N .

We denote by π : T ∗N → N the canonical projection. Let (q1, · · · , qn) be any
local coordinate system on U ⊂ N , and its canonical coordinates

(q1 ◦ π, · · · , qn ◦ π, p1, · · · , pn)
defined on T ∗U = T ∗N |U ⊂ T ∗N . Here we abuse the notation just by denoting qj =
qj ◦ π, whenever there is no danger of confusion. Recall that the fiber coordinates
(p1, · · · , pn) are the linear coordinates with respect to the local frame

{dq1, · · · , dqn}
of T ∗N over the open set U . We consider the one form

(2.1.1)
∑

j

pjd(q
j ◦ π)

defined on T ∗U . We leave the proof of the following as an exercise.

Lemma 2.1.1. The locally defined one form (2.1.1) is globally defined. More
precisely, the following holds: For another system of canonical coordinates

(Q1 ◦ π, · · · , Qn ◦ π, P 1, · · · , Pn)
17
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where (Q1, · · · , Qn) is a local coordinate system on V ⊂ N , then we have
∑

j

pjd(q
j ◦ π) =

∑

j

Pjd(Q
j ◦ π)

on the overlap U ∩ V .

Exercise 2.1.2. Prove Lemma 2.1.1.

This suggests that there should be an invariant description of the globally
defined one form.

Definition 2.1.3 (Liouville one form). Define a one form, denoted by θ, on
T ∗N by the formula

θα(ξ) = α(dπ(ξ))

where α ∈ T ∗N and ξ ∈ T (T ∗N). This one form is called the Liouville one form.

It immediately follows that in canonical coordinates (q1, · · · , qn, p1, · · · , pn), θ
is precisely written as (2.1.1). The following properties characterize the Liouville
one form θ whose proof we leave as an exercise.

Proposition 2.1.4. The Liouville form θ satisfies the following properties:

(1) Let α be any one form on N . Then

(2.1.2) α̃∗θ = α

on N . Here on the left hand side, we denote by α̃ the map N → T ∗N
induced by the section of the bundle π : T ∗N → N .

(2) θ(ξ) = 0 for any vertical tangent vector ξ, i.e., those ξ satisfying dπ(ξ) =
0.

Conversely, any one form satisfying the above two properties coincide with θ.

Proof. It is easy to check the two properties by definition of θ. We will just
prove the converse.

Consider any one form θ′ on T ∗N that satisfy the two properties. Let x ∈ T ∗N
be an arbitrary point and let q = π(x). Pick any one form α on N with α̃(q) = x.
Then

Tx(T
∗N) = V Tx(T

∗N)⊕ dα̃(TqN)

where V Tx(T
∗N) is the vertical tangent space at x ∈ T ∗N . The property (2)

implies θ′(x)|V Tx(T∗N) ≡ θ(x)|V Tx(T∗N). Therefore it is enough to prove

θ′(x)(dα̃(v)) = θ(x)(dα̃(v))

for all v ∈ TqN . But this equality is equivalent to α̃∗θ′(q)(v) = α̃∗θ(q)(v). But the
latter obviously holds because property (1) implies α̃∗θ′ = α = α̃∗θ which finishes
the proof. �

We would like to note that the statements (1) and (2) together imply

(2.1.3) θ ≡ 0

on the zero section.
It turns out that a more fundamental geometric structure that exists in the

more general context is the one induced by the differential of θ, called a symplectic
form.
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Definition 2.1.5 (Canonical symplectic form). Let N be an arbitrary mani-
fold. The canonical symplectic form, denoted by ω0, of T

∗N is defined by

ω0 = −dθ.
The choice of the negative sign in front of dθ is to make the coordinate expres-

sion of ω0 coincide with ∑

j

dqj ∧ dpj ,

not with
∑

j dpj ∧ dqj as some literature do. By definition, ω0 is closed (in-

deed exact) and defines a skew-symmetric bilinear two-form at each tangent space
Tα(T

∗N). The following nondegeneracy is less trivial to see.

Lemma 2.1.6. The two-form ω0 is nondegenerate in that at any point α ∈ T ∗N ,
ξ = 0 if and only if ξ⌋ω0 = 0 for ξ ∈ Tα(T ∗N).

Proof. Since ω0 is a tensor, we first express it in terms of the canonical coor-
dinates (q1, · · · , qn, p1, · · · , pn). It follows from Exercise 2.1.2 that

ω0 =
∑

j

dqj ∧ dpj

from which nondegeneracy is manifest. �

2.2. Symplectic forms and Darboux’ theorem

We are now ready to introduce the general definition of symplectic forms and
symplectic manifolds. Let M be a smooth manifold.

2.2.1. Definition of symplectic form and its consequences.

Definition 2.2.1. A symplectic form onM , denoted by ω, is a nondegenerate,
closed two-form defined on M . The pair (M,ω) is called a symplectic manifold.

Definition 2.2.2. Let (M1, ω1) and (M2, ω2) be symplectic manifolds. A
smooth (or more generally C1) map ψ :M1 →M2 is called symplectic if ψ∗ω2 = ω1.
When ψ is a diffeomorphism, we call it a symplectic diffeomorphism or simply a
symplectomorphism.

Note that any symplectic map must be automatically immersed. Similarly as
differential topology concerns studying the invariants of manifolds up to diffeomor-
phisms, symplectic topology concerns the invariants of symplectic manifolds up to
the symplectic diffeomorphisms. One of the first things known about the symplec-
tic geometry was the fact that locally the dimension is the only invariant of the
symplectic manifolds just like in the topology, known as Darboux theorem. We will
prove the Darboux theorem later in this section.

Before proceeding further, we provide some examples

Example 2.2.3. (1) We have already shown that the cotangent bundle
T ∗N of any smooth manifold N carries the canonical symplectic form ω0.
This includes the classical phase space Rn × (Rn)∗ as a special case.

(2) Consider any orientable two dimensional surface Σ and an area form ω,
i.e., a nowhere vanishing two form. Recall that existence of such a two-
form is guaranteed by the orientability assumption. Then ω is a symplectic
form.
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(3) The complex projective space or more generally any Kähler manifolds
in the complex geometry carries a canonical symplectic form, the given
Kähler form.

The following theorem by Gompf in particular shows that we have a fairly large
class of four manifolds that allow a symplectic structure.

Theorem 2.2.4 (Gompf, [Gom95]). Any finitely presented group can be real-
ized by the fundamental group of a symplectic four manifolds.

Now we analyze the consequences of each condition put on the definition of
symplectic forms.

We start with the consequence of ω being a differential two-form, i.e., a skew
symmetric covariant two-tensor. We do not assume that ω is either nondegenerate
or closed at this time. Such a two-form induces a bundle map

ω̃ : TM → T ∗M ;X 7→ ω(X, ·).
This is skew symmetric: We recall that on a finite dimensional vector space V we
have a canonical isomorphism (V ∗)∗ = V . Therefore the adjoint

A∗ ∈ Hom((V ∗)∗, V ∗) ∼= Hom(V, V ∗)

can be compared with A ∈ Hom(V, V ∗). This gives rise to the following general
definition

Definition 2.2.5. A linear map A : V → V ∗ is called skew-symmetric if
A = −A∗.

Nondegeneracy of ω then implies that ω̃ : TM → T ∗M is a skew-symmetric
isomorphism. Recalling that any skew-symmetric quadratic form has even rank,
nondegeneracy of ω forces M to be of even dimension. In other words,

Corollary 2.2.6. If M carries a symplectic form, then M must have even
dimension and carries a canonical volume form 1

n!ω
n. In particular, (M,ω) is

orientable and canonically oriented.

We call the above volume form the Liouville volume form and the associated
measure the Liouville measure. The orientation induced by the Liouville volume
form on R2n coincides with the complex orientation of Cn if we identify R2n ∼=
Rn × (Rn)∗ by the map

zj = qj +
√
−1pj , j = 1, · · ·n.

Nondegeneracy also allows us to give the following definition

Definition 2.2.7. Let ω be any nondegenerate two-form onM , not necessarily
closed. Consider h ∈ C∞(M).

(1) The quasi-Hamiltonian vector field, associated to h, denoted by Xh, is the
vector field defined by

(2.2.4) Xh = ω̃−1(dh).

(2) The quasi-Poisson bracket, denoted by {f, h}, is defined by

(2.2.5) {f, h} = ω(Xf , Xh).
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We first mention that we can equivalently write

(2.2.6) {f, h} = df(Xh) = Xh[f ].

It immediately follows from the definition that the quasi-Poisson bracket associ-
ated to any nondegenerate two-form satisfies skew-symmetry, bilinearity and the
Leibnitz rule. The remaining question is on what condition of ω the associated
quasi-Poisson bracket satisfies the Jacobi identity. The following is a consequence
of nondegeneracy.

Exercise 2.2.8. Prove that the set of quasi-Hamiltonian vector fields is ample
in that the following holds: Let x ∈M be any given point. Then we have

{X(x) | X = Xh, h ∈ C∞(M)} = TxM.

Here is the first consequence of the closedness, which is of dynamical nature.

Theorem 2.2.9. Let ω be a nondegenerate two-form and {·, ·} be its associated
quasi-Poisson bracket. Then ω is closed if and only if the quasi-Poisson bracket
satisfies the Jacobi-identity.

Proof. From the definition of the exterior derivative, we have

dω(X,Y, Z) = X [ω(Y, Z)]− Y [ω(X,Z)] + Z[ω(X,Y )]

−ω([X,Y ], Z) + ω([X,Z], Y )− ω([Y, Z], X).(2.2.7)

We derive the following general identity for any nondegenerate closed two form.

Proposition 2.2.10. Let ω be as in the theorem. Then

(2.2.8) dω(Xf , Xg, Xh) = −({{g, h}, f}+ {{h, f}, g}+ {{f, g}, h}).
Proof. Substituting X = Xf , Y = Xg, Z = Xh, we derive

dω(Xf , Xg, Xh) = Xf [ω(Xg, Xh)]−Xg[ω(Xf , Xh)] +Xh[ω(Xf , Xg)]

−ω([Xf , Xg], Xh) + ω([Xf , Xh], Xg)− ω([Xg, Xh], Xf).

The first line becomes

{{g, h}, f}+ {{h, f}, g}+ {{f, g}, h}
from the definition of the bracket. On the other hand, we compute

−ω([Xf , Xg], Xh) = dh([Xf , Xg]) = [Xf , Xg](h) = (LXf
LXg − LXgLXf

)(h)

= {{h, g}, f}− {{h, f}, g}
and similarly

ω([Xf , Xh], Xg) = −{{g, h}, f}+ {{g, f}, h}
−ω([Xg, Xh], Xf ) = {{f, h}, g}− {{f, g}, h}.

By adding them up, we have derived (2.2.8). �

From this proposition, it immediately follows that closedness of ω implies the
Jacobi identity.

The converse also follows from (2.2.8) together with the ampleness of the set of
quasi-Hamiltonian vector fields (Exercise 2.2.8) whose detail is in order. We first
get

dω(Xf , Xg, Xh) = −{{f, g}, h}− {{h, f}, g}− {{g, h}, f} = 0
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for all f, g, h from (2.2.8). At any point x ∈M , we evaluate dω(u, v, w) against the
three quasi-Hamiltonian vector fields Xf , Xg, Xh satisfying Xf (x) = u, Xg(x) =
v, Xh(x) = w. This proves that the Jacobi-identity implies the closedness of ω and
finishes the proof of the theorem. �

We now summarize the basic properties of the Poisson bracket associated to
the symplectic structure ω. We first provide the general definition of the Poisson
structure on a manifold.

Definition 2.2.11 (Poisson bracket). Let M be a manifold. A Poisson struc-
ture on M is a bilinear map, called a Poisson bracket,

{·, ·} : C∞(M)× C∞(M)→ C∞(M)

that satisfies the following properties:

(1) (Skew symmetry) {f, h} = −{h, f}
(2) (Bilinearity) {f + f, h} = {f, h}+ {g, h}
(3) (Leibniz rule) {fg, h} = f{g, h}+ {f, h}G
(4) (Jacobi identity) {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

We call a manifold M equipped with a Poisson structure a Poisson manifold.

We refer to [Wn83] for an introduction to the general theory of Poisson mani-
fold, and to [Kon03] for the fundamental formality theorem on the Poisson struc-
ture and its deformation quantization.

With this general definition, we can state the following theorem.

Theorem 2.2.12. Let (M,ω) be a symplectic manifold. Define a bilinear map

{·, ·} : C∞(M)× C∞(M)→ C∞(M)

by the formula

(2.2.9) {f, h} = ω(Xf , Xh)(= df(Xh)).

Then this defines a Poisson bracket in the sense of Definition 2.2.11. In addition,
the Poisson structure associated to a symplectic structure satisfies the following
additional property

(Nondegeneracy) {f, g} = 0 for all g if and only if f ≡ C for some constant
function C ∈ R.

Proof. From the definition (2.2.9), skew symmetry, bilinearity, the Leibnez
rule are evident. On the other hand, we have proven the Jacobi identity in Theorem
2.4.8. It remains to prove nondegeneracy. The proof is similar to that of the
classical case and relies on ampleness of the set of quasi-Hamiltonian vector fields
and omitted. �

The equality {f, h} == df(Xh) = Xh[f ] shows that as a derivation acting on
C∞(M), we have equality

(2.2.10) {·, h} = Xh.

Here we would like to emphasize that in our conventions the Hamiltonian vector
field Xh corresponds to the bracket taken with h in the second spot, not in the first
spot.

Now we can finish the proof of the Jacobi identity of the classical Poisson
bracket on the phase space, as a special case of Theorem 2.4.8 which we have
postponed till this section.
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Corollary 2.2.13. The classical Poison bracket given in Definition 2.2.11
satisfies the Jacobi identity.

Proof. We have only to note that the classical Hamiltonian vector field given
by the formula

n∑

i=1

∂f

∂pi

∂

∂qi
− ∂f

∂qi
∂

∂pi

is nothing but the Hamiltonian vector field of f associated to the canonical sym-
plectic form

ω0 =
∑

j

dqj ∧ dpj

on R2n, which is closed. Then Theorem 2.4.8 will finish the proof. �

Another immediate consequence of the closedness of ω, this time of topological
nature, is the following

Proposition 2.2.14. Let (M,ω) be a closed symplectic manifold. Then the de
Rham cohomology class [ω] 6= 0 in H2(M,R). In particular, we have H2(M,R) 6= 0.

Proof. We note the top power ωn is nowhere vanishing 2n-form and so defines
a volume form. Since M is closed and ωn is nowhere vanishing top form, we know∫
M ωn > 0 and so [ωn] 6= 0 in H2n(M,ω). Using the fact that H∗(M,R) forms a
ring under the wedge product, we have

[ω]n = [ωn] 6= 0

and hence [ω] 6= 0. This finishes the proof. �

This proposition in particular implies that only the two-sphere S2 can be sym-
plectic among the set of n-spheres. Since S2 is orientable, it carries an area form
which is nondegenerate and closed, i.e., a symplectic form.

Another fundamental consequence of closedness is the Darboux theorem whose
proof will occupy the rest of this section. We start with some basic linear algebra

2.2.2. Symplectic linear group Sp(2n). Consider any symplectic vector
space (S,Ω) equipped with nondegenerate skew-symmetric bilinear form.

A linear map A : S → S is called symplectic if it satisfies A∗Ω = Ω. We note
that any such map is automatically invertible.

Definition 2.2.15. We denote by Sp(S,Ω) the set of symplectic automor-
phisms of Sp(S,Ω).

It follows that Sp(S,Ω) is a subgroup of GL(S) the group of invertible auto-
morphisms on S. An easy consequence of linear algebra says

Lemma 2.2.16. There exists a basis {e1, . . . , en, f1, . . . , fn} of S such that

(2.2.11) Ω(ei, ej) = 0 = Ω(fi, fj), Ω(ei, fj) = δij .

We call any such basis a symplectic basis or a Darboux basis.

This lemma says that any (S,Ω) is isomorphic to the canonical symplectic
vector space

SV := V ⊕ V ∗
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with the canonical symplectic inner product ΩV defined by

(2.2.12) ΩV ((v1, α1), (v2, α2)) = α2(v1)− α1(v2).

For (SV ,ΩV ), any choice of a basis {e1, . . . , en} of V and its dual basis {f1, . . . , fn}
gives rise to a symplectic basis on SV . This choice then gives an isomorphism

(V ⊕ V ∗,ΩV ) ∼= (R2n,
∑

i=1

dxi ∧ dyi)

The Sp(2n;R) is the automorphism group of (R2n, ω0).
Recall R2n has two other fundamental geometric structures, one the Euclidean

inner product which we denote by (·, ·) and the complex multiplication i : R2n →
R2n which identifies R2n with Cn by the coordinate relation

zj = xj + iyj .

Then we have following fundamental identities between their automorphisms

O(2n;R) ∩ Sp(2n;R) ∼= O(2n;R) ∩GL(n;C) ∼= GL(n;C) ∩ Sp(2n;R) ∼= U(n).

We now make these isomorphisms more precise.
We recall the embedding GL(n;C) →֒ GL(2n;R) defined by the realization

map

(2.2.13) X + iY 7→
(
X −Y
Y X

)
.

More precisely for a given C-linear map A ∈ GL(n;C), its realization AR is the
R-linear map that commutes the diagram

Rn ⊗ C
∼= //

A

��

R2n

AR

��
Rn ⊗ C

∼= // R2n

Denote the image of a subset K ⊂ GL(n;C) in GL(2n;R) by KR and call it the
realization of K.

The isomorphism O(2n;R) ∩ Sp(2n;R) ∼= U(n) can be explicitly seen in the
following lemma.

Lemma 2.2.17. A matrix P ∈ GL(2n;R) lies in O(2n;R) ∩ Sp(2n;R) if any
only if

P =

(
X −Y
Y X

)

with XtY − Y tX = 0 and XtX + Y tY = I or equivalently P = AR with A =
X + iY ∈ U(n). In other words, we have

O(2n;R) ∩ Sp(2n;R) = U(n)R.

With the identification of GL(n;C) with its realization GL(2n;R), we have the
identity GL(n;C)R ∩ Sp(2n;R) = U(n)R.

Finally we recall that U(n) is defined to be the automorphism group of the
Hermitian inner product 〈·, ·〉 defined by

(2.2.14) 〈v, w〉 =
n∑

i=1

viwi
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for v = (v1, . . . , vn) ∈ Cn and similarly for w. Note that this Hermitian inner
product is complex linear for the first argument and anti-complex linear for the
second. We denote by zR the image of the isomorphism

z = (z1, . . . , zn) ∈ Cn 7→ (x1, . . . , xn, y1, . . . , yn) ∈ R2n

and call zR the realization of the complex vector z.

Lemma 2.2.18. Let v, w ∈ Cn and vR, wR their realizations respectively. Then
we have

〈v, w〉 = (vR, wR)− iω0(vR, wR).

In particular, we have O(2n;R) ∩ Sp(2n;R) = U(n)R.

Another important structure theorem of Sp(2n;R) is that U(n)R is the maxi-
mal compact subgroup and hence Sp(2n;R)/(U(n))R is contractible by the general
theory of Lie groups. (See [He78], for example. We refer readers to [CZ84, SZ92]
for a construction of an explicit deformation retraction of Sp(2n;R) to (U(n))R.)
This implies that the homotopy type of Sp(2n;R) is the same as U(n). Fixing
any deformation retraction of Sp(2n;R) to U(n)R, we can extend the determinant
mapping det : U(n)→ S1 to

d̃et : Sp(2n;R)→ S1

which induces an isomorphism in π1. Obviously this map is continuous but not a
homomorphism unlike detU(n) → S1. (See [CZ84, SZ92] for relevant discussion
on this issue.) This is because the deformation retraction Sp(2n;R)→ U(n)R does
not preserve the group structure. (Hint: See [SZ92].)

Exercise 2.2.19. Prove that there is no deformation retraction from Sp(2n;R)
to U(n) that preserves the group structure.

Definition 2.2.20. Let γ be a loop in Sp(2n;R). The index µ(γ) is defined to

be the degree of the map d̃et ◦ γ : S1 → S1.

2.2.3. Proof of Darboux theorem. We now state the fundamental Darboux
theorem of symplectic manifolds.

Theorem 2.2.21 (Darboux Theorem). Let (M,ω) be an arbitrary symplectic
manifold of dimension 2n. Then at any point x0 ∈ M there exists a coordinate
chart ϕ : U → R2n with x0 ∈ U such that ω = ϕ∗ω0, i.e., we have

ω =

n∑

i=1

dxi ∧ dyi

for ϕ = (x1, · · · , xn, y1, · · · , yn). We call any such coordinates the Darboux coor-
dinates.

Proof. The scheme of the proof uses one of the fundamental techniques in
symplectic geometry, the so called Moser’s deformation method [Mo65].

As a first step, we choose a diffeomorphism ψ : U ′ ⊂ M → V ′ ⊂ Rn ⊂ R2n

such that

(2.2.15) ω|x0 = ψ∗ω0|x0 ,

at the given point x0 ∈ U ′. This can be achieved by using the simple fact that
GL(2n) acts transitively on the set of skew-symmetric bilinear forms on R2n under
the congruence action.
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To achieve (2.2.15), we first choose any local chart ψ̃ : Ũ → Ṽ with x0 ∈
Ũ ⊂ U ′. Then we have two nondegenerate quadratic forms on Tψ̃(x0)

R2n ∼= R2n,

one ω0 and the other ω1 := ψ̃∗ω on R2n. Since any two nondegenerate skew-
symmetric bilinear forms are congruent to each other, it follows that there is a
matrix A ∈ GL(2n) such that

A∗ω1 := ω1(A·, A·) = ω0.

Then we choose ψ = A−1 ◦ ψ̃, which will satisfy (2.2.15).
In the second step of the proof, we deform ψ to the required ϕ : U → R2n by

composing ψ with a diffeomorphism h : U → U ′ such that

h∗(ψ∗ω0) = ω

on U ⊂ U ′. Then ϕ = ψ ◦ h will do our purpose.
For the later purpose, we will prove a general deformation lemma due to We-

instein [Wn73]. This is more than what we need to prove the Darboux theorem
for which N corresponds to N = {x0}, a point.

Lemma 2.2.22 (Deformation lemma). Let N ⊂ M be a compact submanifold
and ω and ω′ be two symplectic forms defined in a neighborhood of N . If ω ≡ ω′

on TM |N , then there exists a diffeomorphism h : U → U ′ with both U, U ′ being a
neighborhood of N such that

(1) dh|TM|N ≡ id|TM|N
(2) h∗ω′ = ω on U ⊃ N .

Moser’s deformation method. Consider the one parameter family ωt =
(1 − t)ω + tω′, 0 ≤ t ≤ 1. We note that ωt|TM|N ≡ ω|TM|N (= ω′|TM|N ) for all
0 ≤ t ≤ 1. In particular ωt is nondegenerate in a small neighborhood of N , i.e.,
symplectic for all 0 ≤ t ≤ 1 there. We will seek a family of diffeomorphisms
{ht}0≤t≤1 defined near N so that

(2.2.16)

{
h∗tωt = ω
dht|TM|N = id on TM |N .

The key point of Moser’s deformation method [Mo65] is that instead of solving
this problem, we transform the problem into that of the family of vector fields
generating the isotopy ht, i.e., ξt =

dht

dt ◦h−1t . Of course, once we obtain the family
ξt, we can recover ht by solving the initial value problem of the ODE

dht
dt

= ξt ◦ ht, h0 = id.

To write down the condition for ξt to satisfy, we differentiate (2.2.16) in t:

0 =
d

dt
h∗tωt = h∗t

(
Lξtωt +

dωt
dt

)

= h∗t

(
d(ξt⌋ωt) +

dωt
dt

)
.

We remark that since ht|N ≡ id|N and [0, 1] is compact, ht maps a fixed neigh-
borhood U1 of N into another bigger neighborhood U2 of N for every t ∈ [0, 1].
Therefore we can get rid of h∗t and obtain

(2.2.17)

{
d(ξt⌋ωt) + dωt

dt = 0 on U1

ξt ≡ 0
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Now by setting βt = ξt⌋ωt and noting − dωt

dt = ω−ω′, we further transform (2.2.17)
into

(2.2.18)

{
dβt = ω − ω′ in a neighborhood of N

βt ≡ 0 on N.

Here the neighborhood itself on which the equation dβt = ω − ω′ is to be solved
will be determined. An easy application of the Tubular Neighborhood Theorem,
we can find a deformation retraction of a tubular neighborhood U1 ⊃ N onto N

ψt : U1 → U, 0 ≤ t ≤ 1, ψt|N = idN

such that ψt, t > 0 are diffeomorphisms onto its image and ψ1 = id|U1 .
Now we denote Ω = ω − ω′ and consider ψ∗tΩ. Then we have

Ω = ψ∗1Ω = ψ∗0Ω +

∫ 1

0

d

dt
ψ∗tΩ dt

= ψ∗0Ω+

∫ 1

0

ψ∗t (ηt⌋Ω) dt

with

ηt =

{
dψt

dt ◦ ψ
−1
t , t > 0

0, t = 0.

By the hypothesis ω ≡ ω′ on TM |N and Im ψ0 ⊂ N , we have ψ∗0Ω = 0. Therefore
we have only to choose the form βt given by

βt ≡
∫ t

0

ψ∗s (ηs⌋Ω) ds

independently of t. Notice that βt = 0 on N since ψt|N = id|N and ηt ≡ 0 on
N . This finishes construction of βt satisfying (2.2.18), and so construction of the
vector fields ξt satisfying (2.2.17).

Finally to obtain the isotopy ht in a neighborhood of N , we have to make sure
that the domain D ⊂ [0, 1] × U1 of existence of the ODE ẋ = ξt(x) defined on
[0, 1]× U1 contains a subset of the form [0, 1]× U contained in D. Since ξt ≡ 0 on
N and N is assumed to be compact, D contains the subset [0, 1]×N . On the other
hand, by the fundamental existence theorem of ODE, D is always an open subset
of [0, 1]× U1. Since [0, 1] is compact, it then follows that D must contain a subset
of the form [0, 1]×U with N ⊂ U . This proves that ht : U → ht(U) is well-defined
for all (t, x) ∈ [0, 1]× U and satisfies the required property (2.2.16). �

Once we have finished the proof of this general deformation lemma, we can
finish the proof of Darboux theorem by applying N = {x} ⊂M . �

Now we go backwards and state Moser’s theorem [Mo65] which started this
whole isotopy problem of symplectic forms. We first introduce the following general
definitions.

Definition 2.2.23. AssumeM is closed and let ω0, ω1 be two symplectic forms
on M .

(1) We say ω0 and ω1 are are isotopic if there exists a smooth family {ωt} of
symplectic forms such that their cohomology classes [ωt] satisfy

[ωt] = [ω0] in H2(M,R) for all t ∈ [0, 1].

We call such a family {ωt} an isotopy between ω0 and ω1.
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(2) We say ω0 and ω1 are pseduo-isotopic if there exists a smooth family of
symplectic forms connecting them, not necessarily preserving their coho-
mology classes.

(3) We say ω0 and ω1 deformation equivalent if there exists a diffeomorphism
ϕ :M →M such that ω0 and ϕ∗ω are pseudo-isotopic to each other.

Exercise 2.2.24 (Moser). Assume M is closed. For any two isotopic forms ω0

and ω1 and an isotopy {ωt}, there exists an isotopy ϕt :M →M of diffeomorphisms
with ϕ0 = id such that ϕ∗tωt = ω0. In particular, the two forms ω0 and ω1 are
diffeomorphic. (Hint: Use the Hodge decomposition theorem or see [Mo65].)

An immediate corollary of Darboux Theorem is the following embedding the-
orem of small standard balls in Cn into (M,ω).

Corollary 2.2.25. Let (M,ω) be an arbitrary symplectic manifold. There
exists a symplectic embedding h : B2n(R) ⊂ Cn → (M,ω) for a sufficiently small
R > 0.

This leads us to the following notion of the Gromov radius of (M,ω).

Definition 2.2.26. The Gromov radius is the supremum of r for which there
exists a symplectic embedding h : B2n(R) ⊂ Cn → (M,ω). We denote it by
r̂(M,ω).

In this regard, the following Gromov’s theorem [Gr85] is the fundamental the-
orem which manifests an essential difference between symplectic maps and volume
preserving maps.

Theorem 2.2.27 (Gromov’s Non-squeezing Theorem). Consider the cylinder

Zn(r) = D2(r)× Cn−1 ⊂ Cn

with the standard symplectic form ω0. Then r̂(Zn(r), ω0) = r.

We refer readers to section 11.1 for its complete proof, following Gromov’s
original geometric proof via the method of pseudo-holomorphic curves in [Gr85].
We refer to [EkH89] for a dynamical proof via the study of Hamiltonian periodic
orbits. At this stage, we would like to emphasize that it would be most desirable
to develop a method of incorporating both aspects of symplectic geometry. One of
the main goal of this book is to convey this mathematical perspective via the chain
level Floer theory.

2.3. The Hamiltonian diffeomorphism group

Due to the closedness of ω and the Cartan’s ‘magic’ formula

LXα = d(X⌋α) +X⌋dα
we have LXω = d(X⌋ω) for general vector fields. In particular

(2.3.19) LXf
ω = 0

for any smooth function f on M .

Definition 2.3.1. A diffeomorphism φ :M →M is called symplectic if φ∗ω =
ω. We denote by Symp(M,ω) the set of symplectic diffeomorphisms. We call a
vector field X symplectic if LXω = 0 or equivalently if the one-form X⌋ω is closed.
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It is obvious to see that Symp(M,ω) forms a subgroup of Diff(M). In fact,
by definition, any symplectic diffeomorphism preserves the Liouville measure µω
induced by the volume form ωn

n! .

Lemma 2.3.2 (Liouville’s lemma). For any symplectic diffeomorphism φ, it
preserves Liouville’s measure, i.e., µω(U) = µω(φ(U)) for any subset U ⊂ M . In
particular, for any symplectic vector field X

LXω
n = 0.

2.3.1. Definition of Ham(M,ω). The definition of the group Symp(M,ω)
is natural in that it is the structure group of the symplectic form ω. We denote
by Symp0(M,ω) the identity component of Symp(M,ω). However there is another
more mysterious subgroup of Symp0(M,ω), called the Hamiltonian diffeomorphism
group.

We start with giving the definition of Hamiltonian vector fields.

Definition 2.3.3. Let (M,ω) be a symplectic manifold.

(1) We call a vector field X Hamiltonian if X⌋ω is exact.
(2) An isotopy φt of diffeomorphism is called a symplectic (respectively, Hamil-

tonian), if its generating vector fields Xt are symplectic (respectively,
Hamiltonian).

We denote by symp(M,ω) (respectively, ham(M,ω)) the subset of symplectic
vector fields (respectively, the subset of Hamiltonian vector fields). Obviously we
have the inclusions

ham(M,ω) ⊂ symp(M,ω) ⊂ X (M).

We leave the proof of the following lemma as an exercise.

Lemma 2.3.4. Let X, Y be two symplectic vector fields. Then the Lie bracket
[X,Y ] is the Hamiltonian vector field associated to the function

f = −ω(X,Y ).
Proof. Exercise. �

Proposition 2.3.5. (1) Both symp(M,ω) and ham(M,ω) are Lie sub-
algebras of X (M).

(2) We have

[symp(M,ω), symp(M,ω)] ⊂ ham(M,ω).

In particular, [ham(M,ω), symp(M,ω)] ⊂ ham(M,ω), i.e., ham(M,ω)
is a normal Lie subalgebra of symp(M,ω).

(3) We have the exact sequence of Lie algebras

0→ ham(M,ω)→ symp(M,ω)→ H1(M,R)→ 0

where the first map is the inclusion and the second is the map defined by

X 7→ [X⌋ω]
and H1(M,R) has the trivial bracket.

Proof. (1) and (2) are immediate consequences of Lemma 2.3.4. (3) is also
easy to check from the definitions. We leave the details to the readers. �
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The group Symp(M,ω) is the automorphism group of a geometric structure, the
symplectic structure ω, and the symp(M,ω) is its associated Lie algebra. We will
provide Symp(m,ω) with the topology induced from the C∞ topology ofDiff(M),
when M is closed.

Proposition 2.3.5 (2) suggests that there should exist a normal subgroup of
the Lie group Symp(M,ω) whose corresponding Lie algebra is ham(M,ω). In
fact, there exist such a subgroup, but its definition is not as natural as that of
Symp(M,ω), especially when one tries to put a topology on it.

Suppose that H : [0, 1]×M → R is a time-dependent smooth family of func-
tions. We denote by Ht = H(t, ·) : M → R and by φtH the flow of the ordinary
differential equation

ẋ = XHt(x).

For the simplicity of notation, we will also just writeXHt(x) = XH(t, x) considering
XH a time-dependent vector field.

Definition 2.3.6. A diffeomorphism φ : M → M is called Hamiltonian if
φ = φ1H with φ0H = id for a time dependent Hamiltonian function

H : [0, 1]×M → R.

In this case, we denote H 7→ φ. We denote by Ham(M,ω) the set of Hamiltonian
diffeomorphisms.

It is not manifest from the definition that Ham(M,ω) forms a group, while it
is certainly a subset of Symp(M,ω). The proof of this fact involves an interesting
algebra of Hamiltonian functions that was introduced by Hofer [H90] and which will
play an important role in the study of geometry of Hamiltonian diffeomorphisms
and the Floer homology theory.

We start with the following lemma

Lemma 2.3.7. Let h : M → R be a function and Xh be its associated Hamil-
tonian vector field. Then for any symplectic diffeomorphism ψ : M → M , we
have

ψ∗(Xh) = Xh◦ψ.

Proof. We will prove that

(2.3.20) ψ∗(Xh)⌋ω = d(h ◦ ψ).
Since ψ is symplectic and so ψ∗ω = ω,

ψ∗(Xh)⌋ω = ψ∗(Xh)⌋ψ∗ω.
On the other hand, the latter is nothing but

ψ∗(Xh⌋ω) = ψ∗(dh) = d(h ◦ ψ).
Combining the two, we have proved (2.3.20). �

Proposition 2.3.8. Let φ, ψ be two Hamiltonian diffeomorphisms and H, K :
[0, 1]×M → R be their generating Hamiltonians. Then we have

(1) H 7→ φ−1 where H is the Hamiltonian defined by

(2.3.21) H(t, x) := −H(t, φtH(x)).

(2) H#K 7→ φψ where H#K : [0, 1]×M → R is the Hamiltonian defined by

(2.3.22) H#K(t, x) := H(t, x) +K(t, (φtH)−1(x)).
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In particular, Ham(M,ω) is a subgroup of Symp(M,ω).

Proof. (1) Let Yt be the vector field generating the isotopy (φtH)−1, i.e.,

Yt =
d

dt
((φtH)−1) ◦ φtH .

We compute

0 =
d

dt
(id)(x) =

d

dt

(
(φtH)−1) ◦ φtH(x)

)

= d(φtH)−1
(
dφt

dt
(x)

)
+ Yt

(
(φtH)−1 ◦ φtH(x)

)
.

Therefore we have derived

Yt(x) = −d(φtH)−1
(
dφt

dt
(x)

)
= −d(φtH)−1(XHt(φ

t(x)))

= −(φtH)∗XHt(x) = X−Ht◦φt
H
(x).

From this, we have proved statement 1.
A similar straightforward computation, differentiating the composed isotopy

t 7→ φtH ◦φtK , proves statement 2. We leave the details to readers as an exercise. �

Exercise 2.3.9. Prove that the function (2.3.22) generates the isotopy φtH ◦φtK .

Now we will show that Ham(M,ω) is precisely the Lie subgroup of Symp(M,ω)
whose associated Lie algebra is given by ham(M,ω). In other words, we need to
prove that any one parameter subgroup {φs} of Ham(M,ω) is of the form φsh which
is the flow of the autonomous Hamiltonian vector field associated to a function
h ∈ C∞(M). It turns out that the proof of this fact requires some discussion on
the topology of Ham(M,ω) before launching on its proof, which will involve some
nontrivial arguments originally due to Banyaga [Ba78].

2.3.2. General topology of Ham(M,ω). We first give a brief discussion on
the C∞ topology of Symp(M,ω) induced from that of Diff(M). The following
local contractibility of the C∞-topology is essentially a consequence of Weinstein’s
Darboux neighborhood theorem of Lagrangian submanifolds [Wn73], whose proof
we give in section 3.3. We will discuss Lagrangian submanifolds in detail in later
chapters.

Proposition 2.3.10. The group Symp(M,ω) is a closed and locally closed
subgroup of Diff(M) with respect to the C∞ topology. The induced topology of
Symp(M,ω) from Diff(M) is locally contractible.

Similarly we define the C∞ topology of Ham(M,ω) the induced topology from
the inclusion Ham(M,ω) ⊂ Diff(M). However unlike the case of Symp(M,ω), it
is a highly nontrivial problem to see whether Ham(M,ω) is a closed subgroup of
Diff(M) or of Symp(M,ω). This question is closely related to the so called the
C∞ Flux conjecture [Ba78] which has been proven by Ono [On06] in full generality.
We will discuss more about the Flux homomorphism in the next section.

We go back to the study of the given one parameter subgroup φs ∈ Ham(M,ω).

Remark 2.3.11. Recall that for the case of finite dimensional Lie group, any
one parameter subgroup automatically defines a smooth isotopy of diffeomorphisms
of the Lie group. However since Ham(M,ω) is a infinite dimensional group, it is
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not clear whether a one-parameter subgroup defines a smooth (or even C1) path
on Ham(M,ω) in that the curve s 7→ φs(x) is a differentiable path on M .

Because of this remark, we will always consider a smooth family {φs} ⊂
Ham(M,ω) in the sense that the family is smooth as a family in Diff(M). A
natural question to ask then is whether such an isotopy can be obtained by a Hamil-
tonian flow, i.e., whether there is a time dependent Hamiltonian K : [0, 1]×M → R
such that

(2.3.23) φs = φsK ◦ φ0.
It is useful to give an explicit name to such a family.

Definition 2.3.12. A (smooth) Hamiltonian path λ : [0, 1]→ Ham(M,ω) is a
smooth map

Λ : [0, 1]×M →M

such that

(1) its derivative λ̇(t) = ∂λ
∂t ◦(λ(t))−1 is Hamiltonian, i.e., the one form λ̇(t) ⌋ω

is exact for all t ∈ [0, 1]. We call a function H : R×M → R the generating
Hamiltonian of λ if it satisfies

λ(t) = φtH(λ(0)) or equivalently dHt = λ̇(t) ⌋ω.

(2) The diffeomorphism λ(0) := Λ(0, ·) :M →M is a Hamiltonian diffeomor-
phism.

We denote by Pham(Symp(M,ω)) the set of Hamiltonian paths λ : [0, 1]→ Symp(M,ω),
and by Pham(Symp(M,ω), id) the set of λ with λ(0) = id. We provide the obvi-
ous topology on Pham(Symp(M,ω)) and Pham(Symp(M,ω), id) induced by the
C∞-topology of the corresponding map Λ above.

It is often useful to introduce the inverse of the map H 7→ φH . We first recall
that the constant function generates the constant path and so we need to suitably
normalize to uniquely define the inverse.

Definition 2.3.13. Let (M,ω) be a connected closed symplectic manifold. We
say a function h :M → R is mean-normalized if it satisfies

(2.3.24)

∫

M

hωn = 0

We denote by C∞m (M) the set of mean-normalized smooth functions.

Remark 2.3.14. We often need to remove the ambiguity of constant in relating
a Hamiltonian vector field to its associated Hamiltonian function. This is especially
the case when one attempts to interpret an invariant constructed out of time-
dependent Hamiltonian functions as the one for the corresponding Hamiltonian
paths. This normalization will enter in the construction of symplectic invariants
through the study of the critical point theory of the action functional or in the study
of Hamiltonian fibrations. We will come back to this normalization problem when
we discuss the Floer homology of Hamiltonian periodic orbits and its associated
spectral invariants.

The following definition is introduced in [OhM07].
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Definition 2.3.15. Let λ ∈ Pham(Symp(M,ω), id) and H be the normalized
Hamiltonian generating the given Hamiltonian path λ, i.e., λ = φH . We define two
maps

Tan, Dev : Pham(Symp(M,ω), id)→ C∞([0, 1]×M,R)

by the formula

Tan(λ)(t, x) := H(t, (φtH)(x))

Dev(λ)(t, x) := H(t, x)

and call them the tangent map and the developing map. We call the image of the
tangent map the rolled Hamiltonian of λ (or H).

The tangent map corresponds to the map of the tangent vectors of the path.
Assigning the usual generating Hamiltonian H to a Hamiltonian path corresponds
to the developing map in the Lie group theory: one can ‘develop’ any differentiable
path on a Lie group to a path in its Lie algebra using the tangent map and then
by the right translation.

We will give the proof of the following basic theorem due to Banyaga [Ba78]
in section 2.4.

Theorem 2.3.16 (Banyaga). Any smooth path in Diff(M) of Hamiltonian
diffeomorphisms is a Hamiltonian path.

Assuming this theorem for the moment, we go back to the study of a smooth
one-parameter subgroup φs in Ham(M,ω) ⊂ Diff(M). By this theorem, we know
that φs is a Hamiltonian path, i.e., X⌋ω is exact and so X⌋ω = dh for some smooth
function h :M → R. We summarize the above discussion into

Corollary 2.3.17. The Lie algebra of Ham(M,ω) is the set ham(M,ω) con-
sisting of Hamiltonian vector fields.

Proof. Let φs be a smooth one-parameter subgroup inHam(M,ω) ⊂ Diff(M).
From the group property, the generating vector fields

Xs :=
dφs

ds
◦ (φs)−1

is s-independent. We denote the common vector field by X = X0. Now we need
to show that X is indeed Hamiltonian, i.e., X⌋ω is exact. However it follows from
Theorem 2.3.16 that φs is a Hamiltonian path, i.e., X⌋ω is exact and so X⌋ω = dh
for some smooth function h :M → R. This finishes the proof. �

Recall the identity [Xf , Xg] = −X{f,g} from Lemma 2.3.4 which implies that
the assignment

f ∈ C∞/R 7→ −Xf

defines a Lie algebra isomorphism and hence

Proposition 2.3.18. The vector space C∞(M)/R is canonically isomorphic
to the Lie algebra ham(M,ω) of Ham(M,ω) with respect to the Poisson bracket
associated to ω.

Now we re-cast the above discussion in the point of view of general Lie group
theory. Firstly, we have the natural identifications

(1) TidHam(M,ω) ∼= the set of Hamiltonian vector fields.
(2) the set of Hamiltonian vector fields ∼= the set of exact one-forms
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(3) C∞m (M) ∼= the set of exact one-forms

Secondly, by the general fact on the Lie group theory, the derivative

dLψ : TidHam(M,ω)→ TψHam(M,ω)

of the left multiplication (composition)

(2.3.25) Lψ : Ham(M,ω)→ Ham(M,ω); φ 7→ ψ ◦ φ
provides an isomorphism between TidHam(M,ω) and TψHam(M,ω). Note that
the conjugation ψ 7→ ψφψ−1 by a symplectic diffeomorphism ψ on Ham(M,ω) is a
special case of the adjoint action of the Lie group, Ham(M,ω) on its Lie algebra, the
set of Hamiltonian vector fields. In terms of the functions in C∞m (M), the induced
adjoint action is given by h 7→ h ◦ ψ−1.

There is a natural adjoint-invariant norm on C∞(M)/R for any symplectic
manifold defined by the assignment

osc(h) := max
x∈M

h(x) − min
x∈M

h

Now the general fact on the Lie group tells us that osc induces a bi-invariant Finster
metric on T Ham(M,ω). This is precisely the Hofer’s Finster metric on Ham(M,ω).
With respect to this metric, we have the identity

∫ 1

0

‖φ̇t‖φtdt :=

∫ 1

0

‖(dφt)−1 · φt‖iddt =
∫ 1

0

osc(Ht)dt

where φt = φtH and H : M × [0, 1] → R is the normalized Hamiltonian generating
the isotopy φt. It is an amazing insight of Hofer [H90] that the geometry and
the dynamics of this invariant metric Ham(M,ω) would provide rich source of the
problems of symplectic topology and Hamiltonian dynamics up to the level of C0-
topology.

2.4. Banyaga’s theorem and the flux homomorphism

The subject presented in this section starts with an attempt to construct an
invariant that distinguishes a Hamiltonian diffeomorphism from a general symplec-
tic diffeomorphism lying in Symp0(M,ω), the identity component of Symp(M,ω).
One difficulty of this question lies in the fact that even when a symplectic diffeo-
morphism ψ is generated by a non-exact closed one-form, it will not in general
imply that ψ is not Hamiltonian.

Example 2.4.1. Consider the torus T 2 = R2/Z2 with the symplectic form
ω = dθ ∧ dφ where (θ, φ) is the obvious coordinates with θ, φ ∈ R/Z. Consider the
isotopy φs : T 2 → T 2 defined by

(θ, φ) 7→ (θ, φ + t), 0 ≤ t < 1.

This flow is generated by the symplectic vector field associated to the closed one
form dθ, which is not exact: note that θ is not a real valued function on S1 but a
circle valued function. However its time one-map φ1 = id is obviously a Hamiltonian
diffeomorphism generated by the zero function.

We start with the following fundamental lemma from [Ba78]. We provide
somewhat simpler and more direct proof of the lemma than [Ba78].
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Lemma 2.4.2 (Banyaga). Let {φts} be a smooth two parameter family of diffeo-
morphisms on M . Denote

X = Xs,t =
∂φts
∂t
◦ (φts)−1, Y = Ys,t =

∂φts
∂s
◦ (φts)−1

Then we have

(2.4.26)
∂Y

∂t
=
∂X

∂s
+ [Y,X ].

Proof. By the smoothness assumption of the family, by definition, the map

(s, t, x) 7→ φts(x); R× R×M →M

is a smooth map. Fix a point x ∈ M and consider the map φ : R2 → R2 ×M
defined by

φ(s, t) = (s, t, φts(x)).

Obviously the coordinate vector field { ∂∂s , ∂∂t} of R2 are φ-related to
[
∂

∂s
⊕ Ys,t,

∂

∂t
⊕Xs,t

]
.

Therefore we have

(2.4.27)

[
∂

∂s
⊕ Ys,t,

∂

∂t
⊕Xs,t

]
= 0

since [ ∂∂s ,
∂
∂t ] = 0. By expanding out the bracket and noting

[
∂

∂s
,
∂

∂t

]
= 0,

[
∂

∂s
,Xs,t

]
=
∂Xs,t

∂s
,

[
∂

∂t
, Yx,t

]
=
∂Ys,t
∂t

and then varying x ∈M , we obtain (2.4.26) from (2.4.27). �

Let ψ ∈ Symp0(M,ω) and ψt, 0 ≤ t ≤ 1 be a smooth path Ψ = {ψt}0≤t≤1 with
ψ0 = id, ψ1 = ψ. We consider the generating vector field Xt and the corresponding
one forms λ(t) = Xt⌋ω, and the integral

Σ(ψ,Ψ) =

∫ 1

0

λ(t) dt.

Since λ(t) is closed for all t ∈ [0, 1], this defines a closed one-form on M .

Lemma 2.4.3. Let Ψ, Ψ′ be two smooth paths in Symp(M,ω) such that ψ0 =
id = ψ′0 and ψ1 = ψ = ψ′1. If Ψ′ is path-homotopic to Ψ relative to the ends
∂[0, 1] = {0, 1}, then the one-form Σ(ψ,Ψ)− Σ(ψ,Ψ′) is an exact one-form.

Proof. Let Ψ = {Ψs}0≤s≤1 be a homotopy between Ψ, Ψ′ relative to {0, 1},
i.e., satisfying

Ψs(0) = id, Ψs(1) = ψ, 0 ≤ s ≤ 1.

To prove this lemma, it will be enough to prove that the one form

d

ds
Σ(ψ,Ψs)

is exact. Denoting Ψs = {ψst }0≤t≤1 for 0 ≤ s ≤ 1, we define Xs
t , Y

s
t as in Lemma

2.4.2. Since all ψst are symplectic, it follows that Xs
t , Y

s
t are symplectic vector

fields. We now compute

d

ds
Σ(ψ,Ψs) =

∫ 1

0

∂

∂s
λs(t) dt =

∫ 1

0

∂

∂s
(Xs

t ⌋ω) dt =
∫ 1

0

∂Xs
t

∂s
⌋ω dt.
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Applying Lemma 2.4.2, we can rewrite this into

d

ds
Σ(ψ,Ψs) =

∫ 1

0

(
∂Y st
∂t
− [Y st , X

s
t ]

)
⌋ω dt.

The first term becomes Y s1 ⌋ω−Y s0 ⌋ω which vanishes for all s since have ψs1 ≡ ψ and
ψs0 ≡ id. We also know the second term is exact because the Lie bracket [Y st , X

s
t ]

is a Hamiltonian vector field by Proposition 2.3.5 (2). This finishes the proof. �

This lemma enables us to push down the map Σ to the universal covering space

S̃ymp0(M,ω) and to define

Definition 2.4.4. We define a map Fω : S̃ymp0(M,ω)→ H1(M,R) by setting

Fω([ψ,Ψ]) =

[∫ 1

0

(Xt⌋ω) dt
]

and call this value the flux of the symplectic path Ψ.

We leave the proof of the following lemma as an exercise

Exercise 2.4.5. LetM be compact without boundary. Prove that Fω is a sur-

jective group homomorphism with respect to the group structures on S̃ymp0(M,ω)
and H1(M,R).

We recall the short exact sequence

0→ π1(Symp0(M,ω), id)→ S̃ymp0(M,ω)→ Symp0(M,ω)→ 0

and that π1(Symp0(M,ω), id) is a countable set.

Exercise 2.4.6. Prove that π1(Symp0(M,ω), id) is a countable set.

Definition 2.4.7 (The Flux Group). The flux group is defined to be the im-
age of π1(Symp0(M,ω), id) in H1(M,R) under the map Fω , which we denote by
Flux(M,ω).

Obviously Flux(M,ω) ⊂ H1(M,R) is a countable subgroup of H1(M,R). The
importance of this group is illustrated by the following proposition, whose proof we
refer to [Po01].

Proposition 2.4.8. The followings are equivalent:

(1) Flux(M,ω) is a discrete subgroup of H1(M,ω).
(2) The subgroup Ham(M,ω) ⊂ Symp0(M,ω) is C∞ closed.
(3) Ham(M,ω) is locally contractible.

The following conjecture was first raised by Banyaga [Ba78] as a question and
proved by Ono [On06]. It was commonly called the flux conjecture.

Theorem 2.4.9 (Ono [On06]). Let (M,ω) be a closed symplectic manifold.
Then the group Flux(M,ω) is discrete.

The proof of this theorem is highly non-trivial which involves the a sophisticated
version of the Floer homology theory of symplectic fixed points. We refer the
interested readers to the original article [On06] for its proof. There had been
various special cases proven earlier. (See [Ba78], [LMP98] for example.)
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There is an elegant geometric description of Flux(M,ω), which is useful for the
study of the flux group. Let γ : S1 → Symp0(M,ω) be a loop. We would like to
describe Fω(γ) ∈ H1(M,R) by its values under the paring

H1(M,R)×H1(M,Z)→ R.

Let a ∈ H1(M,Z) and α be any one-cycle satisfying [α] = a. When we are given
the loop γ = {ψt}0≤t≤1, we define a two cycle denoted by γ · α as follows: Write
α =

∑
j kjcj where cj : [0, 1]→M are one-chains. Then we define a two chain γ ·α

by the formula

γ · α =
∑

j

kjCj

where Cj : S1 × [0, 1] → M is defined by Cj(t, s) = ψt(cj(s)). It is easy to check
that γ · α defines a two-cycle if α is a one-cycle, and if α and α′ are homologous
to each other, then so are γ · α and γ · α′. We denote the common homology class
of the two cycles by γ · a. We then have the following proposition whose proof is a
straightforward calculation. We leave its proof to readers as an exercise.

Proposition 2.4.10. Let a ∈ H1(M,Z) and γ · a ∈ H2(M,Z) as above. Then
we have

(2.4.28) 〈Fω(γ), a〉 = 〈ω, γ · a〉.
Proof. Exercise. �

By definition, the map Fω induces a canonical homomorphism

fω : Symp0(M,ω)→ H1(M,R)
Flux(M,ω)

.

Now we have the following commutative diagram of exact sequences

0

��

0

��

0

��
0 // π1(kerFω) //

��

π1(Symp0(M,ω), id) //

��

Flux(M,ω) //

��

0

0 // kerFω //

��

S̃ymp0(M,ω)
Fω //

��

H1(M,R) //

��

0

0 // ker fω //

��

Symp0(M,ω)
fω //

��

H1(M,R)
Flux(M,ω)

//

��

0

0 0 0

The following is the fundamental theorem on the structure of Ham(M,ω) proven
by Banyaga [Ba78].

Theorem 2.4.11 (Banyaga). (1) ker fω = Ham(M,ω)
(2) Ham(M,ω) is a simple group and

[Symp0(M,ω), Symp0(M,ω)] = Ham(M,ω).
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Since the proof of (2) is highly nontrivial and does not seem to allow much
simplification from [Ba78], we refer readers thereto for its complete proof. Here
we will focus on (1) only and give its complete proof.
Proof of (1). The inclusion Ham(M,ω) ⊂ ker fω immediately follows from the
definition: indeed we have Ham(M,ω) ⊂ kerFω ⊂ ker fω. For the opposite in-
clusion, let ψ ∈ ker fω ⊂ Symp0(M,ω). By definition, we can pick an isotopy
Ψ = {ψt}0≤t≤1 ⊂ Symp0(M,ω) so that the closed one form Fluxω({ψ}0≤t≤1) has
its cohomology class lies in Flux(M,ω) ⊂ H1(M,R(. In other words, there exists a
loop h : S1 → Symp0(M,ω) based at the identity such that

Fluxω({Ψ}) = Fluxω(h),

or equivalently

(2.4.29) Fluxω(Ψ ◦ h−1) = 0.

Note that we still have Ψ ◦ h−1(0) = id, Ψ ◦ h−1(1) = ψ. Now the following lemma
proves ψ ∈ Ham(M,ω) which will prove ker fω ⊂ Ham(M,ω) and hence follows
the proof of (1).

Lemma 2.4.12 (Proposition II.3.3 [Ba78]). Suppose a smooth path Ψ′ : [0, 1]→
Symp0(M,ω) with Ψ′(0) = id has the zero flux, i.e., Fluxω(Ψ

′) = 0. Then Ψ′(1) =
ψ′ is contained in Ham(M,ω).

Proof. We will deform the path Ψ′ to a path Ψ1 without changing the end
points so that Ψ1 becomes a Hamiltonian path, i.e., so that the form X1

t ⌋ω is exact
for all 0 ≤ t ≤ 1 where the vector field X1

t is given by

X1
t :=

∂ψ1
t

∂t
◦ (ψ1

t )
−1.

First note that by reparameterizing the path Ψ′ without changing the flux, we

may assume that ψ′t = 0 near t = 0, 1. We denote X ′t =
∂ψ′

t

∂t ◦ (ψ′t)−1 and the
corresponding one form by α′t = X ′t⌋ω. By the choice, we know α′t = 0 for t near
0, 1. And these forms are all closed and we have

(2.4.30)

∫ 1

0

α′t dt = 0

by the hypothesis of zero flux. We consider one-forms {αst}0≤t≤1 defined by

αst = (1− s)α′(1−s)t −
∫ 1−s

0

α′u du,

for each s ∈ [0, 1]. Obviously all these forms are closed. It follows from (2.4.30)
and the boundary flatness of α′t that we have

(2.4.31) α0
t = α′t, α1

t ≡ 0.

Furthermore we also derive

(2.4.32)

∫ 1

0

αst dt = 0,

for all s ∈ [0, 1]. Now we denote by Xs
t be the symplectic vector fields associated

to αst and by Ψs = {ψst }0≤t≤1 the symplectic isotopy generated by Xs = {Xs
t }. It

follows from (2.4.32) that Fω(Ψ
s) = 0 for all s ∈ [0, 1]. In particular, fω(ψ

s
1) = 0

for all s ∈ [0, 1] by the definition of fω : Symp0(M,ω) → H1(M,R)/Flux(M,ω).
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Now consider the isotopy Φ = {φt}0≤t≤1 with φt := ψ1−t(1), 0 ≤ t ≤ 1. Note that
the second equation of (2.4.31) implies that

ψ1
t ≡ id

and in particular φ0 = ψ1
1 = id. And from the first equation of (2.4.31), we have

ψ0
t = ψ′t and hence φ1 = ψ0

1 = ψ′1. Therefore Φ is a symplectic path from the
identity to ψ′1 satisfying

fω(φt) ≡ 0

for all 0 ≤ t ≤ 1. Furthermore it is easy to see that the path Φ is homotopic to Ψ′,
noting that

ψs0 = ψ1
t = id, s, t ∈ [0, 1].

Now the proof will be finished by the following general lemma.

Lemma 2.4.13. Let Φ = {φt} be a symplectic path with φ0 = id such that

fω(φt) = 0, t ∈ [0, 1].

Then Φ is a Hamiltonian path.

Proof. We choose a two parameter family {φst}0≤s, t≤1 such that

φ0t ≡ id, φ1t ≡ φt.
For example, the family φst := φst will do the purpose. As before, we denote

Xs
t =

∂φst
∂t

, Y st =
∂φst
∂s

.

For each t ∈ [0, 1], using Lemma 2.4.2, we compute

Xt⌋ω = X1
t ⌋ω =

∫ 1

0

∂Xs
t

∂s
ds

=

∫ 1

0

(
∂Y st
∂t

+ [Xs
t , Y

s
t ]

)
⌋ω ds.(2.4.33)

Here the second term is exact since [symp, symp] ⊂ ham. For the first, we have
∫ 1

0

∂Y st
∂t
⌋ω ds = ∂

∂t

∫ 1

0

(Y st ⌋ω) ds.

On the other hand, for each fixed t, Y st is the vector field generating the path
s 7→ φst , s ∈ [0, 1]. Hence

∫ 1

0

Y st ⌋ω ds = Fω(φ
1
t , {φst}0≤s≤1) = Fω(φt, {φst}0≤s≤1).

By hypothesis, φt ∈ ker fω, i.e.,

Fω(φt, {φst}0≤s≤1) ∈ Flux(M,ω).

Obviously the assignment t 7→ Fω(φt, {φst}0≤s≤1); [0, 1]→ Flux(M,ω) ⊂ H1(M,R)
is continuous. On the other hand, the subset Flux(M,ω) ⊂ H1(M,R) is a countable
subset and so the assignment must be constant. Hence we conclude

∂

∂t

[∫ 1

0

(Y st ⌋ω) ds
]
≡ 0,

i.e., the one-forms ∂
∂t

∫ 1

0
(Y st ⌋ω) ds are exact for all t ∈ [0, 1]. This proves that the

first term of (2.4.33) is also exact.
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Substituting the two terms into (2.4.33), we conclude Xt⌋ω are exact for all
t ∈ [0, 1] which finishes the proof of the lemma. �

This also finishes the proof of (1) of Theorem 2.4.11. �

2.5. The case of open manifolds

So far we have considered Ham(M,ω) on closed symplectic manifolds (M,ω).
In this section, we summarize the structure of Ham(M,ω) on open symplectic
manifolds, i.e., (M,ω) which is either non-compact or compact with nonempty
boundary ∂M .

We denote the set of compactly supported (in IntM) symplectic diffeomor-
phisms by Sympc(M,ω) ⊂ Diffc(M,ω). Next we define the support of a Hamil-
tonian function H = H(t, x) by

supp(H) =
⋃

t∈[0,1]
supp(Ht).

Definition 2.5.1. We say that a smooth path λ : [0, 1] → Sympc(M,ω) is
a compactly supported Hamiltonian path if λ = φH for a Hamiltonian function
H : [0, 1]×M → R if suppH is compact and suppH ⊂ Int(M). We define

Pham(Sympc(M,ω), id)

to be the set of such λ with λ(0) = id. A compactly supported symplectic diffeo-
morphism φ is a compactly supported Hamiltonian diffeomorphism if φ = ev1(λ)
for some λ ∈ Pham(Sympc(M,ω), id). We denote the set of compactly supported
Hamiltonian diffeomorphisms by

Hamc(M,ω) = ev1(Pham(Sympc(M,ω), id)).

Recall that the symplectic form ω induces the Liouville measure on M by
integrating the volume form

Ω =
1

n!
ωn.

We consider the integral

Cal(H) =

∫ 1

0

∫

M

HtΩ ∧ dt

for a compactly supported Hamiltonian H .

Lemma 2.5.2. Suppose that λ, λ′ are two Hamiltonian paths with λ(0) = id =
λ′(0) and λ(1) = λ′(1) and λ ∼ λ′. Suppose Dev(λ) = H and Dev(λ′) = H ′. Then
we have Cal(H)) = Cal(H ′).

Proof. Let λs with s ∈ [0, 1] be a homotopy relative to the end points with
λ0 = λ and λ1 = λ′. Consider the one-parameter family of Hamiltonians

Hs = Dev(λs)

and {Hs
t } be the associated two-parameter family of compactly supported smooth

functions on M . By the reparameterization of s by ρ : [0, 1]→ [0, 1] with ρ(s) ≡ 0
near s = 0 and ρ(s) ≡ 1 near s = 1 which flattens the end of Hs, we may always
assume that Hs is end-flat. We also denote by F : [0, 1]2×M → R the Hamiltonian
generating the s-Hamiltonian isotopy (s, t) 7→ λs(t). By the end-flatness of Hs, it
follows F (s, t, x) ≡ 0 = F (s, t, x) near s = 0, 1.
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Using the support condition suppH ⊂ IntM , we derive from (2.4.26)

(2.5.34)
∂H

∂s
=
∂F

∂t
− {H,F}.

(See section 18.3 for a detailed discussion on this devation.) Now we compute

Cal(H ′)− Cal(H) =

∫ 1

0

∫

M

H ′tdµ dt−
∫ 1

0

∫

M

Htdt dµ ds

=

∫ 1

0

∫ 1

0

∫

M

∂Hs

∂s
dµ dt ds

=

∫ 1

0

∫ 1

0

∫

M

(
∂F

∂t
− {H,F}

)
dµ dt ds.

For the first term
∫ 1

0

∫ 1

0

∫
M

∂F
∂t dµ dt ds. we obtain

∫ 1

0

∫ 1

0

∫

M

∂F

∂t
dµ dt ds =

∫ 1

0

∫ 1

0

∫

M

∂F

∂t
dt dµ ds

=

∫ 1

0

∫

M

(F (s, 1, x)− F (s, 0, x)) dµ ds = 0.

On the other hand, we recall the formula

{H,F} dµ = LXF (H)
ωn

n!
= LXF

(
H
ωn

n!

)
=
d(XF ⌋Hωn)

n!

where the last identity follows because LXF ω = 0. Hence we obtain
∫

M

{H,F} dµ =

∫

M

d(XF ⌋Hωn)
n!

=

∫

∂M

(XF ⌋Hωn)
n!

= 0

since F st is supported in IntM . This finishes the proof of Cal(H ′) = Cal(H). �

An immediate corollary of this lemma is the following construction of non-trivial

homomorphism on H̃amc(M,ω).

Proposition 2.5.3. The map Calpath : Pham(Symp0(M,ω), id) → R defined
by

Calpath(λ) = Cal(Dev(λ))

defines a non-trivial homomorphism, which depends on the path homotopy class of

λ relative to the end points and so induces a homomorphism on H̃amc(M,ω). We

call Calpath the Calabi homomorphism of the path.

Proof. For the homomorphism property, we compute

Calpath(λ · λ′) = Cal(Dev(λ · λ′))

=

∫ 1

0

∫

M

(Ht +H ′t ◦ (φtH)−1)Ω dt

=

∫ 1

0

∫

M

(Ht +H ′t)Ω dt = Calpath(λ) + Calpath(λ′).

Here the second identity follows from the composition formula

(H#H ′)t = Ht +H ′t ◦ (φtH)−1

and the third from (φtH)∗Ω = Ω.
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Next we recall that the universal covering space H̃amc(M,ω) is realized by the
path homotopy classes [λ] relative to end-points.

Then the statement of the proposition is just a translation of the above lemma.
�

Corollary 2.5.4. Denote by C̃al : H̃amc(M,ω) → R the descendent of

Calpath. Then ker C̃al is a proper normal subgroup of H̃amc(M,ω).

In fact Banyaga [Ba78] proved that ker C̃al is a simple group when M is con-
nected.

In general the homomorphism C̃al cannot be pushed down to a homomorphism
on Hamc(M,ω) itself, unless Hamc(M,ω) is simply connected. The last condition
holds, for example, when M = D2n.

2.5.1. Calabi homomorphisms on exact symplectic manifolds. There
is one special case for which Cal can be pushed down to Hamc(M,ω) : this the
case when (M,ω) is exact.

Suppose ω is exact and ω = dα. We note that β := φ∗α−α is a closed one-form
with β ≡ 0 near ∂M . Let φ ∈ Hamc(M,ω) and λ be a Hamiltonian path given by
λ(t) = φtH with λ(0) = id, λ(1) = φ1H = φ. Consider the family of one-forms

(φt)∗α− α, φt = φtH .

This is obviously compactly supported as φt = id near ∂M . We compute

d

dt
((φt)∗α− α) = (φt)∗(LXH (α))

= d(φt)∗(XH⌋α) + (φt)∗(XH⌋dα)
= d

(
(φt)∗(XH⌋α) + (φt)∗(Ht)

)
.

On the other hand, we have a useful formula which can be proved by a straightfor-
ward calculation.

Lemma 2.5.5.

(2.5.35) (φt)∗(XH⌋α) ∧ ωn = (φt)∗(nHtω
n − d(nHtα ∧ ωn−1)

Substituting these, we derive
∫

M

(φ∗α− α) ∧ α ∧ ωn−1 =

∫ 1

0

d

dt
((φt)∗α− α) ∧ α ∧ ωn−1

=

∫ 1

0

∫

M

d
(
(φt)∗(XH⌋α) + (φt)∗(Ht)

)
∧ α ∧ ωn−1

=

∫ 1

0

∫

M

(
(φt)∗(XH⌋α) + (φt)∗(Ht)

)
dα ∧ ωn−1

=

∫ 1

0

∫

M

(
(φt)∗(XH⌋α) + (φt)∗(Ht)

)
∧ ωn

= (n+ 1)

∫ 1

0

∫

M

(φt)∗Htω
n = (n+ 1)Cal(λ)

where we substitute (2.5.35) into the fifth equality.
We summarize the above discussion into the following theorem
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Theorem 2.5.6 (Banyaga [Ba78]). Suppose ω = dα. Let φ ∈ Hamc(M,ω)
and λ be any Hamiltonian path such that λ(1) = φ. Then we have

(2.5.36) Calpath(λ) =
1

n+ 1

∫

M

(φ∗α− α) ∧ α ∧ ωn−1.

In particular Calpath(λ) depends only on the final point λ(1) = φ and hence defines
a non-trivial homomorphism

Cal : Hamc(M,dα)→ R.

In particular, Hamc(M,dα) is not a simple group.

Remark 2.5.7. On general (M,ω), we have only the homomorphism of the
type

Cal : Hamc(M,ω)→ R/Λ

which is still surjective where Λ ⊂ R is the set

Λ = {C̃al(g) | g ∈ π1(Hamc(M,ω))}.
What we have just shown above when ω is exact, Λ = {0}. In any case, we conclude
that Hamc(M,ω) is not simple in general.

2.5.2. An example: the case of two disc. Consider the case of two disc D2

with the standard symplectic form ω = dx∧dy = rdr∧dθ in polar coordinates (r, θ).
Since Ham(D2, ∂D2) = Symp(D2, ∂D2) = Diffω(D2, ∂D2) which is contractible,
we have a non-trivial homomorphism Cal : Ham(D2, ∂D2) → R. Here the group
G(D2, ∂D2) denotes the set of relevant diffeomorphisms supported in the interior
of the disc D2 for each of the 3 cases of G.

We now give interesting examples of the sequences of Hamiltonian diffeomor-
phisms (or equivalently area-preserving diffeomorphisms in this case).

We have the following important formula for the behavior of Calabi invariants
on D2 under the Alexander isotopy.

Corollary 2.5.8. Let λ be a given Hamiltonian path on D2 and λa be the
map defined by

λa(t, x) =

{
aλ(t, xa ) for |x| ≤ a(1− η)
x otherwise

for 0 < a ≤ 1. Then λa and satisfies

(2.5.37) Calpath(λa) = a4 Calpath(λ).

Proof. A straightforward calculation proves that λa is generated by the (unique)
Hamiltonian defined by

Dev(λa)(t, x) =

{
a2H

(
t, xa
)

for |x| ≤ a(1− η)
0 otherwise

where H = Dev(λ). From this, we derive the formula

Calpath(λa) =

∫ 1

0

∫

D2(a(1−η))
a2H

(
t,
x

a

)
Ω ∧ dt

= a4
∫ 1

0

∫

D2

H(t, y)Ω ∧ dt = a4 Calpath(λ)

This proves (2.5.37). �
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With these preparations, we consider the set of dyadic numbers 1
2k

for k =

0, · · · . Let (r, θ) be polar coordinates on D2. Then the standard area form is given
by

ω = r dr ∧ dθ.
Consider maps φk : D2 → D2 of the form given by

φk = φρk : (r, θ)→ (r, θ + ρk(r))

where ρk : (0, 1] → [0,∞) is a smooth function supported in (0, 1). It follows φρk
is an area preserving map generated by an autonomous Hamiltonian given by

Fφk
(r, θ) = −

∫ r

1

sρk(s) ds.

Therefore its Calabi invariant becomes

(2.5.38) Cal(φk) = −
∫

D2

(∫ r

1

sρk(s) ds

)
r dr dθ = π

∫ 1

0

r3ρk(r) dt.

We now choose ρk in the following way:

(1) ρk has support in 1
2k
< r < 1

2k−1

(2) For each k = 1, · · · , we have

(2.5.39) ρk(r) = 24ρk−1(2r)

for r ∈ ( 1
2k
, 1
2k−1 ).

(3) Cal(φ1) = 1.

Since φk’s have disjoint supports by construction, we can freely compose without
concerning about the order of compositions. It follows that the infinite product

Π∞k=0φk

is well-defined and defines a continuous map that is smooth except at the origin
at which φρ is continuous but not differentiable : This infinite product can also be
written as the homeomorphism having its values given by φρ(0) = 0 and

φρ(r, θ) = (r, θ + ρ(r))

where the smooth function ρ : (0, 1]→ R is defined by

ρ(r) = ρk(r) for

[
1

2k
,

1

2k−1

]
, k = 1, 2, · · · .

It is easy to check that φρ is smooth D2 \ {0} and is a continuous map, even at
0, which coincides with the above infinite product. Obviously the map φ−ρ is the
inverse of φρ which shows that it is a homeomorphism. Furthermore we have

φ∗ρ(r dr ∧ dθ) = r dr ∧ dθ on D2 \ {0}
which implies that φρ is indeed area preserving. We now define another sequence
of area-preserving diffeomorphisms ψk by

ψk =

k∏

i=1

φk.

We summarize the above discussion in the example into the following. Existence
of such a sequence has been known since the work by Gambaudo-Ghys in [GG04].

Proposition 2.5.9. Consider φk and ψk defined above.
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(1) φk → id uniformly but Cal(φk) = 1 for all k.
(2) ψk uniformly converges to an area-preserving homeomorphism that is not

differentiable at the origin and Cal(φk)ր∞.

An immediate corollary of this is the following classical fact

Corollary 2.5.10 (Compare with [GG04]). Consider the homomorphism
Cal : DiffΩ(D2, ∂D2)→ R.

(1) The map Cal is not continuous in C0-topology of DiffΩ(D2, ∂D2).
(2) The homomorphism Cal is not bounded in the C0-topology, i.e., there ex-

ists a sequence ψk ∈ DiffΩ(D2, ∂D2) with dC0(ψk, id) ≤ C but Cal(ψk)ր
∞.

This phenomenon turns out to be closely tied to the symplectic nature of the
2-dimensional area-preserving dynamics. We will further mention this important
aspect of the 2 dimensional dynamics in chapter 6 and section 22.6.





CHAPTER 3

Lagrangian submanifolds

In this chapter, we introduce the notion of Lagrangian submanifolds as the
natural boundary condition of the least action principle. Following the physicists’
terminology, we will call the resulting equation arising from the least action principle
the equation of motion of the given functional in general.

To motivate our discussion, we start with the least action principle on the
cotangent bundle M = T ∗N with its canonical symplectic form.

3.1. The conormal bundles

On the cotangent bundle T ∗N , the Hamiltonian action functional on T ∗N is
defined as the integral

AH(γ) =

∫

γ

θ −
∫ 1

0

H(t, γ(t)) dt.

It is customary to write θ = pdq, which we may also adopt from time to time.
We will derive the first variation formula of AH . By considering variation ξ along
the given path γ that is supported in a small open subset of [0, 1] whose image
is contained in T ∗U where U ⊂ N is a coordinate neighborhood, we may use
calculations in canonical coordinates. Then we have θ =

∑
pjdq

j and so AH has
precisely the same form as (1.3.26)) for the Hamiltonian functional on the classical
phase space. In the more formal expression, (1.3.26) is written as

(3.1.1) dAH(γ)(ξ) = 〈θ(γ(1)), ξ(1)〉 − 〈θ(γ(0)), ξ(0)〉+
∫ 1

0

ω0(γ̇ −XH(γ), ξ) dt.

Exercise 3.1.1. Prove this formula.

Here we recall in our convention that the canonical symplectic form ω0 on the
contangent bundle is given by ω0 = −dθ.

In the classical phase space, besides the periodic boundary condition, we looked
at the two point boundary condition as the natural boundary condition, i.e., as a
boundary condition, which kills the boundary terms in (3.1.1). This amounts to
restricting AH to the space of paths

P(T ∗N ;T ∗xN, T
∗
yN) = {γ : [0, 1]→ T ∗N | γ(0) ∈ T ∗xN, γ(1) = T ∗yN}

for the given two configuration points x, y ∈ N . It turns out that this natural
boundary condition allows more general class than the two point boundary condi-
tion, which we call the conormal boundary condition.

Definition 3.1.2 (Conormal bundles). Let S ⊂ N be a smooth submanifold.
The conormal bundle of S is defined by

ν∗S = {α ∈ T ∗qN | q ∈ S, α|TqS = 0}.

47
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The following is the basic property of the conormal bundles, which demon-
strates that they are the natural boundary condition for the action functional AH
in that it kills the boundary contribution from (3.1.1).

Lemma 3.1.3. Let S ⊂ N be a smooth submanifold and iS : ν∗S ⊂ T ∗N be
its conormal bundle. Then we have i∗Sθ = 0. In particular it satisfies i∗Sω0 = 0.
Furthermore dim ν∗S = n(= dimN) for any S ⊂ N .

Proof. Let ξ ∈ Tα(ν∗S). Then dπ(ξ) ∈ Tπ(α)S. Therefore we have

θα(ξ) = α(dπ(ξ)) = 0

since α ∈ ν∗π(α)S. �

The conormal boundary condition includes the following two particular cases
as the special cases.

Example 3.1.4. (1) Let S = {q} be a point in N . Then ν∗{q} = T ∗qN is
a fiber of T ∗N at q.

(2) When S = N , ν∗S = oN the zero section.

Now let S0, S1 ⊂ N be two submanifolds and ν∗Si, i = 0, 1 be their conormal
bundles. Consider the subset

L(ν∗S0, ν
∗S1) = {γ : [0, 1]→ T ∗N | γ(0) ∈ ν∗S0, γ(1) ∈ ν∗S1}

of paths on T ∗N . Denote by dA(H;S0,S1) the restriction of dAH to L(ν∗S0, ν
∗S1),

then we have

dAH;S0,S1(γ)(ξ) =

∫ 1

0

ω(γ̇ −XH(t, γ(t)), ξ(t)) dt

and hence the critical point set Crit(AH;S0,S1) has one-one corresponds to the set
of Hamiltonian trajectories from ν∗S0 to ν∗S1, i.e., those paths z satisfying

ż = XH(t, z), z(0) ∈ ν∗S0, z(1) ∈ ν∗S1.

There is no direct analog to the action functional AH on general symplectic mani-
folds (M,ω) since its definition uses the one form θ in an essential way. To regard
the Hamilton’s equation above as an extremal path for some functional on the path
space of M , we first need to develop a fair amount of background geometry of
general symplectic manifold. We start with some basic symplectic linear algebra.

3.2. Symplectic linear algebra

In this section, we closely follow the exposition given by Weinstein [Wn87].
Let (S,Ω) be a finite dimensional symplectic vector space.

The linear map Ω̃ : S → S∗ defined by

Ω̃(v)(w) := Ω(v, w)

is a skew-symmetric isomorphism. Let C ⊂ S be a subspace. We define the Ω-
orthogonal complement, denoted by CΩ,

CΩ := ker Ω̃(v) = {v ∈ S | Ω(v, w) = 0 ∀w ∈ C}.
Definition 3.2.1. Let C ⊂ S be a subspace.

(1) C is called isotropic if C ⊂ CΩ.
(2) C is called coisotropic if C ⊃ CΩ.
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(3) C is called Lagrangian if C = CΩ.

We now show that when C is coisotropic the quotient C/CΩ carries a symplectic
inner product canonically induced from Ω. The following is a fundamental lemma
which is the linear version of the so called symplectic reduction.

Lemma 3.2.2. Let (V,Ω) be a symplectic vector space and C ⊂ V be a coisotropic
subspace. Let CΩ ⊂ C be its null subspace. Denote by ιC : C ⊂ V and πC :
C → C/CΩ the natural inclusion and the projection. Then Ω induces the canonical
symplectic bilinear form ωC on the quotient C/CΩ, which is characterized by the
relation

(3.2.2) ι∗CΩ = π∗ωC .

Proof. By definition of CΩ, we have

ι∗CΩ|CΩ ≡ 0

and so ι∗CΩ descends a skew-symmetric two form on the quotient C/CΩ.
It remains to show its nondegeneracy. Let v ∈ C with πC(v) 6= 0, i.e., v 6= CΩ.

We should find a vector w ∈ C such that Ω(v, w) 6= 0. But this is obvious by
definition of CΩ since v ∈ CΩ. This finishes the proof. �

3.2.1. Lagrangian Grassmanian.

Definition 3.2.3. Denote by L(S) the set of Lagrangian subspaces of (S,Ω),
and Sp(S,Ω) ⊂ GL(S) the subgroup of automorphisms of (S,Ω).

Proposition 3.2.4. (1) Every isotropic subspace is contained in a La-
grangian subspace

(2) Sp(S,Ω) acts transitively on L(S).
(3) Every Lagrangian subspace has a Lagrangian complement.

Proof. We will leave the statements 1 and 2 as exercises (or see [Ar67] for its
proof). We will only give the proof of 3. Choose any two complementary subspaces
U1, U2 of L, not necessarily Lagrangian, i.e., U1, U2 satisfy

S = U1 ⊕ L = U2 ⊕ L.
Then noting that the set of complements, denoted by CompL(S), to L forms an
affine space modeled by Hom(S/L,L), we can take the ‘difference’ of U1 and U2,
which we denote by

δL(U1, U2) : S/L→ L.

More precisely, if we write q ∈ S/L as q = L + v for some v ∈ S, then there exists
a unique intersection pj , j = 1, 2 of q ∩ Uj. We define

(3.2.3) δL(U1, U2)(q) = p2 − p1.
We leave the following properties of δL as exercises

Exercise 3.2.5. Prove

(1) δL(U,U) = 0.
(2) δL satisfies a ‘cocycle condition’

(3.2.4) δL(U1, U2) + δL(U2, U3) = δL(U1, U3).

and in particular δL(U1, U2) = −δL(U2, U1).
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(3) Given a complement U1 and a map δ ∈ Hom(S/L,L), there exists a
unique complement Uδ such that δL(U1, Uδ) = δ. In that case, we denote

(3.2.5) Uδ = U1 + δ.

(4) U is Lagrangian if and only if δL(U,U
Ω) = 0.

Now the proof of statement 3 of Proposition 3.2.4 will be finished by the fol-
lowing general lemma.

Lemma 3.2.6. Let L ⊂ S be a Lagrangian subspace of (S,Ω) and C be any
complement, not necessarily Lagrangian. Then

(1) The Ω-orthogonal complement CΩ is also a complement and C is La-
grangian if and only if C = CΩ.

(2) Denote by ιL : CompL(S)→ CompL(S) the involution defined by ιL(C) =
CΩ. Then we have

Fix ιL = LL(S)
where LL(S) is the subset of L(S) consisting of Lagrangian complements
of L.

(3) Let U1, U2 ∈ CompL(S) and δL(U1, U2) ∈ Hom(S/L,L) be their differ-
ence. Then we have

(3.2.6) δL(U
Ω
1 , U

Ω
2 ) = −δL(U1, U2).

(4) The ‘average’ C+CΩ

2 is Lagrangian, i.e, the map

C 7→ C + CΩ

2
; CompL(S)→ LL(S)

defines a canonical projection to the Lagrangian complement. And the
projection as a map from CompL(S)→ CompL(S) is smooth.

Proof. Since C is a complement to L, we have C ⊕ L = S. Therefore we
have 0 = (C ⊕ L)Ω = CΩ ∩ LΩ. But since L is Lagrangian, we have L = LΩ

and hence we have proved CΩ ∩ L = 0. Since dimL = dimCΩ = n, this implies
CΩ⊕L = S, which finishes the proof of the first statement. The proof of Statement
(2) is immediate from this.

For the proof of Statement (3), we note that for any Lagrangian subspace
L ⊂ S, for each given ℓ ∈ L, the interior product ℓ⌋Ω defines a linear functional on
S which restricts to zero on L. Therefore it defines a linear map IL : L→ (S/L)∗,
which is an isomorphism. This isomorphism induces a natural identification

δ 7→ IL ◦ δ; Hom(S/L,L) ∼= Hom(S/L, (S/L)∗).

The latter space is precisely the space of quadratic forms on S/L.
With this being said, by the nondegeneracy of Ω, Statement (3) is equivalent

to the equality

(3.2.7) Ω(δL(U1, U2), v) = −Ω(δL(UΩ
1 , U

Ω
2 ), v)

for all v ∈ S. Let v be any element of S and denote by pi ∈ Ui ∩ (L + v) and
pΩi ∈ UΩ

i ∩ (L+ v) the unique intersections respectively for i = 1, 2. By definition,
we have

δL(U1, U2) = p2 − p1, δL(UΩ
1 , U

Ω
2 ) = pΩ2 − pΩ1 .

Therefore we need to prove

(3.2.8) Ω(p2 − p1, v) + Ω(pΩ2 − pΩ1 , v) = 0.
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By the choice of pi ∈ Ui and pΩi ∈ UΩ
i , we have Ω(pΩi , pi) = 0. And since pi, p

Ω
j ∈

L+ v for all i, j = 1, 2,

(3.2.9) Ω(pΩi − v, pj − v) = 0

for all i, j = 1, 2. This equation gives rise to

(3.2.10) Ω(pΩi − pj , v) = Ω(pΩi , pj)

for all i, j = 1, 2. Now using (3.2.10), we compute

Ω(pΩ2 − pΩ1 , v) + Ω(p2 − p1, v) = Ω(pΩ2 − pΩ1 + p2 − p1, v)
= Ω(pΩ2 − p1, v)− Ω(pΩ1 − p2, v)
= Ω(pΩ2 , p1)− Ω(pΩ1 , p2)

= Ω(pΩ2 − pΩ1 , p2 − p1) + Ω(p1, p
Ω
1 ) + Ω(p2, p

Ω
2 ).

Here the first summand in the 4-th line vanishes since both pΩ2 − pΩ1 and p2 − p1
are contained in the Lagrangian subspace L. The last two summands vanish since
pi ∈ Ui and pΩi ∈ UΩ

i for i = 1, 2. This proves (3.2.8) and hence Statement (3).
Finally we turn to the last statement. By the first step, we know both C and

CΩ lie in the affine space CompL(S) and so the average M := C+CΩ

2 makes sense

as an element of CompL(S). More specifically, the average M of C and CΩ in
CompL(S) is uniquely determined by the equation

δL(M,C) + δL(M,CΩ) = 0.

Now it is enough to prove thatM is a fixed point of the involution ιL : CompL(S)→
CompL(S). On the other hand, Statement (3) gives rise to

δL(M
Ω, C) + δL(M

Ω, CΩ) = −δL(M,CΩ)− δL(M,C) = 0.

Therefore MΩ is also the average of C and CΩ. By the uniqueness of the average,
we conclude M =MΩ and so M must be Lagrangian by Statement (4) of Exercise
3.2.5. This finishes the proof. �

Statement (4) of this lemma then proves Statement (3) of Proposition 3.2.4. �

The proofs of the above immediately give rise to the following corollaries

Corollary 3.2.7. Let L ⊂ S be a Lagrangian subspace, and δ and IL as
above. Let C ⊂ S be a Lagrangian complement to L and let U ∈ CompL(S) be a
complement. Denote U = C + δ where δ ∈ Hom(S/L,L) ∼= Hom(S/L, (S/L)∗).
Then U is Lagrangian if and only if δ is symmetric, i.e., δ = δ∗.

Proof. The quadratic form associated to U is nothing but

Ω(δL(C,U)v, v), [v] ∈ S/L
in the above proof. Equation (3.2.7) and C being Lagrangian implies

Ω(δL(C,U)v, v) + Ω(δL(C,U
Ω)v, v) = 0.

By the skew-symmetry of Ω, we can rewrite this into

Ω(δL(C,U)v, v) = Ω(v, δL(C,U
Ω)v).

In other words, we have

δL(C,U)∗ = δL(C,U
Ω)
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as a quadratic form in Hom(S/L, (S/L)∗). Therefore if U is Lagrangian i.e., U =
UΩ, then δL(C,U)∗ = δL(C,U), i.e., δL(C,U)∗ is symmetric. Conversely, suppose
that δL(C,U)∗ is symmetric. Then the last equation implies

0 = −δL(C,U) + δL(C,U
Ω) = δL(U,C) + δL(C,U

Ω) = δL(U,U
Ω).

Here we used the cocycle condition in Exercise 3.2.5 for the last two identities.
It follows from Exercise 3.2.5 (3) that this equation δL(U,U

Ω) = 0 implies U is
Lagrangian. This finishes the proof. �

This provides the following fundamental theorem on the structure of the set of
Lagrangian subspaces of a symplectic vector space. We denote by L(S) = L(S,Ω)
the set of Lagrangian subspaces. It is often called the Lagrangian Grassmanians.

Theorem 3.2.8. Let dimS = 2n. L(S; Ω) is a nonempty manifold of dimension
n(n+1)

2 modeled by the space of symmetric matrices of rank n. In fact, the set of
Lagrangian complements to any given Lagrangian subspace L ⊂ S is canonically
an affine space modeled by the set S2(S/L) of symmetric quadratic forms on S/L,
which in particular is contractible.

3.2.2. Arnold stratification of Lagrangian Grassmannian. For this pur-
pose, we need some preparation on the structure of LagrangianGrassmanianL(S,Ω).
Let L ⊂ S be a given Lagrangian subspace and consider the stratification of L(S,Ω)

L(S,Ω) ⊃ L0(S,Ω;L) ⊃ L1(S,Ω;L) ⊃ · · · ⊃ Ln(S,Ω;L) = {L}
where Lk(S,Ω;L) is the subset of L(S,Ω) defined by

Lk(S,Ω;L) = {V ∈ L(S,Ω) | dim(V ∩ L) ≥ k}
for k = 0, · · · , n. This stratification was introduced by Arnold [Ar67] which forms
the basis of the analysis of Lagrangian Grassmannian L(S,Ω). We call this strati-
fication Arnold’s stratification with respect to L

It follows from Theorem 3.2.8 that each Lk(S,Ω;L) is a closed subset of L(S,Ω)
and its open stratum has codimension k(k+1)/2 in L(S,Ω). In particular for k = 1,
Arnold [Ar67] proved the following basic fact on L1(S,Ω;L), which we call the
Maslov cycle associated to L ⊂ S.

Proposition 3.2.9. Let L ∈ L(S,Ω). Then L1(S,Ω;L) satisfies the following
properties :

(1) it is of codimension 1 in L(S,Ω),
(2) it is co-oriented in that there exists vector field ξ along L1(S,Ω;L) such

that ξ is transverse to L1(S,Ω;L),
(3) The subset L1(S,Ω;L) \L2(S,Ω;L) is a smooth manifold and L2(S,Ω;L)

has codimension 2 in L1(S,Ω;L).

Proof. (1) and (3) immediately follow from the dimension formula

dimLk(S,Ω;L) \ Lk(S,Ω;L) =
k(k + 1)

2
.

For the proof of (2), we choose a Darboux basis

{e1, · · · , en, f1, · · · , fn}
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such that span{f1, · · · , fn} = L and identify L ⊂ (S,Ω) with
√
−1Rn ⊂ Cn and

span{e1, · · · , en} with Rn by the symplectic linear transformation

Φ : (S,Ω)→ Cn; ej 7→
∂

∂xj
, fk 7→

∂

∂yk

where zj = xj +
√
−1yj is the standard complex coordinates of Cn.

For each Lagrangian subspace λ ⊂ Cn, consider the smooth Lagrangian path
defined θ 7→ eiθ · λ. This induces a vector field ξ on Λ(n) := L(R2n, ω0) by the
formula

ξ(λ) =
d

dθ

∣∣∣
θ=0

eiθ · λ.
We restrict ξ to the Maslov cycle Λ1(n) = L1(R2n, ω0; iRn) associated to iRn, i.e.,

Λ1(n) := {λ ∈ Λ(n) | dimλ ∩ iRn ≥ 1}.
Let λ = A · Rn ∈ Λ1(n) \ Λ2(n) for a unitary matrix A. Then A · Rn ∩ iRn

has dimension 1. Let 0 6= v ∈ Rn satisfy Av ∈ iRn. With the decomposition
A = Are + iAim, the relation Av ∈ iRn is equivalent to

(3.2.11) Arev = 0

or equivalently v ∈ kerAre. Now we consider eiθ · λ = eiθA · Rn.
Lemma 3.2.10. We have

ker(eiθA)re = {0}
for θ with 0 < |θ| ≤ ǫ for any sufficiently small ǫ > 0.

Proof. Because the nullity of a matrix is upper semi-continuous or never
drops for a continuous family of matrices, it is enough to prove that for any non-
zero vector satisfying (3.2.11), v 6∈ ker(eiθA)re for any θ with 0 < |θ| sufficiently
small. But we note that

(eiθA)re = cos θAre − sin θAim.

For any v satisfying (3.2.11), we obtain

(eiθA)rev = cos θArev − sin θAimv = − sin θAimv = − sin θv 6= 0

for any θ with 0 < |θ| < π. This finishes the proof. �

This lemma implies that eiθ · λ = (eiθA) · Rn lies in Λ0(n) := Λ(n) \ Λ1(n) for
all such θ 6= 0.

In particular, we can express the Lagrangian subspace λ(θ) := eiθ ·λ = U(θ)·Rn
with U(θ) = eiθA in the form of

λ(θ) = Rn + iS(θ) · Rn = (I + iS(θ)) · Rn

for some symmetric n× n matrix S(θ). Furthermore, Corollary 3.2.7 implies λ′(0)
is transversal to Λ1(n) if and only if S′(θ) is invertible.

Now we compute S′(θ). Since (U(θ))re = (eiθA)re is invertible and U(θ)im
does not have eigenvalue −1 for θ with 0 < |θ| < π, we can express S(θ) as

S = U−1re Uim = −i(U + U)−1(U − U) = −i(I + U−1U)−1(I − U−1U)

= −i(I + U
t
U)−1(I − U tU).

Set D(θ) = U
t
U and then we have

S = −i(I +D)−1(I −D).
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Note that D is the unitary symmetric matrix which depends only on the Lagrangian
subspace λ(θ). As long as θ 6= 0, this expression is well-defined and smooth in θ.

Since D(θ) = e−2iθA
t
A, it follows that D′(θ) = −2iD(θ). Using this we compute

S′(θ) = −4D(θ)2(I +D(θ))−1 = −(I + S(θ)2).

This is a negative definite matrix whose eigenvalues are less than or equal to −1.
This finishes the proof of statement (2) of Proposition 3.2.9. �

In particular, the Maslov cycle L1(S,Ω;L) defines a canonical cohomology class
µ = µ(S,Ω;L) in H1(L(S,Ω),Z) which is independent of the choice of reference
Lagrangian L.

Exercise 3.2.11. Prove that the cohomology class µ(S,Ω;L) does not depend
on the choice of L.

The above proof also shows that the tangent space TLL(S,Ω) is canonically
isomorphic to the set S2(L) of symmetric quadratic form on L.

In fact, we have the following lemma

Lemma 3.2.12. The tangent cone TLL1(S,Ω) ⊂ TLL(S,Ω) decomposes the tan-
gent space TLL(S,Ω) \ {0} into n+ 1 disjoint open cones.

Proof. It follows from Corollary 3.2.7 that the tangent space TLL(S,Ω) is
canonically isomorphic to the set S2(L) of symmetric quadratic forms and TLL(S,Ω)\
TLL1(S,Ω) corresponds to nondegenerate quadratic forms. And two nondegenerate
quadratic forms with fixed signature can be connected by a continuous path in the
corresponding cone. This finishes the proof. �

Under the isomorphism ξ ∈ TLL(S,Ω) 7→ Qξ ∈ S2(L), we have the decomposi-
tion

TLL(S,Ω) \ TLL1(S,Ω) =
n∐

k=0

Ck(L)

where Ck(L) is the open cone given by

Ck(L) = {ξ ∈ TLL(S,Ω) | Qξ has index k}.
An immediate corollary of the lemma is the following

Corollary 3.2.13. There exists a neighborhood U of L ∈ L(S,Ω) such that the
set U \ L1(S,Ω;L) has exactly n+ 1 connected components each of which contains
L in its closure.

We denote by Uk(L) = U ∩ Ck(L) the component associated to Ck(L) given
above.

Using this corollary, we prove the following proposition.

Proposition 3.2.14. Let (S,Ω) be a symplectic vector space and L, V1 ⊂ (S,Ω)
be two Lagrangian subspaces of S with L ∩ V1 = {0}. Consider smooth paths
α : [0, 1]→ L(S,Ω) satisfying

(1) α(0) = L, α(1) = V1.
(2) α(t) ∈ L0(S,Ω;L) for all 0 < t ≤ 1
(3) α′(0) ∈ C0(L) ⊂ TLL(S,Ω).

Then any two such paths α1, α2 are homotopic to each other relative to the end.
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Proof. Let α1, α2 : [0, 1] → L(S,Ω) two such paths. We consider the con-
catenated loop α := α1 ∗ α−12 defined by

α1 ∗ α−12 =

{
α1(2t) t ∈ [0, 12 ]

α2(2(1− t)) t ∈ [ 12 , 1].

By the conditions (1), (2), this loop does not intersect the Maslov cycle L1(S,Ω;L)
away from t = 0 ≡ 1. On the other hand, Condition (3) implies that there exists
some ǫ0 > 0 such that α([−ǫ0, 0)∪ (0, ǫ0]) is contained in the conical neighborhood
Un(L). Therefore we can push α away from L into Un(L) ⊂ L(S,Ω) on [−ǫ, ǫ]
without altering α on S1 \ [−2ǫ, 2ǫ]. Now the deformed loop does not intersect the
Maslov cycle L1(S,Ω;L) at all and so can be contracted to the constant path V1
relative to V1. This proves that α0 is homotopic to α1 relative to the end points,
and hence the proof. �

We refer to [Ar67], [GS77] or [RS93a] for further elegant discussion on the
topology of L(S,Ω) and the description of the Maslov index on L(S,Ω). We will
get to the discussion on the Maslov index on the Lagrangian Grassmanian in the
later chapters when we talk about the pseudo-holomorphic discs and the Floer
theory of Lagrangian intersections. In the mean time, we go back to the proof of
Darboux-Weinstein theorem.

3.3. Darboux-Weinstein Theorem

Consider the Lagrangian submanifolds L ⊂ (M,ω) on general symplectic man-
ifolds.

Definition 3.3.1. Let (M,ω) be a symplectic manifold of dimension 2n, and L
be a manifold of dimension n = 1

2 dimM . An immersion (respectively embedding)
i : L → M is called Lagrangian immersion (respectively Lagrangian embedding)
if i∗ω = 0. When i is an embedding, we call its image a (embedded) Lagrangian
submanifold.

The first general theorem on Lagrangian submanifolds is the following neigh-
borhood theorem of Weinstein [Wn73].

Theorem 3.3.2 (Darboux-Weinstein Theorem). Let j : L→ (M,ω) be a com-
pact Lagrangian immersion and Z : L→ T ∗L be the zero section. Then there exists
an immersion

E : V →M

from a neighborhood of Z in T ∗L such that

(1) E∗ω = ω0

(2) E ◦ Z = j.

If j is an embedding in addition, then E can be made an embedding.

We will give the proof of this theorem by reducing it to Weinstein’s deformation
lemma, Lemma 2.2.22. This involves the study of basic symplectic linear algebra
developed in section 3.2. Here we closely follow the exposition given by Weinstein
[Wn87].
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3.3.1. Proof of Darboux-Weinstein Theorem. We first give an outline of
the proof:

(1) Step 1: Use the canonical symplectic algebra developed in the previous
subsection and solve the problem of finding the diffeomorphism in the
linearized level: More precisely, we will find a bundle map A : T ∗L→ TM
over the inclusion j : L→M so that the bundle map

dj ⊕A : TL⊕ T ∗L→ j∗TM

becomes a symplectic bundle map over L, i.e., so that it becomes sym-
plectic over the fibers. This symplectic map then can be composed with
the canonical isomorphism

T (T ∗L)|oL ∼= TL⊕ T ∗L
so that it defines a symplectic bundle map

dj ⊕A : T (T ∗L)|oL → j∗(TM)

over the identity on L when oL is identified with L.
(2) Step 2: We choose a map E0 : V0 → M , where V0 is a neighborhood of

oL ⊂ T ∗L, such that

dE0|oL = dj ⊕A.
By choosing V0 sufficiently small, E0 becomes immersed.

(3) Step 3: We compare the canonical symplectic form ω0 on T ∗L with E∗0ω
on V0 ⊂ T ∗L. By the choice of E0,

(3.3.12) ω0|oL = E∗0ω|oL .
Now we apply the deformation lemma, Lemma 2.2.22 to find a diffeomor-
phism ψ : V → V0 so that ψ∗(E∗0ω) = ω0 on V and ψ|oL = idoL . Then
the immersion E = E0 ◦ ψ will do our purpose.

It remains to carry out the proof of the first step. Note that both TL ⊕ T ∗L
and j∗TM are symplectic vector bundles over L. We have the following lemma.

Lemma 3.3.3. Let (S,Ω) be a symplectic vector space. Let S = L ⊕ L′ where
L, L′ are Lagrangians. Then the map B : L′ → L∗ by B(v) = Ω̃(v)|L is an
isomorphism and the direct sum map 1⊕B : S = L⊕ L′ → L⊕ L∗ is a symplectic
isomorphism.

Proof. Exercise. �

Since j : L → M is a Lagrangian immersion, TL ⊂ j∗TM is a Lagrangian
subbundle over L. We denote by Ω the fiberwise symplectic form on the bundle
j∗TM . We choose any complementary smooth subbundle U ⊂ j∗TM , i.e., U
satisfying TL ⊕ U = j∗TM . It follows from Lemma 3.2.6 that UΩ is another

complementary subbundle which is smooth. Then we take the average C = U+UΩ

2

which defines a Lagrangian subbundle. Here smoothness of UΩ or C follows from
the functorial construction of the average carried out in the subsection 2.3.8. Thus
we have the Lagrangian splitting j∗TM = TL ⊕ C. Applying Lemma 3.3.3 to C
and T ∗L, we produce a bundle isomorphism B : C → T ∗L. Now we set A =
B−1 and then 1 ⊕ A : TL ⊕ T ∗L → TL ⊕ C = j∗TM is a symplectic bundle
isomorphism, which finishes the proof of Step 1, and hence the proof of Darboux-
Weinstein Theorem.
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We now state the following parameterized version of Darboux-Weinstein theo-
rem whose proof we leave as an exercise.

Exercise 3.3.4 (Parameterized Darboux-Weinstein Theorem). Let ψ : [0, 1]×
L→M be a Lagrangian isotopy, i.e., a smooth map such that each ψt : L→M is
a Lagrangian embedding. Then there exists a smooth map

Φ : ∪t∈[0,1]Vt ⊂ [0, 1]× T ∗L→M

such that Φt : Vt ⊂ T ∗L→M is a symplectic embedding satisfying

(1) Φ∗tω = ω0

(2) Φt ◦ Z = ψt on L for all t ∈ [0, 1].

In particular, if L is compact, we can choose a neighborhood

V ⊂ V ⊂ ∩t∈[0,1]Vt
and Φ∗tω = ω0 on V for all t ∈ [0, 1].

3.4. Exact Lagrangian submanifolds

The conormal bundles on the cotangent bundle are very special cases of the
Lagrangian submanifolds which can be defined on general symplectic manifolds.

Before launching on the general study of Lagrangian submanifolds, let us look
at some examples.

Example 3.4.1. Consider the cotangent bundle M = T ∗N with its canonical
symplectic form.

(1) The conormal bundles ν∗S: for these, we have

(3.4.13) i∗θ ≡ 0.

(2) The graphs of closed one-forms: Let β be a closed one-form on N and
consider the β as the associated section map

β̃ : N → T ∗N

and its image denoted by Graphβ. In this case, it follows from (2.1.2)

(3.4.14) d(β̃∗θ) = dβ = 0.

In particular, the graph of the differential df of a smooth function f :
N → R, is Lagrangian.

The graphs of the exact one-forms df are particular cases of the so called exact
Lagrangian submanifolds.

Definition 3.4.2. A symplectic manifold (M,ω) is called exact if ω = dα for
a one-form α on M .

On exact symplectic manifolds ω = dα, it follows that i : L→M is Lagrangian
if and only if i∗α is closed.

Definition 3.4.3. A Lagrangian submanifold i : L→M in an exact symplectic
manifolds (M,dα) is called exact, if i∗α is exact.
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One immediate consequence of the definition of exactness is that there exists a
function f : L → R such that i∗α = df . The choice of f is unique up to addition
of constants. We will see later that it is important to regard the pair (L, f) with
df = i∗α as an exact Lagrangian submanifolds in the variational study of the action
functional.

Another basic property of exact Lagrangian submanifolds is the following van-
ishing result of the periods, which is an immediate consequence of Stoke’s theorem.

Proposition 3.4.4. Let L ⊂ (M,ω) be an exact Lagrangian submanifold with
ω = dα. Suppose that w : (Σ, ∂Σ) → (M,L) is any smooth map from a compact
two dimensional surface Σ with boundary ∂Σ. Then we have∫

w∗ω = 0.

Proof. Using ω = dα and applying Stokes’ formula, we derive∫

Σ

w∗ω =

∫

Σ

w∗dα =

∫

∂Σ

w∗α.

Then exactness of L implies i∗Lα = df for some function f on L. Therefore we
obtain w∗α = d(w∗f) and hence the last integral vanishes. �

On exact symplectic manifolds (M,dα), we can consider the action functional

AH(γ) = −
∫

γ

α−
∫ 1

0

H(t, γ(t)) dt

and its first variation
(3.4.15)

dAH(γ)(ξ) =

∫ 1

0

ω(γ̇ −XH(t, γ(t))) dt + 〈α(γ(0), ξ(γ(0))〉 − 〈α(γ(1), ξ(γ(1))〉.

This is nothing but (3.1.1) with θ replaced by −α.
Again the periodic boundary condition will be a natural boundary condition

which kills the boundary contribution.

Question 3.4.5. Is there any other natural boundary condition for this func-
tional AH?

Remark 3.4.6. This kind of question is a prototype of the questions the physi-
cists often ask to correctly define the equation of motions for the given physical
system with an appropriate physical Lagrangian. The objects that occur as the
natural boundary condition of the given system in the string theory are roughly the
notion of D-branes, which has been playing a fundamental role in the current string
theory since around 1996 when the physicists introduced the concept of D-branes
in open string theory.

Now let us try to answer to the above question. First we note that when we
put boundary conditions

γ(0) ∈ L0, γ(1) ∈ L1

for some submanifolds L0, L1, the boundary terms in (3.4.15) are nothing but

i∗0α(ξ(0)), i
∗
1α(ξ(1))

respectively. Now suppose that L0, L1 are exact Lagrangian submanifolds so that

i∗0α = df0, i
∗
1α = df1
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for some functions f0 : L0 → R and f1 : L1 → R. In this case, we can modify our
original action functional AH by adding the terms given by the functions f0, f1
and consider the following modified action functional AH;(f0,f1) : P(L0, L1) → R
defined by

(3.4.16) AH;(f0,f1)(γ) = AH(γ)− f1(γ(1)) + f0(γ(0)).

Then the first variation of this modified functional becomes

dAH;(f0,f1)(γ)(ξ) =

∫ 1

0

ω(γ̇ −XH(t, γ(t))) dt

on P(L0, L1) and hence the equation of motion of the modified action functional
becomes

ż = XH(z), z(0) ∈ L0, z(1) ∈ L1,

which is exactly what we wanted. This motivates the following definition of exact
Lagrangian branes named by Seidel [Se03a] where some additional decorations are
added to L.

Definition 3.4.7 (Exact Lagrangian branes). Consider (M,ω) with ω = dα.
Let i : L →֒ (M,ω) with ω = dα be an exact Lagrangian submanifold. We call the
pair (L, f) satisfying df = i∗α an exact Lagrangian brane.

Now we prove the following interesting formula on the exact Lagrangian branes
by a computation similar to the case of cotangent bundle.

Proposition 3.4.8. Let (M,dα) be an exact symplectic manifold and (L, g) be
an exact Lagrangian brane with i : L ⊂M be the inclusion. Then the Hamiltonian
flow φtH induces a smooth family of exact Lagrangian branes (Lt, ft) provided by
Lt = it(L), it : L→M and ft : L→ R where

(3.4.17) it = φtH ◦ i, ft = g +

∫ t

0

(Hs + α(XHs)) ◦ is ds

Proof. By definition of ft, we have g = f0 and so i∗α = df0. We have to
prove

(3.4.18) i∗tα = dft

for all t ∈ [0, 1]. For this, we again compute the derivative

i∗tα = (φtH ◦ i)∗α = i∗(φtH)∗α.

But simple calculation gives rise to

d

dt
(φtH)∗α = (φtH)∗LXHt

α

= (φHt)∗ (XHt⌋dα) + d
(
(φtH)∗(XHt⌋α)

)

= d
(
Ht ◦ φHt + α(XHt) ◦ φtH

)
.(3.4.19)

Hence setting i∗0α = dg, we obtain

i∗tα = dg +

∫ t

0

d

ds
i∗sαds

= d

(
g +

∫ t

0

(Hs ◦ φHs + α(XHs) ◦ φHs) ◦ i ds
)

= d

(
g +

∫ t

0

(Hs + α(XHs)) ◦ is ds
)
.
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Now this proves (3.4.18) with the definition of ft given above. �

Remark 3.4.9. We would like to point out that even when L1 = L0, the
function g1 could be different from g0 = g. This monodromy phenomenon of the
phase functions of exact Lagrangian branes gives rise to an interesting consequence
in Seidel’s study of the Fukaya category of exact Lagrangian branes [Se03a]. We
will refer to [Se03a] for more discussion on this issue.

3.5. Classical deformations of Lagrangian submanifolds

One immediate consequence of Darboux-Weinstein Theorem provides a com-
plete description of local parametrization of nearby Lagrangian submanifolds of a
given Lagrangian submanifolds. We make this statement more precise now.

We introduce the following general definition.

Definition 3.5.1. Two Lagrangian submanifolds L0, L1 are Hamiltonian iso-
topic if there exists a time-dependent Hamiltonian H : [0, 1]×M → R such that

L1 = φ1H(L0).

We call the isotopy {Lt = φtH(L0)} a Hamiltonian isotopy of L0.

3.5.1. The case of the zero section. We recall that the graph of a one-form,
or a section of the cotangent bundle T ∗M →M is Lagrangian if and only if the 1-
form is closed. And we know that any Lagrangian submanifold sufficiently C1-close
to the zero section oL ⊂ T ∗L is the graph of a one-form. In particular if we regard
the set Lag(T ∗L) of Lagrangian submanifolds of T ∗L as an infinite dimensional
(Fréchet) manifold, then the neighborhood of the zero section is modeled by Z1(L),
the set of closed one-forms. Furthermore any exact Lagrangian submanifold C1-
close to the zero section is Hamiltonian isotopic to the zero section. This is because
any such Lagrangian submanifold has the form Graph(df) of some function f that
is C2 close to the constant function and then the isotopy

t ∈ [0, 1]→ Graph(t df)

provides such a Hamiltonian isotopy.

Exercise 3.5.2. Prove that the above isotopy of the zero section is induced by
the (autonomous) function H = f ◦ π : T ∗L→ R.

Exercise 3.5.3. Prove that there exists a contractible C∞ neighborhood of
the identity map in Symp(M,ω) (resp. Ham(M,ω)). (Hint: Consider the cor-
respondence between a symplectic diffeomorphism φ : M → M and its graph
Graphφ ⊂M ×M as a Lagrangian submanifold with respect to the form (−ω)⊕ω
on M ×M .)

More generally, we have the following local description of Lagrangian subman-
ifolds up to the Hamiltonian isotopy on the cotangent bundle

Proposition 3.5.4. The set of Lagrangian submanifolds C1 close to the zero
section modulo the C1-small Hamiltonian isotopy is diffeomorphic to an open neigh-
borhood of the zero in H1(L,R).
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Proof. Let N be a C1-neighborhood in Lag(T ∗L) of the zero section. As we
mentioned above, we can write

(3.5.20) N = Graph{α | α ∈ Z1(L), |α|C1 < δ}

for some δ > 0. Denote by Lα the Lagrangian submanifold corresponding to α. We
consider the map

Lα ∈ N → [α] ∈ H1(L,R)

Obviously this map is surjective to an open neighborhood of zero in H1(L,R).
Suppose that Lα and Lα′ are Hamiltonian isotopic, i.e., Lα′ = φ1H(Lα) for a function
H : [0, 1]×M → R such that φtH(Lα) ⊂ N for all t ∈ [0, 1]. Then we can write

(3.5.21) φtH(Lα) = Lαt

for a family of closed one forms αt. To compute the cohomology class [αt], we
evaluate

∫
c αt for a loop c : S1 → L. Identifying the one-forms α, αt with the maps

α̃, α̃t : L→ T ∗L, we have

α̃t = φtH ◦ α̃.

Therefore, recalling β = (β̃)∗θ, we have
∫

c

αt =

∫

c

(α̃t)
∗(θ) =

∫

c

(α̃)∗(φtH)∗θ =

∫

α̃◦c
(φtH)∗θ.

We compute

∫

c

α′ −
∫

c

α =

∫ 1

0

d

dt

(∫

c

αt

)
dt =

∫ 1

0

d

dt

(∫

α̃◦c
(φtH)∗θ

)
dt

=

∫ 1

0

(∫

α̃◦c

d

dt
(φtH)∗θ

)
dt.

Substituting (3.4.19) for α = −θ into the above integral, we derive
∫

α̃◦c

d

dt
(φtH)∗θ = 0

and hence
∫
c
α′ −

∫
c
α = 0 for any loop c. This proves [α] = [α′] in H1(L;R) and

so the assignment induces a well-defined surjective map

N/Ham→ H1(L,R)

onto an open neighborhood of zero in H1(L,R). It remains to prove its injectivity.
Now suppose [α] = [α′], i.e., α′ − α = df . This follows from the following exercise
similarly as Exercise 3.5.2. This finishes the proof. �

Exercise 3.5.5. Prove that the map

t 7→ αt := α+ t df

and so its associated Lagrangian submanifold Lαt is induced by the Hamiltonian
isotopy associated by the function H = f ◦ π.
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3.5.2. The general case. Now we consider a general symplectic manifold
(M,ω). Let L ⊂ M be a Lagrangian embedding. Darboux-Weinstein theorem
provides a diffeomorphism

Φ : U ⊂M → V ⊂ T ∗L
extending the map L → oL such that Φ∗ω0 = ω. We call Φ the cotangent bundle
chart of L.

Note that all the Lagrangian submanifolds sufficiently C1-close (indeed C0-close
is enough for this purpose) to the given Lagrangian submanifold L ⊂M is contained
in a given Darboux chart Φ mapping L to oL ⊂ T ∗L. By the discussion on the
cotangent bundle above, it follows that we can parameterize any such Lagrangian
submanifold C1-close to L ⊂ M by closed one-forms on L contained in an open
C1-neighborhood of the zero in the set Z1(L). We would like to emphasize that
this parametrization depends on the cotangent bundle chart, but its infinitesimal
version does not.

We first study the transition map of two cotangent bundle charts Φ1, Φ2 ex-
tending the canonical identification Z : L→ oL ⊂ T ∗L,

Φ12 = Φ2 ◦ (Φ1)
−1 : V → V ′.

It satisfies Φ∗12ω0 = ω0 and Φ12|oL = id|oL . Recall that the tangent space TLSub(M)
is canonically isomorphic to the set of sections Γ(ν(L)), where ν(L) = TM/TL is
the normal bundle.

Lemma 3.5.6. We have the canonical isomorphism Γ(ν(oL)) ∼= Γ(T ∗L) ob-
tained by ([X ] 7→ X⌋ω0)|ToL where X is a vector field along oL. Under this identi-
fication we have the natural identification

(3.5.22) ToLLag(T ∗L) ∼= Z1(L)

under which dΦ12 induces the identity map on Γ(T ∗L).

Proof. For the first statement, we recall the canonical splitting T (T ∗L)|oL =
TL ⊕ T ∗L. First we prove the well-definedness of the above map. Let X, X ′ be
two vector fields along oL such that [X ] = [X ′] on Γ(ν(oL)). For simplicity, we will
just denote oL = L. Then we have X(x) −X ′(x) ∈ TxL for all x ∈ L. Since L is
Lagrangian, we have

(X −X ′)(x)⌋ω0|TxL = 0, i.e., X(x)⌋ω0|TxL = X ′(x)⌋ω0|TxL

for all x ∈ L. Hence we have [X ]⌋ω0 = [X ′]⌋ω0 and so the map is well-defined.
Similarly we prove that the map is bijective, the proof of which we leave to the
readers.

We have already shown that the tangent vector of Sub(T ∗L) corresponding to
the one-form α ∈ Γ(T ∗L) is tangent to Lag(T ∗L) at oL if and only if α is closed.
This establishes the isomorphism (3.5.22).

For given one-form α on L, we denote by Xα the associated vector field along
oL defined by the equation Xα⌋ω0|TL = α. Then the variation

dΦ12(Xα)

corresponds to the element of Γ(T ∗L) which is defined by dΦ12(Xα)⌋ω0|TL under
the isomorphism 3.5.22.
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To evaluate this section in Γ(T ∗L), we explicitly compute

dΦ12(Xα)⌋ω0(Y ) = ω0(dΦ12(Xα), Y )

= ω0(Xα, (dΦ12)
−1Y )

= ω0(Xα, Y ) = α(Y )

for each given vector field Y ∈ TL, which finishes the proof. Here we have used
the facts that Φ12 is symplectic for the second identity, Φ12|oL = id|oL for the third
and the definition of Xα for the last identity. This finishes the proof. �

We use this lemma to prove the following canonical representation of the tan-
gent space TLLag(M,ω).

Proposition 3.5.7. Let LagL(M,ω) be the set of Lagrangian submanifolds of
its topological type L. Then there exists a canonical isomorphism

TLLag(M,ω) ∼= Z1(L).

Proof. Since L is Lagrangian, the symplectic form ω gives the natural iso-
morphism

ν̃(L)→ (TL)∗ = T ∗L; [v] 7→ ω̃(v)|TL.
Therefore we have a natural isomorphism TLSub(M) ∼= Γ(T ∗L). On the other
hand, for any given cotangent bundle chart, LagL(M,ω) near L is parameterized
by the set of C1-small closed one-forms on L and so its tangent space is also
parameterized by Z1(L). Lemma 3.5.6 then implies that the parametrization of
the tangent space does not depend on the choice of cotangent bundle charts. This
finishes the proof. �

The tangent bundle TLag(M,ω) → Lag(M,ω) contains a canonical distribu-
tion spanned by the set of exact one-forms B1(L) ⊂ Z1(L) ∼= TLLag(M,ω) at
L ∈ Lag(M,ω). We denote by E → Lag(M,ω) the corresponding subbundle. Then
this defines distribution of corank b1(L) = dimH1(L,R).

We will give the proof of the following theorem stated in [Wn90] in section
3.6.

Theorem 3.5.8. The distribution E ⊂ TLag(M,ω) is an integrable subbundle
whose leaf LL ⊂ Lag(M,ω) passing through a given Lagrangian submanifold L ∈
Lag(M,ω) consists of the Hamiltonian deformations of L. More precisely, for any
L′ ∈ LL, there exists a Hamiltonian diffeomorphism φ ∈ Ham(M,ω) such that
L′ = φ(L). In fact, Ham(M,ω) acts on Lag(M,ω) and EL is the tangent space of
the orbit of Ham(M,ω) on L.

3.6. Exact Lagrangian isotopy = Hamiltonian isotopy

In this section, following Gromov [Gr85], we will introduce the notion of exact
Lagrangian isotopy on arbitrary (M,ω) as a particular type of smooth path in
Lag(M,ω) and prove that the notion is equivalent to that of isotopy of (embedded)
Lagrangian submanifolds obtained by the ambient Hamiltonian flow on the ambient
manifold (M,ω). We call such an isotopy an ambient Hamiltonian isotopy. Such
an extension property fails for the more general Lagrangian isotopy, which is one of
the essential difference between the two types of isotopies. As a corollary, we will
give the proof of Theorem 3.5.8 at the end.
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Let ψ : [0, 1]×L→M be an isotopy of embeddings ψt : L→M . The pull-back
ψ∗ω is decomposed to

(3.6.23) ψ∗ω = dt ∧ α+ β

where α and β are forms on L such that

∂

∂t
⌋α = 0 =

∂

∂t
⌋β.

In fact, we can write

α =
∂

∂t
⌋ψ∗ω, β = ψ∗ω − dt ∧ α

purely in terms of ψ∗ω. One may regard α, β as a t-dependent family of forms on
L.

Definition 3.6.1. An isotopy ψ : [0, 1]×L→M is called a Lagrangian isotopy
if dβ = 0 in the above decomposition.

Proposition 3.6.2. Denote by it : L→ [0, 1]×L the obvious inclusion defined
by it(x) = (t, x). Then an isotopy ψ is Lagrangian if and only if i∗tα is a closed
one-form on L for all t ∈ [0, 1].

Proof. Suppose that dβ = 0. Then, since ω is closed, we have 0 = dt∧ dα by
taking the exterior derivative of (3.6.23). By taking the interior product with ∂

∂t ,
we derive

dα − dt ∧
(
∂

∂t
⌋dα

)
= 0.

By pulling back this equation by it, we obtain d(i∗tα) = 0.
Conversely, suppose that d(i∗tα) = 0. Then we have i∗t (dα) = 0. In other

words, dα(X,Y ) = 0 whenever X, Y are tangent to the fibers of [0, 1]×L→ [0, 1].
Therefore the three-form dt ∧ dα should vanish on [0, 1] × L. Again taking the
exterior derivative of (3.6.23) and using the closedness of ψ∗ω, we obtain dβ = 0,
which finishes the proof. �

This leads us to the following definition

Definition 3.6.3. A Lagrangian isotopy is exact if i∗tα is exact for all t ∈ [0, 1].
We call such an isotopy an exact Lagrangian isotopy.

Lemma 3.6.4. If ψ is an exact Lagrangian isotopy, then there exists a function
h : [0, 1]×L→ R such that ψ∗ω = dh∧dt. Furthermore h′ is another such function,
we have h′ − h is a function depending only on t, but not on L.

Proof. By definition, we know there exists ht : L → R such that i∗tα = dht
for each t ∈ [0, 1]. This choice is unique up to addition of constant c(t). Here
we recall that by the remark right before Definition 3.6.1, the form α and β are
uniquely determined by ψ. This proves the last statement of the lemma. The only
thing to make sure is the smooth dependence of h on t. This can be achieved by
requiring ht(x0) = 0 for all t ∈ [0, 1] at a fixed point x0 taken from each connected
component of L. Then we define h : [0, 1]× L→ R by h(t, x) = ht(x). �

Exercise 3.6.5. Complete the above proof. More precisely, prove that the
above function h is indeed smooth and satisfies ψ∗ω = dh ∧ dt.
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Remark 3.6.6. We like to point out that the above definitions of Lagrangian
isotopy and exact Lagrangian isotopy can be also made for immersions, not just for
embeddings.

The following extension theorem distinguishes the exact Lagrangian isotopy
of embeddings either from general Lagrangian isotopies or from exact Lagrangian
isotopies of immersions. Because of this theorem, we often identifies the two ter-
minologies of the ‘Hamiltonian isotopy’ and the ‘exact Lagrangian isotopy’ for the
embeddings.

Theorem 3.6.7. For any exact Lagrangian isotopy ψ : [0, 1] × L → M of
Lagrangian embeddings, there exists H : [0, 1]×M → R such that

(3.6.24) ψ(t, x) = φtH(ψ(0, x)) = φtH(ψ0(x)).

We will prove the theorem in two steps: Firstly, we find a function H ′ : [0, 1]×
M → R such that

(3.6.25)
∂ψ

∂t
≡ XH′ (ψ(t, x))|Lt mod TLt

where Lt = ψt(L) the image of ψt. Secondly, we will modify H ′ to H so that

(3.6.26)
∂ψ

∂t
= XH(ψ(t, x))

for (t, x) ∈ [0, 1]× L. We start with the following general lemma.

Lemma 3.6.8. Let L be an n dimensional manifold.

(1) If g : L → (M,ω) is a Lagrangian embedding, and ξ ∈ Γ(TL) a vector
field on L, there exists a function f :M → R such that

(3.6.27) Xf (g(x)) = dg(ξ(x)), x ∈ L.
(2) For a given Lagrangian isotopy ψ : [0, 1] × L → M of embeddings and

ξ = {ξt}0≤t≤1 a smooth family of vector fields on L, there exists a smooth
function F : [0, 1]×M → R such that

(3.6.28) XFt(ψt(x)) = dψt(ξt(x))

for all t ∈ [0, 1].

Proof. Darboux-Weinstein Theorem reduces the proof of statement (1) to the
case L = oL and M = T ∗L with the canonical symplectic form ω0 by multiplying
a cut-off function. But if ξ is a vector field on oL, we can explicitly choose the
function fξ : T

∗L→ R defined by

(3.6.29) fξ(α) = 〈α, ξ(π(α))〉.
The following exercise will finish the proof of this claim.

Exercise 3.6.9. Prove Xfξ ◦ g = ξ on L.

For Statement (2), we use the Parameterized Darboux-Weinstein Theorem (Ex-
ercise 3.3.4) and define Fξ : [0, 1]× T ∗L→ R by

F (t, α) = −〈α, ξt(π(α))〉
which finishes the proof. �

Another important lemma is the following general extension lemma.
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Lemma 3.6.10 (Extension Lemma). Let π : E → N be a vector bundle and
h : N → R be a C1-function. Then there exists a C1-function H ′ : E → R such
that

H ′|N = h, dH ′|TN = d(h ◦ π).
and the support of H ′ can be put into U , a neighborhood of N which can be made
as small as we want.

Proof. Let rt : E → E be the retraction of E onto the zero section oE ∼= N ,
which is defined by

rt(e) =

{
t e 0 ≤ t ≤ 1

π(e) t = 0

for e ∈ E. We fix a map χ : [0, 1]→ [0, 1] such that χ(t) ≡ 0 near t = 0, χ(1) = 1
and χ′(t) ≥ 0.

If we define time-dependent vector field Xt by

Xt =

{
drχ(t)

dt ◦ r−1χ(t) 0 < t ≤ 1

0 t = 0,

we have
d

dt
r∗χ(t)α = r∗χ(t)(d(Xt⌋α) +Xt⌋dα)

for 0 ≤ t ≤ 1. When a form α is closed, we have

d

dt
r∗χ(t)α = r∗χ(t)(d(Xt⌋α)).

Therefore we derive

α− r∗0α =

∫ 1

0

r∗χ(t)(d(Xt⌋α))dt = d

∫ 1

0

r∗χ(t)(Xt⌋α) dt

which implies

α = π∗α+ d

∫ 1

0

r∗χ(t)(Xt⌋α) dt

for a closed one-form α. We apply this to the form α = d(ρh ◦ π), h ◦ π : E → R
where ρ : E → R such that

ρ =

{
1 on a neighborhood U ofN
0 away from N.

Now we consider the function H ′ : E → R by

H ′ = ρ

(
(h ◦ π) +

∫ 1

0

r∗χ(t)(Xt⌋d(ρ ◦ π) dt
)
.

Since rχ(t)|N = id|N and Xt ≡ 0 on N for all t ∈ [0, 1], we have H ′|N = h and
dH ′|N = d(h ◦ π). This finishes the proof. �

Exercise 3.6.11. Formulate and prove the parameterized version of the Ex-
tension Lemma.

Using these lemmata, we give the proof of Theorem 3.6.7.
Proof of Theorem 3.6.7. Note that ∂ψ

∂t is a vector field along ψ, i.e., ∂ψ
∂t (x) ∈

Tψ(x)M . By Lemma 3.5.6, (3.6.25) is equivalent to

(3.6.30)
∂ψ

∂t
⌋ω = dH ′(ψ(t, x))|Lt ∈ Γ(T ∗Lt)
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for t ∈ [0, 1]. On the other hand, since ψ is exact Lagrangian isotopy, we have

ψ∗ω = dh′ ∧ dt
for some h′ : [0, 1]× L→ R, i.e.,

dh′t =
∂

∂t
⌋ψ∗ω = ω

(
dψt

(
∂

∂t

)
, dψt(·)

)
.

Therefore (3.6.30) is reduced to

d(h′t ◦ ψ−1t )|TLt =
∂ψ

∂t
⌋ω.

(Here we use the embeddedness of the maps ψt in an essential way.) Setting
h(t, y) = h′t ◦ ψ−1t (y) for y ∈ ψt(L), (3.6.30) is reduced to the Parameterized Ex-
tension Lemma in the above exercise. Therefore we have finished the first step of
the proof finding H ′ on M that satisfies (3.6.25).

Then the vector field

∂ψ

∂t
(x) −XH′(t, ψ(t, x))

is tangent to ψt(L). Hence it follows from lemma 3.6.8 that we can find F :
[0, 1]×M → R such that

∂ψ

∂t
(x) −XH′(t, ψ(t, x) = XF (t, ψ(t, x))

for (t, x) ∈ [0, 1]× L. Then we choose H = H ′ + F which finishes the proof of the
theorem.

Now we are ready to prove Weinstein’s theorem, Theorem 3.5.8. By Theorem
3.6.7, it is enough to prove that at any L ∈ Lag(M,ω),

B1(L) = span{Xf⌋ω|TL | f :M → R} = TL(Ham(M,ω) · L).
However this is an immediate consequence of Theorem 3.6.7. Hence the proof. �

3.7. Construction of Lagrangian submanifolds

3.7.1. Lagrangian surgery. Let L1, L2 be a pair of oriented Lagrangian
submanifolds in (M,ω) that intersect transversely at p12. We fix an ordering of the
pair as (L1, L2). We can always choose a Darboux chart in a neighborhood U of
p12, I : U → V ⊂ Cn so that I(p12) = 0,

I(L1 ∩ U) = Rn ∩ V, I(L2 ∩ U) =
√
−1Rn ∩ V.

We explain this construction in a way that is more detailed than necessary hoping
that this concrete description may be useful for the more geometric study of La-
grangian surgery in relation to the study of metamorphosis of the moduli space of
holomorphic polygons under the surgery. See [FOOO07] for such an application.

The proof follows from a version of Darboux theorem but strongly relies on the
following well-known fact in symplectic linear algebra.

Lemma 3.7.1. The linear symplectic group Sp(2n) acts transitively on the set
of transversal pairs of Lagrangian subspaces.

Exercise 3.7.2. Prove this lemma.
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We would like to point out that U(n) ⊂ Sp(2n) does not act transitively on the
set of such pairs. For example, the action of the unitary group U(n) preserves the
Hermitian structure of Cn and so preserves the ‘angles’ between the two Lagrangian
subspaces.

Let ǫ be a real number sufficiently close to 0. We choose the function fǫ :
Rn \ {0} → R defined by

(3.7.31) fǫ(x) = ǫ log |x|
and denote the graph Graphdfǫ by Hǫ ⊂ Cn. This is a Lagrangian submanifold in
T ∗(Rn\{0}) ∼= Cn\

√
−1Rn which is asymptotic to

√
−1Rn as |x| → 0, and to Rn

as |x| → ∞. Noting that we have

dfǫ(x) = ǫ
x · dx
|x|2 =

ǫ

|x|2
n∑

j=1

xjdxj

we can write

(3.7.32) Hǫ =

{
(z1, · · · , zn)

∣∣∣∣ yj =
ǫxj
|x|2 , j = 1, · · · , n

}

in coordinates. Here we denote the complex coordinates of Cn as zj = xj +
√
−1 yj

for j = 1, · · · , n.
Let τ : Cn → Cn be the reflection along the diagonal

∆ = {(z1, z2, · · · , zn) |xi = yi},
i.e., be the map

(x1 +
√
−1 y1, · · · , xn +

√
−1 yn) 7→ (y1 +

√
−1x1, · · · , yn +

√
−1xn).

We remark that (3.7.32) implies |x|2|y|2 = |ǫ|2, and hence

Hǫ =

{
(z1, · · · , zn)

∣∣∣∣ xj =
ǫyj
|y|2 , j = 1, · · · , n

}

In other words τ(Hǫ) = Hǫ. It is easy to check

inf{|~z| | ~z ∈ Hǫ} =
√
2|ǫ|

which is achieved at the points on the (n− 1) sphere

{(x, y) | |x| = |y| = √ǫ} ⊂ Hǫ.

Next we consider a function ρ : R+ → R such that

ρ =

{
log r − |ǫ| if r ≤

√
|ǫ|S0

log
√
|ǫ|S0 if r ≥ 2

√
|ǫ|S0

ρ′(r) ≥ 0, ρ′′(r) ≤ 0,

here S0 is a sufficiently large number and ǫ is chosen so that
√
|ǫ|S0 is sufficiently

small. We then define the function f̃ǫ : Rn \ {0} → R by

(3.7.33) f̃ǫ(x) = ǫρ(|x|).
Consider the graph Graphdf̃ǫ and define a Lagrangian submanifold H ′ǫ so that

the following holds:

(1) τ(H ′ǫ) = H ′ǫ.
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(2)

{(x1 +
√
−1 y1, · · · , xn +

√
−1 yn) | ∀i xi ≥ yi} ∩H ′ǫ

= {(x1 +
√
−1 y1, · · · , xn +

√
−1 yn) | ∀i xi ≥ yi} ∩Graph df̃ǫ.

By construction, H ′ǫ is invariant under τ and H ′ǫ = Rn ∪
√
−1Rn outside the ball

B2n(2
√
|ǫ|S0) around 0 in I(U) ⊂ R2n. Therefore for a given ordered pair (L1, L2),

we can construct a Lagrangian submanifold Lǫ ⊂M such that

Lǫ − U = L1 ∪ L2 − U, I(Lǫ ∩ U) = H ′ǫ ∩ V.
Definition 3.7.3. For a given ordered pair (L1, L2), we call Lǫ the Lagrangian

connected sum of L1 and L2 at p12 ∈ L1 ∩ L2 and write L1#ǫL2 = Lǫ.

Note that, if we change the ordering of the pair (L1, L2) at p ∈ L1 ∩ L2 and
change the sign of ǫ at the same time, then the resulting Lagrangian submanifolds
are isomorphic. In fact, we have

Rn#ǫ

√
−1Rn =

√
−1Rn#−ǫRn.

We call the pre-image

(L1#ǫL2) ∩ U = I−1(H ′ǫ ∩ V )

a Lagrangian handle and its meridian sphere Sn−1 a vanishing cycle of the La-
grangian surgery Lǫ.

We say that the pair L1, L2 or its associated Lagrangian surgery L1#ǫL2 with
ǫ > 0 is positive at p12 if

Tp12L1 ⊕ Tp12L2 = (−1)n(n−1)/2+1Tp12M

as an oriented vector space and negative otherwise. (Here we equip Tp12M with

the symplectic orientation.) For example, for L1 = R, L2 =
√
−1R ⊂ C with

the standard orientation on R,
√
−1R, the Lagrangian surgery L1#ǫL2, ǫ > 0,

is negative. (This example is directly extended to the case of L1 = Rn, L2 =√
−1Rn ⊂ Cn.) It is easy to check that only the positive surgery allows to glue

the orientations on L1 and L2 to have the surgery L1#ǫL2 carry a compatible
orientation. (In the case of L1 = R, L2 =

√
−1R ⊂ C, it is easy to see that it is

impossible to give an orientation of L1#ǫL2, that is compatible with both standard
orientations of Li. Similar remark also holds for L1 = Rn, L2 =

√
−1Rn ⊂ Cn)

We remark that L1#ǫL2 is not even isotopic to L2#ǫL1 (or L1#−ǫL2) in gen-
eral even when both are orientable. On the other hand, it is easy to check that
L1#ǫL2 are Lagrangian isotopic to one another among different ǫ’s of the same sign.
However they are not Hamiltonian isotopic to one another with fixed boundary in
general.

Since the above construction is local in a neighborhood of the intersection
point, one can perform the surgery at a self-intersection point of a Lagrangian
immersion. Let L ⊂M be an immersed Lagrangian submanifold with a transverse
self-intersection p ∈ L ⊂ M . Consider a small neighborhood U of p in M and
the intersection U ∩ L. There are two branches in U ∩ L at p. To carry out the
Lagrangian surgery, we need to order the two branches. Following the terminology
from [Po91b], we introduce

Definition 3.7.4. Let L and p be as above. An equipment at p is an ordering
of the two branches of L at p, or equivalently an ordering of the corresponding
tangent spaces at p.
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For a choice of equipment at a self-intersection point of L, we can perform
Lagrangian surgery and decrease the number of intersection point. In this way,
one can obtain a Lagrangian embedding out of a Lagrangian immersion. By Gro-
mov’s h-principle, obstruction to the existence of Lagrangian immersions is purely
topological while there exists more subtle hard obstructions to the existence of La-
grangian embedding (see [Gr85] for such theorems). Unfortunately the embeddings
obtained from Lagrangian surgery tend to have complicated topology.

Example 3.7.5. Gromov [Gr85] proved that any compact embedded Lagrangian
submanifold L in Cn should satisfy H1(L;R) 6= 0. In particular there does not exist
an embedded Lagrangian sphere Sn in Cn. But there is a famous immersed sphere
in Cn, called Whitney sphere, which can be made Lagrangian. In fact we have the
following explicit formula for the immersion ψ : Sn → Cn given by
(3.7.34)

ψ(x1, · · · , xn+1) =
1

1 + x2n+1

(x1(1 + ixn+1, x2(1 + ixn+1), · · · , xn(1 + ixn+1)) .

This has one transverse self-intersection point at the origin 0 of Cn whose preimages
are the north and the south poles of Sn ⊂ Rn+1. One can easily check that ψ is
also Lagrangian. By performing the Lagrangian surgery of this at the intersection,
we will get a Lagrangian embedding of S1 × Sn−1 into Cn.

The case n = 2 is particularly interesting. We denote by (z1, z2) the complex
coordinates of C2. In this case, the formula is reduced to

(3.7.35) ψ(x, y, z) =
1

1 + z2
(x(1 + iz), y(1 + iz)) , x2 + y2 + z2 = 1

for x, y, z real numbers.
The two branches of the tangent space at 0 is given by

V+ = spanR

{
(1 + i)

∂

∂z1
, (1 + i)

∂

∂z2

}
, for z = 1

V− = spanR

{
(1− i) ∂

∂z1
, (1 − i) ∂

∂z2

}
, for z = −1.

One can easily see that V+ + V− = C2. Denote by e1, e2 the equipments given by
the ordering

e1 = {V+, V−}, e2 = {V−, V+}
and the associated Lagrangian surgery by

Le1ǫ , L
e2
ǫ , ǫ > 0.

Both have the topological type of torus T 2. It turns out that Le1ǫ is Hamiltonian
isotopic to the standard product torus S1 × S1 ⊂ C2 for a suitable choice of ǫ1
but Le2ǫ is not. The latter torus is shown to be isomorphic to the Chekanov torus
[Che96b], [EP97] whose definition will be explained later.

3.7.2. Lagrangian suspension. In this section, we denote a general sym-
plectic manifold by (X,ω), instead of using the letter M . We also denote a closed
manifold by Y . When we are given a Lagrangian embedding of Y into (X,ω), we
often do not distinguish Y from the image in X of the given embedding.

Let ψ : [0, 1]× Y → X be an isotopy of embeddings ψt : Y → X . By Exercise
3.6.5, we can find a function h : [0, 1]× Y → R such that ψ∗ω = dt ∧ dh i.e.,

ψ∗ω + dt ∧ (−dh) = 0.
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By Theorem 3.6.7, we can find a a Hamiltonian H : [0, 1]×X → R such that

(3.7.36) ψ(t, x) = φtH(ψ(0, x)) = φtH(ψ0(x)).

(When the exact Lagrangian isotopy (h, ψ) is given, we can always adjust H away
from the support of the isotopy so that H satisfies the normalization condition

∫

X

Ht ω
n = 0.)

And if the isotopy is boundary flat, then h and H can be made boundary flat.
Namely, we may assume that there exists ǫ0 > 0 such that

(3.7.37) H ≡ 0 for t ∈ [0, ǫ0] ∪ [1− ǫ0, 1].
An exact Lagrangian isotopy ψ : [0, 1]× Y → X is called an exact Lagrangian loop
if the associated pair (h, ψ) satisfies

ψ(0, x) = ψ(1, x), h(0, x) = h(1, x)

for all x ∈ Y .

Definition 3.7.6. Let ψ : [0, 1]× Y → X be an exact Lagrangian loop. The
Lagrangian suspension associated to (h, ψ) is the Lagrangian embedding

ι(h,ψ) : S
1 × Y → R× S1 ×X = T ∗S1 ×X

defined by

(3.7.38) ι(h,ψ)(θ, y) = (θ,−h(θ, x), ψ(θ, x)).
Now we state a proposition which is an essential ingredient in the construction

of Lagrangian suspension and its applications.
Consider an isotopy of Hamiltonian paths i.e., a two parameter family of Hamil-

tonian diffeomorphisms

(s, θ) ∈ [0, 1]× S1 7→ ψθs ∈ Ham(X,ω).

We denote by H = H(s, θ, x) the normalized Hamiltonian generating the θ-isotopy
θ 7→ ψθs and K = K(s, θ, x) the one generating the s-isotopy s 7→ ψθs . In other
words,

∂ψθs
∂θ
◦ (ψθs )−1 = XH ,

∂ψθs
∂s
◦ (ψθs)−1 = XK .

Recall from (2.5.34) the identity

(3.7.39)
∂H

∂s
=
∂K

∂θ
− {K,H} = ∂K

∂θ
+ {H,K}

for the normalized Hamiltonian H .

Proposition 3.7.7. Let (h, ψ) be an exact Lagrangian loop. Suppose that the
image of ψ is contained in U ⊂ X. Equip T ∗S1 ×X with the symplectic form

dθ ∧ db+ ωX

where (θ, b) is the canonical coordinates of T ∗S1. Then the Lagrangian embedding
ι(h,ψ) : S

1(2) × Y → T ∗S1 ×X is isotopic to the embedding oS1 × iY : S1 × Y ⊂
T ∗S1 ×X by a Hamiltonian flow supported in T ∗S1 × U .

We adapt the proof given in the appendix of [Oh07] to prove the following
theorem.



72 3. LAGRANGIAN SUBMANIFOLDS

Theorem 3.7.8. Let Y ⊂ X be a Lagrangian embedding and consider a two
parameter family ψts of Hamiltonian diffeomorphisms as above. Then the isotopy
f : [0, 1]× S1 × Y → T ∗S1 ×X =:M defined by

(3.7.40) f(s, θ, x) = (θ,−H(s, θ, ψθs (x)), ψ
θ
s (x))

is an exact Lagrangian isotopy in the sense of Definition 3.6.3. Furthermore, we
have

(3.7.41) i∗sα = d(K ◦ f)s.
We like to mention that here s replaces the role of t and [a, b]× Y that of Y in

Definition 3.6.3.

Proof. First we compute

f∗(dθ ∧ db+ ωX).

Since oS1 × iY ⊂ T ∗S1 ×X is a Lagrangian embedding and ψθs is symplectic, it is
easy to check that

f∗(dθ ∧ db + ωX) = α ∧ ds
for some one-form α on [0, 1]× (S1 × Y ). We have

α =
∂

∂s
⌋f∗(dθ ∧ db+ ωX)

which we now evaluate. First we have

α (ξ) = (dθ ∧ db+ ωX)

(
∂f

∂s
, df(ξ)

)

for general tangent vector ξ ∈ T (S1 × Y ). Straightforward computations give rise
to the following formulae:

df

(
∂

∂s

)
=

(
−∂H
∂s
− {H,K}

)
◦ ψθs

∂

∂b

⊕
XK ◦ ψθs

= −∂K
∂θ
◦ ψθs

∂

∂b

⊕
XK ◦ ψθs

df

(
∂

∂θ

)
=

∂

∂θ

⊕
−∂H
∂θ
◦ ψθs

∂

∂b

⊕
XH ◦ ψθs

df(η) = −dXH(dψθs (η))
∂

∂b

⊕
dψθs (η)

where η is a vector field whose projection to [0, 1]×S1 is zero. For the first equality,
we used the identity dH(XK) = {H,K}, and for the second equality, we have used
(2.5.34). From these formulae, we derive

i∗sα = i∗s

(
∂

∂s
⌋(dθ ∧ db+ ωX)

)
=

((
∂K

∂θ
◦ fs

)
dθ ◦ Tfs + dXK ◦ Tfs

)

= f∗s

(
∂K

∂θ
dθ + dXK

)
= f∗s dK = d(K ◦ f)s

Therefore the form i∗sα is exact and hence f defines a Lagrangian isotopy in the
sense of Definition 3.6.3. Furthermore we have also proved that i∗sα is exact for all
s. This finishes the proof. �
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Here is one easy way of constructing an exact Lagrangian loop out of any give
exact Lagrangian isotopy. First we introduce the notion of time-reversal of the
isotopy.

Definition 3.7.9. Let Y ⊂ X be a Lagrangian submanifold and (h, ψ) an

exact Lagrangian isotopy. The time-reversal of (h, ψ) is the pair (h̃, ψ̃) defined by

ψ̃(t, x) = ψ(1− t, x), h̃(t, x) = −h(1− t, x).
Obviously for a boundary flat (h, ψ), the concatenated isotopy

(h, ψ) ∗ (h̃, ψ̃)
defines a smooth closed embedding S1(2)×Y → R×S1(2)×X , where we represent
S1 by R/2Z. We call this concatenated isotopy an odd double of the isotopy (h, ψ)
and denote it by (hod, ψod).

Definition 3.7.10. The odd-double suspension of an exact Lagrangian isotopy
(h, ψ) : [0, 1]× Y → R×X is defined by the embedding

ι(h,ψ) : S
1(2)× Y → T ∗S1(2)×X

(3.7.42) ι(h,ψ)(θ, x) =

{
(θ,−h(θ, x), ψ(θ, x)) for θ ∈ [0, 1]

(θ, h(2 − θ, x), ψ(2 − θ, x)) for θ ∈ [1, 2].

We also denote the obvious double h ∗ h̃ of the hamiltonian h by hod.

This construction of odd-double suspension plays an important role in the proof
of the uniqueness result of topological Hamiltonians in [Vi06], [Oh07].

3.7.3. Chekanov’s suspension. In this section, we explain a different type
of suspension introduced by Chekanov [Che96b], which exclusively applies to La-
grangian submanifolds in R2n.

Consider the submersion in : S1 × Rn → Rn+1 defined by

in(θ, q1, · · · , qn) = (eq1 cos 2πθ, eq1 sin 2πθ, q2, · · · , qn)
which defines a diffeomorphism onto (R2 \ {0}) × Rn−1. Denote by ı∗n : T ∗((R2 \
{0})×Rn−1)→ T ∗(S1×Rn) the coderivative of in. Then we consider the symplectic
embedding

In = (i∗n)
−1 : T ∗(S1 × Rn)→ T ∗Rn+1 ∼= R2n+2.

Now let L ⊂ R2n ∼= T ∗Rn be a Lagrangian submanifold and a be any real number.
Denote by Na the graph of the parallel one-form adθ, i.e.,

{(θ, α) ∈ T ∗S1 | α = a}
in the canonical coordinates of T ∗S1. We regardNa×L as Lagrangian submanifold
of T ∗S1 × T ∗Rn ∼= T ∗(S1 × Rn). Then the Chekanov’s suspension of L is the
Lagrangian submanifold defined by

Θa(L) = In(Na × L) ⊂ T ∗(Rn+1) ∼= R2n+2.

Chekanov [Che96b] used this suspension to obtain the following interesting result

Theorem 3.7.11 (Chekanov). Let S1 ⊂ R2 be the standard circle of radius 1
and consider the suspension Θ0(S

1) ⊂ R4. Then Θ0(S
1) is a Lagrangian torus in

R4 which is not Hamiltonian isotopic to the standard torus S1 × S1.
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This result was originally proved by Chekanov [Che96b] studying a variation
of Ekeland-Hofer’s capacity. Later Eliashberg-Polterovich [EP97] used a version of
one-point open Gromov-Witten invariants to distinguish the two Lagrangian tori.

3.8. Canonical relation and the natural boundary condition

In this section, we study the least action principle on general symplectic man-
ifolds and set up appropriate frameworks for the variational theory of the multi-
valued action functional in the context of both open and closed strings.

As in the classical mechanics on the cotangent bundle of Chapter 1, we consider
the set of smooth paths

PM = {γ : [0, 1]→M}.
There are natural evaluation maps ev0, ev1 : PM → M given by evi(γ) = γ(i) for
i = 0, 1. We combine them to define a map

ev = (ev0, ev1) : PM →M ×M.

The following concept of canonical relations played an important role in the
calculus of Fourier integral operators by Hörmander [Hor71], [GS77].

Definition 3.8.1 (Canonical relation). A subset C ⊂ M × M is called a
canonical relation if C is a Lagrangian submanifold with respect to the symplectic
form −ω ⊕ ω on M ×M .

We will show that the canonical relations play the role of natural boundary
condition in the variational theory.

We define the action one-form denoted by α on PM by

(3.8.43) α(γ)(ξ) =

∫ 1

0

ω(γ̇(t), ξ(t)) dt.

The following formula reveals the relation between the canonical relation and the
least action principle.

Proposition 3.8.2. Let α be the action one-form on PM . Then we have

(3.8.44) dα = ev∗1ω − ev∗0ω.
(Here we regard PM as an infinite dimensional manifold.)

Proof. We need to prove

(3.8.45) dα(γ)(ξ, η) = ω(ξ(1), η(1))− ω(ξ(0), η(0))
for any γ ∈ PM and ξ, η ∈ Tγ(PM). To compute dα(γ)(ξ, η), we choose a two-
parameter family of paths

V : (−ǫ, ǫ)× (−ǫ, ǫ)→ PM

V (0, 0) = γ,
∂V

∂u

∣∣∣
(0,0)

= ξ,
∂V

∂s

∣∣∣
(0,0)

= η.

We also denote by V = V (u, s, t) the corresponding map

V : (−ǫ, ǫ)× (−ǫ, ǫ)× [0, 1]→M.

Then we have

(3.8.46) dα(γ)(ξ, η) =

(
∂

∂u
α

(
∂V

∂s

)
− ∂

∂s
α

(
∂V

∂u

)) ∣∣∣
(0,0)

.
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Here we have used the identity
[
∂V

∂u
,
∂V

∂s

]
= V∗

[
∂

∂s
,
∂

∂u

]
= 0.

Remark 3.8.3. Strictly speaking, we need to be more careful to consider differ-
ential forms and their exterior derivatives on the path space PM . Here we suggest
readers to take the formula (3.8.46) as the definition of the two-form dα on PM .
We refer readers to [GJP91], [Chen73] for more systematic discussion on the
differential forms on the path space.

Now by definition of the action one-form (3.8.43),

∂

∂u
α

(
∂V

∂s

)
=

∫ 1

0

∂

∂u

(
ω

(
∂V

∂t
,
∂V

∂s

))
dt.

Now we fix any torsion free symplectic connection ∇. Then we have

∂

∂u

(
ω

(
∂V

∂t
,
∂V

∂s

))
= ω

(
∇u

∂V

∂t
,
∂V

∂s

)
+ ω

(
∂V

∂t
,∇u

∂V

∂s

)
.

By the torsion free condition on ∇, we have

∇u
∂V

∂s
= ∇s

∂V

∂u

and so the second term will be canceled away by the similar term from ∂
∂s

∂V
∂u that

will appear in the evaluation of ∂
∂sα

(
∂V
∂u

)
in (3.8.46). Therefore it remains to

compute

ω

(
∇u

∂V

∂t
,
∂V

∂s

)
= ω

(
∇t

∂V

∂u
,
∂V

∂s

)

=
∂

∂t

(
ω

(
∂V

∂u
,
∂V

∂s

))
− ω

(
∂V

∂u
,∇t

∂V

∂s

)
.

Therefore interchanging the roles of u and s and using the symplectic property of
∇, we derive

∂

∂u

(
ω

(
∂V

∂t
,
∂V

∂s

))
− ∂

∂s

(
ω

(
∂V

∂t
,
∂V

∂u

))

= 2
∂

∂t

(
ω

(
∂V

∂u
,
∂V

∂s

))
+ ω

(
∂V

∂s
,∇t

∂V

∂u

)
− ω(∂V

∂u
,∇t

∂V

∂s
)

= 2
∂

∂t

(
ω(
∂V

∂u
,
∂V

∂s
)

)
− ∂

∂t

(
ω

(
∂V

∂u
,
∂V

∂s

))
=

∂

∂t

(
ω

(
∂V

∂u
,
∂V

∂s

))
.

Hence we have obtained

dα(γ)(ξ, η) =

∫ 1

0

∂

∂t

(
ω

(
∂V

∂u
,
∂V

∂s

) ∣∣∣
(0,0)

)
dt

=

∫ 1

0

∂

∂t
ω(ξ(t), η(t))dt

= ω(ξ(1), η(1))− ω(ξ(0), η(0))
which is exactly (3.8.46). �
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For a given subset C ⊂M ×M , we denote the subset

PCM = ev−1(C) = {γ ∈ PM | (γ(0), γ(1)) ∈ C}.
We will still denote the obvious restriction of α to PCM by the same letter α. An
immediate corollary of the formula (3.8.44) is the following characterization of the
canonical relation as the natural boundary condition.

Corollary 3.8.4. The action one-form α is closed on PCM if and only if
C ⊂M ×M is a canonical relation.

We give a several prominent examples of the canonical relations that will appear
in the later chapters of the Floer theory.

Example 3.8.5. (1) (Free loops): The diagonal ∆ ⊂ M × M is a
canonical relation. The corresponding path space P∆M can be naturally
identified with the free loop space

LM = {γ : S1 →M | S1 = R/Z}.
The zero set of α on P∆M is that of constant paths and so a copy of
M →֒ P∆M itself.

(2) (Twisted loops): The graph

∆φ := {(x, φ(x)) | x ∈M}
of a symplectic diffeomorphism φ : M → M is a canonical relation. The
corresponding path space is

LφM = {γ ∈ PM | φ(γ(0)) = γ(1)}
and an element in LφM is called a twisted loop. In fact, one can identify
a φ-twisted loop with a section of the mapping circle

Mφ := [0, 1]×M/ ∼→ S1

where the equivalence relation ∼ is provided by

(0, x) ∼ (1, x′)↔ x′ = φ(x).

The zero set of α in this case is nothing but the constant loops in Fixφ.
(3) (Lagrangian boundary condition): Now consider the canonical rela-

tion of the form
C = L0 × L1

where L0, L1 are Lagrangian submanifolds of M . The zero set of α cor-
responds to the intersection L0 ∩ L1.

3.9. Generating functions and Viterbo invariants

Generating functions play an important role in Hamiltonian mechanics and in
micro-local analysis, especially in Hörmander’s calculus of Fourier integral operators
[Hor71]. We refer readers to [Go80] for applications to the classical mechanics
and [Hor71], [GS77] for their usage in the theory of Fourier integral operators.
In the geometric point of view, whenever a family of functions on a given manifold
N is given, it associates a natural (immersed) Lagrangian submanifolds on T ∗N
under a suitable transversality hypothesis. This construction can be put into a
particular case of more general push-forward operation in the calculus of Lagrangian
submanifolds. Recently this calculus of Lagrangian submanifolds receives much
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attention in relation to functorial construction of morphisms and operations in
Fukaya category [WW10]. In this section, we illustrate this calculus applied to the
generating functions.

We start with the following lemma in linear algebra on which the push-forward
operation of Lagrangian submanifolds is based. Recall from Lemma 3.2.2 that for
any coisotropic subspace C of a symplectic vector space (V,Ω) the quotient C/CΩ

carries a canonical symplectic form induced from Ω. (See Lemma 3.2.2.) The next
lemma shows under what conditions a Lagrangian subspace L ⊂ (V,Ω) canonically
induces a Lagrangian subspace on C/CΩ.

Lemma 3.9.1. Let C ⊂ (V,Ω) be a given coisotropic subspace. Consider a
Lagrangian subspace L ⊂ (V,Ω) and the intersection L ∩ C. Suppose

(3.9.47) L+ C = V

Then πC(L ∩ C) ⊂ C/CΩ is Lagrangian.

Proof. It follows that πC(L ∩ C) is always isotropic in C/CΩ. And (3.9.47)
implies L∩CΩ = LΩ ∩CΩ = 0. Therefore we have dimL∩C = dimπC(L∩C). It
remains to show dimL∩C = 1

2 dimC/CΩ. We have dimC+dimCΩ = 2n(= dimV )
and so

dim(C/CΩ) = 2n− 2 dimCΩ.

On the other hand, we have

dimL ∩C = dimL+ dimC − 2n = dimC − n = (2n− dimCΩ)− n

= n− dimCΩ =
1

2
dim(C/CΩ)

which finishes the proof. �

Now we consider a fiber bundle π : E → M and let S : E → R be a smooth
function on a fiber bundle E. We consider Graph(dS) ⊂ T ∗E which is a Lagrangian
submanifold. We would like to push forward Graph(dS) to a Lagrangian submani-
fold in T ∗N . Consider a canonical vertical tangent bundle V TE ⊂ TE and so the
subbundle

(3.9.48) (V TE)⊥ ⊂ T ∗E
where (V TE)⊥ is the subbundle of T ∗E whose fiber at e (V TeE)⊥ ⊂ T ∗eE is the
annihilator of V TeE. We note that dim(V TeE)⊥ = dim T ∗π(e)N . By choosing a

complement of V TeE ⊂ TeE, denoted by HTeE, we have an isomorphism

π∗h : T ∗π(e)N → (HTeE)∗ → (V TE)⊥

where the first map is the dual map of the horizontal projection πh : HTeE →
Tπ(e)N .

Exercise 3.9.2. Define this isomorphism and prove its definition does not
depend on the choice of the complement HTeE in the splitting TeE = V TeE ⊕
HTeE.

Therefore we have a natural map

(3.9.49) Graph(dS) ∩ (V TE)⊥ → T ∗N.
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We denote by LS ⊂ T ∗N its image. To give a more concrete description of LS , we
recall the notion of fiber derivative of S, denoted by dvS : E → (V TE)∗, which is
defined by

dvS(e) = dS(e)|V TeE , e ∈ E.
Then we can rewrite Graph(dS) ∩ (V TE)⊥ = {(e,DhS(e)) | dvS(e) = 0} where

DhS(e) := dS(e)|HTeE .

Proposition 3.9.3. Suppose that the section dvS : E → (V TE)∗ is transverse
to the zero section o(V TE)∗ . Then the following hold:

(1) The fiber critical point set

ΣS := {e ∈ E | dvS(e) = 0}
is a smooth manifold.

(2) The image of an immersion iS : ΣS → T ∗N

LS = {(q, dS|ΣS (e)) | e ∈ ΣS , π(e) = q}.
is Lagrangian.

If an (immersed) Lagrangian submanifold L ⊂ T ∗N can be represented by S as
above, we call S a generating function of L.

Proof. By definition of ΣS , the first statement follows from the transversality
theorem.

For the second statement, if we denote e = (q, ξ) with π(e) = q and ξ ∈ V TeE,
the map iS : ΣS → T ∗M is given by

iS(e) = (πE(e), D
hS(e) ◦ (πh(e))−1), e ∈ ΣS .

Now we compute

i∗S(θ)(e)(v) = θ(diS(e)(v)) = DhS(e) ◦ (πh(e))−1(dπE(v))
= DhS(e)(v) = i∗ΣS

dS(e)(v)

where θ = p dq is the Liouville one-form on T ∗M . This proves i∗S(θ) = i∗ΣS
dS and

so i∗Sω0 = 0. Therefore it remains to show that iS is an immersion.
For this, suppose diS(e)(v) = 0 for e ∈ ΣS . Then we have dπE(e)(v) = 0 and so

v is tangent to the fiber of πE : E → N . On the other hand, v is also tangent to ΣS .
Therefore by differentiating dvS(e) = 0 along v ∈ TeΣS , we obtain d(dvS)(e)(v) =
0. Since v is vertical, diS(e)(v) = 0 implies dv(DhS(e))(v) = 0. Therefore we
obtain dv(dvS)(e)(v) = 0. But the transversality hypothesis of dvS : E → (V TE)∗

to the zero section of (T vE)∗ is equivalent to dv(dvS)(e) : V TeE → (V TeE)∗ is an
isomorphism at any point e ∈ ΣS . Therefore we have proved v = 0. This proves
that iS is an immersion and finishes the proof. �

Remark 3.9.4. When N = Rn and E = Rn×Rm and S = S(q, ξ) is a function
on Rn × Rm, we can identify

dvS = dξS, D
hS = dqS

and ΣS = {(q, ξ) | dξS(q, ξ) = 0}. And we have V TE ∼= Rn × Rm × Rm and
dvS : E → (V TE)∗ has the expression

dvS(q, ξ) = (q, ξ, dvS(q, ξ)).
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Therefore transversality of dvS against the zero section

V TE ∼= Rn × Rm × {0} ⊂ Rn × Rm × (Rm)∗

at e = (q, ξ) ∈ ΣS is equivalent to the invertibility of the hessian Hess(S|Eq ).

An immediate corollary of the proof of Proposition 3.9.3 is

Corollary 3.9.5. Any Lagrangian immersion in T ∗N generated by a gener-
ating function is exact.

It turns out that not all exact Lagrangian immersion is generated by a gener-
ating function. See [Lat91] for some detailed study of this obstruction to repre-
sentability of exact Lagrangian submanifolds by generating functions. In relation
to the existence of generating functions of an exact Lagrangian submanifold, the
following theorem of Laudenbach and Sikorav, Theorem 2.1 [LS85], is an important
existence result

Theorem 3.9.6 (Laudenbach-Sikorav). Let L ⊂ T ∗N be a Hamiltonian de-
formation L = φ1H(oN ) of the zero section oN ⊂ T ∗N . Then there exists a finite
dimensional vector bundle E → N and a smooth function S : E → R representing
φ1H(oN ), which is quadratic at infinity in addition.

Here S is said to be quadratic at infinity if there exists a non-degenerate fiber-
wise quadratic form Q such that S(q, ξ) = Q(q, ξ) outside a compact subset of E.
Motivated by this theorem, we restrict to this special class of generating functions.
Following Viterbo [Vi92], we call a generating function quadratic at infinity by
GFQI.

For a given fiberwise quadratic form Q on E, we denote by S(Q;E) the set of
GFQI with S(q, ξ) = Q(q, ξ) outside a compact subset of E. We note that when
E → N is a vector bundle we have canonical isomorphism V TeE ∼= Eπ(e) and so
we can identify V TE ∼= π∗EE and (V TE)∗ ∼= π∗EE

∗ where πE : E → N is the
projection. We define

S0(Q;E) := {S ∈ S(Q;E) | dvS is transverse to oπ∗
EE

∗}.
It is easy to see that S0(Q;E) is a dense subset of S(Q;E) in the compact open topology.

We now introduce two operations on generating functions which do not change
their generated Lagrangian submanifolds.

Definition 3.9.7.
(1) [Stabilization] We call S̃ : E ⊕ F → R a stabilization of S if

S̃(q, ξ, η) = S(q, ξ) +Q(q, η) + C

for some nondegenerate fiberwise quadratic form Q on a vector bundle F → N and
some constant C.
(2) [Gauge equivalence] We say S1, S2 : E → R are gauge equivalent if

S2 = S1 ◦ Φ
for some fiber-preserving diffeomorphism Φ : E → E.

The following uniqueness result is a fundamental theorem proved in [Vi92],
[Th99], whose proof we refer readers thereto.

Theorem 3.9.8 (Viterbo). The generating function in Theorem 3.9.6 is unique
up to the stabilization and the gauge equivalence.
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Now let a GFQI S : E → R be given. Denote the sub-level sets of S ∈ S(Q;E)

by
Eλ := {e ∈ E | S(e) ≤ λ}.

For |λ| large enough, the homotopy type of

Eλ = {e ∈ E | S(e) ≤ λ} = {e ∈ E | Q(e) ≤ λ}
is independent of λ. For such λ, we denote Eλ by E∞ and E−λ by E−∞. Note
that

(E∞, E−∞) ∼= (D(E−), S(E−)),

where E− denotes the negative bundle of the quadratic form Q and D(E−), S(E−)
the disc and the sphere bundle associated to E−, respectively.

The Thom isomorphism provides the isomorphism

(3.9.50) H∗(M) ∼= H∗(D(E−), S(E−)) ∼= H∗(E∞, E−∞)

In [Vi92], Viterbo associated to each (u, S) ∈ H∗(M)× S0(Q;E) the real number

c(u, S) = inf{λ | j∗λTu 6= 0}
Here T denotes the isomorphism (3.9.50) and

j∗λ : H∗(E∞, E−∞)→ H∗(Eλ, E−∞)

is the homomorphism induced by inclusion

jλ : Eλ → E∞.

Following [MiO95], we generalize this construction by considering arbitrary closed
submanifold K ⊂ N , denote by π|K : E|K → K the restriction of a bundle E to K.

Definition 3.9.9. Let S ∈ S0(Q;E) and K ⊂ N be given. For each 0 6= u ∈
H∗(K), we define

c(S;u,K) := inf{λ | j∗λTu 6= 0 in H∗(EλK , E
−∞
K )}.

The following result can be proved either by the way Viterbo did in [Vi92] or
by the Floer theoretic way as done in [Oh97b].

Theorem 3.9.10 (Compare with Theorem 2.3 [Vi92]). Let S ∈ S0(Q;E) be a

generating function for Lagrangian submanifold L ⊂ T ∗N , and K ⊂ N a closed
submanifold. Then:

(1) c(S;u,K) is a critical value of S|EK .
(2) For each 0 6= u ∈ H∗(K) there exists a point xu ∈ ν∗K ∩ L such that

c(S;u,K)− c(S; v,K) =

∫

γ

θ,

where γ is any smooth path in L connecting xu to xv.
(3) Let 1 and µN be the generators of H0(N) and Hn(N) respectively. Denote

γ(L) := c(µN , S)− c(1, S).
Then γ(L) ≥ 0 and γ(L) = 0 if and only if L = oM .

(4) S 7→ c(S;u,K) is a continuous function in compact open topology of S.



CHAPTER 4

Symplectic fibrations

The precise notion of symplectic fibrations was introduced by Guillemin-Lerman-
Sternberg [GLS96] in relation to the geometry of moment maps and the repre-
sentation theory. In particular they spelled out the precise notion of Hamilton-
ian fibrations as the subclass of symplectic fibrations that enables one to define a
closed extension of the given fiberwise symplectic structures. They called the latter
closed extension as the coupling form. A simple form of this notion of Hamilton-
ian fibrations was implicit when Floer formulated the celebrated Floer homology
of symplectic fixed points in terms of the mapping cylinder [Fl87]. Seidel [Se97]
related the Hamiltonian fibrations to the study of Floer homology and its product
structure in a systematic way. After then interactions between the Hamiltonian fi-
brations and Floer homology have been a crucial element in the recent development
of the chain level Floer theory and its applications to symplectic topology [En00],
[Schw00], [Oh05b]-[Oh09a], and to mirror symmetry [Se03a]-[Se03b]. In this
chapter, we will review basic elements of the theory of Hamiltonian fibrations and
their symplectic connections, emphasizing their relations to Hamiltonian dynamics
and perturbed Cauchy-Riemann equations.

4.1. Symplectic fibrations and symplectic connections

Roughly speaking, a symplectic fiber bundle π : E → B with fiber modeled
with a manifold F is a fiber bundle whose structure group is the group Symp(F, ωF )
for a symplectic form ωF on F . Here is the obvious elementary definition

Definition 4.1.1. A fiber bundle π : E → B with fiber modeled by a sym-
plectic manifold (F, ωF ) is called a symplectic fiber bundle if there exists an open
covering {Uα} of B and diffeomorphisms

(4.1.1) Φα : π−1(Uα)

##H
HH

HH
HH

HH

// Uα × F

{{ww
ww
ww
ww
w

Uα

such that the transition maps Ψαβ

Ψαβ = Φα ◦ Φ−1β
∣∣∣
π−1(Uα∩Uβ)

have the form

(4.1.2) Ψαβ(b, p) = (b, ϕαβ(b, p))

where ϕαβ(b, ·) : Fb = π−1(b) → F is a symplectic diffeomorphism for all b ∈
Uα ∩ Uβ.

81
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Now let us analyze some consequences that follow from this definition. Let
b ∈ Uα ⊂ B and Φα : π−1(Uα) → Uα × F . We denote by π2 : Uα × F → F the
projection. Then the fiber π−1(b) = Fb carries a symplectic form

ωb = Φ∗α(π
∗
2ωF ).

Proposition 4.1.2. Let b ∈ B. The form ωb defined above is independent of
the choice of Φα : π−1(Uα)→ Uα × F . In other words, we have

Φ∗α(π
∗
2ωF ) = Φ∗β(π

∗
2ωF ).

Proof. The proposition follows immediately from the condition that ϕαβ(b, ·) ∈
Symp(F, ωF ) in (4.1.2) is a symplectic diffeomorphism. �

In terms of this proposition, each symplectic fiber bundle over B can be re-
garded as a B-family of symplectic manifolds (Fb, ωb), b ∈ B, that is locally trivial
as a symplectic manifold.

Exercise 4.1.3. Prove the above statement: Any locally trivial fibration of
symplectic manifolds over B is a symplectic fiber bundle.

Let π : E → B be a symplectic fibration with fiber (F, ωF ). We denote Fb =
π−1(b) and ωb the symplectic form defined above. At each point e ∈ E, we denote

V TeE = ker dπ(e) ∼= TeFπ(e)

the vertical tangent space of the fiber, and V TE =
⋃
e∈E V TeE. Recall that a

(Ehresman) connection Γ on π : E → B is a choice of horizontal subspaces HTeE

Γ : TE = V TE ⊕HTE, HTE =
⋃

e∈E
HTeE.

Given such a connection, each path γ : [0, 1]→ B induces a horizontal vector field
on γ∗E denoted by ξγ . More precisely, the value ξγ(e) at each e ∈ (γ∗E)t = Eγ(t)
is the unique horizontal lift of tangent vector γ′(t) that satisfies

dπ(ξγ(e)) = γ′(t).

By solving the ordinary differential equation

(4.1.3) ė(t) = ξγ(e(t)), e(0) = e

for each given e ∈ Fγ(0), and evaluating the solution e(t) at t = 1, we obtain a
diffeomorphism φγ : Eγ(0) → Eγ(1), called the holonomy of the connection Γ along
γ.

Remark 4.1.4. Such diffeomorphism always exists if the fiber F is compact.
However if F is non-compact, one needs to require some tame behavior of the
connection Γ at infinity of the fibers Fb which enables one to solve the ODE (4.1.3)
uniformly over the interval 0 ≤ t ≤ 1 for all initial data e ∈ Fγ(0).

Definition 4.1.5. A connection Γ of π : E → B is called a symplectic connec-
tion if all holonomy Πγ defines a symplectic diffeomorphism, i.e., Π∗γωγ(1) = ωγ(0).

Now we would like to describe a geometric condition for Γ to be symplectic.
We consider a 2-form Ω on E which is compatible with the symplectic fibration
π : E → B i.e.,

ι∗bΩb = ωb
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at each b ∈ B where ιb : Fb →֒ E. Nondegeneracy of ωb implies that the field of
subspaces

(V TeE)Ω = {ξ ∈ TeE | Ω(ξ, η) = 0 ∀ η ∈ V TeE}
defines a connection ΓΩ. Conversely every horizontal distribution comes this way
but the choice of 2-form Ω is not unique. Two compatible 2-forms Ω1, Ω2 define
the same horizontal distributions if and only if

T vE ⊂ ker(Ω1 − Ω2).

The following result from [GLSW83] characterizes a symplectic connection Γ in
terms of the defining two form Ω.

Proposition 4.1.6. Suppose that a 2-form Ω on E is compatible to the sym-
plectic fibration π : E → B, i.e., ι∗bΩ = ωb at all b ∈ B. Then the connection ΓΩ is
symplectic if and only if the form Ω is vertically closed in the sense that

dΩe(ξ1, ξ2, ·) = 0

for all e ∈ E and ξ1, ξ2 ∈ V TeE.

Proof. Suppose that Γ is symplectic. For an arbitrary vector field ξ on E we
evaluate dΩe(ξ1, ξ2, ξ) at a point e ∈ E, using the general formula

dΩ(ξ1, ξ2, ξ) = ξ1[Ω(ξ2, ξ)] + ξ2[Ω(ξ, ξ1)] + ξ[Ω(ξ1, ξ2)]

−Ω([ξ1, ξ2], ξ)− Ω([ξ2, ξ], ξ1)− Ω([ξ, ξ1], ξ2).

We first consider the case ξ is horizontal, i.e., ξ = η♯ the horizontal lift of the
vector field η on B. Then by the compatibility of Ω to Γ the above reduces to

(4.1.4) dΩ(ξ1, ξ2, ξ) = ξ[Ω(ξ1, ξ2)]− Ω([ξ2, ξ], ξ1)− Ω([ξ, ξ1], ξ2).

On the other hand, we have the formula of (Lη♯Ω)(e)
(4.1.5) (Lη♯Ω)(e)(ξ1, ξ2) = η♯[Ω(ξ1, ξ2)]− Ω([ξ2, η

♯], ξ1)− Ω([η♯, ξ1], ξ2)

for ξ1, ξ2 ∈ TeE. If we denote by φtη♯ and φtη the flows of η♯ on E and of η on B

respectively, then

Lη♯Ω(e)
∣∣∣
V TE

=
d

dt

∣∣∣
t=0

(φtη♯)
∗Ω(e)

∣∣∣
V TE

=

(
d

dt

∣∣∣
t=0

(Πtγ)
−1ωγ(t)

)
(e)

where b = π(e) and γ is the curve t 7→ φtη(b). But the last is precisely ∇ηωb(e) by
definition of covariant derivatives and hence

(4.1.6) Lη♯Ω(e)
∣∣∣
V TE

= ∇ηωb(e).

Since Γ is symplectic, ∇ωb = 0 and so (Lη♯Ω)(e)(ξ1, ξ2) = 0 Combining these, we
have finished the proof of dΩ(ξ1, ξ2, ξ) = 0 for a horizontal vector field ξ.

Now assume ξ is vertical. Then we have

dΩ(e)(ξ1, ξ2, ξ) = dωb(ξ1(e), ξ2(e), ξ(e))

for b = π(e). Since ωb is closed on Eb and ξ, ξ1, ξ2 are vertical, the latter vanishes.
This proves dΩ(ξ1, ξ2, ·) = 0 for all vertical ξ1, ξ2.

Next we prove the converse. We need to to show that the parallel transport
map along any curve γ : [0, 1]→ B is symplectic. In other words, we shall show

Π∗γ(ωγ(1)) = ωγ(0).
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We will in fact prove the stronger statement

(Πγ,t)
∗(ωγ(t)) = ωγ(0)

for all t which is equivalent to

0 =
d

dt
(Πγ,t)

∗(ωγ(t)) = ∇γ′(t)ωγ(t).

But (4.1.6) implies

∇γ′(t)ωγ(t)(ξ1(γ
♯(t)), ξ2(γ

♯(t))) = LηΩ(γ♯(t))(ξ1(γ♯(t), ξ2(γ♯(t))

for any horizontal vector field η with η(γ♯(t)) = (γ♯)′(t). Using (4.1.4) and (4.1.5),
we then compute

LηΩ(γ♯(t))(ξ1(γ♯(t), ξ2(γ♯(t)) = dΩ(γ♯(t))(ξ1, ξ2, (γ
♯)′(t))

which vanishes by the hypothesis that Ω is vertically closed. �

One can restate the above vertical closedness of Ω as the closedness of the form
γ∗Ω on γ∗E for any smooth loop γ : S1 → B. In the next section, we will study the
symplectic fibration π : E → B with symplectic connection generated by a closed
compatible 2-form Ω which plays an important role in the topological quantum field
theory formulation of Floer homology in the literature [Schw95, Se03a, La04].

4.2. Hamiltonian fibration

In relation to the Floer theory, a special type of symplectic fibrations plays an
important role. In this section, we discuss this particular fibration, called Hamilton-
ian fibrations, partly following the exposition in [GLS96] and [MSa94] to which
we refer readers for more detailed exposition. The choice of materials made for this
section is strictly governed by the need later in the construction of pants product
in Floer cohomology and in the proof of triangle inequality of spectral invariants
under the product.

Definition 4.2.1. A symplectic fibration π : E → B is called Hamiltonian if
it carries a 2-form Ω compatible to π that is closed.

The following theorem underpins the essence of Hamiltonian fibrations in the
midst of symplectic fibrations. It is quite a remarkable theorem in that at first
sight one finds that the notion of ‘Hamiltonian’ is rather un-geometric. On the
other hand, this theorem provides a very geometric characterization of what the
Hamiltonian property represents in this context of symplectic fibrations. The proof
given here is rather different from those given in [GLS96] or in [MSa94]. In this
proof we avoid using too much background materials but go directly to the proof
using only the first principle of differential calculus and exploiting the character-
ization of symplectic fibrations over the circle and over the surface provided in
Examples 4.2.3 and 4.2.5 respectively.

Theorem 4.2.2. Let π : E → B be a symplectic fibration and Γ be a symplectic
connection on E. Then the following are equivalent:

(1) There exists a closed compatible 2-form Ω such that Γ = ΓΩ.
(2) The holonomy of Γ around any contractible loop in B is Hamiltonian.
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Moreover if (2) holds, then there exists a unique closed compatible 2-form ΩΓ on E
that generates Γ and satisfies the normalization condition

π!(Ω
k+1
Γ ) = 0 in Ω2(B)

where 2k is the dimension of the fiber and π!(Ω
k+1
Γ ) is the integration of Ωk+1

Γ over
the fiber. Any other closed compatible 2-form Ω on E that generates Γ is related to
ΩΓ by

Ω− ΩΓ = π∗β

for some closed 2-form β on B which is uniquely determined by Ω.

The 2-form ΩΓ ∈ Ω2(E) above is called the coupling form of Γ.
Before giving the proof of this theorem, we illustrate the notion by some ex-

amples naturally arising from Hamiltonian dynamics.

Example 4.2.3 (Mapping circle). Consider a symplectic manifold (M,ω) and
a symplectic diffeomorphism φ :M →M . We form the mapping circle, denoted by
Mφ,

E =Mφ := {(t, x) ∈ [0, 1]×M}/ ∼
where ∼ is the equivalence relation defined by

(1, φ(x)) ∼ (0, x).

A more dynamical description of this equivalence relation is the following. Consider
the action on R×M induced by the discrete group generated by

(t, x) 7→ (1 + t, φ(x)).

This action is free and its quotient is precisely Mφ. We have the natural projection

Mφ → R/Z ∼= S1; [(t, x)] → t.

To see local triviality of this fibration, we consider the open covering

R/Z = Uα ∪ Uβ; Uα = [(−1/4, 3/4)], Uβ = [(1/4, 5/4)].

and the trivializations

Φα :Mφ|(−1/4,3/4) → (−1/4, 3/4)×M ; [(t, x)]→ (t, x)

and

Φβ :Mφ|(1/4,5/4) → (1/4, 5/4); [(t, x)]→ (t, φ(x)).

Note Uα ∩Uβ = (1/2, 1). The transition map Φαβ : (1/2, 1)×M → (1/2, 1)×M is
given by Φαβ(t, x) = (t, φ(x)) which is symplectic since φ is symplectic.

Next we define a symplectic connection of π : E =Mφ → S1. First we consider
the linearization of the action (t, x) 7→ (t+1, φ(x)) on T ([0, 1]×M), which is given
by

((t, x), (a, ξ)) 7→ ((t+ 1, φ(x)), (a, dφx(ξ)))

for ((t, x), (a, ξ)) ∈ T ([0, 1]×M). Then the tangent bundle TMφ is realized as the
quotient of T ([0, 1]×M) by this action. We have the vertical part given by

T vMφ = {((t, x), (a, ξ)) | a = 0}/ ∼
and so a lift of the vector ∂

∂t has the form

∂

∂t
⊕Xt(x)
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where x 7→ Xt is a vector field on Et. For this lifting to be consistent with the
equivalence relation ∼, it should satisfy

Xt+1(φ(x)) = dφx(Xt(x)), or equivalently φ∗Xt+1 = Xt

The holonomy φ : Et0 → Et1 along the interval [t0, t1] ⊂ S1 is obtained by solving
the ODE

de

dt
= X̃(e(t))

for a curve e : [t0, t1] → E where X̃ is the horizontal lift of ∂
∂t over [t0, t1]. In

the above trivialization, if we write e(t) = (t, γ(t)) and X̃(e(t)) =
(
∂
∂t , Xt(γ(t))

)
,

γ satisfies γ̇(t) = Xt(γ(t)). Then the holonomy is symplectic if and only if the
vector field Xt satisfies LXtω = 0, i.e., d(Xt⌋ω) = 0, i.e., Xt is a (time-dependent)
symplectic vector field. In conclusion, a symplectic connection on Mφ → S1 is
equivalent to a choice of one parameter family of symplectic vector field {Xt}t∈[0,1]
that satisfies

φ∗Xt+1 = Xt.

We note that such a vector field always exists since we can always put Xt = 0 near
t = 0, 1 and extending periodically over R. Next it is easy to see that the family
{Xt} gives rise to a Hamiltonian connection if and only if Xt is Hamiltonian, i.e.,
Xt = XHt for some time-dependent function Ht. Using the fact φ is symplectic, it
follows Ht satisfies

φ∗(dHt+1) = dHt.

Next we consider the closed 2-form Ω = ω + d(Htdt) on R ×M . By definition,
it restricts to ω on each fiber. If we apply the pushforward of Ω under the action
(t, x) → (t + 1, φ(x)), we obtain φ∗ω + φ∗d(Ht+1dt) = ω + d(Htdt), i.e., the form
Ω descends to a closed 2-form Mφ. Since S1 is 1-dimensional, the normalization
required for Ω is vacuous. Therefore

Ω = ω + d(Htdt)

is the unique coupling form associated to the Hamiltonian connection.

Conversely, we have the following

Theorem 4.2.4. Consider any symplectic fibration E → S1 with its fiber
(M,ω). Then there exists a symplectic diffeomorphism φ and an isomorphism

Φ : E →Mφ

as a symplectic fibration.

Proof. We pick a symplectic connection Γ on E and consider the parallel
transport map φ0,t : E0 → Et where Et = π−1(t). This defines a trivialization Φ+ :
(−1/4, 3/4)× E0 → E|(−1/4,3/4) by Ψ+(t, e0) = φ0,t(e0), and Ψ− : (1/4, 5/4)× E1

by Ψ−(t, e1) = φ1,t(e1). By definition, we have

Ψ−1− ◦Ψ+(t, e0) = Ψ−1− (φ0,t(e0)).

Noting φ0,t(e0) = φ1,t(φt,1φ0,t(e0)) = φ1,t(φ0,1(e0)), we obtain

Ψ−1− ◦Ψ+(t, e0) = (t, φ0,1(e0)).

Therefore if we set Φ± = Ψ−1± , we obtain a trivialization which is exactly the same
as the one in the description of mapping circle with φ = φ0,1 the holonomy of the
connection Γ at 0 ∈ R/Z. This finishes the proof. �
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The following example will be important in relation to the Floer homology.

Example 4.2.5 (Mapping cylinder). We consider an isotopy of symplectic dif-
feomorphisms {φs}s∈[0,1] and perform the above mapping circle construction at

each time s ∈ [0, 1]. We obtain a symplectic fibration E → [0, 1]×S1. A symplectic
connection on E is given by a 2-parameter family of symplectic vector fields {X(s,t)}
satisfying (φs)∗X(s,t+1) = X(s,t) with Xs,t = 0 for s = 0, 1. When the connection
is Hamiltonian it will be given by a 2-parameter family of Hamiltonians Hs,t that
satisfy

(φs)∗(dHs,t+1) = dHs,t

and a compatible two form is given by

(4.2.7) Ω = ω + d(Hs,tdt).

We now examine the normalization condition. We compute

Ωn+1 = (n+ 1)ωn ∧ d(Hs,tdt) = (n+ 1)
∂Hs,t

∂s
ωn ∧ ds ∧ dt

and its fiber integration

π!(Ω
n+1) = (n+ 1)

(∫

M

∂Hs,t

∂s
ωn
)
ds ∧ dt.

Therefore the normalization condition π!(Ω
n+1) = 0 is reduced to

(4.2.8) 0 =

∫

M

∂Hs,t

∂s
ωn =

∂

∂s

(∫

M

Hs,t ω
n

)
.

In particular, if we consider the Hamiltonians satisfying the normalization condition∫
M
Hs,t ω

n = C for all (s, t) ∈ [0, 1]2, where C is a fixed constant e.g., C = 0, then
(4.2.7) gives the expression of the unique coupling form.

Exercise 4.2.6. Suppose that the symplectic fibration E → [0, 1] × S1 with
E|{0}×S1 ∼= {0, 1} × S1 is trivial on {0, 1} × S1 and equipped with a compatible

connection Γ that is trivial at {0, 1} × S1. Prove that the fibration with such a
connection is isomorphic with the mapping cylinder obtained from {φs,t}(s,t)∈[0,1]2
with φ0,t = id = φ1,t with the connection described in the Example 4.2.5.

Finally we prove the following infinite dimensional analog to the celebrated
Ambrose and Singer’s theorem about the relation between the holonomy and the
curvature of the principal bundle [AS53]: Curvature generates the holonomy group.
Since Ambrose and Singer’s proof uses finite dimensionality in an essential way in
their proof, we present a different coordinate-free proof directly using the simple
version of Campbell-Hausdorff type formula. This proof applies to any fiber bundle
whose structure group is a Frechet Lie subgroup of the diffeomorphism group of
the fiber, not just to the Hamiltonian diffeomorphism group.

Proposition 4.2.7. Suppose Γ satisfies (2) in Theorem 4.2.2. Let b ∈ B and
v1, v2 ∈ TbB. Let ηi for i = 1, 2 be any vector fields defined on a neighborhood U

of b such that ηi(b) = vi, and η♯i their horizontal lifts. Then the vertical part of

[η♯1, η
♯
2]
v(b) defines a Hamiltonian vector field at the fiber (Eb, ωb).
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Proof. We recall the basic formula for the Lie bracket of the vector field on
general manifold M :

(4.2.9) exp(tX) exp(tY ) exp(−tX) exp(−tY ) exp

(
t2

2
[X,Y ]

)
= ϕ(t)

where exp tX is the one-parameter subgroup of the vector field X and

(4.2.10) dist(ϕ(t), id) ≤ Ct3

for some constant C > 0 depending only on X, Y and M . (See [Spi79] for the
proof.)

Let v1, v2 ∈ TbB and η1, η2 be given their local extensions on B with ηi(b) = vi.
Then we have the curvature

curv(η1, η2) = [η♯1, η
♯
2]− [η1, η2]

♯.

We apply (4.2.9) to η♯1, η
♯
2 on E and substitute

√
t into t to obtain

exp(
√
tη♯1) exp(

√
tη♯2) exp(−

√
tη♯1) exp(−

√
tη♯2) exp

(
t

2
[η♯1, η

♯
2]

)
= ϕ(

√
t).

Here we point out that all the factors except the last one are
√
t-reparametrization of

the horizontal one-parameter subgroups. Multiplying exp
(
− t

2 [η
♯
1, η

♯
2]
)
exp

(
t
2 [η1, η2]

♯
)

on the right of the equation, we obtain

exp(
√
tη♯1) exp(

√
tη♯2) exp(−

√
tη♯1) exp(−

√
tη♯2) exp

(
t

2
[η1, η2]

♯

)

= ϕ(
√
t) exp

(
− t
2
[η♯1, η

♯
2]

)
exp

(
t

2
[η1, η2]

♯

)

On the other hand we have the general formula

exp t(X + Y ) = exp tX exp tY (Id+O(t2))

and so

ϕ(
√
t) exp−

(
t

2
[η♯1, η

♯
2]

)
exp

(
t

2
[η1, η2]

♯

)
= ϕ(

√
t) exp

t

2

(
−[η♯1, η♯2] + [η1, η2]

♯
)
ψ(t)

where ψ(t) is an isotopy of diffeomorphism with dist(ψ(t), Id) = O(t2).

Since −[η♯1, η♯2] + [η1, η2]
♯ is vertical, we have π ◦ exp t

2

(
−[η♯1, η♯2] + [η1, η2]

♯
)
=

Id. and so

π ◦
(
ϕ(
√
t) exp

t

2

(
−[η♯1, η♯2] + [η1, η2]

♯
)
ψ(t)

)
(b) = b+O(t2).

Therefore the projection curve

t 7→ π

(
ϕ(
√
t) exp

t

2

(
−[η♯1, η♯2] + [η1, η2]

♯
)
ψ(t)

)
(b) =: α(t)

has its image within the distance O((
√
t)3)) from the point b ∈ B by (4.2.10). Now

consider the one-parameter family of curves α : [0, s]→ B for 0 ≤ s ≤ ǫ with ǫ > 0

sufficiently small. Since we have dist(b, α(t)) ≤ C
√
t3, we can complete them to a

contractible piecewise smooth loop issued at b by concatenating the short geodesic



4.2. HAMILTONIAN FIBRATION 89

from α(s) to b which has length ≤ C
√
s3. It follows that the horizontal lift of this

curve is precisely

exp(
√
tη♯1) exp(

√
tη♯2) exp(−

√
tη♯1) exp(−

√
tη♯2) exp

(
t

2
[η1, η2]

♯

)

modulo the error of order O(
√
t3) for 0 ≤ t ≤ s. Since the holonomy map Eb → Eb

for such loops for each s is Hamiltonian, the generating vector field at t = 0 of the
associated Hamiltonian isotopy on Eb must be a Hamiltonian vector field. But a
straightforward computation shows

d

dt

∣∣∣
t=0

exp(
√
tη♯1) exp(

√
tη♯2) exp(−

√
tη♯1) exp(−

√
tη♯2) exp

(
t

2
[η1, η2]

♯

)

=
1

2

(
[η♯1, η

♯
2]− [η1, η2]

♯
)
.

Therefore [η♯1, η
♯
2]− [η1, η2]

♯ is Hamiltonian which is exactly what we want to show.
This finishes the proof. �

Now we are ready to give a proof of Theorem 4.2.2.

Proof of Theorem 4.2.2. First we prove (1) implies (2). Let γ be any con-
tractible loop in B. Then the pull-back γ∗E → S1 becomes a symplectic fibration
with the closed two form π∗2Ω where π2 : γ∗E → E the canonical projection. By
the classification of symplectic fibration over S1 in Example 4.2.3, we may assume
that γ∗E ∼=Mφ for some symplectic diffeomorphism φ.

Now let w = w(s, t) : [0, 1]× S1 → B be a contraction of γ with

w|s=0 = const, w|s=1(t) = γ(t)

Then consider the pull-back bundle w∗E → [0, 1] × S1 and the pull-back form
Ωw := π∗2Ω by the map π2 : w∗E → E. Then the pair (w∗E,Ωw) defines a fibration
over [0, 1]×S1 induced by the closed two form Ωw. Now we compute the holonomy
of E over γ which is the same as that of w∗E along ∂[0, 1] × S1. By Example
4.2.5 and Exercise therein, we can identify w∗E with compatible 2-form Ωw with a
mapping cylinder with connection obtained by the explicit form

Ω = ω + d(Hs,tdt)

where Hs,t is the 2-parameter family Hamiltonian satisfying ∂
∂s

∫
Hs,t ω

n = 0. Note
that since w|s=0 = const, the normalization condition enable us to choose H0,t ≡ 0.
The normalization condition implies

∫

M

Hs,t ω
n = 0

for all s ∈ [0, 1]. Then the holonomy along γ is nothing but the flow of the Hamil-
ton’s equation ẋ = XH1,t(x) and hence it is Hamiltonian.

Now we prove (2) implies (1). We will write down the unique coupling form
explicitly. Since any 2-form compatible to the connection Γ at Eb restricts to the
fiber symplectic form, it is enough to specify the values of the pair Ω(ξ, η♯), and

Ω(η♯1, η
♯
2) where ξ is tangent to the fiber and η♯ or η♯i are the horizontal lifts of

tangent vectors η, ηi of B at b ∈ B. First we set

Ω(ξ, η♯) = 0
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to achieve compatibility of Ω to the connection Γ. To specify Ω(η♯1, η
♯
2), we apply

Proposition 4.2.7 and define

(4.2.11) Ωe(η
♯
1, η

♯
2) := Hη1η2(π(e))

whereHη1,η2 is the fiberwise Hamiltonian function on Eπ(e) whose associated Hamil-

tonian vector field becomes the curvature vector [η♯1, η
♯
2]− [η1, η2]

♯. In other words,
Hb
η1,η2 is a function on Eb such that

(4.2.12) dHb
η1,η2 = [η♯1, η

♯
2]
v⌋ωb.

Now we evaluate the two form on B against (v1, v2) ∈ TbB and get

π!(Ω
n+1)(b)(v1, v2) =

∫

Eb

(v1)
♯ ∧ (v2)

♯⌋Ωn+1.

By definition, we have

(v1)
♯ ∧ (v2)

♯⌋Ωn+1 = (n+ 1)Ω(v♯1, v
♯
2)Ω

n.

But we have Ω(v♯1, v
♯
2) = Hv1,v2(b) and hence the normalization condition π!(Ω

n+1) =
0 reduces to

∫
Eb
Hv1,v2(b)ω

n
b = 0. Of course with this normalization of the Hamil-

tonian, Hv1,v2 is uniquely determined by the pair (v1, v2) in TbB and hence the
coupling form ΩΓ is uniquely determined.

Finally we show closedness of the form Ω = ΩΓ defined. Since we already know
vertical closedness of Ω, it is enough to show

dΩ(ξ, η♯1, η
♯
2) = 0

for ξ vertical and η♯i horizontal. But a straightforward computation shows

dΩ(ξ, η♯1, η
♯
2) = ξ[Ω(η♯1, η

♯
2)] + η♯1[Ω(η

♯
2, ξ)] + η♯2[Ω(ξ, η

♯
1)]

−Ω([ξ, η♯1], η♯2)− Ω([η♯1, η
♯
2], ξ)− Ω([η♯2, ξ], η

♯
1).

It is easy to check the following

ξ[Ω(η♯1, η
♯
2)] = ξ[Hη1,η2 ]

η♯1[Ω(η
♯
2, ξ)] = η♯2[Ω(ξ, η

♯
1)] = 0

Ω([η♯1, η
♯
2], ξ) = Ω([η♯1, η

♯
2]
v, ξ) = dHη1,η2(ξ).

For the study of the other terms, the following lemma is useful

Lemma 4.2.8. Let ξ be a vertical vector field, i.e., dπ(ξ) = 0 and consider the
horizontal lift η♯ of a vector field η on B. Then the vector field [ξ, η♯] is vertical.

Proof. Note that both ξ and η♯ is projectable in that

dπ(ξ) = 0, dπ(η♯) = η

i.e., they are π-related to the zero vector field and to η on B respectively. Therefore
we have

dπ[ξ, η♯] = [dπ(ξ), dπ(η♯)] = [0, η] = 0.

Hence [ξ, η♯] is vertical. �
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This lemma then implies

Ω([ξ, η♯1], η
♯
2) = Ω([η♯2, ξ], η

♯
1) = 0.

Therefore we have obtained

dΩ(ξ, η♯1, η
♯
2) = ξ[Hη1,η2 ]− dHη1,η2(ξ) = 0.

This proves closedness of Ω. Since the last statement is easy to check, we leave its
proof to readers. This finishes the proof of Theorem 4.2.2. �

By construction, there is a close relationship between the coupling form ΩΓ and
the curvature of the connection Γ which we summarize in the following. This is an
immediate translation of (4.2.12).

Theorem 4.2.9. Let E → B be a Hamiltonian fibration and let Γ be a Hamil-
tonian connection. Denote

Yη1η2 = (π∗ curv(Γ))(η♯1, η
♯
2)

Hη1η2 = ΩΓ(η
♯
1, η

♯
2)

as a vector field and as a function on E respectively. Then we have

(4.2.13) Yη1η2⌋Ω = dHη1η2

for any η1, η2 ∈ TB.

We now specialize the above discussion on the curvature to the case of product
fibration E = Σ× (M,ω) with Σ a compact two-dimensional surface, and relate it
with the family of Hamiltonian flows. Regard the product E = Σ × (M,ω) as a
bundle of symplectic manifold whose structure group is Symp0(M,ω), the identity
component of Symp(M,ω).

Assuming that M is connected, we obtain the exact sequence

(4.2.14) 0→ R→ C∞(M)→ ham(M,ω)→ 0

where ham(M,ω) is the set of Hamiltonian vector fields on (M,ω). This encodes
the correspondence between Hamiltonian functions and Hamiltonian vector fields is
unique modulo the addition by constant functions. This exact sequence is an exact
sequence of Lie algebras with trivial bracket on R, the Poisson bracket on C∞(M)
and the Lie bracket on ham(M,ω). In our convention, the second map is given by

h 7→ −Xh.

When M is closed, this exact sequence splits by the map taking the mean∫

M

: C∞(M)→ R ; h 7→
∫

M

h dµ.

Considering a family of Hamiltonians parameterized by a space Σ, which induces a
natural exact sequence

0→ Ω1(Σ,R)→ Ω1(Σ, C∞(M))→ Ω1(Σ, ham(M,ω))→ 0,

we obtain the isomorphism

Ω1(Σ, C∞0 (M)) ∼= Ω1(Σ, ham(M,ω))

where we denote C∞0 (M) = ker
∫
M .

Now let K ∈ Ω1(Σ, C∞(M)) and denote by PK the corresponding one-form of
Ω1(Σ, ham(M,ω)). Then for each choice of ξ ∈ C∞(TΣ), K(ξ) gives a function
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on M and so a Hamiltonian vector field PK(ξ) = XK(ξ) on M . One important
quantity associated to the one-form K is a two-form on Σ, denoted by RK : this is
defined by

(4.2.15) RK (ξ1, ξ2) = ξ1[(K(ξ2)]− ξ2[(K(ξ1)]− {K(ξ2),K(ξ1)}
for two vector fields ξ1, ξ2, where ξ1[(K(ξ2)] denotes directional derivative of the
function K(ξ2)(z, x) with respect to the vector field ξ1 as a function on Σ, holding
the variable x ∈M fixed. It follows from the expression that RK is tensorial on Σ.
In fact, this is the curvature of the connection associated to K.

Exercise 4.2.10 (See [Ba78]). Consider the trivial bundle [0, 1]2 × (M,ω)→
[0, 1]2. Prove that the connection PK is flat, i.e., RK = 0 if and only if PK as a
(s, t)-dependent vector fields can be integrated into the two-parameter family of
Hamiltonian isotopies Λ : (s, t) 7→ Λ(s, t) ∈ Ham(M,ω).

4.3. Hamiltonian fibrations, connections and holonomies

Let S be a compact oriented connected surface of genus g with h ≥ 1 boundary
components: ∂S = ∪hi=1∂iS where ∂iS is the i-th component of ∂S. The orientation
on S in turn induces the boundary orientation on each ∂iS.

Consider a Hamiltonian fibration E → S with connection Γ with its fiber
modeled with (M,ω). Let ωS be an area form on S with

∫
S
ωS = 1 and Ω be the

coupling form on E associated to Γ.

Proposition 4.3.1. There exists a positive constant λ0 > 0 such that the two
form Ω + λπ∗ωS is nondegenerate on E for all λ ≥ λ0.

Proof. We would like to show that there is λ0 > 0 such that for any λ > λ0,
the map ξ 7→ ξ⌋(Ω+λπ∗ωS) is an isomorphism from TE → T ∗E, i.e., that whenever
ξ satisfies (Ω + λπ∗ωS)(ξ, η) = 0 for all η ∈ TeE, then ξ = 0.

Suppose ξ satisfies that (Ω + λπ∗ωS)(ξ, η) = 0 for all η ∈ TeE. Decomposing
ξ = ξv + ξh, η = ηv + ηh into the vertical and horizontal components, we obtain

0 = (Ω + λπ∗ωS)(ξ, η)

= (Ω + λπ∗ωS)(ξ
v + ξh, ηv + ηh)

= Ω(ξv, ηv) + Ω(ξh, ηh) + λπ∗ωS(ξ
h, ηh)

and so
Ω(ξv, ηv) + Ω(ξh, ηh) = −λπ∗ωS(ξh, ηh).

for all η ∈ TeE. Here we use the definition of the connection Γ compatible to Ω
which implies Ω(T vTM, T hTM) = 0.

By considering η with ηv = 0 and ηh = 0 respectively, we obtain{
Ω(ξv, ηv) = 0

Ω(ξh, ηh) = −λπ∗ωS(ξh, ηh)
for all η. By the fiberwise nondegeneracy of Ω, we derive ξv = 0 from the first
equation. On the other hand, the second equation is equivalent to

Ω(ξh, ηh) = −λωS(dπξh, dπηh).
If ξh = 0, then ξ = 0 which finishes the proof. If not, the last equation implies

|Ω(ξh, ηh)|
|ωS(dπξh, dπηh)|

= λ
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for any η with ωS(dπξ
h, dπηh) 6= 0: Such an η exists since ωS is nondegenerate and

dπ : Λ2(HTE)→ Λ2(TS) is an isomorphism.
Furthermore, since S is compact, the quotient

sup
η;ωS(dπξh,dπηh) 6=0

|Ω(ξh, ηh)|
|ωS(dπξh, dπηh)|

.

is not zero and finite. We denote this value by λ0. Then we get a contradiction for
any choice of λ with λ > λ0. Therefore we have proved whenever λ > λ0, the map
ξ 7→ ξ⌋(Ω + λπ∗ωS) is an isomorphism. This finishes the proof. �

We note that the symplectic forms ΩΓ + λπ∗ωS are deformation equivalent to
one another for all λ ≥ λ0, and hence the family fixes a natural deformation class
of symplectic forms on E obtained by those

ωΓ,λ := ΩΓ + λπ∗ωS .

4.3.1. Hamiltonian, connection and holonomy. Next we incorporate the
holonomy effect in our discussion on the Hamiltonian fibration over the surface
with boundary. We closely follow the exposition in [En00] restricting to the case of
G = Ham(M,ω). Entov [En00] carries out this discussion in the general context of
G-bundles for arbitrary Lie group G, not just for the Hamiltonian diffeomorphism
group. Denote by h the number of connected components of ∂S.

We note that the Hamiltonian connection Γ determines a holonomy lying in
Ham(M,ω) at each point z ∈ ∂iS in a trivialization. A different trivialization will
give rise to an element conjugate in Ham(M,ω). Therefore the holonomy at a given
point in ∂iS determines a unique conjugacy class of Ham(M,ω) in Symp(M,ω).

Now let C = (C1, · · · , Ch) be some conjugacy classes in Ham(M,ω) and denote
by L(C) the set of Hamiltonian connections Γ on E → S which are flat over a
neighborhood of ∂S and whose holonomy along ∂iS lies in Ci. By the flatness over
a neighborhood of ∂S, the parallel transport of the fiber Eb0 , b0 ∈ ∂iS trivializes
E in a neighborhood of ∂iS so that

E|U ∼= U × Eb0 , Γe : Te(E|U ) = Tπ(e)U ⊕ Eb0 .
Let Ω = ΩΓ be the coupling form of Γ. It fixes a natural deformation class of
symplectic forms on E obtained by those

ωΓ,λ := ΩΓ + λπ∗ωS

where ωS is an area form and λ > 0 is a sufficiently large constant. We will always
normalize ωS so that

∫
S
ωS = 1.

Definition 4.3.2. The triple (E,Γ, C) is a Hamiltonian fibration with connec-
tion (E,Γ) and its holonomy φi along ∂iS lying in a conjugacy class contained in
Ci.

When (g, h) = (0, 1), S = D2 and any Hamiltonian fibration E → D2 is trivial.
Let (E,Γ, C) be a Hamiltonian fibration with connection and with holonomy along
∂D2. We choose a trivialization Φ : E → D2 × (M,ω) and represent C = {[φ]}
with φ ∈ Ham(M,ω). Then we can represent the connection Γ|∂D2 by a 1-periodic
Hamiltonian H : S1 ×M → R such that [φ1H ] ∈ C so that

(T he E) =

{(
a
∂

∂t
, ξ

)
∈ Tz∂D2 × TxM

∣∣∣ e = (z, x) ∈ D2 ×M, ξ = aXH(x))

}
.
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Or equivalently the connection 1-form A over ∂D2 can be written as

A = XH dt.

We can extend H to a family D2 ×M → R, again denoted by H = H(z, x). We
require the extension H to satisfy

H(r, t, x) ≡ H(t, x)

for all r ∈ (1 − δ, 1] for some small δ > 0, which is possible by the flatness of Γ in
a neighborhood of ∂D2. More generally for any (g, h), we can choose a Hamilton-
ian connection Γ ∈ L(C) on S so that the associated holonomies lie in the given
conjugacy classes C = (C1, · · · , Ch).

The following definition is introduced in [En00].

Definition 4.3.3. Consider a Hamiltonian fibration E → S. For given Hamil-
tonian connection Γ of E, we define the size(Γ) by the supremum of 1

λ0
for the λ0

appearing in Proposition 4.3.1 so that the form ΩΓ + λπ∗ωΣ is nondegenerate. We
define the size

size(E) := sup
Γ
size(Γ)

over all Hamiltonian connection Γ of E.

Proposition 4.3.1 implies size(Γ) is always finite. We will estimate this size in
terms of the K-area of the Hamiltonian fibration E → Σ in the next section.

In the mean time, we want to relate the above discussion with a Hamiltonian
fibration over a Riemann surface (Σ, j) of genus g with k marked points {z1, · · · , zk}.
The complex structure j induces the complex orientation on Σ. We denote

Σ̇ = Σ \ {z1, · · · , zk}
and fix analytic coordinates of the punctured neighborhood Di \ {zi} of each punc-
ture zi with either [0,∞)×S1 or (−∞, 0]×S1 with the standard complex structure
on the cylinder so that ∂Di mapped to the boundary circle of the corresponding
semi-cylinder. We call punctures of the first type incoming and the second type out-
going. In general we call a puncture with analytic coordinates a directed puncture.

We denote the identification by

ϕ+
i : Di \ {zi} → (−∞, 0]× S1

for positive punctures and

ϕ−i : Di \ {zi} → [0,∞)× S1

for negative punctures. Assume that this identification extends to Di if we con-
formally identify [0,∞) × S1 or (−∞, 0] × S1 with D2 \ {0}. We call such an
identification a rational coordinates. We denote by (τ, t) the standard cylindrical
coordinates on the cylinders. Then the rational coordinate maps ϕ± are uniquely
determined up to translations by τ .

We now define the real blow-up of Σ̇ at ~z = {z1, · · · , zk} as a compact surface
with boundary whose components consist of k circles that replaces zi by RP1

∼=
PR(TziΣ)

∼= S1. We denote the corresponding topological space by the puncture

BlR~z (Σ) = S.
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We provide a natural conformal structure on Int(BlR~z (Σ)) coming from the identi-
fication

Int(BlR~z (Σ)) = Σ \ {z1, · · · , zk}.
When we are also given an analytic coordinates on Di \ {zi}, say ϕ : Di \ {zi} →
[0,∞)× S1, we have a natural holomorphic embedding

[0,∞)× S1 → Int(BlR~z (Σ))

mapping (0, t) ∈ {0} × S1 → ∂Di. This holomorphic embedding is uniquely deter-
mined up to the phase rotation on the domain.

When we prescribe holonomies along the boundary components of BlR~z (Σ), we

call the holonomies around the punctures of Σ̇.

Lemma 4.3.4. Consider a Hamiltonian diffeomorphism φ and Hamiltonian with
H 7→ φ. Let Mφ → S1 be the mapping circle of φ and consider the Hamiltonian
connection on Mφ having the two form

ω + d(Hdt)

as its coupling form. Consider any Hamiltonian fibration E → D2 with connection
whose coupling form given by Ω such that Φ∗Ω restricts to the connection on ∂iS
above. Consider any section v : D2 → E which is horizontal along ∂D2. Then for
any given trivialization Φ : E → D2 × (M,ω), we can write

Φ ◦ v(z) = (z, wΦ(z))

for a smooth map w = wΦ : D2 → M such that w|∂D2(t) = φtH(x) := zxH(t) for
some point x ∈M . Furthermore we have

(4.3.16) −
∫

D2

v∗Ω = −
∫

D2

w∗ω −
∫

∂D2

H(t, zxH(t)) dt.

Proof. Let (E,Ω) be such a fibration with connection whose coupling form is
Ω. In a trivialization Φ : E → D2 × (M,ω), we can write Φ∗Ω = ω + η where η is
a closed form and η(ξ, ·) ≡ 0 for any ξ ∈ TM . And Ω also satisfies

(Φ∗Ω)|E|∂iS = ω + d(H dt).

Consider a section v : D2 → E given by Φ ◦ v(z) = (z, w(z)). Then we have

−
∫

D2

v∗Ω = −
∫

D2

(Φ ◦ v)∗(Φ∗Ω) = −
∫

D2

(Φ ◦ v)∗(ω + η)

= −
∫

D2

w∗ω −
∫

D2

(Φ ◦ v)∗η.

Here the two form (Φ ◦ u)∗η is a form on D2 which is closed and restricts to
w∗d(H dt) = d(w∗H dt) on ∂D2. Since H1(D2, ∂D2) = 0, the form (Φ ◦ v)∗η is
exact and so ∫

D2

(Φ ◦ v)∗η =

∫

∂D2

w∗H dt =

∫

∂D2

H(t, w|∂D2(t)) dt.

On the other hand, the horizontality of the section u implies ∂w
∂t (t) = XH(t, w(t))

for all t ∈ ∂D2. This implies w|∂D2(t) = φtH(x) for some x ∈M which finishes the
proof. �
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4.3.2. Curvature and weak couplings. Let ωS be an area form on S with∫
S ωS = 1 and Ω be the coupling form on E associated to Γ. For any such Ω, we
know that

ωΓ,λ := ΩΓ + λπ∗ωS .

becomes non-degenerate for all sufficiently large positive constant λ. When we
prescribe the holonomies along the boundary components, the choice of such a
constant λ will depend on the given holonomies.

When we are given a trivialization Φ : E → S × (M,ω), we may identify a
fiber with (M,ω). Then we may identify the curvature curv(Γ) of the connection
Γ on π : E → S with a two form in Ω2(S;C∞0 (M)). Note that the Hamiltonian
connection Γ determines a holonomy lying in Ham(M,ω) at each point z ∈ ∂iS in
a trivialization.

For a given function h ∈ C∞(M), we denote

osc(h) = max
x∈M

h(x) − min
x∈M

h(x).

We recall that osc is invariant under the action of Symp(M,ω) on C∞0 (M). Using
this we can define the Hofer norm of the curvature curv(Γ) ∈ Ω2(S,C∞0 (M) in the
following way. For a given trivialization Φ : E → S ×M , curv(Γ) induces a skew
symmetric bilinear form

KΓ,Φ
z : TzS × TzS → C∞(M).

Therefore we can define its Hofer norm by

(4.3.17) ‖KΓ,Φ
z ‖ := |KΓ,Φ

z (v, w)| for ωS(v, w) = 1.

It is obvious to see that the right hand side does not depend on the choice of (v, w)
with ωS(v, w) = 1.

Exercise 4.3.5. Prove that the definition (4.3.17) does not depend on the
choice of the trivialization. More specifically, consider two trivializations Φ, Ψ and
write

Ψ ◦ Φ−1(z, x) = (z, φzΨΦ(x))

for φzΨΦ ∈ Ham(M). Then prove

KΓ,Ψ
z (v, w) = KΓ,Φ(v, w) ◦ φzΨΦ.

Now we can define ‖curv(Γ)‖ = ‖KΓ,Φ‖ for a (and so any) trivialization of
E → S and call it the curvature width of Γ. Following [Gr96], [Po96] and [En00],
we define the notion of K-area of the connection Γ by

K-area(Γ) =
1

curv(Γ)

and define the K-area of E by

K-area(E) = inf
Γ
K-area(Γ).

The following definition will be useful for the study of the triangle inequality
later in part III of this book.

Definition 4.3.6. We define the K-area of E equipped with the holonomy
tuple C = (C1, · · · , Ch) by
(4.3.18) K-area(E; C) = inf

Γ∈L(C)
K-area(Γ).
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It follows that K-area(E; C) does not depend on the order of the conjugacy
classes C1, . . . , Cℓ.

Now we are ready state a theorem relating the two invariants size(E) and
the K-area(E) of E. Let Ω = ΩΓ be the coupling form of Γ. It fixes a natural
deformation class of symplectic forms on E obtained by those

ωΓ,λ := ΩΓ + λπ∗ωS

where ωS is an area form and λ > 0 is a sufficiently large constant. We will always
normalize ωS so that

∫
s
ωS = 1.

The following definition is an immediate generalization of Definition 4.3.3

Definition 4.3.7. Consider a Hamiltonian fibration E → S with a connection
Γ induced by a coupling form Ω. Define the size(Γ) by the supremum of 1

λ appearing
in Proposition 4.3.1 such that the form ΩΓ + λπ∗ωΣ is nondegenerate. We define

(4.3.19) size(E; C) = sup
Γ∈L(C)

size(Γ).

The following theorem is equivalent to Theorem 3.7.4 [En00] proved by Entov.

Theorem 4.3.8. Let π : E → Σ be a Hamiltonian fibration with connection
Γ ∈ L(C). Then we have

(4.3.20) size(E; C) ≤ K-area(E; C).
Proof. To check nondegeneracy of ΩΓ + λπ∗ωΣ, it is enough to ensure the

form is nondegenerate on HTeE for all e ∈ E. But for any given η1, η2 ∈ Tπ(e)S,
we have

Ω(η♯1, η
♯
2) + λωΣ(η1, η2) = curv(Γ)(η1, η2) + λωΣ(η1, η2).

Therefore if curv(Γ)(η1, η2) + λωΣ(η1, η2) = 0 for ωΣ(η1, η2) 6= 0, then we have

λ = −curv(Γ)(η1, η2)
ωΣ(η1, η2)

.

In particular, if ωΣ(η1, η2) = 1, λ = −curv(Γ)(η1, η2). This implies that provided

λ > max
z∈Σ

max
η1, η2;ωΣ(η1, η2)=1

|curv(Γ)(η1, η2)|,

the form ωΓ,λ = ΩΓ + λπ∗ωΣ is nondegenerate.
Equivalently, whenever we can find a Hamiltonian connection Γ such that

1

λ
<

1

maxz∈Σ ‖curv(Γ)(z)‖
=

1

‖curv(Γ)‖
the form ΩΓ+λπ

∗ωΣ is nondegenerate. By taking the infimum of 1
‖curv(Γ)‖ over all

such Γ, we have derived that for any given 0 < ǫ < λ, the form ωΓ,λ is nondegenerate
provided

1

λ
≤ K-area(E; C) + ǫ

By taking the supremum of 1
λ over all such λ and then letting ǫ → 0, we have

proved
size(E; C) ≤ K-area(E; C).

This finishes the proof. �

We can further refine our study of curv and size of the fibration π : E → Σ by
varying the connection Γ inside the ones which fixes a homotopy class of holonomies.
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4.3.3. Marked Hamiltonian fibration. Now let us consider a Hamiltonian
fibration E → S with its coupling form Ω and denote by ∇ = ∇Ω the associ-
ated symplectic connection. By definition, the holonomy of ∇ along a loop based
at a point z defines an element Ham(Ez, ω). In particular when each boundary
component of ∂S carries a marked point ∗ and an identification

(E∗,Ω∗)→ (M,ω)

the holonomy defines an element in Ham(M,ω).

Definition 4.3.9. Let S be a compact Riemann surface with boundary. Denote

∂S =
∐h
i=1 = ∂iS.

(1) A marked Hamiltonian fibration E → S is a Hamiltonian fibration (E,Ω)
with a marked point zi ∈ ∂iS with an identification (Ezi ,Ωzi)

∼= (M,ω).
(2) We say that a marked Hamiltonian fibration E has boundary holonomy

datum (φ1, . . . , φh) ∈ Ham(M,ω)h if it satisfies

(4.3.21) hol∇(∂iS; zi) = φi.

The following definition is also useful for the study of Hamiltonian geometry in
terms of Floer theory later.

Definition 4.3.10. Let S be as above. A marked Hamiltonian fibration with
connection is a Hamiltonian fibration (E,Ω) with trivializations

Φ∂S : (E|∂S ,Ω|∂S)→ ∂S × (M,ω)

along the boundary ∂S. We say that a marked Hamiltonian fibration with connec-
tion has boundary holonomy datum C = (CH1 , . . . , CHh

) if

(4.3.22) holt∇;0(∂iS) = φtHi
, i = 1, . . . , h.

We note that if we choose a different trivialization

Φ′∂S : (E|∂S ,Ω|∂S)→ ∂S × (M,ω),

then the corresponding holonomy conjugate to each other and so its conjugacy
classes do not depend on the trivializations but on the identification at the marked
points in ∂S.



CHAPTER 5

Hofer’s geometry of Ham(M,ω)

In the middle of 80’s, Gromov and Eliashberg [El87] proved the celebrated sym-
plectic C0-rigidity theorem, which states that any non-symplectic diffeomorphism
cannot be the (locally) uniform limit of any sequence of symplectic diffeomorphisms.
This first indicates existence of the concept of symplectic topology. The main idea of
his proof relies on a construction of certain C0-type invariants which are preserved
under the symplectic diffeomorphisms. This construction of a C0-type invariant is
then completed by Gromov in his seminal paper [Gr85] as a consequence of the cel-
ebrated Gromov’s non-squeezing theorem. Ekeland and Hofer [EkH89], [EkH90]
formalized this type of C0-invariants into the notion of symplectic capacity. We
refer to the book [HZ94] for a complete exposition of capacities on the classical
phase space R2n. Hofer [H90] carried out a very canonical construction of a capac-
ity on any symplectic manifold, the so called displacement energy, exploiting the
geometry of Hamiltonian flows. This construction is based on a remarkable (infinite
dimensional) biinvariant Finsler geometry of the group Ham(M,ω) of Hamilton-
ian diffeomorphisms. The associated biinvariant norm is called the Hofer norm on
Ham(M,ω). Nondegeneracy of the norm was then established by Hofer [H90],
Polterovich [Po93] and Lalonde-McDuff [LM95a] in its increasing generality.

In this section, we assume that eitherM is closed orM is open, and when M is
noncompact or has boundary, all functions are compactly supported in the interior.

5.1. Normalization of Hamiltonians

We start with considering an arbitrary manifoldM , not necessarily symplectic.
We recall from the general Lie group theory that on any Lie group G, any norm

on the Lie algebra g invariant under the adjoint action leads to a biinvariant Finsler
norm on the tangent bundle TG via the right translation from the identity to the
given group element of G.

In the case of Diff(M), the Lie algebra corresponds to the set X(M) of vector
fields with the Lie bracket

[X,Y ] = LX(Y ).

We recall LX(Y ) is defined by

LXY =
d

dt

∣∣∣
t=0

(φt)∗Y

where φt is the flow of ẋ = X(x). The adjoint action of Diff(M) on X(M) is
realized by

Adφ(Y ) =
d

dt

∣∣∣
t=0

φψtφ
−1

99
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where ψt is the one-parameter subgroup with ψ0 = id and Y = d
dt

∣∣∣
t=0

ψt. In other

words, Adφ(Y ) is the vector field defined by

(5.1.1) Adφ(Y )(x) = dφ(Y (φ−1(x)) = φ∗(Y )(x)

which is precisely the pushforward of Y under φ.
Now we consider a symplectic manifold (M,ω). By considering a smooth one-

parameter subgroup of Ham(M,ω), we have shown in section 2.3 that the Lie
algebra ham(M,ω) of Ham(M,ω) is canonically isomorphic to C∞(M)/R with
respect to the Poisson bracket associated to ω: more precisely, the assignment

f 7→ −Xf = X−f

is a Lie algebra isomorphism between (C∞(M)/R, {·, ·}) and (X(M), [·, ·]). We
recall the identity

ψ∗(Xf ) = Xf◦ψ,

and

{f ◦ ψ, g ◦ ψ} = {f, g} ◦ ψ
for any symplectic diffeomorphism ψ. Therefore the pull-back ψ∗Xf = (ψ−1)∗(Xf )
corresponds to the adjoint action by ψ−1 on C∞0 (M) is precisely given by the
composition

f ◦ ψ.
Obviously this action extends to the whole diffeomorphism group Diff(M).

For many reasons as we will see later, it is useful to realize the quotient space
C∞(M)/R as a subspace of C∞(M) by choosing a good slice of the action of R,
which is given by the addition of constants on C∞(M). There are two canonical
choices of such slices that are invariant under the adjoint action of Symp(M,ω).
We will call any element in each of the slices normalized. We now explain the
normalizations in details dividing our discussion into two cases: one closed case
and the other open case. The latter means that M is either noncompact or has
nonempty boundary.

First consider the case in which (M,ω) is closed. Let dµ be the Liouville

measure of M induced by the volume form ωn

n! . By definition this measure is
Symp(M,ω)-invariant and finite on closed M .

Definition 5.1.1. We define

C∞0 (M) = {f ∈ C∞(M) |
∫

M

fdµ = 0}.

We call any element in C∞0 (M) a mean-normalized.

The following is an easy consequence of Liouville’s lemma, Lemma 2.3.2.

Lemma 5.1.2. Assume M is closed. Then∫

M

{f, g} dµ = 0

for all f, g ∈ C∞(M) and hence

{C∞(M), C∞(M)} ⊂ C∞0 (M).

In particular, C∞0 (M) is Ham(M,ω)-invariant under the adjoint action.
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Proof. Using LXgω = 0 and Cartan’s magic formula, we compute
∫

M

{f, g} dµ =

∫

M

LXg(f) dµ =

∫

M

LXg (f)
ωn

n!

=

∫

M

LXg

(
f
ωn

n!

)
=

∫

M

d

(
Xg⌋

f ωn

n!

)
= 0.

�

Next consider the case of (M,ω) open. The following normalization has been
used in the literature.

Definition 5.1.3. Define

C∞c (M) = {f ∈ C∞(M) | supp f is compact and contained in Int(M)}.
Here c stands for ‘compactly supported’.

However this normalization does not seem to be the optimal one in the point
of view of Hamiltonian geometry, which we now elaborate.

On an open (M,ω), it is natural to consider compactly supported Hamiltonian
diffeomorphisms (respectively, symplectic diffeomorphisms).

Definition 5.1.4. A compactly supported symplectic diffeomorphism φ is
called

(1) a weakly compactly supported Hamiltonian diffeomorphism if there exists
a Hamiltonian H : [0, 1]×M → R such that its Hamiltonian vector field
XH is compactly supported and φ = φ1H ,

(2) a strongly compactly supported Hamiltonian diffeomorphism if there exists
a compactly supported Hamiltonian H : [0, 1]×M → R and φ = φ1H .

We denote by Hamwc(M,ω) and Hamsc(M,ω) the corresponding set of such dif-
feomorphisms respectively.

Obviously we have the inclusions

Hamsc(M,ω) ⊂ Hamwc(M,ω) ⊂ Sympc(M,ω).

Now we analyze the Lie algebra of each of these Lie groups. It is apparent that the
Lie algebra of Sympc0(M,ω) is the set of compactly supported locally Hamiltonian
vector fields. Next we note that by definition we have

Hamsc(M,ω) = {φ ∈ Sympc(M,ω) | φ = φ1H , supp(H) ⊂ Int(M) is compact}
where supp(H) is defined by

supp(H) =
⋃

t∈[0,1]
supp(Ht).

And it is easy to see that the Lie algebra of Hamsc(M,ω) is given by

hamsc(M,ω) = C∞c (M).

Finally we consider Hamwc(M,ω). This requires some discussion on the end
structure of M . We recall that M is said to have a finite number of ends if there
exists an increasing sequence of compact subsets

(5.1.2) M1 ⋐M2 ⋐ · · · ⋐Mi ⋐ · · ·
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such that
⋃
iMi =M and there exists N0 ∈ Z+ for which the number of connected

components of

M \Mi

stay constant for all i ≥ N0. We call the constant the number of ends of M . It is
easy to check that the number does not depend on the choice of exhaustion (5.1.2).
We denote by ∞α the end α of M .

Definition 5.1.5. Suppose that M has a finite number of ends. We define

C∞ac (M) =



f ∈ C

∞(M)
∣∣∣

∑

α∈End(M)

f(∞α) = 0



 .

One can easily check that for any compactly supported Hamiltonian vector field
X , we can always add a constant to its generating Hamiltonian so that the new
Hamiltonian is contained in C∞ac (M). Therefore C∞ac (M) is canonically isomorphic
to the Lie algebra ofHamwc(M,ω). It follows that C∞ac (M) isHamwc(M)-invariant
and

(5.1.3) dim(C∞ac (M)/C∞c (M)) = #End(M)− 1.

The following example shows that Hamsc(M,ω) ( Hamwc(M,ω), i.e., there exists
a weakly compactly supported Hamiltonian diffeomorphism that is not strongly
compactly supported. It follows from (5.1.3) that for such a diffeomorphism to
exist, the number of ends of M must have at least 2.

Example 5.1.6. Consider the cylinder M = R× S1 with the symplectic form
ω = dτ ∧ dt. We note that the number of ends of R × S1 is 2. Consider the
Hamiltonian f : R× S1 → R defined by

f(τ, t) = ρ(τ)

where ρ : R× [0, 1] is a monotone function such that

(5.1.4) ρ(τ) =

{
− 1

2 for τ ≤ −K
1
2 for τ ≥ K

for some K > 0. The corresponding Hamiltonian vector field Xρ is compactly
supported and its flow φtρ lies in Hamwc(M,ω).

Exercise 5.1.7. Prove that φtρ, t 6= 0 does not lie in Hamsc(M,ω).

5.2. Invariant norms on C∞(M) and the Hofer length

There is a natural Diff(M)-invariant norm on C∞(M)/R defined by

(5.2.5) ‖h‖ = osc(h) = maxh−minh.

It turns out that the norm (5.2.5) is the unique Diff(M)-invariant norm if n =
dimM ≥ 2 in the following sense [Che00].

Theorem 5.2.1 (Chekanov). Let dimM ≥ 2. Suppose that ‖ · ‖′ is any
Diff(M)-invariant norm on C∞0 (M). Then there exists λ ≥ 0 such that

‖f‖′ = λ‖f‖
for all f ∈ C∞0 (M).
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When we consider a symplectic manifold (M,ω), we can take the above men-
tioned normalized slices to realize the quotient space C∞(M)/R as an invariant
subset of C∞(M) depending on whether M is closed or open. Let G be any of
the two groups Hamsc(M,ω) and Hamwc(M,ω). We note that when M is closed,
Ham(M,ω) = Hamsc(M,ω) since ∂M = ∅. However we take C∞0 (M) for the
corresponding Lie algebra when M is closed, while we take C∞c (M) when M is
open.

The following symplectic (or Hamiltonian) counterpart of Chekanov’s theorem
above is an important question to ask.

Question 5.2.2. Let (M,ω). What is the classification of G-invariant norms
of the corresponding Lie algebra g?

In this regard, combination of the results by Ostrover-Wagner [OW05] and by
Buhovsky-Ostrover [BO13] provides a rather complete answer to it.

Theorem 5.2.3 (Ostrover-Wagner). Assume (M,ω) is closed. Let | · | be a
Ham(M,ω)-invariant norm on C∞0 (M) such that |·| ≤ C|·|∞ for some constant C,
but the two norms are not equivalent. Then the associated Finsler pseduo-distance
on Ham(M,ω) vanishes identically.

Theorem 5.2.4 (Buhovsky-Ostrover). For a closed symplectic manifold (M,ω),
any Ham(M,ω)-invariant pseudonorm | · | on C∞0 (M) is dominated from above by
the L∞-norm, i.e., | · | ≤ C| · |∞ for some constant C ≥ 0.

Unlike the above Chekanov’s theorem in the smooth case, it is still open without
the assumption of C∞-continuity.

The above invariant norm then induces a Finsler-type metric on the Lie group
G in the following way. We can identify the tangent space of G at φ ∈ G with g
itself by the assignment

f 7→ f ◦ φ, f ∈ C∞0 (M).

Considering f as an element in the Lie algebra g, we may consider the assignment

φ 7→ f ◦ φ
as the right invariant vector field on G generated by f .

To simplify our exposition, we will restrict to the case where M is closed. We
will briefly indicate the differences for the open case.

Suppose λ : [0, 1]→ Symp(M,ω) is a Hamiltonian path issued at the identity.
Recall the notations

Tan(λ)(t, x) := H(t, (φtH)(x))

Dev(λ)(t, x) := H(t, x)

from Definition 2.3.15.
Now we define the Finsler length of the path λ on Ham(M,ω) with respect to

the above mentioned Finsler structure in the standard way

Definition 5.2.5. Let λ ∈ Pham(Symp(M,ω)) and H be the Hamiltonian
generating the given Hamiltonian path λ, i.e., λ(t) = φtH ◦ λ(0). The Hofer length
of the Hamiltonian path λ is defined by

(5.2.6) leng(φH) =

∫ 1

0

(
max
x

H(t, (φtH)(x)) −min
x
H(t, (φtH)(x)

)
dt.
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Obviously leng(φH) coincides with the familiar expression of L(1,∞) norm

‖H‖ =
∫ 1

0

osc Ht dt =

∫ 1

0

(max
x

Ht −min
x
Ht) dt.

The following simple exercises will be useful later for the calculus of the Hofer
length function.

Exercise 5.2.6. Let H, K : [0, 1]×M → R. Prove

(1) leng((φ1H)−1φK) = leng(φ−1K φH).
(2) leng(φHφK) ≤ leng(φH) + leng(φK).
(3) leng(φH) = leng((φ1H)−1).

The length function provides a natural topology on Pham(Symp(M,ω), id) in
the following way

Definition 5.2.7. Let λ, µ ∈ Pham(Symp(M,ω), id). We define a distance
function on Pham(Symp(M,ω), id) by

(5.2.7) d(λ, µ) := leng(λ−1 ◦ µ), λ, µ ∈ Pham(Symp(M,ω), id)

where λ−1 ◦µ is the Hamiltonian path t ∈ [0, 1] 7→ λ(t)−1µ(t). We call the induced
topology the Hofer topology of Pham(Symp(M,ω), id).

5.3. The Hofer topology of Ham(M,ω)

The remarkable Hofer’s pseudo-norm of Hamiltonian diffeomorphisms intro-
duced in [H90], [H93] is defined by

(5.3.8) ‖φ‖ = inf
H 7→φ

‖H‖ = leng(φH).

The proof of the following proposition is an interesting exercise of the Hamiltonian
algebra.

Proposition 5.3.1. Let φ, ψ ∈ Hamc(M,ω). Then the following holds:

(1) (Symmetry) ‖φ‖ = ‖φ−1‖
(2) (Triangle inequality) ‖φψ‖ ≤ ‖φ‖+ ‖ψ‖
(3) (Symplectic invariance) ‖hφh−1‖ = ‖φ‖ for all h ∈ Symp(M,ω)

Proof. We recall from (2.3.22) the formula for the inverse HamiltonianH(t, x) =
−H(t, φtH(x)) generating (φtH)−1. Obviously we have

max
x

Ht = −min
x
Ht

min
x
Ht = −max

x
Ht.

It then follows ‖H‖ = ‖H‖. Furthermore we know (H) = H . Combining these we
derive (1) by taking the infimum of ‖H‖ = ‖H‖ over all H 7→ φ.

For (2), we recall the composition Hamiltonian H#F defined by

H#F (t, x) = H(t, x) + F (t, (φtH)−1(x))

which generates φψ if H 7→ φ and F 7→ ψ. The latter fact in particular implies

(5.3.9) ‖φψ‖ ≤ inf
H 7→φ,F 7→ψ

‖H#F‖.
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On the other hand, we have

max
x

(H#F )t ≤ max
x

Ht +max
x

Ft

−min
x

(H#F )t ≥ −min
x
Ht −min

x
Ft.

Then we derive

‖H#F‖ =

∫ 1

0

(
max
x

(H#F )t −min
x

(H#F )t

)
dt

≤
∫ 1

0

(max
x

Ht +max
x

Ft −min
x
Ht −min

x
Ft) dt

= ‖H‖+ ‖F‖.(5.3.10)

Combining (5.3.9) and (5.3.10), we have proved (2).
For the proof of (3), we first recall that for given Hamiltonian H the pull-back

h∗H = H ◦h generates h−1 ◦φtH ◦h for any symplectic diffeomorphism h :M →M .
Obviously we have ‖H‖ = ‖H ◦ h‖ = ‖h∗H‖. Taking the infimum over all H 7→ φ,
we have proved (3). �

This norm then gives rise to a natural metric topology on Ham(M,ω), which
we call the Hofer topology of Ham(M,ω). This is the original definition in [H90],
[H93].

We now follow the exposition from [OhM07] to provide another more concep-
tual way of defining the Hofer topology on Ham(M,ω) starting from the Hofer
topology on Pham(Symp(M,ω), id). We first rewrite the definition of Ham(M,ω).
Denote by Pham(Symp(M,ω), id) the set of Hamiltonian paths issued at the iden-
tity, and by

(5.3.11) ev1 : Pham(Symp(M,ω), id)→ Symp(M,ω); ev1(λ) = λ(1)

the evaluation map. Then it follows from the definition of Ham(M,ω) that we
have

(5.3.12) Ham(M,ω) = ev1(Pham(Symp(M,ω), id)).

This expression provides a natural topology in a more manifest way.

Proposition 5.3.2. The Hofer topology on Ham(M,ω) is equivalent to the
strongest topology for which the evaluation map (5.3.11) is continuous.

Proof. By definition of the Hofer topology on Ham(M,ω), it is easy to see
that the map evham1 is continuous. Therefore the Hofer topology is weaker than
the strongest topology. For the converse, it is enough to prove that an open set of
Ham(M,ω) in the strongest topology is also open in the Hofer topology.

Let U ⊂ Ham(M,ω) be open in the strongest topology and φ ∈ U ⊂ Ham(M,ω).
Let H 7→ φ. By definition of strongest topology, we know that ev−11 (U) is an open
neighborhood of φH in Pham(Ham(M,ω), id). Therefore, recalling

d(φ′, φ) = inf
H′,H
{d(φH′ , φH) | H ′ 7→ φ′, H 7→ φ},

there exists ǫ > 0 such that whenever d(φH′ , φH) < 2ǫ, φH′ ∈ ev−11 (U), i.e.,
φ1H′ ∈ U . Now we claim that if dhofer(φ

′, φ) < ǫ, then φ′ ∈ U which will show that
U is open in the Hofer topology. By definition, we can find F such that φ1F = φ′

and
d(φF , φH) < 2ǫ
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which shows that φF ∈ ev−11 (U) and in particular we have φ′ ∈ U . This finishes
the proof. �

Now a big question is whether this topology is trivial or not. We will discuss
this question in the next section.

5.4. Nondegeneracy and symplectic displacement energy

In this section, we first explain the idea of the proof of nondegeneracy of the
pseudo-norm, which was employed by Hofer [H90].

Here is the key concept that Hofer uses in the proof of nondegeneracy on Cn.

Definition 5.4.1 (Displacement energy). Let A ⊂M be any subset ofM . We
define

(5.4.13) e(A) = inf
H
{‖H‖ | A ∩ φ1H(A) = ∅}

and call e(A) the displacement energy of A.

It is manifest that the displacement energy is invariant under the action of
Symp(M,ω).

Suppose that φ : M → M is not the identity. Then there is a point x ∈ M
such that φ(x) 6= x. By continuity of φ, we can indeed find an open neighborhood
U of x such that

φ(U) ∩ U = ∅.
By the Darboux theorem, we may choose U so that it is the image of a symplectic
embedding

g : B2n(r) ⊂ Cn → (M,ω); g(0) = x.

In general, the image of any such symplectic embedding is called a symplectic ball
of Gromov area λ = πr2. We denote by B(λ) any such symplectic ball of Gromov
area λ.

We note that the set of ‘null’ Hamiltonian diffeomorphisms φ with ‖φ‖ = 0
forms a normal subgroup. Therefore Banyaga’s theorem implies that the set of null
Hamiltonian diffeomorphisms is either {id} or the full groupHam(M,ω). Therefore
we have only to show that e(B(λ)) > 0 for a symplectic ball B(λ) ⊂M with λ > 0,
for it will then imply that there exists a Hamiltonian diffeomorphism id 6= φ with
‖φ‖ ≥ e(B(λ)) > 0 by the definition of displacement energy.

To demonstrate nontriviality of the positivity e(B(λ)) > 0, we state a proposi-
tion that shows that it takes “zero energy” to move a point to any other point in
M .

Proposition 5.4.2. Let x0, x1 be any two points in M . Then for any given
δ > 0 there exists H such that φ1H(x0) = x1 and ‖H‖ ≤ δ. In other words, the
displacement energy of a point is zero.

Proof. We first start with the case M = R2n with the canonical symplectic
form. Noting that the symplectic group Sp(2n,R) acts transitively on R2n, we may
assume that x0 = 0, the origin, and x1 = (s, 0, · · · , 0) for some s ∈ R.

Next we consider an autonomous Hamiltonian h = sp1. Then Xs p1 = s ∂
∂q1 and

its flow is given by φts p1(x) = x + t(s, · · · , 0) for x ∈ R2n. In particular, we have

φ1h(x0) = x1. Note that p1(φ
t
h(x0)) ≡ 0 for all t.
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Finally we consider the line segment I := x0x1 and denote its δ-neighborhood
by Nδ(I). Choose a cut-off function ρ : R2n → R satisfying

ρ(x) =

{
1 for x ∈ Nδ/3(I)
0 for x 6∈ Nδ/2(I)

0 ≤ ρ(x) ≤ 1

Then we choose the Hamiltonian H = ρ · h. Since H ≡ h on Nδ/2(I) ⊃ I, we have

φ1H(x0) = φ1h(0) = x1. Furthermore it follows from the construction of H that

maxH ≤ δ

2
, minH ≥ − δ

2

and hence ‖H‖ ≤ δ. Since δ > 0 can be chosen arbitrarily small, this finishes the
proof for the case of R2n.

Now we consider the general case of (M,ω). We choose any embedded curve
α : [0, 1]→M with α(0) = x0, α(1) = x1. Choose a finite partition

0 = t0 < t1 < · · · < tN = 1

with its mesh 1
N . By choosing a sufficiently large N , we can choose a finite covering

of α([0, 1]) by symplectic balls gi : B
2n(r) → M, i = 0, · · · , N − 1 of the uniform

size so that each α([ti, ti+1]) is contained in one of the balls in the covering. It is
enough to prove that it takes ‘zero energy’ to move the point α(ti) to α(ti+1) for
each i = 0, · · · , N − 1. However this follows from the result on R2n in the first part
of the proof: we apply the first part on B2n(r) ⊂ R2n and then pushforward the
corresponding Hamiltonian after multiplying a suitable cut-off function. This will
finish the proof. �

Exercise 5.4.3. Complete the details of the last part of the argument of the
proof above. More precisely, prove that one can choose a covering of α([0, 1]) by
a finite number of symplectic balls of the uniform size, and give the details of
transferring the result on B2n(r) to (M,ω) via gi.

On the other hand, the following nontrivial theorem shows that the displace-
ment energy of a symplectic ball B(λ) for any λ > 0 is positive.

Theorem 5.4.4. Let B(λ) be any symplectic ball λ > 0.

(1) (Hofer [H90]) Let B2n(r) be the standard ball in R2n. Then e(B2n(r)) =
πr2.

(2) (Lalonde-McDuff [LM95a]) Let B(λ) ⊂ M be any symplectic ball of
Gromov area λ > 0, e(B(λ)) ≥ λ

2 .

This theorem is sometimes called the energy-capacity inequality. The following
optimal version of the energy-capacity inequality was proved by Usher [Ush09].
We will give its proof in section 22.3.

Theorem 5.4.5 (Optimal energy-capacity inequality, [Ush09]). Let (M,ω) be
an arbitrary symplectic manifold and B(λ) ⊂M be a symplectic ball. Then

e(B(λ)) ≥ λ.
An immediate corollary of the positivity result of e(B(λ)) > 0 for λ > 0

Corollary 5.4.6. The Hofer norm on Ham(M,ω) is nondegenerate, i.e.,
‖φ‖ = 0 if and only if φ = id.
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We would like to mention that the Hofer distance d(φ, φ′) := ‖φ−1φ′‖ is intrinsic
in that it is nothing but the distance of the Finsler metric induced by the Ad-
invariant norm ‖h‖ = osc(h) = maxh−minh defined on C∞0 (M). Obviously this
Hofer norm on Ham(M,ω) is bi-invariant and continuous with respect to C∞-
topology of Ham(M,ω) ⊂ Diff(M). In this regard, Buhovsky-Ostrover proved
the following uniqueness result combining Theorem 5.2.4 and Theorem 5.2.3.

Theorem 5.4.7 (Buhovsky-Ostrover). Let (M,ω) be closed. Then any bi-
invariant Finsler pseudo-metric on Ham(M,ω), obtained by a pseudo-norm | · |
on C∞0 (M) that is continuous in the C∞-topology, is either identically zero or
equivalent to Hofer’s Finsler metric. In particular any nondegenerate biinvariant
Finsler metric is equivalent to Hofer metric.

Before closing this section, we would like to re-examine the scheme of the
nondegeneracy proof outlined in the beginning of this subsection. It is easy to see
from the proof that one can equally use any collection C of subsets ofM , besides the
collection of symplectic balls B(λ), as long as the collection satisfies the following
two properties:

• For any open subset U ⊂M , there is an element A ∈ C such that A ⊂ U .
• For any A ∈ C, one can prove e(A) > 0.

It is Polterovich [Po93] who observed that the set of Lagrangian submanifolds (or
even that of Lagrangian tori) satisfies these two properties. Usage of Lagrangian
submanifolds suits very well the method of Gromov’s pseudoholomorphic curves.
We will present a simple proof given in [Oh97c] of positivity of the displacement
energy of any compact Lagrangian submanifolds in tame symplectic manifolds as
an easy application of the study of Floer’s perturbed Cauchy-Riemann equation.
This positivity property was first proved by Polterovich [Po93] for rational La-
grangian submanifolds and by Chekanov [Che98] for general Lagrangian subman-
ifolds. Polterovich used Gromov’s figure 8 trick [Gr85] in his proof and Chekanov
used a rather sophisticated Floer homology theory in the proof.

5.5. Hofer’s geodesics on Ham(M,ω)

Now let φ, ψ ∈ Ham(M,ω) and consider the Hofer distance d(φ, ψ). Using
the invariance of the Hofer distance, without loss of any generality, we may assume
ψ = id. In the point of view of the Hofer Finsler geometry of Ham(M,ω), it is
natural to ask whether the infimum ‖φ‖ = infH{‖H‖ | H 7→ φ} is realized, i.e.,
whether there exists a Hamiltonian H such that ‖φ‖ = ‖H‖.

Definition 5.5.1. We say that two Hamiltonians F and G are equivalent and
denote F ∼ G if the associated Hamiltonian paths φF and φG are path-homotopic
relative to the boundary t = 0, 1. Equivalently, F ∼ G if the two Hamiltonians are
connected by one parameter family of Hamiltonians {F s}0≤s≤1 such that F s 7→ φ

for all s ∈ [0, 1]. We denote by [F ] or φ̃F the equivalence class of F . Then we

denote by H̃am(M,ω) the set of such equivalence classes of Ham(M,ω).

Definition 5.5.2. Let φH : t ∈ [0, 1] 7→ φtH be a Hamiltonian path with
φ1H = φ ∈ Ham(M,ω).

(1) φH (or H) is called length minimizing if for any Hamiltonian path φH′

with
φ0H′ = φ0H , φ1H′ = φ1H
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we have leng(φH′ ) ≥ leng(φH) or equivalently ‖H ′‖ ≥ ‖H‖.
(2) φH is called length minimizing in its homotopy class if the same holds for

H ′ that satisfies H ∼ H ′ in addition.

Hofer [H93] proved that the path of any compactly supported autonomous
Hamiltonian on Cn is length minimizing as long as the corresponding Hamilton’s
equation has no non-constant periodic orbit of period less than or equal to one.

One can define the notion of geodesics on Ham(M,ω) similarly as in Riemann-
ian geometry. However due to the nonsmoothness of the Hofer length function,
giving a precise definition of geodesics is not a totally trivial matter. A precise
variational definition of geodesics on Ham(M,ω) is given in [Po01], to which we
also refer readers for some general discussions on geodesics.

We just quote a characterization of geodesics given by Bialy-Polterovich [BP94]
in terms of the dynamical properties of the corresponding Hamiltonian.

Definition 5.5.3. A Hamiltonian H is called quasi-autonomous if there exists
two points x−, x+ ∈M such that

H(t, x−) = min
x
H(t, x), H(t, x+) = max

x
H(t, x)

for all t ∈ [0, 1].

In [BP94] and [LM95b], Bialy-Polterovich and Lalonde-McDuff proved that
any length minimizing (respectively, locally length minimizing) Hamiltonian path
is generated by quasi-autonomous (respectively, locally quasi-autonomous) Hamil-
tonian paths.

We now recall the Ustilovsky-Lalonde-McDuff’s necessary condition on the sta-
bility of geodesics.

Definition 5.5.4. Let H : [0, 1] × M → R be a Hamiltonian which is not
necessarily time-periodic and φtH be its Hamiltonian flow.

(1) We call a point p ∈ M a time T periodic point if φTH(p) = p. We call
t ∈ [0, T ] 7→ φtH(p) a contractible time T -periodic orbit if it is contractible.

(2) When H has a fixed critical point p over t ∈ [0, T ], we call p over-twisted
as a time T -periodic orbit if its linearized flow dφtH(p); t ∈ [0, T ] on TpM
has a closed trajectory of period less than or equal to T .

Ustilovsky [Ust96] and Lalonde-McDuff [LM95b] proved that for a generic φ
in the sense that all its fixed points are isolated, any stable geodesic φt, 0 ≤ t ≤ 1
from the identity to φ must have at least two fixed points which are under-twisted.

Hofer’s theorem on the length minimizing property of the relevant autonomous
paths has been generalized in [En00], [MSl01] and [Oh02]-[Oh05b] under the
additional hypothesis that the linearized flow at each fixed point is not over-twisted
i.e., has no closed trajectory of period less than one. The following conjecture was
raised by Polterovich, Conjecture 12.6.D [Po01] (see also [Po01], [LM95b] and
[MSl01]), and proved by Schlenk [Sch06] and Usher [Ush09] in its final form.

Theorem 5.5.5 (Minimality Conjecture). Any autonomous Hamiltonian path
that has no contractible periodic orbits of period less than equal to one is Hofer-
length minimizing in its path-homotopy class relative to the boundary.
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In Part 4 of this book, we will relate the length minimizing property of quasi-
autonomous paths to some homological property of the associated Floer homology
via some general construction of spectral invariants, and provide a simple criterion
for the length minimizing property in terms of the spectral invariants. Using this
criterions, we will provide the proof of the minimality conjecture in part 4 following
the scheme used in [Oh02, Oh05b] and [Ush09].

On the other hand, not every pair of points in Ham(M,ω) can be connected by
a length-minimizing geodesic, as the following theorem by Ostrover [Os03] shows

Theorem 5.5.6 (Ostrover). Let (M,ω) be a symplectic manifold with π2(M) =
{0}. Then there exists an element φ ∈ Ham(M,ω) that cannot be connected by a
length-minimizing geodesic to the identity.

A result of this kind on S2 was previously obtained by Lalonde and McDuff
[LM95b].



CHAPTER 6

C0-Symplectic topology and topologial

Hamiltonian dynamics

Motivated by Gromov and Eliashberg’s rigidity theorem [El87], it is natu-
ral to define a symplectic homeomorphism (abbreviated as sympeomorphism) as
the C0-limit of any sequence of symplectic diffeomorphims inside the homeomor-
phism group. In [OhM07], the authors formulated the C0-analog of the group of
Hamiltonian diffeomorphisms and the notion of topological Hamiltonian flows. It
turns out that the set of Hamiltonian homeomorphisms (abbreviated as hameomor-
phisms) forms a normal subgroup of the group of symplectic homeomorphisms and
it is believed to be a proper subgroup of the group of symplectic homeomorphisms.
If this were true, it would provide the negative answer to an important open prob-
lem in dynamical systems which asks whether the area preserving homeomorphism
group of S2 (or D2) is simple or not.

This provides an important direction of study in symplectic topology which
one hopes would lead to the correct notion of C0-symplectic topological space. In
this chapter, we explore this largely unchartered territory of symplectic topology
and topological Hamiltonian dynamics. We first explain the proof of C0-symplectic
rigidity theorem closely following the proof of Ekeland-Hofer [EkH90] and then
explain the definition of continuous Hamiltonian flows introduced by Müller and
the author [OhM07], [Oh10].

6.1. C0 symplectic rigidity theorem

We start with stating Eliashberg-Gromov’s celebrated C0-symplectic rigidity
theorem

Theorem 6.1.1 (Eliashberg-Gromov). The subgroup Symp(M,ω) of symplectic
diffeomorphisms is C0-closed in Diff(M). More precisely, if a sequence φj of
symplectic diffeomorphism has the C0-limit φ∞ that is differentiable, then φ∞ is a
(C1)-symplectic diffeomorphism.

Eliashberg’s proof [El87] relies on a structure theorem on the wave fronts of
certain Legendrian submanifolds. The complete details of the proof of this struc-
ture theorem has not appeared in the literature. However Gromov’s non-squeezing
theorem can replace Eliashberg’s argument to give another proof. In fact, the exis-
tence of any symplectic capacity function on the set of open set in Cn will provide
a relatively straightforward proof of using Eliashberg’s argument in [El87].

In the remaining section, we give the definition of one such symplectic capacity
on R2n using the non-squeezing theorem. We refer readers to the book [HZ94]
for a nice exposition on the symplectic rigidity theory from the point of view of
Hamiltonian dynamics and the classical critical point theory.

111
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Let F ⊂ (M,ω) be a closed subset.

Definition 6.1.2 (Gromov area). For any closed subset F of M , we define

c(F, ω) = sup{πr2 | ∃ a symplectic embedding φ : (B2n(r), ω0)→ (F, ω)}
and call it the Gromov area of F .

Obviously if F has an empty interior, c(F, ω) = 0.
We will restrict this definition to the subsets in R2n for the rest of the section.

Non-triviality of the above definition is one of the cornerstone of modern symplectic
topology whose proof is an immediate consequence of Gromov’s celebrated non-
squeezing theorem. We refer readers to [Gr85] and also to section 11.1 for its
proof.

Next we define another capacity that is more useful in the proof of rigidity
theorem :

c(F ) = inf{πr2 | ∃ψ ∈ Symp(R2n) with ψ(F ) ⊂ Z2n(r)}
Obviously we have c(F ) ≥ c(F ).

Proposition 6.1.3. Let c be any of c and c on Cn. Then c satisfies the fol-
lowing properties :

(1) Monotonicity: c(S) ≤ c(T ) if S ⊂ T
(2) Conformality: c(φ(F )) = |α|c(F ) if φ∗ω0 = αω0 for α 6= 0
(3) Normalization: c(B2n(1), ω0) = π = c(Z2n(1), ω0)

Proof. We only give the proof for c and leave the other to readers. The
monotonicity and conformality are easy consequences of the definition of c. There-
fore we give the proof of normalization axiom. First note that the monotonicity
axiom implies c(Z2n(1), ω0) ≥ c(B2n(1), ω0) On the other hand, the nonsqueezing
theorem implies c(Z2n(1)) < c(B2n(r) = πr2 for all r > 1. Therefore we also
have c(Z2n(1), ω0) ≤ π. Hence we have proved c(Z2n(1), ω0) = π. The identity
c(B2n(1), ω0) = π is trivial. �

Definition 6.1.4 (Symplectic capacity in Cn). Any function c defined on the
subsets of Cn that satisfies the three properties stated in Proposition 6.1.3 is called
a symplectic capacity function on Cn.

Proposition 6.1.3 provides two examples of symplectic capacity on Cn. The
following proposition is an immediate consequence of the definition.

Proposition 6.1.5. For any symplectic capacity c on Cn, we have

c(F ) ≤ c(F ) ≤ c(F )
for all subsets F ⊂ Cn.

Proof. By the normalization axiom, it is easy to prove

(6.1.1) c(S) = c(S) = c(S)

for any symplectic ball. Let F ⊂ Cn be a bounded closed subset. By definition of
c, there exists a symplectic diffeomorphism ψ1 : Cn → Cn such that

ψ1(F ) ⊂ Z2n(r + ǫ)

with πr2 = c(F ). Therefore we derive

c(F ) = c(ψ1(F )) ≤ π(r + ǫ)2.
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Since this holds for all ǫ > 0, we obtain c(F ) ≤ πr2 = c(F ).
Next we prove c(F ) ≤ c(F ). If c(F ) = 0, there is nothing to prove and so

assume c(F ) > 0. By definition of c(F ), for any given 0 < ǫ < c(F ), we can find a
symplectic diffeomorphism ψ2 such that

ψ2(B
2n(r − ǫ)) ⊂ F

where πr2 = c(F ). By the symplectic invariance and the monotonicity, we obtain

c(B2n(r − ǫ)) = c(ψ2(B
2n(r − ǫ)) ≤ c(F )

On the other hand, the normalization axiom of c implies

c(B2n(r − ǫ)) = π(r − ǫ)2

and hence π(r−ǫ)2 ≤ c(F ). Since this holds for any 0 ≤ ǫ < r, we obtain πr2 ≤ c(F )
and so c(F ) ≤ c(F ). This finishes the proof. �

We will use the formal properties stated in this proposition to prove the Eliashberg-
Gromov rigidity theorem in the rest of this section. We closely follow the scheme
of the proof given by Ekeland-Hofer in [EkH90].

6.1.1. Properties of capacity-preserving linear maps. It turns out that
the study of capacities of bounded ellipsoids and coisotropic cylinders under the
linear maps play an important role in the rigidity proof in [EkH90].

A (open) bounded ellipsoid E = Eq is the subset defined by

Eq = {z ∈ Cn | q(z) < 1}
for a positive definite quadratic form q on Cn. An easy consequence of the normal-
ization axiom, we have

Proposition 6.1.6. Let c be any capacity. Then we have

c(L · E) = c(L · E) = c(L ·E).

for any bounded ellipsoid E and for any linear map L.

Exercise 6.1.7. Prove this proposition.

Definition 6.1.8. Let W ⊂ Cn be a coisotropic subspace and Ω be a bounded
open subset. We call the sum Ω+W a coisotropic cylinder over Ω.

Note that since the cylinder contains a small ball, we have c(Ω + W ) > 0.
The following interesting lemma was proved by Ekeland-Hofer [EkH90]. (Ekeland
and Hofer phrased this hypothesis as Wω null. Here we use the more standard
terminology coisotropic instead here.)

Lemma 6.1.9 (Lemma 3 [EkH90]). Let W be a subspace of codimension 2 in
Cn. Consider the cylinder Ω+W for a bounded open subset Ω. Then c(Ω+W ) =∞
if and only if W is coisotropic.

Proof. We start with the following simple exercise :

Exercise 6.1.10. Let W be a coisotropic subspace of codimension two. Then
there exists a linear symplectic map A ∈ Sp(2n,R) such that

A ·W = {z ∈ Cn | Re z1 = Re z2 = 0}.
(See [OhP05] for a complete description of the set of coisotropic subspaces of any
codimension.)
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Denote zj = qj+
√
−1pj . After applying a linear symplectic coordinate change,

we can take ǫ > 0 so small that

z ∈ Ω +W whenever q21 + q22 ≤ ǫ2.
Such ǫ > 0 exists by the normal form given in the above exercise. By definition of
Ω +W , we have

Eqǫ,N ⊂ Ω+W

for all the ellipsoids Eqǫ,N with N > 0, where the quadratic form qǫ,N is given by

qǫN =

(
1

ǫ2
q21 +

1

N2
p21

)
+

(
1

ǫ2
q22 +

1

N2
p22

)
+

1

N2

∑

k=3

|zk|2.

But this quadratic form is conjugate to

q̃ǫ,N =
1

ǫN
(|z1|2 + |z2|2) +

1

N2

∑

k=3

|zk|2

under a symplectic coordinate change. Therefore we have

c(Eqǫ,N ) = c(Eq̃ǫ,N ).

On the other hand, if N > ǫ so that ǫN < N2, we have c(Eq̃ǫ,N ) = πǫN (Prove
this!). Using the monotonicity of c we derive c(Ω+W ) ≥ πǫN . Since this holds for
all N > 0, we have proved c(Ω +W ) =∞.

Next we prove the converse. Considering its contrapositive, we need to prove
that when W is not coisotropic, then we have c(Ω+W ) <∞. Again we start with
the following exercise.

Exercise 6.1.11. Suppose W is a subspace of codimension 2 that is not
coisotropic. Prove that there is a linear symplectic map L such that

L ·W = {z ∈ Cn | z1 = 0}.
By this exercise, we may assume W = {z ∈ Cn | z1 = 0} without loss of any

generalities. Then since Ω is bounded, there exists a sufficiently large N > 0 such
that

Ω +W ⊂
{
z ∈ Cn | |z1|2 < N2

}
= Z2n(N).

Then monotonicity implies c(Ω +W ) ≤ c(Z2n(N)) = πN2 <∞ which finishes the
proof. �

Next we prove the following lemma.

Lemma 6.1.12. Let Ψ be a linear map. Then Ψ is invertible, if it preserves a
capacity c of any bounded ellipsoid.

Proof. Suppose c(Ψ(S)) = c(S) for any bounded ellipsoid S.
It is enough to prove Ψ is onto. Suppose to the contrary that Ψ(Cn) 6= Cn.

Then Ψ(Cn) is contained in a hypersurface V through the origin. Applying a linear
symplectic coordinate change if necessary, we may assume

V = {z ∈ Cn | Re z1 = 0}.
Consider any bounded ellipsoid S, e.g., S = B2n(r). Then Ψ(S) is a bounded
subset contained in V . Therefore there exists a sufficiently large N > 0 such that

Ψ(S) ⊂
{
z
∣∣∣ 1
ǫ2
q21 +

1

N2
p21 +

1

N2

n∑

k=2

|zk|2
}
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for all ǫ > 0. Then monotonicity implies

c(Ψ(S)) ≤ πǫN
for all ǫ > 0 and hence c(Ψ(S)) = 0. On the other hand, we have 0 < c(S) =
c(Ψ(S)) where the inequality follows from the normalization axiom and the equality
from the symplectic invariance. Hence we obtain a contradiction and so Ψ must be
invertible. �

Next we recall the definition of symplectic dual Ψ∗ for a linear map. Ψ∗ is the
linear map satisfying

ω0(Ψ(v), w) = ω0(v,Ψ
∗(w)).

An immediate corollary of the proposition and the lemma is the following

Corollary 6.1.13. Let Ψ be a linear map preserving a capacity c. Then
Ψ maps any coisotropic subspace of codimension 2 to a coisotropic subspace of
codimension 2. Equivalently (Ψ∗)−1 maps isotropic 2-planes to isotropic 2-planes.

Proof. Assume W is a coisotropic subspace of codimension 2. Let Ω be a
non-empty bounded open subset and consider the cylinder Ω + W . Proposition
6.1.9 then implies c(Ω +W ) =∞. Since Ψ preserves c, we obtain

∞ = c(Ψ(Ω +W )) = c(Ψ(Ω) + Ψ(W )).

Invertibility of Ψ implies that Ψ(Ω) is again a non-empty bounded open subset and
Ψ(W ) is a subspace of codimension 2. Then Proposition 6.1.9 implies Ψ(W ) is
coisotropic. This proves the first statement.

For the second statement, let U be an isotopic subspace of dimension 2 and
denote W = Uω0 which is a coisotropic subspace of codimension 2. We recall the
following duality formula

Ψ(Uω0) =
(
(Ψ∗)−1U

)ω0

for any subspace U ⊂ Cn and a linear map Ψ. If U is an isotropic subspace of
dimension 2, Uω0 is coisotropic of codimension 2 and so Ψ(Uω)) is coisotropic by

the first statement. Then by the above duality formula
(
(Ψ∗)−1U

)ω0
is coisotropic,

or equivalently (Ψ∗)−1(U) is isotropic. This finishes the proof. �

Finally we prove the following general lemma

Lemma 6.1.14. Suppose (V, ω) be any symplectic vector space and Φ : V → V
is an invertible linear map that maps isotropic 2-planes to isotropic 2-planes. Then
Φ satisfies

Φ∗ω = d · ω
for some d 6= 0.

Proof. Choose a Darboux basis

{e1, · · · , en, f1, · · · , fn}
so that

ω(ei, ej) = 0 = ω(fi, fj), ω(ei, fj) = δij .

Then since Φ preserves isotropic 2-planes, we obtain

(6.1.2) ω(Φ(ei),Φ(ej)) = 0 = ω(Φ(fi),Φ(fj))
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and

(6.1.3) ω(Φ(ei),Φ(fj)) = 0 for i 6= j.

Then by invertibility of Φ and nondegeneracy of ω, we obtain

ω(Φ(ej),Φ(fj)) = dj

for some dj 6= 0. On the other hand, we also have

ω(ei − ej , fi + fj) = 0

by simple calculation, i.e., the span {ei− ej, fi+ fj} is isotropic, and so is the span
of {Φ(ei)− Φ(ej),Φ(fi) + Φ(fj)}. Therefore we obtain

0 = ω(Φ(ei)− Φ(ej),Φ(fi) + Φ(fj))

= ω(Φ(ei),Φ(fi))− ω(Φ(ej),Φ(fj)) = di − dj
for all i, j. Denote by d the common number dj . Then we have proved

ω(Φ(ej),Φ(fj)) = d 6= 0

for all j. Combining this with (6.1.2) and (6.1.3), we have proved ω(Φ(v),Φ(w)) =
d · ω(v, w) for all v, w ∈ Cn, i.e., Φ∗ω = d · ω as stated. �

Now we are ready to finish the proof of the following theorem

Theorem 6.1.15. Suppose that Ψ : Cn → Cn is a capacity-preserving linear
map. Then Ψ is either symplectic or anti-symplectic.

Proof. Denote Φ = (Ψ∗)−1. Then it follows from Corollary 6.1.13 and Lemma
6.1.14 that

Φ∗ω0 = d · ω0.

Then it follows that either 1√
|d|

Φ or 1√
|d|
Γ ◦Φ is symplectic depending on the sign

of d, where Γ is any anti-symplectic isomorphism of Cn. We note that Γ is also
capacity-preserving. Then

√
|d|Ψ = ( 1√

|d|
Φ∗)−1 or

√
|d|(Γ∗)−1 ◦ Ψ. We note that

(Γ∗)−1 is also capacity-preserving. Therefore we have

c(
√
|d|Ψ(S)) = c(S)

for the first case. On the other hand, Conformality axiom implies c(
√
|d|Ψ(S)) =

|d|c(Ψ(S)) and so |d| = 1. Similar argument applies to the second case and hence
the proof of Ψ∗ω0 = ±ω0. �

6.1.2. Proof of rigidity theorem. In this section, we deal with general non-
linear capacity-preserving maps and their uniform limits. We will first prove

Theorem 6.1.16. Let Φk be a sequence of continuous maps of the unit ball
B2n(1) into Cn converging uniformly to Φ. Assume all the Φk preserve the capacity

c(Φk(S)) = c(S) for all k

of all bounded ellipsoids S ⊂ B2n(1). If Φ is differentiable at 0 ∈ B2n(1), then the
derivative dΦ(0) is either symplectic or anti-symplectic.

Before giving the proof of this theorem, we state a couple of immediate corol-
laries of this theorem.
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Corollary 6.1.17. Assume Φk : B2n(1) → Cn is a sequence of symplectic
embeddings converging uniformly to a map Φ : B2n(1)→ Cn, which is differentiable
at 0. Then dΦ(0) ∈ Sp(2nR).

Proof. Since symplectic embeddings preserve any capacity, Theorem 6.1.16
implies dΨ(0) is either symplectic or anti-symplectic. It remains to prove that
dΨ(0) is indeed symplectic.

Note that Φk are all orientation preserving map. Let yk = Φk(0) and consider

the map x 7→ Φ̃k(x) := Φk(x) − yk. Since Φk uniformly converges, yk → y∞ as

k →∞. Therefore the map Φ̃k uniformly converges Φ̃ given by

Φ̃(x) := Φ(x) − y∞.
Obviously we have dΦ(0) = dΦ̃(0) and so we can consider Φ̃k instead. This allows
us to assume that Φk(0) = 0 without loss of any generality, which we will do from
now on.

Consider a small ball B2n(δ). Then since Φk(0) = 0 and Φk are orientation
preserving the winding numbers

deg(Φk|∂B2n(δ); 0) = 1.

Since the winding number is invariant under a uniform limit, we also have

deg(Φ|∂B2n(δ); 0) = 1.

Since Φ is assumed to be differentiable at 0, we have

deg(Φ|∂B2n(δ); 0) = sign det dΦ(0).

Hence we have proved signdet dΦ(0) = 1 and so dΦ(0) is orientation preserving.
At this stage, if n is odd, dΦ(0) must be symplectic because an anti-symplectic

map is orientation reversing in these dimensions. When n is even, we consider the
sequence of the product embeddings IdC×Φk whose domains are C × B2n(1). It
converges to IdC×Φ. Obviously each IdC×Φk defines a symplectic embedding of
B2(n+1)(1) for which n+1 is odd. Furthermore the limit IdC×Φ has the derivative
IdC×dΦ(0) at 0. Therefore we conclude IdC×dΦ(0) is symplectic and so is dΦ(0).

�

An immediate consequence of this corollary is the rigidity result that we have
wanted to prove

Theorem 6.1.18. Let (M,ω) be any symplectic manifold. Then Symp(M,ω)
is closed in compact open C0-topology in Diff(M).

Proof. Using Darboux charts, we localize and apply Corollary 6.1.17. �

Now we give the proof of Theorem 6.1.16.

Proof of Theorem 6.1.16. We will prove that the assumption in the theo-
rem for any capacity c give rise to the identity

(6.1.4) c(dΦ(0)(S)) = c(S)

for any bounded ellipsoids S. Then we apply the linear rigidity result to dΦ(0) to
finish the proof. Hence it remains to prove (6.1.4).

Let S be a bounded ellipsoid such that S ⊂ B2n(1). By the definition of c,
there exists a symplectic diffeomorphism Ψ such that Ψ−1(Φ(S)) → Z2n(r + ǫ)
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where πr2 = c(Φ(S)). Then we can find a bounded ellipsoid S̃ ⊂ Z2n(r + ǫ)

containing Ψ−1(Φ(S)). Therefore we have Ψ(S̃) ⊃ Φ(S) and

c(Ψ(S̃) ≤ π(r + ǫ)2

by the monotonicity of c and the normalization c(Z2n(r + ǫ)) = π(r + ǫ)2. Since
Φk → Φ uniformly over B2n(1) ⊃ S, it follows

Φk(S) ⊂ Ψ(S̃)

for all sufficiently large k. Monotonicity of c and (6.1.1) give rise to

c(S) = c(S) = c(Φk(S))

≤ c(Φk(S)) ≤ c(Ψ(S̃)) = c(S)

≤ π(r + ǫ)2.

Since this holds for all ǫ > 0, we have proved

c(S) ≤ πr2 = c(Φ(S))

for all bounded ellipsoid.
Now we consider the Alexander isotopy Φt : B

2n(1) → Cn for t ∈ (0, 1) given
by

Φt(x) =
1

t
Φ(tx).

We note that t · S is also a bounded ellipsoid contained in B2n(1) and hence

c(tS) ≤ c(Φ(tS)).
Dividing by t, we obtain

(6.1.5) c(S) ≤ 1

t
c(Φ(tS)) = c

(
1

t
Φ(tS)

)
= c(Φt(S))

for all t ∈ (0, 1).

Lemma 6.1.19. We have

lim
t→0

c(Φt(S)) ≤ c(dΦ(0)(S)).

Proof. We note that for each fixed t ∈ (0, 1) the map Φk,t → Φt uniformly on
B2n(1) as k →∞. Choose a sequence tk → 0 and consider the diagonal subsequence
Φk,tk . This sequence converges uniformly to dΦ(0) and preserve capacity c for
bounded ellipsoids. Therefore we can apply the same argument as in the proof of
(6.1.5) to conclude

c(Φk,tk(S)) ≤ c(dΦ(0)(S)).
On the other hand, since Φ is differentiable at 0, Φt uniformly converges to dΦ(0)
on B2n(1). Since both Φtk and Φk,tk converge to dΦ(0) uniformly, it follows

lim
k→∞

c(Φtk) = lim
k→∞

c(Φk,tk ).

This convergence and the above inequality finishes the proof. �

Combining this lemma with (6.1.5), we have proved

(6.1.6) c(S) ≤ c(dΦ(0)(S)).
By the same argument of the proof of Lemma 6.1.12 we derive from this that dΦ(0)
is invertible.
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It now remains to prove the opposite inequality. Let γ > 0 be given and
consider τ > 0 such that

(1 + γ)τ < 1.

Lemma 6.1.20. For a sufficiently small τ > 0,

Φk((1 + γ)τS) ⊃ dΦ(0)(τS)
for all sufficiently large k.

Proof. We first recall Φk(0) = 0 = Φ(0). Since Φ is differentiable at 0, there
exists a continuous function ǫ : (0, 1)→ (0,∞) such that ǫ(s)→ 0 as s→ 0 and

|Φ(x) − dΦ(0)x| ≤ ǫ(|x|)|x|.
Furthermore since Φk → Φ uniformly, for any given δ ∈ (0, 1) there exists k(δ) such
that for all k ≥ k(δ),
(6.1.7) |Φk(x) − dΦ(0)x| ≤ ǫ(|x|)|x| + δ.

We set
δ = ǫ((1 + γ)τ)(1 + γ)τ.

Consider the homotopy

t ∈ [0, 1] 7→ ht := dΦ(0) + t(Φk − dΦ(0))
between dΦ(0) and Φk. Since dΦ(0) is invertible, there exists d > 0 such that

|dΦ(0)x| ≥ d|x|
for all x. On the other hand, we derive

|Φk((1 + γ)τx)− dΦ(0)(1 + γ)τx| ≤ ǫ(|(1 + γ|τ |x|)(1 + γ)τ |x|+ ǫ((1 + γ)τ)(1 + γ)τ

from (6.1.7) for all x ∈ S provided τ > 0 is sufficiently small. Therefore if x ∈ ∂S ⊂
B2n(1) and y ∈ dΦ(0)(τS) and y = τz for some z ∈ S, then

|ht(1 + γ)τx)− dΦ(0)(τz)|
= |dΦ(0)((1 + γ)τx− τz) + t(Φk((1 + γ)τx) − dΦ(0)(1 + γ)τx)|
≥ dτ |(1 + γ)x− z| − 2ǫ((1 + γ)τ)(1 + γ)τ

≥ τ (dd1(S, γ)− 2ǫ((1 + γ)τ)(1 + γ))

where d1(S, γ) is a constant depending only on the shape of S and γ. The last term
is greater than 0 provided τ is so small that

dd1(S, γ) > 2ǫ((1 + γ)τ)(1 + γ).

Therefore

(6.1.8) ht(∂(1 + γ)τS)) ∩ dΦ(0)τS = ∅.
We want to prove y ∈ Φk((1 + γ)τS)). For this purpose, we consider Brouwer’s
degree

deg(ht|∂(1+γ)τS); y)
as we vary t and z ∈ S. Thanks to (6.1.8), this degree is well-defined and continuous
over (t, z) ∈ [0, 1] × S. But when t = 0, h0 = dΦ(0) a linear map and hence
deg(h0|∂(1+γ)τS); 0) = 1. Since h1 = Φk, homotopy invariance of the degree

deg(Φk|∂(1+γ)τS); y) = 1

for all y ∈ S. This finishes the proof. �
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Then monotonicity and symplectic invariance of capacities, c ≥ c and the fact
that dΦ(0) is a linear map imply

c((1 + γ)τS) = c((Φk((1 + γ)τS)) ≥ c((Φk((1 + γ)τS))

≥ c(dΦ(0)(τS)) = c(dΦ(0)(τS)).

Then this implies

c(dΦ(0)(S)) ≤ (1 + γ)2c(S)

for all γ > 0. Hence we have obtained

c(dΦ(0)(S)) ≤ c(S).
Combining this with (6.1.6), we have proved

c(dΦ(0)(S)) = c(S)

for all bounded ellipsoids S. Then Theorem 6.1.15 implies dΦ(0) is either symplectic
or anti-symplectic. This finishes the proof of Theorem 6.1.16. �

6.2. Topological Hamiltonian flows and Hamiltonians

A time-dependent Hamilton’s equation on a symplectic manifold (M,ω) is the
first order ordinary differential equation

ẋ = XH(t, x)

where the time-dependent vector field XH associated to a function H : R×M → R
is given by the defining equation

(6.2.9) dHt = XHt⌋ω.
Therefore if we consider functionsH that are C1,1 so that one can apply the existence
and uniqueness theorem of solutions of the above Hamilton’s equation, the flow t 7→
φtH , an isotopy of diffeomorphisms, is uniquely determined by the Hamiltonian H .
Conversely if a smooth isotopy λ of Hamiltonian diffeomorphisms is given, we can
obtain the corresponding normalized Hamiltonian H by differentiating the isotopy
and then solving (6.2.9). Therefore in the smooth category this correspondence is
bijective.

On the other hand, due to the fact that this correspondence involves differ-
entiating the function and solving Hamilton’s equation, the correspondence gets
murkier as the regularity of the Hamiltonian is weaker than C1,1 because of solv-
ability question of Hamilton’s equation.

To handle this discrepancy, Müller and Oh in [OhM07] introduced the no-
tion of hamiltonian limits of smooth Hamiltonian flows and defined the topological
Hamiltonian flows as the hamiltonian limits thereof.

We start with the following definition of the group of symplectic homeomor-
phisms adopted in[OhM07]. We give the compact-open topology on Homeo(M),
which is equivalent to the metric topology induced by the metric

d(φ, ψ) = max{dC0(φ, ψ), dC0(φ−1, ψ−1)}
on a compact manifold M .

Definition 6.2.1 (Symplectic homeomorphism group). Define Sympeo(M,ω)
to be

Sympeo(M,ω) := Symp(M,ω)
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the C0-closure of Symp(M,ω) in Homeo(M) and call Sympeo(M,ω) the symplectic
homeomorphism group.

We denote by

Pham(Symp(M,ω), id)

the set of smooth Hamiltonian paths λ : [0, 1] → Symp(M,ω) with λ(0) = id,
and equip it with the C0-Hamiltonian topology. This notion was introduced in
[OhM07].

Definition 6.2.2 (C0-Hamiltonian topology). Let (M,ω) be a closed sym-
plectic manifold. The C0-Hamiltonian topology of the set Pham(Symp(M,ω), id)
of Hamiltonian paths is the one whose basis is given by the collection of subsets

U(φH , ǫ1, ǫ2) :={
φH′ ∈ Pham(Symp(M,ω), id)

∣∣∣ ‖H#H ′‖∞ < ǫ1, d(φH , φH′ ) < ǫ2

}

of Pham(Symp(M,ω), id) for ǫ1, ǫ2 > 0 and φH ∈ Pham(Symp(M,ω), id).

Exercise 6.2.3. Prove the above Hamiltonian topology is equivalent to the
metric topology induced by the metric

dham(λ, µ) := d(λ, µ) + leng(λ−1µ)

where d is the C0 metric on P(Homeo(M), id). (See Proposition 3.10 [OhM07]
for a proof.)

We consider the developing map

Dev : Pham(Symp(M,ω), id)→ C∞0 ([0, 1]×M,R) :

This is defined by the assignment of the normalized generating Hamiltonian H of
λ, when λ = φH : t 7→ φtH . We also consider the maps

ιham : Pham(Symp(M,ω), id)→ P(Symp(M,ω), id) →֒ P(Homeo(M,ω), id).

Here the first map is continuous and the second map is the canonical inclusion map.
We call the product map (ιham,Dev) the unfolding map and denote the image

thereof by

(6.2.10) Q := Image(ιham,Dev) ⊂ P(Homeo(M), id)× L1,∞
0 ([0, 1]×M,R).

Here L1,∞
0 ([0, 1]×M,R) is the closure of C∞0 ([0, 1]×M,R). Then both maps Dev

and ιham are Lipschitz with respect to the metric dham on Pham(Symp(M,ω), id)
by definition and so the unfolding map canonically extends to the closure Q in
P(Homeo(M), id)× L1,∞

0 ([0, 1]×M,R) in that we have continuous projections

π1 : Q → P(Homeo(M), id)(6.2.11)

π2 : Q → L1,∞
0 ([0, 1]×M,R).(6.2.12)

We would like to note that by definition we also have the extension of the
evaluation map ev1 : Pham(Symp(M,ω), id)→ Symp(M,ω)→ Homeo(M) to

(6.2.13) ev1 : Image(π1)→ Homeo(M).

The following definition was introduced in [OhM07].
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Definition 6.2.4. We define the set Pham(Sympeo(M,ω), id) to be

Pham(Sympeo(M,ω), id) := Image(π1) ⊂ P(Homeo(M), id)

and call any element thereof a topological Hamiltonian path. We also define

H(1,∞)
0 ([0, 1]×M)

to be the image of ιham, and call any element therein a topological Hamiltonian.

It is a natural question to ask whether the projections π1 and π2 are one-one.
This question turns out to touch the heart of C0-symplectic topology and involves
some function theory on symplectic manifolds. In section 22.6, we will study this
injectivity question in detail.

Unravelling the above definition, for any given element H ∈ H(1,∞)
0 ([0, 1]×M),

there exists a sequence of smooth Hamiltonians Hi such that

(1) Hi → H in L(1,∞) topology, and
(2) Both φHi and φ−1Hi

uniformly converge on [0, 1]×M .

We call any such sequence an approximating sequence of the topological Hamilton-
ian H .

We denote C0(M) the set of continuous functions on M with the C0-norm
‖ · ‖C0 .

Definition 6.2.5. We define L1([0, 1], C0(M)), which we call the space of L1-
functions on [0, 1] with values lying in C0(M), to be the set of maps H : t ∈ [0, 1]→
C0(M) defined almost everywhere such that the function

tmint(H)(t, x) :=

∫ t

0

H(s, x) ds

is jointly continuous in (t, x).

We have the canonical embedding

L1([0, 1], C0(M)) →֒ L(1,∞)([0, 1]×M).

In this regard, we first prove the following theorem.

Theorem 6.2.6. Let H ∈ H(1,∞)
0 ([0, 1]×M) ⊂ L(1,∞)([0, 1]×M). Then

(1) H lies in L1([0, 1], C0(M)), i.e., H(1,∞)
0 ([0, 1]×M) ⊂ L1([0, 1], C0(M)),

(2) The function osc(H)(t) := osc(Ht(·)) is defined a.e. in t ∈ [0, 1] and lies
in L1([0, 1],R).

Proof. Let Hi be an approximating sequence of H . Then we have the con-
vergence ∫ 1

0

osc(Hi −H) dt→ 0

by definition of the approximating sequence above. In particular
∫ 1

0

osc(Hi −Hj) dt→ 0 as i, j →∞.

We first examine the function (t, x) 7→
∫ t
0 H(s, x) ds. Consider the functions osc(Hi) :

[0, 1]→ R+ defined by

osc(Hi)(t) := osc(Hi,t) for t ∈ [0, 1]
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where we recall osc(h) = maxh −min h for a function h : M → R. Since Hi → H
in L(1,∞), the sequence osc(Hi) is a Cauchy sequence in L1([0, 1],R): Note

(6.2.14) | osc(Hi)− osc(Hj)| ≤ 2 osc(Hi −Hj).

We also consider osc(Hi −Hj). By the L(1,∞) convergence of Hi, we have

osc(Hi −Hj)→ 0 in L1([0, 1],R) as i, j →∞.
In particular, (6.2.14) implies that there exists a subsequence of Hik such that
osc(Hik) converges a.e. in [0, 1] as k →∞. and

osc(Hik −Hij )(t)→ 0 a.e. in [0, 1] as k, j →∞.
We denote

A = {t ∈ [0, 1] | oscHik(t) converges}
which has a full measure. Let t ∈ A. Then since we have

(6.2.15) osc(Hik −Hij )(t) = max
x∈M

(Hik,t −Hij ,t)− min
x∈M

(Hik,t −Hij ,t)

by the definition of osc, Hik(·, t) : M → R is a Cauchy sequence in C0 topology,
and so converges uniformly to a continuous function H∞,t at each t ∈ A. If we set
H∞(t, x) = H∞,t(x) for (t, x) ∈ A×M whenever H∞,t is defined, H∞ is a function
almost everywhere defined. From (6.2.15) combined with Fatou’s lemma, we derive

∫ 1

0

osc(Hik −H∞)(t) dt ≤ lim inf
j→∞

∫ 1

0

osc(Hik −Hij )(t) dt.

Then by letting k→∞, we derive

lim
k→∞

∫ 1

0

osc(Hik −H∞)(t) dt = 0.

This implies that H∞ is also a L(1,∞)-limit of Hik . By the uniqueness of the
L(1,∞)-limits, it follows H = H∞ as an L(1,∞)-function. It then follows that H(t, ·)
is defined, continuous and Hi(t, ·)→ H(t, ·) uniformly for almost all t ∈ [0, 1]. This

proves H(1,∞)
0 ([0, 1]×M) ⊂ L1([0, 1], C0(M)).

In the course of the above proof, we also prove that osc(H)(t) := osc(H(·, t))
is defined a.e. and lies in L1([0, 1],R). �

6.3. Uniqueness of topological Hamiltonian and its flow

In this section, we study the fundamental uniqueness theorems on the topolog-
ical Hamiltonian and on their flows.

The uniqueness of the flow can be rephrased as the injectivity of the developing
map

π2 : Q→ L(1,∞)
m ([0, 1]×M,R).

Theorem 6.3.1. Let λi = φHi , λ
′
i = φH′

i
∈ Pham(Symp(M,ω), id) be two

sequences of smooth Hamiltonian paths such that

(1) Both Hi and H
′
i converge in L(1,∞) topology and

∥∥Hi#H
′
i

∥∥→ 0,
(2) φHi , φH′

i
uniformly converges on [0, 1]×M .

Then limi φHi = limi φH′
i
.
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Proof. We first note that since both φHi and φH′
i
uniformly converge, the

conclusion is equivalent to the uniform convergence

lim
i
(φtHi

)−1φtH′
i
→ id

uniformly over t ∈ [0, 1] as i → ∞. Therefore by considering Hi#H
′
i, the proof is

reduced to the following special case: Suppose Hi is a sequence satisfying

(1) ‖Hi‖ → 0,
(2) φHi uniformly converges on [0, 1]×M .

Then φHi converges to the constant identity path in C0-topology.
In the remaining proof, we give the proof of this statement. Denote by λ =

limi→∞ φHi lying in P([0, 1] × Homeo(M), id) and consider its values λ(t). We
would like to show λ(t) ≡ id for all t. Suppose to the contrary and consider

t0 = sup{t ∈ [0, 1] | λ(s) = id ∀s ≤ t}.
We would like to show t0 = 1. Suppose to the contrary t0 < 1. Since λ(t1) 6= id

for some t1 > 0 and λ(0) = id, we know t0 > 0. Then we can choose δ > 0
sufficiently small so that 0 < t0 + δ < 1 and ψ = λ(t0 + δ) 6= id. We note that ψ

must be continuous since it is a uniform limit of continuous maps φt0+δHi
. Then we

can find a small closed ball B such that

B ∩ ψ(B) = ∅.
Since B and hence ψ(B) is compact and φt0+δHi

→ ψ uniformly, we have

B ∩
(
φt0+δHi

)
(B) = ∅

for all sufficiently large i. By definition of the Hofer displacement energy e, we have
e(B) ≤ ‖φt0+δHi

‖. By the energy-capacity inequality from Theorem 5.4.4 we know
e(B) > 0 and hence

0 < e(B) ≤
∥∥∥Ht0+δ

i

∥∥∥
for all sufficiently large i. Here Hu

i is the Hamiltonian generating the reparameter-
ized subpath of φHi

t ∈ [0, 1] 7→ φutHi

which we already know the explicit formula Hu
i (t, x) = uHi(ut, x).

Therefore we have derived

0 < e(B) ≤
∫ 1

0

osc(Hu
i,t) dt =

∫ 1

0

u(maxHi,ut −minHi,ut) dt

=

∫ u

0

(maxHi,t −minHi,t) dt ≤ ‖Hi‖ → 0

for u = t0 + δ, which gives rise to a contradiction. Hence t0 = 1 which finishes the
proof. �

Next we turn to the injectivity of the map π1 : Q → P(Homeo(M), id) in
6.2.11, which we phrase as the ‘uniqueness of topological Hamiltonian’.

Question 6.3.2. Assume that Hi, H
′
i : [0, 1] ×M → R are two sequences of

Hamiltonians that satisfy the normalization condition. Suppose that Hamiltonian
paths φHi , φH′

i
converge uniformly and satisfy

d(φHi , φH′
i
)→ 0.
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Then is it true that limi→∞Hi = limi→∞H ′i as an L
(1,∞) function?

This question was posed in [OhM07], and has been answered affirmatively by
the following theorem.

Theorem 6.3.3 (Viterbo, Buhovsky-Seyfaddini). Assume that Hi : [0, 1] ×
M → R is a sequence of Hamiltonians. Then Hi → h(t) in L(1,∞)-topology where
h : [0, 1]→ [0, 1] is an L1-function, provided

(1) Hi → h(t) converges in L(1,∞) topology where h : [0, 1] → [0, 1] is an
L1-function.

(2) φHi converges uniformly to the constant path id.

In particular if Hi’s are mean-normalized, then h ≡ 0.

This theorem was first proved in the C0-context (or in the L∞-context) by
Viterbo [Vi06] for the closed case and then extended to the compactly supported
case on open manifolds in [Oh07]. This original proof relies on some C0-Lagrangian
intersection theory which itself is very interesting.

We present an elegant proof given by Buhovsky and Seyfaddini [BS10] based
on an ingenious application of the classical Lebesgue’s differentiation theorem. The
standard Lebesgue differentiation theorem in the literature is stated for the real
valued functions. One crucial ingredient in their proof is a differentiation theorem
for a function lying in L1([0, 1], C0(M)) defined in the sense of Definition 6.2.5. We
state a version of the Lebesgue differentiation theorem in this generality.

First we recall a few basic definitions in the classical analysis.

Definition 6.3.4. Let f ∈ L1
loc(R

n). The Lebesgue set Lf of f is defined to
be

Lf =

{
x ∈ Rn

∣∣∣ lim
r→0

1

m(Br(x))

∫

Br(x)

|f(y)− f(x)| dy = 0

}

where Br(x) is a ball of radius r centered at x and m(Br(x)) is the Lebesque
measure of Br(x).

The following is the classical differentiation theorem in function theory on Rn

whose proof can be found in any standard real analysis book, e.g., in [Fol99].

Theorem 6.3.5 (Lebesgue Differentiation Theorem). Let f : Rn → R be a real
valued function defined almost everywhere. Denote the complement of Lf in Rn by
(Lf)

c. If f ∈ L1
loc(R

n;R), then m ((Lf )
c) = 0.

We will need a more general form of differentiation theorem. In this regard, we
recall the following notion from [Fol99] and state a more general form of Lebesgue
differentiation theorem.

Definition 6.3.6. A family of sets {Er}r>0 of Borel subsets of Rn is said to
shrink nicely to x ∈ Rn if

(1) Er ⊂ Br(x) for each r.
(2) there is a constant α > 0, independent of r, such that the measure

m(Er) > αm(Br(x)).

Here the sets Er need not contain x itself.
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Theorem 6.3.7. Suppose f ∈ L1
loc. For every x in the Lebesgue set of f , in

particular for almost every x, we have

lim
t→0

1

m(Er)

∫

Er

|f(y)− f(x)| dy = 0(6.3.16)

lim
t→0

1

m(Er)

∫

Er

f(y) dy = f(x)(6.3.17)

for every family {Er}r>0 that shrinks nicely to x.

We will apply this theorem to the L1-function t ∈ [0, 1] ⊂ R→ H(t, x) ∈ R for

each x ∈M and H ∈ H(1,∞)
m ([0, 1]×M,R) and the family of sets

Eh(t) := [t, t+ h], h > 0, t ∈ [0, 1].

We remark that the family {Eh(t)}h>0 shrinks nicely to t. We state the following
version of differentiation theorem used in [BS10].

Proposition 6.3.8 (Buhovsky-Seyfaddini). Consider H ∈ H(1,∞)
m ([0, 1]×M) ⊂

L(1,∞)([0, 1]×M). Then we have

lim
h→0+

1

h

∫ t+h

t

osc(Hs −Ht) ds = 0

almost everywhere in t ∈ [0, 1].

Proof. Let Hi be an approximating sequence of H . Then We have the con-
vergence ∫ 1

0

osc(Hi −H) dt→ 0

and in particular ∫ 1

0

osc(Hi −Hj) dt→ 0 as i, j →∞.

Therefore
∫ t+h

t

osc(Hs −Ht) ds ≤
∫ t+h

t

osc(Hi,s −Hi,t) ds

+

∫ t+h

t

osc(Hs −Hi,s) ds+

∫ t+h

t

osc(Hi,t −Ht) ds.(6.3.18)

Since Hi is smooth, we have

lim
h→0+

1

h

∫ t+h

t

osc(Hi,s −Hi,t) ds = 0

for all t ∈ [0, 1]. On the other hand we have shown in Theorem 6.2.6 (3), the
function osc(H) lies in L1([0, 1],R) and osc(H −Hi) → 0 in L1([0, 1],R). Denote
Fi = H −Hi and apply Theorem 6.3.5 to fi := osc(Fi) for each i to prove

lim
h→0+

1h

∫ t+h

t

| osc(Fi,s)− osc(Fi,t)| ds = 0

almost everywhere in t. Denote by Lfi the Lebesgue set of fi and consider the set

∞⋂

i=1

Lfi =: A ⊂ [0, 1]
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This set has full measure in [0, 1]. Furthermore since fi → 0 in L1, it converges to
0 pointwise almost everywhere in [0, 1], say on B ⊂ [0, 1] of full measure.

We claim

(6.3.19) lim
h→0+

∫ t+h

t

osc(Hs −Ht) ds = 0

at every t ∈ A ∩B. At every t ∈ A, we have

lim
h→0+

1

h

∫ t+h

t

osc(Fi,s) ds ≤ lim
h→0+

1

h

∫ t+h

t

| osc(Fi,s)− osc(Fi,t)| ds

+ lim
h→0+

1

h

∫ t+h

t

osc(Fi,t) ds

= lim
h→0+

1

h

∫ t+h

t

|fi(s)− fi(t)| ds+ fi(t) = fi(t)

at such t. Substituting this into (6.3.18), we obtain

lim
h→0+

∫ t+h

t

osc(Hs −Ht) ds ≤ fi(t)

for all i. Since t ∈ B, fi(t)→ 0. By letting i→∞, we obtain

lim
h→0+

∫ t+h

t

osc(Hs −Ht) ds = 0

which finishes the proof. �

Now we are ready to prove Theorem 6.3.3. One crucial idea of [BS10] lies in
their study of the set of null Hamiltonians

Hnull = {H ∈ H(1,∞)
m ([0, 1]×M,R) | φH ≡ id} = ῑ−1ham(id)

and its autonomous analog

Hautnull = {H ∈ Hnull | H is time independent} ⊂ C0(M).

The uniqueness can be rephrased as Hnull = {0}. In the rest of this section, we
will prove this statement.

The proof consists of a series of lemmata and exercises.

Lemma 6.3.9. If H ∈ Hnull ∩ C∞([0, 1]×M), then H ≡ 0.

Proof. Now let Hi be a sequence of smooth Hamiltonians that represents H ,
i.e., ‖Hi − H‖ → 0 and φHi → id. By Theorem 6.3.1, we have φH ≡ id. By
differentiating the flow φtH , we obtain XH ≡ 0 which then implies dHt = 0 and so
Ht = const for all t. By the normalization condition, this implies Ht ≡ 0 for all
t. �

Exercise 6.3.10. Prove the following properties of Hnull:
(1) Hnull is a closed subset of L(1,∞), but not necessarily a vector subspace.
(2) Hnull is closed under the operationH 7→ Hρ whereHρ(t, x) = ρ′(t)H(ρ(t), x)

for any smooth increasing function ρ : [0, 1]→ R.
(3) Hnull is closed under the operations of taking the sum and taking the

minus.

Lemma 6.3.11. Hautnull is a vector space over R and the action of Symp(M,ω)
on Hautm h 7→ ψ∗h = h ◦ ψ preserves Hautnull.
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Proof. For the second statement, let Hi be a sequence representing h ∈ Hautnull.
Then it follows that the Hamiltonian Hi(t, ψ(x)) represents h ◦ψ, since Hi(t, φ(x))
generates the flow ψ ◦φtHi

◦ψ−1. Since φHi → id, it follows that ψ ◦φtHi
◦ψ−1 → id.

Therefore h ◦ ψ ∈ Hautnull.
We now prove the first statement. Obviously 0 ∈ Hautnull. Let h, k ∈ Hautnull

and Hi, Ki be their associated approximating sequences respectively. Then the
HamiltonianHi#Ki represents the flow φHi◦φKi . Since φHi , φKi → id, φHi◦φKi →
id. On the other hand, we have by definition

(Hi#Ki)(t, x) = Hi(t, x) +Ki(t, (φ
t
Hi

)−1(x)).

Since Hi → h, Ki → k in L(1,∞), it follows Hi#Ki → h+ k.

Exercise 6.3.12. Prove the function (t, x) 7→ Ki(t, (φ
t
Hi

)−1(x)) converges to k

in L(1,∞).

Similarly we prove −h ∈ Hautnull recalling that Hi(t, x) = −Hi(t, φHi (x)) repre-

sents the inverse flow φ−1Hi
. Since φHi → id, we have φ−1Hi

→ id, and since Hi → h

−Hi(t, φHi(x))→ −h in L(1,∞). This finishes the proof. �

Lemma 6.3.13. Let H ∈ Hnull. Then for almost every t ∈ [0, 1] at which
Ht ∈ C0(M), the time-independent function h(x) := Ht(x) = H(t, x) lies in Hautnull.

Proof. By Proposition 6.3.8, for almost every t ∈ [0, 1], we have

lim
ǫ→0+

1

ǫ

∫ t+ǫ

t

‖Hs −Ht‖∞ ds = 0.

For sufficiently large N ∈ N, we consider the function GN (s, x) = 1
NH(t + s

N , x)
which corresponds to Hρ with ρ(s) = t+ s

N . Therefore GN ∈ Hnull. Since Hnull is
closed under the sum operation by Exercise 6.3.10 (3), we also have HN := NGN ∈
Hnull. But NGN (s, x) = H(t+ s

N , x). Setting ǫ =
1
N , we obtain

∫ 1

0

‖HN(s, ·)− h(·)‖∞ ds =
1

ǫ

∫ t+ǫ

t

‖H(τ, ·)−H(t, ·)‖∞ dτ → 0

where h is the function defined by h(x) = Ht(x) for the given fixed t ∈ [0, 1].
Therefore HN → h in L(1,∞) as N → ∞. Since Hnull is a closed subset of L(1,∞),
h ∈ Hnull which in turn implies h ∈ Hautnull since it is time independent. �

The following is another key lemma of Buhovsky-Seyfaddini that employs the
tools from classical analysis in a novel way.

Lemma 6.3.14. If h ∈ Hautnull, then h ≡ 0.

Proof. We prove this by contradiction. Suppose h 6= 0. Under this hypothesis
we will construct a smooth non-zero function lying in Hautnull ⊂ Hnull which will
contradict to Lemma 6.3.9.

Since h is not constant andM is connected, h is not locally constant. Therefore
there exists x0 ∈M such that h is not constant on any open neighborhood thereof.
Choose a Darboux neighborhood U at x0. For each y0 ∈ U with h(y0) 6= h(x0),
we can choose φ ∈ HamU (M,ω) with φ(x0) = y0. We consider the function
k = h ◦ φ − h. By the choice of y0 and φ, k is a non-constant function and is
contained in Hautnull by Lemma 6.3.11. Moreover k = 0 near ∂U . Since k = 0 near
∂U , we can extend k to whole M by 0 outside U . We define L the C0-closure of
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the linear span of all functions of the form of ψ∗k = k ◦ ψ with ψ ∈ HamU (M,ω)
onM . Then L ⊂ Hautnull. We now claim that L contains a non-zero smooth element.

Since k = 0 outside U and U is a Darboux chart, we may assume that U ⊂ R2n

and have only to prove the statement on an open U ⊂ R2n. We keep the same
notation for L which is the C0 closure of the linear span of the functions of the
form ψ∗k with ψ ∈ HamU (R2n).

Denote kv(x) = k(x − v) for v ∈ R2n. We next prove that if ‖v‖ is sufficient
small, then kv ∈ L. Take a neighborhood W of supp k with W ⊂ U and pick v
with ‖v‖ so small that W + tv ⊂ U for all 0 ≤ t ≤ 1. We pick a cut-off function
ρ such that supp ρ ⊂ U and ρ ≡ 1 on

⋃
t∈[0,1]W + tv. Then we consider the

function gv(x) = ω(v, x)ρ. The Hamiltonian flow φtgv on
⋃
t∈[0,1]W + tv is nothing

but the flow t 7→ x + tv for all x ∈ W and so on supp k. Therefore we have
((φ1gv )

−1)∗k = k ◦ (φ1gv )−1 = kv. This proves kv ∈ L.
Now we choose a smooth function χ whose support is contained in a sufficiently

small neighborhood of the origin in R2n and consider the convolution k ∗ χ defined
by

k ∗ χ(x) =
∫

R2n

k(x− v)χ(v) dv.

Then we claim k ∗χ ∈ L: By taking the approximations of the integral by Riemann
sums, we can write k ∗ χ as the C0-limit of the sum

m∑

i=1

ckkvi .

Exercise 6.3.15. Prove this C0-convergence.

Then since
∑m

i=1 ckkvi ∈ L, we have k ∗ χ ∈ L by definition of L.
Finally we take the mollifier smoothing χǫ of the Dirac δ0 function so that

k = limǫ→0 k ∗ χǫ in C0. Since k 6= 0, if ǫ is sufficiently small k ∗ χe is a nonzero
smooth function. By the above claim, each k ∗ χǫ lies in L ⊂ Hautnull. This finishes
the proof of Lemma 6.3.14. �

Wrap-up of the proof of Theorem 6.3.3. Let H ∈ Hnull. Then at each
Lebesgue point t ofH ∈ L1([0, 1], C0(M)) we haveHt ∈ Hautnull and so Ht ≡ 0. Since
the set of Lebesgue points has full measure in [0, 1], H ≡ 0 in L1([0, 1], C0(M)).
Therefore H = 0 in L(1,∞)([0, 1]×M,R). This finishes the proof. �

A small modification of the above proof will also give rise to a locality of the
topological Hamiltonians. We refer to [BS10] for the details. This locality result
was originally proved in [Oh07] in the C0-context by a different method using
Lagrangian intersection theorem of the conormal to open subsets following the
spirit of Viterbo’s proof.

Theorem 6.3.16 (Oh [Oh07], Buhovsky-Seyfaddini [BS10]). Suppose that
H ∈ H(1,∞) and its topological Hamiltonian flow satisfies φtH |U ≡ id|U . Then
H(t, x) = c(t) for all x ∈ [0, 1]× U for some constant c(t) at each t.
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6.4. Hameomorphism group

In [OhM07], the authors introduced the notion of Hamiltonian homeomor-
phisms given by
(6.4.20)
Hameo(M,ω) = {h ∈ Homeo(M) | h = ev1(λ), λ ∈ Pham∞ (Sympeo(M,ω), id)}

in the context of L(1,∞) topology of Hamiltonian paths. The following normality
was proved in the L(1,∞)-context in [OhM07].

Theorem 6.4.1. Hameo(M,ω) is a path-connected normal subgroup of Sympeo(M,ω)
(with respect to the subspace topology of Homeo(M)).

The proof of this theorem given in [OhM07] is rather delicate largely due to
some issues related to the interplay between L(1,∞)-limit of Hamiltonians and C0-
limit of Hamiltonian paths. On the other hand, one can repeat the construction
given in the previous section and this in the C0 context on [0, 1]×M in a simpler
way than in the L(1,∞)-context. In this way, we have two a priori different normal
subgroups of Sympeo(M,ω), which we temporarily denote by Hameo(1,∞)(M,ω)
and Hameo∞(M,ω).

But the following theorem was proved by Müller [Mue08]

Theorem 6.4.2 (Müller). We have

Hameo(1,∞)(M,ω) = Hameo∞(M,ω).

Based on this, we can just write either Hamiltonian homeomorphism group by
Hameo(M,ω) from now on. Thanks to Theorem 6.4.2 above, we can use C0-limits
of smooth Hamiltonians in the proof Theorem 6.4.1. Then the proofs of normality
and path-connectedness become very simple which are now in order.

Proof of Theorem 6.4.1. We will use the description of Hameo(M,ω) in
terms ofHameo∞(M,ω) in this proof based on Theorem 6.4.2. Let h ∈ Hameo∞(M,ω)
and g ∈ Sympeo(M,ω). By the definitions of Hameo∞(M,ω) and Sympeo(M,ω),
there exist a sequence Hi of smooth Hamiltonians and a sequence ψi ∈ Symp(M,ω)
such that (φHi , Hi) = (h,H∞) in C0 topology, and

lim
i→∞

φ1Hi
= h, lim

C0
ψi = g.

Obviously Hi ◦ ψi → H ◦ g and ψ−1i φHiψi = φHi◦ψi converges in C0-topology
which implies that first H ◦ g is a topological Hamiltonian and then Hi ◦ ψi is an
approximating sequence thereof. Furthermore

ψ−1i φ1Hi
ψi = ev1(ψ

−1
i φHiψi)

and

lim
i→∞

ψ−1i φ1Hi
ψi = g−1hg.

Hence by definition, we have proved g−1hg ∈ Hameo∞(M,ω) which proves the
normality of Hameo∞(M,ω) in Sympeo(M,ω). Path-connectedness is immediate
since the above proof shows that any element h ∈ Hameo∞(M,ω) can be con-
nected to the identity via a path lying in Hameo∞(M,ω) that is connected in
Sympeo(M,ω). �
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Similarly to the case of the interval [0, 1], we can define a topological Hamil-
tonian path on [a, b] with b > a

λ : [a, b]→ Hameo(M,ω)

to be a path such that

(6.4.21) λ ◦ (λ(a))−1 ∈ Pham[a,b] (Sympeo(M,ω), id)

wherePham[a,b] (Sympeo(M,ω), id) is defined in the same way as Pham(Sympeo(M,ω), id)

with [0, 1] replaced by [a, b].
We believe that the following conjecture is true.

Conjecture 6.4.3. The subset C0
ham(M,ω) is a proper subset of C0(M).

Using the uniqueness result [BS10] of topological Hamiltonians, one can extend
the definition of the Hofer length function to the topological Hamiltonian paths,
and define its associated intrinsic distance function on Hameo(M,ω) extending
the one on Ham(M,ω). We refer to [Oh10] for further details and other related
discussions.

The following theorem is the topological Hamiltonian analog to the well-known
theorem on the Hofer norm on Ham(M,ω) [H90].

Theorem 6.4.4. Let g, h ∈ Hameo(M,ω). Then the extended Hofer norm
function

‖ · ‖ : Hameo(M,ω)→ R+

is continuous in the Hamiltonian topology, and satisfies the following properties:

(1) (Symmetry) ‖g‖ = ‖g−1‖
(2) (Bi-invariance) ‖gh‖ = ‖hg‖
(3) (Triangle inequality) ‖gh‖ ≤ ‖g‖+ ‖h‖
(4) (Symplectic invariance) ‖ψ−1gψ‖ = ‖g‖ for any ψ ∈ Sympeo(M,ω),
(5) (Nondegeneracy) g = id if and only if ‖g‖ = 0.

However Stefan Müller [Mue08] posed the following question

Question 6.4.5 (S. Müller). Denote by ‖ · ‖Ham and ‖ · ‖Hameo the Hofer
norm on Ham(M,ω) and the extended Hofer norm on Hameo(M,ω). Let φ ∈
Ham(M,ω) ⊂ Hameo(M,ω). Does the following identity

‖φ‖Ham = ‖φ‖Hameo
hold in general?

This question can be shed some light on by relating it to the general construc-
tion of path metric spaces (X, dℓ) starting from a general metric space (X, d) in the
point of view of Chapter 1 [Gr88].

The following conjecture is one of the important motivations to understand the
Hamiltonian dynamics in the C0-level.

Conjecture 6.4.6. The Calabi homomorphism Cal : Ham(D2, ∂D2) → R is
extended to a homomorphism

Cal : Hameo(D2, ∂D2)→ R

that is continuous in Hamiltonian topology.
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In [Oh10], it was shown that validity of this conjecture together with the
smoothing theorem [Oh06b], [Sik07] would imply properness of Hameo(D2, ∂D2)
in ofHomeoΩ(D2, ∂D2) and hence lead to a proof of non-simpleness ofHomeoΩ(D2, ∂D2).
In Part IV after we explain the construction of spectral invariants and the notion of
Entov-Polterovich quasi-morphisms [EnP03], we will come back to some discussion
on this conjecture.



Part 2

Rudiments of Pseudo-holomorphic

Curves





CHAPTER 7

Geometric calculations

In this chapter, we perform geometric calculations involving general pseudo-
holomorphic curves in the context of almost Kähler manifolds (M,ω, J). We first
derive some general facts on the harmonic energy density of pseudo-holomorphic
curves possibly bordered with Lagrangian boundary in the real context. Then for
the local calculations involving the energy density, we exploit the notion of canon-
ical connection of the holomorphic tangent bundle of the almost Kähler manifold
introduced by Ehresman-Liebermann [EL] and studied by Kobayashi [Ko03]. (See
also [Ga97] for an extensive study of various natural connections on almost complex
manifolds.) We will see that the usage of this canonical connection on the holomor-
phic tangent bundle dramatically simplifies the calculations involving the deriva-
tives of the energy density of J-holomorphic maps. Although this simplification is
not essential for deriving the elliptic estimates, we prefer to do this optimal form of
calculations hoping that it will be useful in the future. To maximize the advantage
of the canonical connection, we will adopt complexified notations for the almost
Kähler manifold (M,ω, J) and the Riemann surface (Σ, j) in the local calculations.
A main consequence of these geometric calculation is a priori W 2,2 estimates given
in Proposition 7.4.5 for J-holomorphic curves with Lagrangian boundary condition.

7.1. Natural connection on almost Kähler manifolds

7.1.1. Canonical connection on almost Kähler manifolds. In this sub-
section, we first recall the notion of canonical connection introduced by Ehresmann
and Libermann, and studied by Kobayashi [Ko03] in relation to his study of hy-
perbolic (almost)-complex space.

Let (M,J) be an almost complex manifold, i.e., J be a bundle isomorphism
J : TM → TM over the identity satisfying J2 = −id.

Definition 7.1.1. A metric g on (M,J) is called Hermitian, if g satisfies

g(Ju, Jv) = g(u, v), u, v ∈ TxM, x ∈M.

We call the triple (M,J, g) an almost Hermitian manifold.

For any given almost Hermitian manifold (M,J, g), the bilinear form

Φ := g(J ·, ·)
is called the fundamental two-form in [KN96], which is nondegenerate.

Definition 7.1.2. An almost Hermitian manifold (M,J, g) is an almost Kähler
manifold if the two-form Φ above is closed.

Definition 7.1.3. A (almost) Hermitian connection ∇ is an affine connection
satisfying

∇g = 0 = ∇J.

135
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Exercise 7.1.4. Prove that such a connection always exists.

In general the torsion T = T∇ of the almost Hermitian connection ∇ is not
zero, even when J is integrable. By definition, T has the expression

T (X,Y ) = ∇XY −∇YX − [X,Y ].

The following is the almost complex version of the Chern connection in complex
geometry.

Theorem 7.1.5 ([Ga97], [Ko03]). On any almost Hermitian manifold (M,J, g),
there exists a unique Hermitian connection ∇ on TM satisfying

(7.1.1) T (X, JX) = 0

for all X ∈ TM .

In complex geometry [Cher67] where J is integrable, a Hermitian connection
satisfying (7.1.1) is called the Chern connection.

Definition 7.1.6. A canonical connection of an almost Hermitian connection
is defined to be one that has the torsion property (7.1.1).

Next we would like to derive how the almost Kähler property dΦ = 0 for the
bilinear form Φ = g(·, J ·) affects on the torsion property of the canonical connection.
For this purpose, it is best to consider the complexification of ∇. Consider the
complexified tangent bundle TCM = TM ⊗ C which is decomposed into

TCM = T (1,0)M ⊕ T (0,1)M

where T (1,0)M (resp. T (0,1)M) is the eigenspace of J with eigenvalue i =
√
−1 (resp.

with eigenvalue −i). The metric g extends complex linearly to a nondegenerate
complex bilinear form on TCM , still denoted by g, with respect to which both
T (1,0)M and T (0,1)M become isotropic i.e., the form Φ vanishes when restricted to
T (1,0)M and T (0,1)M respectively. The associated Hermitian inner product on the
complex vector space T (1,0)M is then defined by

(7.1.2) 〈u, v〉 = g(u, v)

for two complex vectors u, v ∈ T (1,0)
x M .

Now we express the complexification of such ∇ and the associated T with
respect to a given frame. Choose an orthonormal frame of M

(7.1.3) {e1, · · · , en, f1, · · · , fn}
on TM so that fj = Jej . Then the vectors

uj =
1√
2
(ej − ifj), j = 1, · · · , n

form a unitary frame of T (1,0)M and the vectors

uj =
1√
2
(ej + ifj), j = 1, · · · , n

form a unitary frame of T (0,1)M . Let

(7.1.4) {α1, · · · , αn, β1, · · · , βn}
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be the dual frame of (7.1.3). The complex valued 1-forms

θj =
1√
2
(αj + iβj), j = 1, · · · , n

form a unitary frame of Λ(0,1)(M) = (T (1,0)M)∗ which is dual to the unitary frame
{u1, · · · , un}.

Any almost Hermitian connection ∇ on TM induces a connection of the com-
plex vector bundle Λ(1,0)M , which is defined by a locally defined, matrix-valued
complex 1-form ω = (ωij)i,j=1,2,··· ,n that is skew-Hermitian, i.e., ωij = −ωji . The
corresponding torsion, denoted by Θ, is a skew-Hermitian two form with values in
T (1,0)M and has the expression

(7.1.5) Θ = Π′TC

where TC = T ⊗ C is the complex linear extension of T and Π′ is the projection to
T (1,0)M .

The first structure equation of this unitary connection is given by

(7.1.6) dθi = −
∑

ωij ∧ θj +Θi

or simply as dθ = −ω ∧ θ +Θ as a matrix equation.
The second structure equation is given by

(7.1.7) dωij = −
∑

ωik ∧ ωkj +Ωij

or simply as dω = −ω ∧ ω + Ω where Ω is the curvature two form. The two
decompose into

Θ = Θ(2,0) +Θ(1,1) +Θ(0,2)

Ω = Ω(2,0) +Ω(1,1) +Ω(0,2).

Theorem 7.1.7. The (0, 2)-component Θ(0,2) of the torsion form Θ is indepen-
dent of the choice of almost Hermitian connection.

Exercise 7.1.8. Prove this theorem.

The (0, 2)-form Θ(0,2) is called the torsion of the almost complex structure J .
The integrability of J is given by Θ(0,2) = 0. On the other hand, the components
Θ(1,1) and Θ(2,0) depend on the choice of connection.

The following is the definition of canonical connection in complexified form
which is equivalent to Definition 7.1.6.

Definition 7.1.9. Let (M,J, g) be an almost Hermitian manifold. A connec-
tion ∇ of TM is the canonical connection, if the torsion form Θ on the complex
vector bundle T (1,0)M satisfies Θ(1,1) = 0.

It was proved by Kobayashi that if (M,J, g) is almost Kähler, then the following
holds

Theorem 7.1.10 (Kobayashi, [Ko03]). Let (M,J, g) be almost Kähler and ∇
be the canonical connection of TM and its complexification. Then Θ(2,0) = 0 in
addition, and hence Θ is of type (0, 2), and satisfies

(7.1.8)
∑

Θi ∧ θi = 0.

Equivalently, we have the following real description of Θ being of type (0, 2).
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Proposition 7.1.11. Let (M,J, g) be an almost Kähler manifold and ∇ be its
canonical connection. Then the torsion tensor T satisfies

T (JY, Z) = T (Y, JZ), JT (JY, Z) = T (Y, Z)

for all vector fields Y, Z.

Remark 7.1.12. When we start with a general affine connection on the real
tangent bundle TM , there will be many different such affine connections whose
complexification leads to the connection on the holomorphic tangent bundle on
T (1,0)M with Θ(1,1) = 0. Such an affine connection is not unique.

In the next section, we show that the Levi-Civita connection is another such
choice besides the above mentioned canonical Hermitian connection. This Levi-
Civita connection is however not J-linear. Because of this, we prefer to use the
unique Hermitian connection given by the above theorem.

7.1.2. Levi-Civita connection on almost Kähler manifolds. Recall that
considering an almost Hermitian manifold (M,J, g) as a Riemannian manifold, it
induces the Levi-Civita connection on TM which can be extended to TCM complex
linearly.

Now we complex linearly extend this Levi-Civita connection to TCM and ex-
press it in terms of the above mentioned moving frame. The Levi-Civita connection
∇ on TCM in terms of the basis

{u1, · · · , un, u1, · · · , un}

is locally expressed by

∇uj =
∑

i

λij ⊗ ui +
∑

ℓ

µℓ̄j ⊗ uℓ

and their complex conjugates. The first structure equation becomes

(7.1.9) d

(
θ

θ

)
= −

(
λ, µ

µ,− λ

)
∧
(
θ

θ

)
∧
(
θ

θ

)
.

Since λ = −λt, the skew Hermitian matrix λ = (λji ) induces a connection on

T (1,0)M , the so-called Lichnerowitz connection. The first structure equation for λ
is given by

dθj = −
∑

i

λji ∧ θi −
∑

i

µj
ī
∧ θi.

Therefore recalling the definition (7.1.6) of the torsion form, the torsion form Θ′

of this connection on T (1,0)M is given by

(7.1.10) (Θ′)j = −
∑

i

µj
ī
∧ θi

We write

µj
ī
=
∑

i,ℓ

N j

ℓ̄̄i
θ
ℓ
+
∑

i,k

N j
kī
θk.

The following theorem by Kobayashi clarifies the relations between the canonical
connection on T (1,0)M of (M,J, g) and the Levi-Civita connection on (M, g).
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Theorem 7.1.13 (Kobayashi). Suppose (M,J, g) is almost Kähler. Then the
connection on T (1,0)M induced by the canonical connection in the previous section
coincides with the Lichnerowitz connection, i.e., ωji = λji . In particular, we have
Θ = Θ′ and so

N j
kī

= 0, N j

ℓ̄̄i
= N j

īℓ̄

The (1, 2)-tensor associated to N j

ℓ̄̄i
is nothing but the Nijenhuis torsion tensor

of the almost complex structure J . If we set N j

ℓ̄̄i
= Nj̄ ℓ̄̄i, then it is easy to check

that (7.1.8) implies the following symmetry property

(7.1.11) Nj̄ ℓ̄̄i = Nℓ̄̄ij̄ = Nīj̄ℓ̄.

We substitute (7.1.10) and

ωji =
∑

ℓ

ωjiℓθ
ℓ +

∑

ℓ

ωj
iℓ̄
θ
ℓ

into (7.1.6), and write

dθj = −
∑

i,ℓ

ωjiℓθ
ℓ ∧ θi −

∑

i,ℓ

ωj
iℓ̄
θ
ℓ ∧ θi +

∑

i,ℓ

N j

ℓ̄̄i
θ
ℓ ∧ θi.

7.1.3. On symplectic manifolds (M,ω). Now we consider a symplectic
manifold (M,ω).

Definition 7.1.14. An almost complex structure J is called compatible to ω,
if it satisfies the following

(1) (J-positive) ω(u, Ju) ≥ 0 and equality holds if and only if u = 0
(2) (J-hermitian) ω(Ju, Jv) = ω(u, v).

We denote by Jω the set of such almost complex structures.

A polar decomposition guarantees that there always exists a compatible almost
complex structure on any symplectic manifold (M,ω).

Exercise 7.1.15. Prove this statement.

In fact, we have the following general lemma by Gromov [Gr85]

Lemma 7.1.16 (Gromov). The set Jω is a nonempty contractible infinite di-
mensional (Frêchet) manifold.

For any J compatible to ω, the bilinear form

g = ω(·, J ·)
defines a Hermitian metric with respect to J and so the triple (M,J, g) defines
an almost Kähler manifold in the sense of the above definition. By definition, the
fundamental two-form of this metric g becomes Φ = ω. We denote this almost
Kähler manifold by (M,ω, J) highlighting the symplectic form ω.

From now on, we will mostly use the canonical almost Hermitian connection for
our calculations provided in Theorem 7.1.5, instead of the Levi-Civita connection
on TM of the almost Kähler manifold (M,ω, J), unless otherwise said. However
we remark that by Theorem 7.1.5 both connections induce the same associated
canonical connection on the holomorphic tangent bundle T (1,0)M .
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Example 7.1.17. Consider the standard Euclidean symplectic vector space

R2n, ω0 =

n∑

j=1

dqj ∧ dpj

with the isomorphism

R2n → Cn ; (q1, · · · , qn, p1, · · · , pn) 7→ (z1, · · · , zn), zj = qj +
√
−1pj .

It follows that the Euclidean inner product g is written as g = ω0(·, J0·) with respect
to J0 induced from the complex multiplication by i =

√
−1 on Cn, i.e., J0 is the

endomorphism determined by

J0

(
∂

∂qj

)
=

∂

∂pj
, J0

(
∂

∂pj

)
= − ∂

∂qj

for j = 1, · · · , n. Note that R2n ≃ Cn carries three canonical bilinear forms: the
symplectic form ω0, the Euclidean inner product g and the Hermitian inner product
〈·, ·〉. Our convention of the relation between these three is

〈·, ·〉 = g(·, ·)− iω0(·, ·).
In other words, the Hermitian inner product is complex linear in the first argument
and complex anti-linear in the second argument.

7.2. Global properties of J-holomorphic curves

An ingenious idea of Gromov introduced in [Gr85] that revolutionizes the area
of symplectic topology is to study the space of almost complex maps

f : (Σ, j)→ (M,J)

where (Σ, j) is another almost complex manifold.

Definition 7.2.1. An almost complex map f : (Σ, j) → (M,J) is called a
(j, J)-holomorphic map.

However, unless both j and J are integrable, there is no even local existence
theorem of such maps possible when dimΣ > 2. On the other hand when dimR Σ =
2, there is the following local existence theorem. Very often, we omit j or call the
pair (j, f) a J-holomorphic map, and its image an (unparameterized) J-holomorphic
curve.

Theorem 7.2.2 (Nijenhuis-Wolf [NiW63]). At each point p ∈ M and for
each complex tangent 2-plane τp at x, there exists ǫ > 0 and a J-holomorphic disc
f : (D2(ǫ), j)→ (M,J) such that f(0) = p and τp = ImageT0f .

The proof of this theorem relies on the elliptic theory of non-linear partial
differential equations noting that the almost complex condition df ◦ j = J ◦df gives
rise to a quasi-linear first order elliptic partial differential equation. In fact, for the
case (D2(ǫ), j), this is equivalent to

∂f

∂x
+ J(f)

∂f

∂y
= 0

where ∂f
∂x := df( ∂∂x ),

∂f
∂y := df( ∂∂y ) and (x, y) is the standard coordinate of D2(ǫ).

Of course, when J is integrable, this equation becomes exactly the equation for
holomorphic curves in complex coordinates (z1, . . . , zn) of M and z = x +

√
−1y

on Σ, if we identify J with the complex multiplication by
√
−1 .
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Now, we study some global properties of J-holomorphic curves. For the purpose
of keeping consistency with the notations we use for the later calculations, we will
switch the notation Tu to du and regard it as a vector valued one-form with its
values lying in u∗TM . Then we have a decomposition

(7.2.12) du = ∂Ju+ ∂Ju

where ∂Ju (respectively ∂u) is the complex linear (respectively anti-complex linear)
part of du with respect to (j, J):

∂Ju :=
1

2
(du− J · du · j)(7.2.13)

∂Ju :=
1

2
(du+ J · du · j)(7.2.14)

Then u is J-holomorphic if and only if ∂Ju = 0.
Fix a Hermitian metric h on (Σ, j). The norm |du| of the map

du : (TΣ, h)→ (TM, g)

with respect to any Riemannian metric g is defined by

|du|2g :=
2∑

i=1

|du(ei)|g2,

where {e1, e2} is an orthonormal frame of TΣ with respect to h. This definition does
not depend on the choice of the orthonormal frame {e1, e2}. In coordinates, (x1, x2)
on Σ and (y1, y2, . . . , y2n) on M , we write g =

∑
gαβdy

αdyβ and h =
∑
hijdx

idxj

and (hij) = (hij)
−1. Then |du|2g, called the harmonic energy density function, has

the expression

|du|2g =
∑

i,j,α,β

gαβ(u(x))h
ij(x)

∂uα

∂xi
∂uβ

∂xj
.

The following are consequences from the definition of J-holomorphic map and the
compatibility of J to ω.

Proposition 7.2.3. Denote gJ = ω(·, J ·) and the associated norm by |·| = |·|J .
Fix a Hermitian metric h of (Σ, j), and consider a smooth map u : Σ→M . Then
we have

(1) |du|2 = |∂Ju|2 + |∂Ju|2
(2) 2 u∗ω = (−|∂Ju|2 + |∂Ju|2) dA where dA is the area form of the metric h

on Σ.

Proof. Since the definition of the norm |du|2 given above does not depend on
the choice of the orthonormal frame {e1, e2}, we choose an orthonormal local frame
of TΣ with respect to h such that je1 = e2 and denote by {α1, α2} its dual frame.
The identity (1) follows immediately from a straightforward calculation using the
fact that the endomorphism J, j are orthogonal with respect to the metric g, h
respectively.

For the proof of the identity (2), we express the area form dA as

dA = α1 ∧ α2.

By definition,

|du|2 = |du(e1)|2 + |du(e2)|2
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and

|∂Ju|2 = |∂Ju(e1)|2 + |∂Ju(e2)|2
|∂Ju|2 = |∂Ju(e1)|2 + |∂Ju(e2)|2.

But by the choice e2 = je1,

∂Ju(e1) =
du(e1) + Jdu(e2)

2
, ∂Ju(e2) =

du(e2)− Jdu(e2)
2

and

∂Ju(e1) =
du(e1)− Jdu(e2)

2
, ∂Ju(e2) =

du(e2) + Jdu(e1)

2
.

Therefore from the compatibility of J to ω, a straightforward calculation shows

|∂Ju|2 − |∂Ju|2 = −2〈du(e1), Jdu(e2)〉 = 2〈Jdu(e1), du(e2)〉
= 2ω(du(e1), du(e2)) = 2u∗ω(e1, e2).

This implies (2). Hence the proof. �

From this identity, we obtain the following calibrated property of J-holomorphic
curves with respect to the symplectic form ω.

Corollary 7.2.4. For any smooth map u : Σ→M , we have

1

2

∫

Σ

|du|2J dA ≥
∫
u∗ω

and equality holds precisely when u is J-holomorphic.

Note that when Σ is a closed surface without boundary
∫
u∗ω is constant in a

fixed homology class. Therefore, any J-holomorphic curve minimizes the harmonic
energy 1

2

∫
Σ
|du|2J dA in a fixed homology class. This immediately gives rise to

Proposition 7.2.5. When u : (Σ, j)→ (M,J) is J-holomorphic, we have

AreagJ u =
1

2

∫
|du|2J =

∫
u∗ω

Therefore AreagJ u depends only on the homology class represented by u. In partic-
ular, for any J-holomorphic map u : (Σ, j)→ (P, J) representing a fixed homology
class A = [u],

(7.2.15) AreagJ (u) = [ω](A).

Corollary 7.2.6. Near each regular point of u on Σ, the image of J-holomorphic
map is a minimal surface with respect to the metric gJ = ω(·, J ·).

Remark 7.2.7. In applications, one needs to vary the almost complex structure
and to consider a family of J contained in a compact subset K of Jω. However,
when we do estimates and convergence arguments of a sequence {fi} of maps, we
have to use the given fixed metric g among compatible metrics . Then (7.2.15)
should be replaced by

Areag(f) ≤ C(A,K)

for any J-holomorphic map f and J ∈ K ⊂ Jω , where C(A,K) is a constant
depending only on A and K. This uniform area estimate will be an important step
for obtaining uniform C1-estimate and so for the study of compactness properties
of J-holomorphic maps (for varying J in a compact set).
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7.3. Calculations of ∆e(u) on shell

We will carry out some geometric calculation involving the harmonic energy
density function

e(u) := |du|2

for a J-holomorphic map. This will lead to the elliptic estimates for solutions of the
Cauchy-Riemann equation that is needed for more detailed study of the pseudo-
holomorphic curves.

To maximize the advantage of the canonical connection, we will adopt complex-
ified notations for the almost Kähler manifold (M,ω, J) and the Riemann surface
(Σ, j) in the calculations below.

This being said, let (Σ, j) be an open Riemann surface equipped with a Hermit-
ian metric h compatible with the given complex structure j. The complexification
TCM = TM ⊗ C has the decomposition

(7.3.16) TCΣ = T (1,0)Σ⊕ T (0,1)Σ, TCM = T (1,0)M ⊕ T (0,1)M.

Extending the derivative du complex linearly to a bundle map

du : TCΣ→ TCM

it can be expressed as the natural block diagonal matrix

(7.3.17) du =

(
(∂u)′ (∂u)′′

(∂u)′ (∂u)′′

)

where (·)′ is the (1, 0)-part and (·)′′ the (0, 1)- part of (·) ∈ TCM in its image. Here

(7.3.18) ∂u ∈ Ω(1,0)(Σ;u∗TCM), ∂u ∈ Ω(0,1)(Σ;u∗TCM)

are the (1, 0) and (0, 1) components of du ∈ Ω1(Σ;u∗TCM) as TCM -valued one-
forms on Σ, respectively. Here we consider the tangent map du : TCΣ→ TCM as a
one-form.

On the other hand, we recall the real operator du has the decomposition

du = ∂Ju+ ∂Ju.

Similarly we extend ∂Ju and ∂Ju complex linearly to TCΣ→ TCM .

Lemma 7.3.1. In complexification TCM of the tangent bundle TΣ, ∂Ju, ∂Ju :
TCΣ→ TCM has the form

∂Ju =

(
(∂u)′ 0

0 (∂u)′′

)
, ∂Ju =

(
0 (∂u)′′

(∂u)′ 0

)

as u∗TCM -valued one-forms on Σ. In particular, ∂Ju preserves the type of the
vectors.

Proof. We can write

du(ξ) =

(
du(ξ)− iJ · du(ξ)

2

)
+

(
du(ξ) + iJ · du(ξ)

2

)

for all ξ ∈ TCΣ which respects the decomposition TCM = T (1,0)M ⊕ T (0,1)M .
Now let ξ ∈ T (1,0)Σ and evaluate

(7.3.19) ∂Ju(ξ) =
du(ξ)− J · du · j(ξ)

2
=
du(ξ)− iJ · du(ξ)

2
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where we use jξ = iξ. The right hand side is precisely the projection of du(ξ) to
T (1,0)M : We compute

J

(
du(ξ)− iJ · du(ξ)

2

)
= i

(
du(ξ)− iJ · du(ξ)

2

)
.

On the other hand, for ξ ∈ T (0,1)Σ, we have

∂Ju(ξ) =
du(ξ)− J · du · j(ξ)

2
=
du(ξ) + iJ · du(ξ)

2
∈ T (0,1)M

which is T (0,1)M -projection of du(ξ). It follows from this that

∂Ju =

(
(∂u)′ 0

0 (∂u)′′

)
.

Similarly we obtain the formula for ∂Ju. This finishes the proof. �

Ω1(u∗TCM) is decomposed into the sum

Ω1(u∗TCM) = Ω(0,1)(u∗TCM)⊕ Ω(0,1)(u∗TCM)

and since we are on the Riemann surface, we have

Ω(2,0)(u∗TCM) = 0 = Ω(0,2)(u∗TCM)

and so
Ω2(u∗TCM) = Ω(1,1)(u∗TCM).

Consider the pull-back connection, again denoted by ∇ on u∗TM . Combined
with the Hermitian connection of (Σ, j, h), it induces a connection on T ∗Σ⊗u∗TM
which we again denote by ∇. We denote by d∇ the skew-symmetrization of covari-
ant derivative ∇ given by

d∇(α)(ξ1, ξ2) = (∇ξ1α)(ξ2)− (∇ξ2α)(ξ1)
which defines an operator

d∇ : Ω1(u∗TM)→ Ω2(u∗TM).

Considering α = du as a one-form in Ω1(u∗TM), we have the following lemma

Lemma 7.3.2. As a two-form with values in u∗TM , we have

(7.3.20) d∇(du) = u∗T

where T is the torsion tensor of ∇.
Proof. For given ξ1, ξ2 ∈ Γ(TΣ), we evaluate

d∇(du)(ξ1, ξ2) = ∇ξ1(du)(ξ2)−∇ξ2(du)(ξ1)
= ∇du(ξ1)(du(ξ2))− du(∇ξ1ξ2)− (∇du(ξ2)(du(ξ1))− du(∇ξ2ξ1))
= ∇du(ξ1)(du(ξ2))−∇du(ξ2)(du(ξ1))− (du(∇ξ1ξ2)− du(∇ξ2ξ1))
= ∇du(ξ1)(du(ξ2))−∇du(ξ2)(du(ξ1))− (du([ξ1, ξ2])

= ∇du(ξ1)(du(ξ2))−∇du(ξ2)(du(ξ1))− ([du(ξ1), du(ξ2)])

= T (du(ξ1), du(ξ2)) = u∗T (ξ1, ξ2)

which finishes the proof �

We extend the operator du and T complex linearly on the complexifications
TCΣ and TCΣ.
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Corollary 7.3.3. Suppose u is J-holomorphic, i.e., ∂Ju = 0. Then u∗T = 0
and so d∇(du) = 0.

Proof. We evaluate

u∗T (η, jη) = T (du(η), du(jη)) = T (du(η), Jdu(η)) = 0.

Here we use du ◦ j = J ◦ du for the second equality and Theorem 7.1.5 for the third
equality. This finishes the proof. �

Using Lemma 7.3.2, we obtain

Theorem 7.3.4. Let u be J-holomorphic. Then ∂u is harmonic, i.e., satisfies
∆(∂u) = 0.

Proof. We compute the Laplacian of the energy density e(u) for a J-holomorphic
maps u : (Σ, j)→ (M,J) where Σ may have non-empty boundary ∂Σ. Recall that
we have the identity

e(u) = |du|2 = |∂u|2 + |∂u|2 = 2|∂u|2

for a J-holomorphic map. In other words, the energy density can be written purely
in terms of the (1, 0)-form ∂u with values in T (1,0)M . Therefore we compute ∆|∂u|2
instead of ∆|du|2 using this identity.

Let ∗ be the Hodge star operator on Σ. Then ∗ξ = −iξ for ξ ∈ (T ∗Σ)(1,0).
Therefore

(7.3.21) ∗∂u = −i∂u.
Using the formulae for the adjoint

(d∇)∗ = − ∗ d∇∗
and applying them to ∂u, we obtain

(d∇)∗(∂u) = − ∗ d∇ ∗ (∂u) = i ∗ d∇(∂u).
This vanishes by Lemma 7.3.2 since d∇∂u = d∇du|T (1,0)Σ.

Now we consider the Hodge Laplacian

∆ = ∆u := d∇(d∇)∗ + (d∇)∗d∇

and compute

(7.3.22) ∆(∂u) = d∇(d∇)∗(∂u) + (d∇)∗d∇(∂u) = 0.

This finishes the proof. �

We now recall the Bochner-Weitzenböck formula

(7.3.23) ∆(∂u) = ∇∗∇(∂u) +K(∂u) +R(du, du)∂u

where ∇∗∇ is the trace Laplacian, K is the Gauss curvature of Σ and R is the sec-
tional curvature of the connection ∇ ofM , extended to TCM complex linearly. (See
Appendix of [FU84] for an elegant summary of Weitzenböck formula in general.)
Combining Theorem 7.3.4 and (7.3.23), we have derived

(7.3.24) ∇∗∇(∂u) = ∆(∂u)−K∂u−R(du, du)∂u = −K∂u−R(du, du)∂u.
Observing that du is a real operator, we derive

1

2
∆e(u) = ∆〈∂u, ∂u〉 = 〈∇∗∇∂u, ∂u〉 − 2|∇∂u|2 + 〈∂u,∇∗∇∂u〉

= 〈−2K∂u, ∂u〉 − 2〈R(du, du)∂u, ∂u〉 − 2|∇∂u|2.(7.3.25)
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Hence

(7.3.26) |∇du|2 = 2|∇∂u|2 = −1

2
∆e(u)− 2〈K∂u, ∂u〉 − 2〈R(du, du)∂u, ∂u〉.

Here we apply the following lemma for the first equality.

Lemma 7.3.5. We have 2|∇∂u|2 = |∇du|2.

Proof. We write ∇du = ∇(∂u + ∂u). Let {e1, e2} be an orthonormal frame
of TΣ. Then we have

|∇(∂u)|2 = |∇e1 (∂u)|2 + |∇e2 (∂u)|2.
On the other hand by definition ∂u = du|T (1,0)Σ,

|∇e1(∂u)|2 = |∇e1(du)(ξ)|2

for ξ = 1√
2
(e1 − ie2). Similarly we have

|∇e1(∂u)|2 = |∇e1(du)(ξ)|2.
But we have

∇e1(du)(ξ) = ∇e1(du(ξ))− du(∇e1(ξ)) = ∇e1(du)(ξ)

and hence |∇e1 (∂u)|2 = |∇e1 (∂u)|2. Similarly we also obtain |∇e2(∂u)|2 = |∇e2(∂u)|2.
This proves |∇(∂u)|2 = |∇∂u|2. Recalling |∇du|2 = |∇∂u|2 + |∇∂u|2, we have fin-
ished the proof. �

For the case where ∂Σ = ∅, integration of (7.3.26) over Σ provides

(7.3.27)

∫

Σ

|∇du|2 = −2
∫

Σ

〈K∂u, ∂u〉 − 2

∫

Σ

〈R(du, du)∂u, ∂u〉.

Proposition 7.3.6. For any J-holomorphic map u : Σ→M with ∂Σ = ∅, we
have the inequality

(7.3.28)

∫

Σ

|∇du|2 ≤
∫

Σ

max
z∈Σ

(−K)(z)|du|2 + 1

2

∫

Σ

max
x∈M

|R|(x)|du|4.

Proof. This follows from (7.4.29) and the identity |du|2 = 2|∂u|2. �

7.4. Boundary conditions

When ∂Σ 6= ∅, integration of (7.3.26) over Σ gives rise to
∫

Σ

|∇du|2 = −
∫

∂Σ

1

2

∂

∂ν
〈du, du〉

−2
∫

Σ

〈K∂u, ∂u〉 − 2

∫

Σ

〈R(du, du)∂u, ∂u〉.(7.4.29)

Therefore we need to take care of the boundary contribution.
Suppose Y ⊂ M is a submanifold and denote its second fundamental form by

B∇ : Sym2(TY )→ NY of the canonical connection ∇. Since we are not using the
Levi-Civita connection, we introduce the definition of the second fundamental form
for the Riemannian connection which is not necessarily torsion-free in general.
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Definition 7.4.1. Let∇ be any Riemannian connection, not necessarily torsion-
free. The second fundamental form B∇ : TR× TR → NR is characterized by the
equality

〈B∇(X,Y ), ν〉 = −1

2
〈∇XY +∇YX, ν〉.

for any X, Y ∈ TR and a normal vector ν ∈ NR.
Exercise 7.4.2. Prove that the above definition defines a symmetric 2 tensor

B∇ with values in NR.

By the definition of the second fundamental form B∇ of Y , we can rewrite

1

2

∂

∂ν
〈du, du〉 =

〈
du,

D

∂ν
(du)

〉
= −

〈
B∇(du, du),

∂u

∂ν

〉
+ 〈T ( ∂

∂ν
, du), du〉

if ∂u∂ν ⊥ TY . However on ∂Σ, we compute

T (
∂

∂ν
, du) = T (

∂u

∂ν
,
∂u

∂t
) dt = −T (J ∂u

∂t
,
∂u

∂t
) dt = 0

where the vanishing again arises from the general property of the canonical con-
nection stated in Theorem 7.1.5.

Combining the above calculations, we obtain the following a priori inequality
for the case with boundary, which immediately follows from (7.3.26).

Proposition 7.4.3. For any J-holomorphic map u satisfying Neumann bound-
ary condition, i.e., satisfying ∂u

∂ν ∈ NY , we have the inequality
(7.4.30)∫

Σ

|∇du|2 ≤
∫

∂Σ

max
y∈Y
|B∇||du|3 +

∫

Σ

max
z∈Σ

(−K)(z)|du|2 + 1

2

∫

Σ

max
x∈M

|R|(x)|du|4.

Existence of this kind of a priori coercive estimates is one of the reasons why
one studies the Neumann boundary condition as the natural boundary condition
for the minimal surface with boundary or for the harmonic maps with boundary.

It turns out that when the submanifold Y ⊂ (M,ω, J) is a Lagrangian sub-
manifold, this Neumann boundary condition for J-holomorphic map is equivalent
to the Dirichlet boundary condition or the free boundary condition

u(∂Σ) ⊂ L
for J-holomorphic maps.

Lemma 7.4.4. Let g = ω(·, J ·) and denote by NL = NJL the normal bundle to
L with respect to g. Suppose u is J-holomorphic and u(∂Σ) ⊂ L. Then u satisfies

∂u

∂ν
∈ NJL.

Proof. Let S ⊂ ∂Σ be a connected component and (r, θ) be cylindrical coor-
dinate near S so that the Hermitian metric h has the form

h = λ(dr2 + dθ2).

Then u satisfies

(7.4.31)
∂u

∂r
+ J

∂u

∂θ
= 0 on S
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and
∂u

∂θ
= du

(
∂

∂θ

)
⊂ TL.

On the other hand, Lagrangian property of L and compatibility of J to ω implies

JTL = NL.

Therefore (7.4.31) implies the normal derivative ∂u
∂r lies in NL. This finishes the

proof. �

Incorporating these into the calculations done in the previous section, special-
ized for J-holomorphic maps u satisfying Lagrangian boundary condition we have
derived the following a priori integral bound.

Proposition 7.4.5. Let L ⊂ (M,ω, J) be Lagrangian. Suppose Σ is compact
surface with boundary ∂Σ. Let u : Σ→M be J-holomorphic and satisfy u(∂Σ) ⊂ L.
Then we have∫

Σ

|∇du|2 ≤
∫

∂Σ

max
y∈Y
|B∇||du|3 +

∫

Σ

max
z∈Σ

(−K)|du|2 + 1

2

∫

Σ

max
x∈M

|R||du|4.

This a priori W 2,2-estimate enables us to derive the following a priori estimate
for the weak solutions of the J-holomorphic curve equation ∂Ju = 0. We refer to
Definition 8.5.1 for the definition of weak solutions.

Corollary 7.4.6. Let u be a weak solution for ∂Ju = 0. If du ∈ L4 and
du|∂Σ ∈ L3, then du ∈W 1,2, i.e., u ∈W 2,2.



CHAPTER 8

Local study of J-holomorphic curves

In this chapter, we will study various local aspects of a J-holomorphic curve
u : Σ→M both in the interior and on the boundary of the domain Σ. Based on the
calculations carried out in the last chapter, we first derive the main a priori inte-
rior estimates following the standard practice of geometric analysis in the study of
harmonic maps and the minimal surface theory. Then following the more global ap-
proach used in [SU81], [Fl88a] and [Oh92], we derive the corresponding boundary
estimates. After that we prove the fundamental ingredient, the ǫ-regularity theorem
following the argument used in [Fl88b], [Oh92]. This regularity theorem is the
crucial ingredient to achieve the derivative bound for a small energy J-holomorphic
map. Our proof of this ǫ-regularity result uses the rescaling argument and is in
somewhat different flavor from the standard argument used in geometric analysis,
e.g., different from that of [SU81] which relies on some geometric calculations.
The same kind of rescaling argument is the cornerstone of Sacks and Uhlenbeck’s
bubbling argument developed in [SU81], though.

After these, we derive isoperimetric inequality and the monotonicity formula
and finally give the proof of removal singularity theorem of finite energy J-holomorphic
curves with isolated singulrarities.

8.1. Interior a priori estimates

In this section, we assume that u is J-holomorphic. We fix any compatible
metric g and denote by ∇ the canonical connection of the almost Kähler manifold
(M,ω, J) as given in Theorem 7.1.5. Then u satisfies the equation (7.3.26).

We start with rewriting (7.3.26) into

(8.1.1) |∇du|2 = −1

2
∆e(u)− 2〈K∂u, ∂u〉 − 2〈R(du, du)∂u, ∂u〉.

The following standard inequality appearing in the theory of harmonic maps and
minimal surfaces immediately follows from this identity.

Lemma 8.1.1. For any J-holomorphic map, we have the pointwise inequality

(8.1.2) ∆e(u) ≤ C1e(u) + C2e
2(u)

for some universal constants C1, C2 depending only on ω, J . In fact, we can choose

(8.1.3) C1 = 4max
z∈Σ
|K(z)|, C2 = 4max

x∈M
|R(x)|.

We like to note that the constant C1 in this lemma depends only on Σ, and R
depends only on M via ∇ (and hence on ω, J).

Remark 8.1.2. At this point, we recall that the only requirement for h in the
above calculations is that h is Hermitian with respect to the complex structure j.

149
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Therefore we can vary the Hermitian metric h by multiplying λ−2 and consider
λ−2h instead. Then the new energy density function, denoted by eλ has the form

eλ(u) = λ2e(u).

Since the area element dAλ for the metric λ−2h becomes λ−2dA with dA being the
area element of h, the total energy

E(u) :=
1

2

∫

Σ

|du|2dA

is preserved, i.e., E(u) = Eλ(u).
A natural geometric context in which such a family of metrics arises is when

we pull back the restriction of the given metric h on the geodesic balls D2
r(z0) ⊂ Σ

to the unit disc D2(1) ⊂ C ∼= Tz0Σ via the exponential map RλD
2(1) → Σ given

by Rr(v) = expz0(λv). The pull-back metrics R∗rh on D2(1) can be expressed as

R∗rh = λr(z)|dz|2 for some functions λr on D
2(1) such that λr → 1 in C∞ as r → 0.

We also remark that if λ > 0 is a constant the Gauss curvature of λ−2h is given by
λ2K and so the constant C1,λ for the metric λ−2h can be taken so that

(8.1.4) C1,λ = λ2C1.

In particular, by applying (8.1.2) to the metrics R∗rh on D2(1), we can make the
constant C1,λ as small as we want by letting r → 0.

The following density estimate is crucial for the study of (interior) regularity
of J-holomorphic maps. The main idea of the proof below is taken from that of
Schoen [Sc84] for the study of harmonic maps.

Denote by D(r) ⊂ Σ a disc of radius r and D(2r) ⊂ IntΣ the concentric disc
of radius 2r smaller than the injectivity radius of h on Σ.

Theorem 8.1.3 (Interior density estimate). There exist constants C, ǫ0 and
r0 > 0, depending only on J and the Hermitian metric h on Σ, such that for any
C1 J-holomorphic map with E(r0) ≤ ǫ0 where

E(r0) :=
1

2

∫

D(r0)

|du|2,

and discs D(2r) ⊂ IntΣ with 0 < 2r ≤ r0, u satisfies

(8.1.5) max
σ∈(0,r]

(
σ2 sup

D(r−σ)
e(u)

)
≤ CE(r)

for all 0 < r ≤ r0. In particular, letting σ = r/2, we obtain

(8.1.6) sup
D(r/2)

|du|2 ≤ 4CE(r)

r2

for all r ≤ r0.
Proof. Let r0 > 0 and consider any r such that 0 < r ≤ r0

2 . Consider the
function

σ 7→ σ2 sup
D(r−σ)

e(u)

which has values 0 at σ = 0, r. Therefore we can choose σ0 ∈ (0, r) so that

σ2
0 sup
D(r−σ0)

e(u) = max
σ∈(0,r)

(
σ2 sup

D(r−σ)
e(u)

)
> 0
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as long as u is not constant on D(r). (Note that if u is constant on D(r) for some

r > 0, there is nothing to prove.) Then we choose z0 ∈ D(r − σ0) so that

e(u)(z0) = sup
D(r−σ0)

e(u).

By the choice of σ0 and z0, D σ0
2
(z0) ⊂ D(r − σ0

2 ) and hence

sup
Dσ0

2
(z0)

e(u) ≤ sup
D(r−σ0

2 )

e(u).

On the other hand, we also have
(σ0
2

)2
sup

D(r−σ0
2 )

e(u) ≤ σ2
0e(u)(z0).

Combining the last two inequalities, we obtain

(8.1.7) sup
Dσ0

2
(z0)

e(u) ≤ 4e(u)(z0).

If σ2
0e(u)(z0) ≤ 4E(r), then (8.1.5) follows from the equality

σ2
0e(u)(z0) = max

σ∈[0,r]
(σ2 sup

D(r−σ)
e(u))

by the definitions of σ0, z0.
So we may assume

(8.1.8) e(u)(z0) > 4E(r)σ−20 .

Now we apply a rescaling argument. Set

(8.1.9) e0 =
e(u)(z0)

E(r)
, R0 =

e
1/2
0 σ0
2

.

Then it follows that e0 ≥ 4/σ2
0 and R0 ≥ 1. Define a rescaled map g : DR0(0)→M

by

g(y) = u
(
z0 + y/e

1/2
0

)
.

Here we regard the rescaling map y 7→ z0 + y/e
1/2
0 as the obvious rescaled ex-

ponential map expz0(y/e
1/2
0 ) from DR0(0) ⊂ Tz0Σ

∼= C into D σ0
2
(z0) ⊂ Σ. We

compute
e(g)(0) = |dg|2(0) = |du(z0)|2/e0 = E(r)

where the last equality follows from (8.1.9).
Therefore it follows from (8.1.7) and (8.1.8) that g satisfies

sup
DR0 (0)

e(g) ≤ 4E(r).

Under the change of variables

y ∈ DR0(0) 7→ y + z0/e
1/2
0 ∈ Dσ0/2(z0),

the metric h is pull-backed to one on DR0(0). It follows from the remark around
(8.1.4) that the maximum Gauss curvature K for the pull-back metric converges to
zero as σ0 → 0.

We derive

σ2
0 ≥ 4

E(r)

e(u)(z0)
=

4

e0
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and max |Kλ0 | ∼ λ20 max |K| with λ0 = 1
e0
. By choosing r0 (and hence σ0) suf-

ficiently small, we may assume max |Kλ0 | ≤ 2max |K| as long as σ0 sufficiently
small.

From this and (8.1.2), we obtain

∆e(g) ≤
(
C1σ

2
0

4
+ C2e(g)

)
e(g) ≤

(
C1σ

2
0

4
+ C24E(r)

)
e(g)

on DR0(0). On the other hand, applying the mean value theorem of Morrey
([GT77] Theorem 9.20) on D1(0) ⊂ DR0(0), we obtain

(8.1.10) E(r) = e(g)(0) ≤ C0

(
C1σ

2
0

4
+ C24E(r)

)∫

D1

e(g)

for some universal constant C0 depending only on the coefficients of ∆ in the
geodesic coordinates. This constant can be chosen uniform for the balls of fixed
size, say r ≤ r0 with sufficiently small r0 which can be chosen in a way depending
only on the metric h. But we have

(8.1.11)

∫

D1

e(g) ≤
∫

DR0

e(g) =

∫

Dσ0/2(z0)

e(u) ≤
∫

D(r)

e(u) = 2E(r).

Combining (8.1.10) and (8.1.11), we obtain

E(r) ≤ 2C0

(
C1σ

2
0

4
+ C24E(r)

)
E(r)

i.e.,

(8.1.12) 1 ≤ 2C0

(
C1σ

2
0

4
+ C24E(r)

)
.

Recall σ0 ≤ r ≤ r0. First we choose r0 > 0 to be

(8.1.13) r0 =

√
1

C0C1

Substituting this into (8.1.12) we obtain

(8.1.14) E(r) ≥ 1

16C0C2
.

Therefore if we choose

r0 =

√
1

C0C1
, ǫ0 =

1

17C0C2

the inequality (8.1.12) would be impossible to hold since we have σ0 ≤ r0 and
E(r) ≤ E(r0) ≤ ǫ0. This finishes the proof of (8.1.5).

Then (8.1.6) follows from (8.1.5) for the choice of r0, ǫ0 by taking σ = r
2 in

(8.1.5), which finishes the proof. � �

8.2. Off-shell elliptic estimates

In the previous section, we mostly worked with the estimates ‘on shell’, i.e., of
J-holomorphic maps. However it is often useful to have a priori elliptic estimates
in the ‘off-shell’ level, i.e., ones for arbitrary smooth maps. This is especially so
when one studies gluing problems of pseudoholomorphic curves. We will derive the
off-shell estimates by refining the geometric calculations carried out in the previous
sections applied to general smooth maps. We again exploit the Neumann boundary



8.2. OFF-SHELL ELLIPTIC ESTIMATES 153

Figure 1. unit disc and semi-disc

condition, rather than totally real boundary condition, in our tensorial calculations
involving the boundary conditions. As we pointed out before, Lagrangian boundary
condition implies the Neumann boundary condition for the J-holomorphic maps for
ω-compatible J ’s.

A different approach, which is more global, was used by the authors in [Fl88a],
[Oh92] to obtain the local a priori estimates of J-holomorphic curves and is based
on the classical linear estimates on the Cauchy-Riemann equation, and which also
applies to totally real boundary conditions in the case with boundary. Our new ap-
proach uses the precise tensorial calculations greatly facilitated by the usage of the
canonical connection. This enables us to provide the precise geometric dependence
of various coefficients that appear in the main W 2,4-estimates, Corollary 8.2.7.

We will always assume our map is smooth, but need some completion of the
space of smooth maps with respect to suitable Sobolev norms to perform analytic
study of J-holomorphic maps. We take the simplest route of defining such comple-
tions via the Nash embedding theorem [Nas56]. In other words, we fix an isometric
embedding M →֒ RN for a sufficiently large N ∈ N, and regard a map to M as a
vector-valued functions whose values are contained in M ⊂ RN .

From now on, we consider a map u : Σ → M that satisfies the Neumann
boundary condition

(8.2.15)
∂u

∂ν

∣∣∣
∂Σ
⊥ L

for a Lagrangian submanifold L ⊂ (M,ω).

Definition 8.2.1. Let k − 2
p > 0 and ‖ · ‖k,p the Sobolev W k,p-norms of the

vector valued functions u : Σ→ RN and denote byW k,p(D,RN ) the space ofW k,p-
functions. We define W k,p((Σ, ∂Σ), (M,R)) to be the completion in W k,p(D,RN )
of the set

C∞((Σ, ∂Σ), (M,R))

consisting of smooth maps u satisfying u(∂Σ) ⊂ R.
We denote ‖ · ‖k,p,K the ‖ · ‖k,p norm restricted to the subset K of Σ. Since we

assume that k− 2
p > 0, all such maps are continuous and so the boundary condition

makes sense. Noting that maps with finite W 1,p norm with p > 2 are continuous
and so it makes sense for the maps in W 1,p(D, ∂D), (M,R) to satisfy u(∂D) ⊂ R.

We start with the identity

d∇(du) = u∗T
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given in Lemma 7.3.2. We compute ∆(du) using the definition

∆(du) = d∇(d∇)∗(du) + (d∇)∗d∇(du).

As usual, we also denote δ∇ = (d∇)∗. Then by the formula δ∇ = − ∗ d∇∗ in
2-dimensional surface Σ, the second terms becomes

(8.2.16) (d∇)∗d∇(du) = − ∗ d∇ ∗ (u∗T ).
Similarly as before, applying the Weitzenböck formula, we compute

∆e(u) = ∆〈du, du〉 = 〈∇∗∇du, du〉 − 2|∇du|2 + 〈du,∇∗∇du〉
= 2〈∆du, du〉+ 〈−2Kdu, du〉 − 2〈R∇(du, du)du, du〉 − 2|∇du|2.(8.2.17)

The only difference of this formula from (7.3.25) is the appearance of the term
2〈∆du, du〉 on the right hand side.

We compute

〈∆du, du〉 = 〈d∇(d∇) ∗ (du) + (d∇)∗d∇(du), du〉
= 〈d∇(d∇) ∗ (du), du〉 − 〈∗d∇ ∗ (u∗T ), du〉.(8.2.18)

We now compute each term of the right hand side. For this purpose, the following
identity turns out to be very useful as in [OhW12] from which we borrow its proof.

Lemma 8.2.2. Assume α is a zero form in Ω0(w∗ξ) and β is an 1 form in
Ω1(w∗ξ). 〈·, ·〉 is the inner product on w∗ξ introduced from the metric of Q. Then
we have

〈d∇α, β〉 − 〈α, δ∇β〉 = −δ〈α, β〉.
Proof. We compute

−δ〈α, β〉 = ∗d ∗ 〈α, β〉 = ∗d〈α, ∗β〉
= ∗(d∇α ∧ ∗β) + ∗〈α, d∇(∗β)〉
= ∗〈d∇α, β〉 d vol+〈α, ∗d∇(∗β)〉
= 〈d∇α, β〉 − 〈α, δ∇β〉.

In the third line, we also use the fact that our connection is a Riemannian connection
and here one should extend the operation ∧ to the vector-forms in the way that
the product is taking the inner product in the fiber direction and take the wedge
product on the base. �

Then we compute −〈∗d∇ ∗ (u∗T ), du〉 of (8.2.18).
Lemma 8.2.3.

−〈∗d∇ ∗ (u∗T ), du〉 = δ〈u∗T, du〉+ |u∗T |2.
Proof. Using Lemma 8.2.2 again, we compute

−〈∗d∇ ∗ (u∗T ), du〉 = 〈δ∇(u∗T ), du〉
= δ〈u∗T, du〉 − 〈u∗T, ∗δ∇(∗du)〉
= δ〈u∗T, du〉+ 〈u∗T, d∇(du)〉
= δ〈u∗T, du〉+ |u∗T |2.

�
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For the following computation in this section, we will use the decomposition

du = ∂Ju+ ∂Ju ∈ Λ
(1,0)
J (TM)⊕ Λ

(0,1)
J (TM).

Since we will not use the complexification and ∂u or ∂u appearing in the decompo-
sition du = ∂u+ ∂u ∈ Λ(1,0)(TCM)⊕ Λ(1,0)(TCM) in the previous chapter, we will

drop J and just denote ∂Ju = ∂u and ∂Ju = ∂u for the following computations in
this section, which we hope does not confuse the readers.

For the term 〈d∇(d∇)∗(du), du〉 of (8.2.18), we have

Lemma 8.2.4.

〈d∇(d∇)∗(du), du〉 = 4|d∇(∂u)|2 + |u∗T |2 − 4〈u∗T, d∇∂u〉 − δ〈δ∇(du), du〉.
Proof. Using δ∇ = − ∗ d∇∗ and Lemma 8.2.2, we derive

〈d∇(d∇)∗(du), du〉 = 〈d∇δ∇(du), du〉
= −δ〈δ∇(du), du〉+ 〈δ∇(du), δ∇(du)〉
= −δ〈δ∇(du), du〉+ |δ∇(du)|2.

Next we use the following identity

δ∇∂u = J ∗ d∇∂u
δ∇∂u = −J ∗ d∇∂u :

For the first, we compute

δ∇∂u = − ∗ d∇ ∗ ∂u = ∗d∇∂u ◦ j = ∗d∇J∂u = J ∗ d∇∂u.
Similar computation leads to the second identity.

In particular, we obtain

(8.2.19) |d∇∂u| = |δ∇∂u|, |d∇∂u| = |δ∇∂u|.
We derive

|δ∇(du)|2 = | − ∗d∇ ∗ du|2 = |d∇ ∗ du|2

= |d∇ ∗ (∂u+ ∂u)|2 = |d∇(∂uj + ∂uj)|2

= |d∇(J∂u− J∂u)|2 = |d∇(∂u− ∂u)|2 = |d∇(du − 2∂u)|2

= |u∗T − 2d∇∂u|2 = |u∗T |2 + 4|d∇∂u|2 − 4〈u∗T, d∇∂u〉.
Here we re-write ∂u = du − ∂u and use the identity d∇(du) = u∗T for the third
equality. By substituting this into the identity in the beginning of this proof, we
have finished the proof. �

Substituting the formulae in Lemmata 8.2.3, 8.2.4 into (8.2.18) and (8.2.17),
and then re-arranging the terms, we get

|∇du|2 = −1

2
∆e(u)− δ〈δ∇(du), du〉+ δ〈u∗T, du〉+ |u∗T |2

−〈Kdu, du〉 − 〈R∇(du, du)du, du〉
+4|d∇(∂u)|2 + |u∗T |2 − 4〈u∗T, d∇∂u〉

= −1

2
∆e(u)− δ〈δ∇(du), du〉+ δ〈u∗T, du〉

−〈Kdu, du〉 − 〈R∇(du, du)du, du〉
+4|d∇(∂u)|2 + 2|u∗T |2 − 4〈u∗T, d∇∂u〉.
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Taking the integral of this, we derive
∫

Σ

|∇du|2 =
1

2

∫

∂Σ

∂

∂ν
e(u) +

∫

∂Σ

∗〈δ∇(du), du〉 − 〈∗u∗T, ∗du〉

−
∫

Σ

〈Kdu, du〉+ 〈R∇(du, du)du, du〉

+4

∫

Σ

|d∇(∂u)|2 + 2

∫

Σ

|u∗T |2 − 4〈u∗T, d∇∂u〉.

Here we remind the readers that our Laplacian ∆ acting on zero-forms (or functions)
on Σ is the geometric Laplacian which is the negative of the classical Laplacian,
which makes the Green’s formula becomes

−1

2

∫

Σ

∆e(u) dA =
1

2

∫

∂Σ

∂

∂ν
e(u) dt.

And on ∂Σ, we derive

1

2

∂

∂ν
e(u) dt+ ∗〈δ∇(du), du〉 − 〈∗u∗T, ∗du〉

=
1

2

∂

∂r

(∣∣∣∣
∂u

∂t

∣∣∣∣
2

+

∣∣∣∣
∂u

∂r

∣∣∣∣
2
)
dt− 〈∇t

∂u

∂t
+∇r

∂u

∂r
,
∂u

∂r
〉 dt− 〈∗u∗T, ∗du〉

=

(
1

2

∂

∂r

∣∣∣∣
∂u

∂t

∣∣∣∣
2

− 〈∇t
∂u

∂t
,
∂u

∂r
〉
)
dt− 〈∗u∗T, ∗du〉

=

(
−2〈∇t

∂u

∂t
,
∂u

∂r
〉+ 〈T (∂u

∂r
,
∂u

∂t
),
∂u

∂t
〉
)
dt− 〈∗u∗T, ∗du〉,

(8.2.20)

where for the next to the last equality, we used the identity

1

2

∂

∂r

∣∣∣∣
∂u

∂r

∣∣∣∣
2

= 〈∇r
∂u

∂r
,
∂u

∂r
〉.

We next compute

−〈∗u∗T, ∗du〉 = −〈T (∂u
∂r
,
∂u

∂t
),
∂u

∂t
dr − ∂u

∂r
dt〉

= −〈T (∂u
∂r
,
∂u

∂t
),
∂u

∂t
〉 dr + 〈T (∂u

∂r
,
∂u

∂t
),
∂u

∂r
〉 dt.

By substituting this into (8.2.20) and restricting to ∂Σ, we obtain

1

2

∂

∂ν
e(u) dt+ ∗〈δ∇(du), du〉 − 〈∗u∗T, ∗du〉

= −2〈∇t
∂u

∂t
,
∂u

∂r
〉 dt+ 〈T (∂u

∂r
,
∂u

∂t
),
∂u

∂r
〉 dt.

At this point, we recall the definition of the second fundamental form of the canon-
ical connection from Definition 7.4.1. With this definition, we can rewrite the last
line of the last formula above as

2〈B∇(∂u
∂t
,
∂u

∂t
),
∂u

∂r
〉 dt+ 〈T (∂u

∂r
,
∂u

∂t
),
∂u

∂r
〉 dt.

Combining the above, we have obtained
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Theorem 8.2.5. Let ∇ be the canonical connection of the almost Kähler mani-
fold and R be any submanifold. Suppose u : (Σ, ∂Σ)→ (M,R) satisfy the Neumann
boundary condition. Then

∫

Σ

|∇du|2 = 4

∫

Σ

|d∇(∂u)|2 + 2

∫

Σ

|u∗T |2 − 4〈u∗T, d∇∂u〉

−
∫

Σ

〈Kdu, du〉+ 〈R∇(du, du)du, du〉

+

∫

∂Σ

2

〈
B∇(

∂u

∂t
,
∂u

∂t
),
∂u

∂r

〉
+

〈
T (
∂u

∂r
,
∂u

∂t
),
∂u

∂r

〉
dt.(8.2.21)

An immediate consequence is the following main off-shell estimates

Theorem 8.2.6. Under the same hypothesis as Theorem 8.2.5
∫

Σ

|∇du|2 ≤ 6

∫

Σ

|d∇(∂u)|2 + 4

∫

Σ

max |T |2|du|4 +
∫

Σ

max(−K)|du|2

+max |R∇||du|4 + 2

∫

∂Σ

max |B∇||du|3 +max |T ||du|3 dt.

(8.2.22)

An immediate corollary is the following off-shell counterpart of Proposition
7.4.5 with precise control of the coefficients in terms of the geometry of (M,ω, J)
and the boundary manifold R∇. Here we also use the inequality |d∇(∂u)| ≤ |∇(∂u)|.

Corollary 8.2.7. Under the same hypothesis as Theorem 8.2.5

‖du‖21,2 ≤ 6‖∂u‖21,2 + C1‖du‖22 + C2‖du‖44 + C3‖du|∂Σ‖33
for any smooth map u : (Σ, ∂Σ) → (M,R) satisfying the Neumann boundary con-
dition, for the constants

C1 = max(−K)

C2 = 4max |T |2 +max |R∇|
C3 = max |B∇|+max |T |R|.

Remark 8.2.8. (1) Recall the the torsion tensor T measures failure of
the integrability of the almost complex structure, the curvature R∇ de-
pends on the canonical connection ∇ and the second fundamental form
B∇ of R∇ measures the extrinsic curvature of the embedding R ⊂ M .
Therefore if (M,ω, J) and R has bounded geometry, the coefficients Ci
can be uniformly bounded.

(2) We would like to mention that the above estimates do not say anything
about the C0-behavior of the map u : Σ → M when Σ is a punctured
Riemann surface equipped with a metric cylindrical near the punctures.
So C0-estimates becomes an issue that should be handled separately.

Often the localized version of the above global estimates is also important whose
explanation is now in order. We denote by D either the open unit disc or open
semi-disc with boundary (−1, 1). Denote by (x, y) the standard coordinates (x, y)
and equip D with the standard flat metric. When D is a semi-disc, we impose the
condition that u : D →M satisfies Neumann boundary condition.
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Figure 2. flatting map

Theorem 8.2.9. Let u : (D, ∂D)→ (M,R) be a J-holomorphic map with Neu-
mann boundary condition with ‖du‖1,4;D =: C < ∞. Then for any given compact
subset K ⊂ D, we have

‖du‖21,2;K ≤ 6‖∂u‖21,2;D + C′1‖du‖22;D + C′2‖du‖44;D + C′3‖du|∂Σ∩D‖33
where the constants C′i depend continuously on J , K and ‖du‖1,4;D.

Proof. Choose a compactly supported smooth function χ : R2 −→ R such

that for another open disc (or semi-open disc) with K ⊂ D′ ⊂ D′ ⊂ D and

χ =

{
1 on K

0 outside D′

Then we estimate ‖∇(χ · du)‖ instead of ‖∇(du)‖. Noting that ‖∇(du)‖1,4;K ≤
‖∇(χ · du)‖1,4;D and splitting

|∇(χdu)| = |∇χdu+ χ∇du|
it is straightforward to derive the required inequality. Now the coefficients C′i will
also depend on χ and χ′. We omit the detail of the derivation leaving it as an
exercise. �

Exercise 8.2.10. Complete the proof of the above theorem by providing the
details left out.

Remark 8.2.11. The same kind of arguments yields an estimate for ‖du‖l−1,q,K
for l ≥ 3 with the constant C1 depending on ‖∇l−1(J)‖∞, ‖du‖p, which however
will not be used in this book.

8.3. Removing boundary contributions

So far, we have emphasized the usage of canonical connection in our computa-
tions. However we will need to have the on-shell integral formula for the Neumann
boundary conditions to derive some inequality of the following type

(8.3.23) ‖du‖2∞,D(r) ≤ CE(u|D(2r)) = C‖du‖22,D(2r)

to derive the boundary analogue of the density estimate (8.1.3) later in the proof
of the removal of boundary singularities. For this purpose, it turns out that it
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is important to get rid of the boundary contributions from (7.4.29). This can be
made if one use the Levi-Civita connection of a metric with respect to which the
boundary manifold L becomes totally geodesic. We explain in this section how one
can make this adjustment in the off-shell level.

For the computational purpose, the following lemma is useful.

Lemma 8.3.1. Let (M,J) be an almost complex manifold and L be a totally
real submanifold with 2 dimL = dimM . Then there exists a Riemannian metric g
on M such that

(1) g(J ·, J ·) = g(·, ·) i.e., g is J-Hermitian
(2) J(p)TpL ⊥g TpL at all p ∈ L
(3) L is totally geodesic with respect to the Levi-Civita connection of g, i.e.,

its second fundamental form BL vanishes.

Exercise 8.3.2. Prove this lemma. (Or see [Ye94] for its proof.)

We then note

∇−∇LCg = P

for some (2, 1)-tensor P . Therefore we derive

∇X(du) = ∇LCg

X (du) + P (X, du)

and hence

(8.3.24) |∇(du)|2 ≤ 2(|∇LCg(du)|2 + |P (·, du)|2).
By the totally geodesic property of the boundary L, one can establish a variation of
the integral identity of the type (7.4.29) without boundary contributions. All other
interior integrals will be bounded by |du|2, |du|3 and |du|4 with coefficients involving
|∇LCgJ |, |(∇LCg)2J | whose norm is bounded by the constants independent of the
map u but depend only on J and g. We also recall that for the associated Levi-
Civita connection, we have T ≡ 0 and B ≡ 0 on L. This gives rise to the integral
inequality ∫

Σ

|∇LCg(du)|2 ≤ C
∫

Σ

(|∇(∂u)|2 + |du|2 + |du|3 + |du|4)

for some constant C > 0. We would like to emphasize that this estimate does not
involve the boundary integrals at all.

Exercise 8.3.3. Verify the above claim by performing the tensor calculations
needed analogous the one carried out for the proof of Theorem 8.2.6.

Combining this with (8.3.24), we have obtained the following integral inequality

Proposition 8.3.4. Let ∇ be the canonical connection and let u : (Σ, ∂Σ) →
(M,L) be a smooth map satisfying the Neumann boundary condition. Then there
exists a constant∫

Σ

|∇(du)|2 ≤ C′
∫

Σ

(|∇(∂u)|2 + |du|2 + |du|3 + |du|4)

Furthermore for any disc D(r) ⊂ D(r′) ⊂ Σ of radius r > 0, we have the
inequality

∫

D(r)

|∇(du)|2 ≤ C′
∫

D(r′)

(|∇(∂u)|2 + |du|2 + |du|3 + |du|4)
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for a constant C′ = C′(r, r′). In particular,

(8.3.25)

∫

D(r)

|∇(du)|2 ≤ C′
∫

D(r′)

(|du|2 + |du|3 + |du|4).

for any J-holomorphic map u.

Here we refer to Theorem 8.2.9 in the next section for the details of the deriva-
tion of the local estimates from the global estimates.

Once we have derived, we can replace 4 by any p > 2 by the Sobolev embedding
and by the following standard interpolation inequality (see, e.g., (7.10) [GT77]):
For q < r < s,

‖ξ‖r ≤ δ‖ξ‖s + δ−a‖ξ‖q for any δ > 0

where a =
1
q− 1

r
1
r− 1

s

.

Theorem 8.3.5 (Main off-shell elliptic estimates). Let l > k, l − 2
q > k − 2

p

with q, p > 2 and J be any compatible almost complex structure J . For any given
compact subset K ⊂ D, there exists C = C(‖du‖p, J,K) continuously depending on
‖du‖p, J such that for all smooth u (and so for all u ∈W1

p(D,M)), we have

(8.3.26) ‖du‖1,q,K ≤ C(‖∂Ju‖1,q + ‖du‖q)
If J varies in a compact set of Jω, there exist uniform bounds C depending contin-
uously on J .

The following corollary will be useful for the perturbation argument to construct
a genuine solution out of the given approximate solutions.

Corollary 8.3.6. If uα is a sequence in W 1,p(D,M) such that ‖duα‖p is

bounded and limα ‖∂Juα‖1,p = 0, then there exists a subsequence of uα converging

in W1
q(K,M) to some J-holomorphic map u : K →M .

The following is a curious question to ask

Question 8.3.7. Can we avoid using the above mentioned special metric in
the derivation of the estimate without boundary contributions of the type above
but just keep using the compatible metric and the associated canonical connection?

8.4. Proof of ǫ-regularity and density estimates

The proof of the main energy density estimate, Theorem 8.1.3, for the interior
uses the pointwise differential inequality

∆e(u) ≤ C1e(u) + C2e(u)
2

together with the mean value theorem in an essential way. This local argument
cannot be directly applied to the boundary estimate. Therefore we will follow the
more global method used in [Oh92] to obtain the boundary estimate as well as
the interior in a unified fashion. This strategy in turn largely adapts the global
approach taken by Sachs-Uhlenbeck in their study of harmonic maps in [SU81] to
the current pseudo-holomorphic context. Especially, we apply their scheme to the
boundary value problem. The main ingredient of obtaining the a priori estimates for
J-holomorphic map with small energy is the usage of symplectic geometry combined
with the celebrated Sachs-Uhlenbeck rescaling argument in [SU81]. This simplifies
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the study of the boundary estimate, which otherwise should rely on some non-trivial
study of the free boundary value problem as carried out by Ye [Ye94].

We always assume that M is either closed or has bounded geometry when it is
non-compact. The main theorem that we would like to prove in this section is the
following.

Denote by
◦
D be either the open unit disc or the open semi-disc with boundary

(−1, 1) ⊂ C.

Theorem 8.4.1. Let R ⊂ M be a totally real submanifold. Suppose that u :
D → M with u(∂D) ⊂ R, and ∂̄Ju = 0. Then there exists ǫ > 0, such that if∫
D(1)
|du|2 < ǫ, we have ‖du‖p,D′ ≤ K4 for any p ≥ 2 and for any smaller disc D′

with D′ ⊂
◦
D, where K4 depends on ǫ, p, J and D′.

This immediately gives rise to the following derivative bound, often called the
ǫ-regularity theorem in the literature of geometric measure theory.

Corollary 8.4.2 (ǫ-regularity theorem). Let D′ ⊂ D be a smaller disk with

D′ ⊂
◦
D and suppose that u satisfies the same condition as in Theorem 8.4.1. Then

‖du‖∞,D′ ≤ K5 for some constant K5 > 0.

Proof. We choose another disk D′′ with D
′ ⊂ D′′ and D

′′ ⊂
◦
D. We apply

Theorem 8.4.1 to the pair (D
′
, D′′) and we obtain the inequality ‖du‖1,p,D′ ≤ K6.

Then the Sobolev inequality

‖du‖∞,D′ ≤ C‖du‖1,p,D′

proves the corollary. �

Remark 8.4.3. Let u : Σ → M be a smooth map and consider its restriction
u|Bη(x) : Bη(x) −→ M to a disc Bη(x) for Bη(x) ⊂ Σ. Fix a flat metric on Bη(x)
regarding Bη(x) as a subset of the unit disc D(1) ⊂ C. Consider the rescaled map
uη : D(1)→M , uη(z) = u(x+ ηz). Then we have

∫

D(1)

|duη|p = ηp−2
∫

Bη(x)

|du|p ⇐⇒ ‖duη‖p,D(1) = η1−
2
p ‖du‖p,Bη(x)

.

Note that when p = 2, rescaling does not change Lp-norm of derivatives, but that
for p > 2, ‖duη‖p,D(1) → 0 as η → 0.

Proof of Theorem 8.4.1. We will prove this by contradiction. Suppose to

the contrary that there exists a disc D′ ⊂ D = D(1) with D′ ⊂
◦
D and a sequence

{uα} such that uα(∂D) ⊂ R, where R is a totally real submanifold, and ∂̄Juα = 0
satisfying

(8.4.27)

∫

D(1)

|duα|2 → 0, ‖duα‖p,D′ →∞

as α→∞. Define

ηα(D
′) = inf{η > 0 | ∃x ∈ D′ ⊂

◦
D such that η1−

2
p ‖duα‖p,Bη(x)

≥ 1}.
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Clearly for each fixed α, ηα(D
′) > 0: otherwise it would imply that there exists a

sequence ηj → 0 and xj ∈ D
′
such that

η
1− 2

p

j ‖duα‖p,Bηj
(xj)
≥ 1

and hence

‖duα‖p,Bηj
(xj)
≥ η−1+

2
p

j →∞.

But this contradicts to the hypothesis ‖duα‖p,D <∞ because

‖duα‖p,D ≥ ‖duα‖p,Bηj
(xj)

for all j.
Now let us vary α. We first note that by the definition of ηα(D

′) > 0, we obtain

η2−p‖duα‖2B,Bηα (x) ≤ 1

for all x ∈ D′, whenever η < ηα(D
′). If 0 < ηα(D

′) is bounded away from zero for
some subsequence uα, we can choose η0 such that

0 < η0 < min{ηα(D′), dist(D −D′)}.
We cover D′ by a finite number, say Nη0 independent of α’s, of closed balls

Bη0(xα;k) ⊂ D for k = 1, · · · , η0 such that xα;k ∈ D′ and η01−
2
p ‖duα‖p,Bη0 (xα,k)

≤
1, then

‖duα‖pp,Bη0,k(x)
≤ η02−p.

By adding up this inequality over the closed balls and taking the p-th square root
thereof, we obtain the bound

‖duα‖p,D′ ≤ CNη0η
2
p−1
0

for all sufficiently large α’s. This will contradict to the standing hypothesis ‖duα‖p,D′ →
∞ as α→∞.

Therefore we have proved that ηα(D
′) → 0 as α → 0. Using the definition of

ηα(D
′), continuity of η2−p‖duα‖p,Bη(x)

over η and using the above remark, we can

choose ηα arbitrarily close to but smaller than ηα(D′) for each given α so that

(8.4.28)

∫

Bηα(xα)

|duα|p ≥
1

2
η2−pα

for some xα := xα;kα and

(8.4.29) ηp−2α ‖duα‖B,Bηα (x) ≤ 1

for all x ∈ D′.
Denote

rα = η−1α min{dist(xα, ∂D), im(xα)}.
After passing to a subsequence, there are two cases to consider:

(1) rα −→∞
(2) rα −→ r <∞
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We will consider the two cases similarly and derive contradiction to the standing
hypothesis (8.4.27) by the rescaling argument used in [SU81].

Consider the Case (1) first. We define the rescaled map

vα(z) := uα(ηαz + xα).

The domain of vα(z) is

{z ∈ C | ηαz + xα ∈ D}.
However,

{
|ηαz + xα| ≤ 1
im(ηαz + xα) ≥ 0

⇐⇒
{ |z + xα

ηα
| ≤ 1

ηα
→∞

im(z) ≥ − im(xα

ηα
)

Recall xα

ηα
→ ∞ as α → ∞. Therefore for any given R > 0, the domain of vα(z)

eventually contains BR(0).
Furthermore, we may assume,

BR(0) ⊂
{
z ∈ C | ηαz + xα ∈ D

′}

Therefore, the maps

vα : BR(0)→M

satisfy the following properties:

(i) ‖dvα‖2 → 0 (from the scale invariance of L2-norm)

(ii) ‖dvα‖p,B1(0)
≥ 1

2 by (8.4.28)

(iii) ‖dvα‖p,B1(x)
≤ 1 for all x ∈ BR−1(0) by (8.4.29)

(iv) ∂̄Jvα = 0.

Here (iii) follows from (8.4.29).
For each fixed R, we take the limit of vα|BR . Applying (iii) and then the main

local estimate, we obtain

‖dvα‖1,p,B 9
10

(x) ≤ C

for some C = C(R). By the Sobolev embedding theorem, we have a subsequence

that converges in the Hölder space Cǫ for some ǫ > 0 in each B 8
10
(x), x ∈ D′. Then

applying the main elliptic estimates, Theorem 8.3.5, we derive that the convergence
is in C∞-topology on B 8

10
(x) and in turn on B(R).

Therefore the limit wR : BR(0)→M satisfies

(1) ∂̄JwR = 0.

(2) ‖dwR‖22 ≤ lim supα ‖dvα‖2BR(0) → 0 and hence ‖dwR‖22 = 0.

(3) Since vα → wR converges in C1, we have

‖dwR‖2p,B1(0)
= lim
α→∞

‖dvα‖2p,B1(0)
≥ 1

2
.

Then statements (2) and (3) clearly contradict to each other and so Case (1) cannot
occur.

Next we consider Case (2), i.e., let rα → r < ∞. Since we assume D′ ⊂ D
′ ⊂

D, especially for the semi-disc case, the minimum rα is realized by η−1α im(xα)
eventually. In this case,

vα(z) := uα(ηαz + xα)

is defined on

Dom vα = {z ∈ C | ηαz + xα ∈ D}.
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∂D

xα

Figure 3. points tend to the boundary

The convergence xα → ∂D is as fast as that of ηα → 0.
More precisely, we have

{
|ηαz + xα| < 1
im(ηαz + xα) ≥ 0

⇐⇒
{ |z + xα

ηα
| < 1

ηα
→∞

im(z) ≥ − im(xα

ηα
)→ −r

In this case, the domain of vα will eventually contain

{z ∈ C | |z| ≤ R, im(z) ≥ −r}
for each given R > 0. Taking the same limit procedure, we will again get a contra-
diction, which shows that Case (2) cannot occur either.

This proves existence of ǫ > 0 required in Theorem 8.4.1 and hence finishes the
proof. �

Next we prove the following uniform estimate.

Proposition 8.4.4. Let u and ǫ be as in the ǫ-regularity theorem (i.e.
∫
|▽u|2 <

ǫ, ∂̄Ju = 0). Then for any 0 < r < r′ < 1, max|x|<r|du(x)| ≤ CE(u|D(r′)) where
C = C(r, r′) does not depend on u but depends only on r, and ǫ.

Proof. Choose r′ so that 0 < r < r′ < 1. Apply the main elliptic estimate
to K = D(r) and D = D(r′). (Note that D is not the unit disk here but one can
obtain a similar estimate by rescaling the map. Then constants in the estimate will
change but will depend only on r.)

On the other hand, since E(u)|D(r′) ≤ E(u) ≤ ǫ, we have |du| ≤ K5 for some
constant K independent of u by the ǫ-regularity theorem. Then we can convert the
inequality in Proposition 8.3.4 for u satisfying ∂̄Ju = 0 into

∫

D(r)

|∇(du)|2 ≤ C

∫

D(r′)

(|du|2(1 + |du|+ |du|2)

≤ C

∫

D(r′)

(1 +K5 +K2
5 )|du|2.

Setting C′ = C(1 +K5 +K2
5), we derive

‖du‖1,2;D(r′′) ≤ C · ‖du‖2,D(r′)
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x

1/2 1 2

Figure 4. density distribution

for r < r′′ < r′. Then by the Sobolev inequality,

max
x∈D(r)

|du(x)| ≤ K ′‖du‖1,2,D(r′′) ≤ K ′K(r)‖du‖2,D(r′)

for some K ′,K(r) > 0. Setting C = K ′K(r) and noting ‖du‖2,D(r′) = E(u|D(r′)),
we have finished the proof. �

Remark 8.4.5. The proof of the above proposition rectifies some error of the
proof of the corresponding statement in [Oh92].

The following crucial estimate is the boundary analogue of Theorem 8.1.3

Proposition 8.4.6 (Boundary energy density estimate). Let U, ǫ be as above,
but we assume that U is defined on D(2). Then for x ∈ D(12 ), we have

|x||du(x)| ≤
√
C

(∫

D(2|x|)
|du(x)|2

) 1
2

or equivalently,

|du(x)|2 ≤ CE(2r)

r2
r = |x|.

Remark 8.4.7. If we consider v : D(1) −→M by v(z) = u(|x|z), then

(8.4.30) |dv(0)| ≤ C
∫

D(2)

|dv(z)|2.

Note that this is the boundary analog to the mean value inequality (8.1.10). We
also remark that the proof of this proposition applies to the interior estimates given
in Theorem 8.1.3.

Proof. Let x0 ∈ D(12 ) and consider v(z) = u(x0 + |x0|z) on N(32 , x0), where

N(r, x0) = {z ∈ D(r) | Im z ≥ − Im x0
x0
}

If x0 ∈ D(12 ), then we have conformal equivalence

(N (3/2, x0) , ∂N (3/2, x0)) ∼ (D(1), ∂D(1))
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where the derivative of φ are uniformly bounded over the choice of x0 ∈ D(12 )

Considering v ◦ φ−1 : D(1)→ M and using the fact that the energy is confor-
mally invariant, we have

|dv(0)| ≤ C · ‖dv‖2,D(1).

However dv(0) = |x0| · du(x0), and
‖dv‖2,D(1) = ‖du‖2,N( 3

2 ,x0)
≤ ‖du‖2,D(2|x0|)

Combining these, |x0||du(x0)| ≤ C · ‖du‖2,D(2|x0|). By varying x0, we have finished

the proof. �

In fact, we can quantify how large the ǫ appearing in the ǫ-regularity theorem
can be. For this purpose, we introduce the following geometric quantity

(8.4.31) A(ω,L; J) = min{AS(ω, J), AD(ω, J ;L)} > 0

where

AS(ω, J) := inf

{∫
v∗ω > 0 | v : S2 →M, ∂Jv = 0

}

and for a given Lagrangian submanifold L ⊂ (M,ω)

AD(ω,L; J) := inf

{∫
w∗ω > 0 | w : (D2, ∂D2)→ (M,L), ∂Jw = 0

}
.

Proposition 8.4.8. Let L be a Lagrangian submanifold of M . Let Σ be the
closed unit disk. Then

(1) A(ω,L; J) > 0.
(2) For any given δ > 0, the statement of Theorem 8.4.1 uniformly holds for

all w satisfying EJ(w) < A(ω,L; J) − δ, where all the a priori constants
appearing in the estimates do not depend on w but only on δ (in addition
to L and J).

Proof. We first prove the statement (1) by contradiction. Applying Darboux-
Weinstein, we consider a diffeomorphism ψ : V → U where V is a neighborhood of
the zero section of T ∗L and U is a neighborhood of L in M such that

ψ∗ω = ω0, ω0 = −dθ
where θ is the canonical one form on T ∗L. Note that θ ≡ 0 on the zero section of
T ∗L by definition.

Suppose A(ω,L; J) = 0. Then there exists a sequence of J-holomorphic {uα}
such that

uα|∂Σ ⊂ L, E(uα) > 0, E(uα)→ 0, ∂̄Juα = 0.

From the uniform estimate on |duα| in terms of energy, |duα| converges uni-
formly to zero. In particular for sufficiently large α, the image of uα will be con-
tained in a Darboux neighborhood of L. Then we have

0 <
1

2
E(uα) =

∫

Σ

u∗αω = −
∫

∂Σ

u∗αθ = 0.

since uα|∂Σ ⊂ L and θ ≡ 0 on L. This is a contradiction and finishes the proof of
(1).

A careful examination of the above proof will also give rise to a contradiction
as long as we assume E(uα) < A(ω,L; J) − δ for any given δ > 0. We leave its
details as an exercise. �
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Exercise 8.4.9. Complete the proof of the statement (2) above.

This proposition motivates the following definition of an interesting symplectic
invariant first exploited by Chekanov [Che98]. See also [Oh97c], [Oh05d] for the
usages of such ǫ-regularity type invariants.

Definition 8.4.10. Assume (M,ω) is tame and let Jω be the set of tame
almost complex structures. For any compact Lagrangian submanifold L without
boundary, we defined

A(L;M,ω) := sup
J∈Jω

A(ω, J ;L).

Obviously by definition A(L;M,ω) =∞ if there exists a J ∈ Jω for which there
exists neither a J-holomorphic sphere nor a J-holomorphic disc with boundary
contained in L. For example, if L is weakly exact, then A(L;M,ω) =∞.

Corollary 8.4.11. Suppose that M is closed and L is weakly exact. Consider
a given bordered Riemann surface (Σ, j) and (j, J)-holomorphic maps u : (Σ, ∂Σ)→
(M,L) with finite energy. Let E(j,J)(u) < ∞. Then there exists a constant C > 0
depending only on E such that

|du|C0 ≤ C
for all J-holomorphic maps u with E(j,J)(u) ≤ E.

Remark 8.4.12. Note that Proposition 8.4.8 is trivial if L ⊂ (M,ω) is ratio-
nal. On the other hand, when L is irrational, there is no topological origin for
the positivity of A(ω,L; J). In this case, the positivity comes from the geometric
origin, more precisely from the ǫ-regularity result. In some literature, it is stated
that this corollary is a consequence of Gromov’s compactness theorem. This is a
misleading statement because the proof of Gromov’s compactness theorem itself for
the irrational L ⊂ (M,ω) relies on this corollary.

Now we briefly study the case of the totally real boundary condition R of
general almost complex manifold (N, J). We closely follow the exposition given by
Ye in [Ye94] for this with slight modification of his second order method to the
first order one.

We fix an almost Hermitian metric g on N and define the constants

A(J,R; g) := {w : D2 → N | ∂Jw = 0, w(∂D2) ⊂ R, w is non-constant}
A(J ; g) := {v : S2 → N | ∂Jv = 0, v is non-constant}.

We start with the following general lemma which is explained in p.683 [Ye94].

Lemma 8.4.13. There exists another Hermitian metric g0 on M such that N
satisfies

(8.4.32) JTpN ⊥ TpN
for every p ∈ N .

Proof. Let {e1, . . . , en} be a local orthonormal frame on N . Since N is totally
real with respect to J , {e1, . . . , en, Je1, . . . , Jen} is local frame of TM on N . By
a partition of unity we obtain a metric g̃ on TM |N which we extend to a tubular
neighborhood of N . Then we set g = g̃(J, J) + g̃. Interpolating g and g, we obtain
a Hermitian metric g0. By construction, g0 satisfies (8.4.32). �
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The following proposition was proved by Ye [Ye94] as a special case of the
general harmonic map type equation with free boundary condition. Here we employ
a purely first order method of pseudoholomorphic curve equation with Neumann
boundary condition.

Theorem 8.4.14. Let (N, J, g) be an almost Hermitian manifold with bounded
geometry. Then A(J ; g) > 0. And if R ⊂ (N, J) be a compact totally real subman-
ifold, A(J,R; g) > 0.

Proof. We will consider only the case of A(J,R; g) leaving the case of A(J ; g)
to the readers. Suppose A(J,R; g) = 0. Then there is a subsequence {wα} such
that

wα|∂Σ ⊂ R,E(wα) > 0, E(wα)→ 0 and ∂̄Jwα = 0.

Since E(wα) → 0, E(wα) < ǫ eventually where ǫ is the one in the ǫ-regularity
estimate.

By covering Σ into a finite union of unit discs and semi-discs, so that the discs
of radius 1

2 already cover Σ, we have a uniform bound for all ‖ · ‖1,p-norm.
In particular, wα converges to a constant map, say p ∈ R, and so the image of

wα is contained in a small neighborhood U of p as in the figure 2.
We may choose a coordinate chart

φ : (U, ∂U ∩R) −→ (Cn,Rn)

that satisfies {
φ(p) = 0,

φ∗J = i, on Rn.

Then it is easy to see that φ ◦ uα is φ∗J-holomorphic.

Exercise 8.4.15. Prove this last statement.

Lemma 8.4.16. ∂φ◦uα

∂ν is perpendicular to Rn ⊂ Cn where ν is a outward unit
normal vector to the boundary ∂Σ.

Proof. Choose a Hermitian metric h in the given conformal class j and fix a
cylindrical coordinates (r, θ) near ∂Σ. In other words, (r, θ) satisfies h = λ(dr2 +
dθ2) and j ∂∂r = ∂

∂θ in this coordinate. The equation ∂̄Ju = 0 is equivalent to
∂u
∂r + J ∂u∂θ = 0.

Due to the boundary condition, ∂uα

∂θ is tangent to TR and hence

∂uα
∂r
⊥ TR

with respect to the metric g0 given in Lemma 8.4.13. By the choice of local chart
φ, this implies

∂φ ◦ uα
∂r

⊥ Rn

which finishes the proof. �

Now the proof of Theorem 8.4.14 follows from the following exercise

Exercise 8.4.17. Define fα : D2 → R by fα(z) = |φ ◦ uα|2. Prove ∂fα
∂ν |∂D2 =

0. Also prove△fα ≥ 0 assuming φ∗J is C2-close to the standard complex structure
i on Cn on the image of φ ◦ uα.
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With this exercise, the strong maximum principle implies that fα must be
constant. But this contracts to the condition E(uα) > 0 which implies E(φ ◦uα) >
0. This finishes the proof of Theorem 8.4.14. �

Remark 8.4.18. We will see that getting a global energy bound for maps
u : D → (M,J) with J compatible to a symplectic form ω and with Lagrangian
boundary condition comes from the topology of maps by Lemma 7.2.3. Such a
topological bound is not available for the totally real case in general.

8.5. Boundary regularity of weakly J-holomorphic maps

Discussion of the weakly J-holomorphic maps on a closed surface Σ is easier
to handle and subsumed in the study of the surfaces with boundary. Therefore we
will focus on the case with boundary in the following discussions.

Let (N, J, g) be an almost Hermitian manifold and R ⊂ N be a totally real
submanifold of dimension n with respect to J .

We introduce the notion of weak solutions of J-holomorphic maps with totally
real boundary condition

(8.5.33) ∂Ju = 0, u(∂Σ) ⊂ R.
For this purpose, we need to use a Hermitian metric g0 such that TR ⊥g0 JTR
which can be chosen by Lemma 8.4.13. By the Nash embedding theorem, we assume
that (N, g0) is isometrically embedded into RN and consider the map u and a vector
field ξ along u as maps from Σ into RN . In particular, we can talk about L1-map
into M as an L1-map into RN with its values lying in M almost everywhere on its
domain. Then we will use the Levi-Civita connection of the metric g0, unlike other
previous sections

With this understood, motivated by the definition from [Ye94], we give the
following definition.

Definition 8.5.1. We say that a W 1,2-map u : (Σ, j) → (N, J), which is L1

on ∂Σ mapping almost all points in ∂Σ into Y is a weak solution of (8.5.33) (with
respect to g0 if it satisfies

(1) ∂Ju = 0 almost everywhere on Σ and
(2) it satisfies

(8.5.34)

∫

Σ

〈Jdu,∇X〉 = 0

whenever X is a smooth vector field along u and for z ∈ ∂Σ, X(z) ⊥g0 R
and

∫
∂Σ
〈∇X,∇X〉 <∞.

We call u a weakly J-holomorphic map with Neumann boundary condition on R
(with respect to g0).

Lemma 8.5.2. Any C1-solution of (8.5.33) satisfying (8.5.34) satisfies Neu-
mann boundary condition in the classical sense.

Proof. To prove the boundary condition (8.5.34), let X be any (smooth) vec-

tor field on D with compact support in
◦
D and perpendicular to R on the boundary

with respect to g0. In the polar coordinates of D, the equation ∂Ju = 0 becomes

∂u

∂r
+ J

1

r

∂u

∂θ
= 0.
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We first consider the case u is C2. In this case, using Stokes’ formula, we compute
∫

D

〈Jdu,∇X〉 =

∫

D

(〈
J
∂u

∂r
,
DX

∂r

〉
+

1

r2

〈
J
∂u

∂θ
,
DX

∂θ

〉)
r dr dθ

=

∫

D

(〈
1

r

∂u

∂θ
,
DX

∂r

〉
−
〈
∂u

∂r
,
1

r

DX

∂θ

〉)
r dr dθ

= −
∫

D

〈
D

∂r

∂u

∂θ
,X

〉
dr dθ +

∫

D

〈
D

∂θ

∂u

∂r
,X

〉
dr dθ −

∫

∂D

〈
∂u

∂θ
,X

〉
dθ

= −
∫

∂D

〈
∂u

∂θ
,X

〉
dθ =

∫

∂D

〈
∂u

∂r
, JX

〉
dθ.

Here we used the fact that the Levi-Civita connection is torsion free which results
in the identity

D

∂θ

∂u

∂r
=
D

∂r

∂u

∂θ
for the third equality.

Therefore if u satisfies (8.5.34), then we obtain

−
∫

∂D

〈
∂u

∂r
, JX

〉
dθ = 0

for all smooth X ⊥ TL or equivalently JX tangent to L along ∂D. This implies
∂u
∂r ⊥ L which finishes the proof. For a C1 map u, we approximate u by a sequence

of C2-maps converging to u in C1 and apply the limiting argument whose details
we leave as an exercise. �

Exercise 8.5.3. Fill the details of the limiting argument left out at the end of
the above proof.

To translate the meaning of weak boundary condition (8.5.34) into more stan-
dard distributional boundary condition in R2n, we first write the J-holomorphic
equation with Neumann boundary condition in terms of the moving frame of the
Levi-Civita connection along R. (Similar computation was carried out by Parker
and Wolfson in Appendix of [PW93].)

Choose an orthonormal frame of N

(8.5.35) {e1, e2, · · · , en, f1, · · · , fn}
such that fj = J ej and {e1, e2, · · · , en} spans TR ⊂ TCN . Then

uj =
1√
2
(ej − ifj), j = 1, · · · , n

form a unitary frame of T (1,0)M such that

(8.5.36) Reuj|Y =
1√
2
ej , j = 1, · · · , n.

Let

(8.5.37) {α1, · · · , αn, β1, · · · , βn}
be the dual frame of (8.5.35). The complex valued 1-forms

θj =
1√
2
(αj + iβj), j = 1, · · · , n
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form a unitary frame of T ∗CM which is dual to the unitary frame {u1, · · · , un}. An
almost Hermitian connection∇ can be expressed by a locally defined, matrix-valued
complex 1-form ω = (ωij)i,j=1,2,··· ,n.

Now let {η1, η2} be an orthonormal coframe on Σ. Then φ = η1 + iη2 is a
(1, 0)-form for j on Σ. The first structure equation of {η1, η2} is
(8.5.38) dφ = −iρ ∧ φ = −iρφφ ∧ φ

where ρ = ρφφ + ρφφ is the connection form of the Levi-Civita connection for the

coframe {η1, η2}. The Gauss curvature K of the metric h is defined by the second
structure equation

dρ = − i
2
Kφ ∧ φ.

Then J-holomorphicity of u, which is equivalent to the property that du pre-
serves types of (complex) tangent vectors, is nothing but

(8.5.39) u∗θj = ajφ

for all j = 1, · · · , n (see Lemma 7.3.1), where aj are complex valued function on Σ.
We also have the energy formula

|du|2 = 2

n∑

j=1

|aj |2.

Since we assume that du is in L2, so are aj. Using the continuity of u and choosing
a sufficiently small neighborhood of the given point u(z) ∈ Y with z ∈ ∂Σ, we may
assume that the frames and so aj’s are defined globally in the neighborhood.

By our definition of ∂u in Chapter 7,

(∂u)′ =
∑

i

u∗θi · ui =
∑

i

(aiφ) · ui.

The equation ∂
∇
(∂u)′ = 0 from Theorem 7.3.4 is translated into

(8.5.40) 0 =
∑

i

∂(aiφ) · ui +
∑

j

ajφ ∧
∑

i

aiωij · ui.

We compute

∂(aiφ) = ∂ai ∧ φ− iρφφ ∧ φ
using (8.5.38). Following the standard notational convention, we denote

∇′ai := dai · φ, ∇′′ai := dai · φ.
And we write

ωij = ωijkθ
k + ωijk̄θ̄

k.

Substituting this into (8.5.40) and using (8.5.39) and then substituting (8.5.39)
thereinto, we rewrite the above equation into

(8.5.41) ∇′′ai − iρφ̄ai − ωijℓ̄ajaℓ = 0.

On the other hand, it follows from (8.5.36) that Re θj |TR has real values and by
the Neumann boundary condition, we have

(8.5.42) du

(
∂

∂ν

)
∈ span {fj} .
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But since du is a real one-form, we have

du =
∑

j

u∗θj · uj +
∑

k

u∗θ
k · uk =

∑

j

(ajφ · uj + ajφ · uj)

and hence

du

(
∂

∂ν

)
=
∑

j

ajφ

(
∂

∂ν

)
· uj + ajφ

(
∂

∂ν

)
· uj .

At this point, we choose isothermal coordinates (r, ϕ) so that ∂
∂ν = ∂

∂r and

φ = µ(dr + idϕ), µ = µ(r, ϕ) > 0.

Then φ( ∂∂ν ) = φ( ∂∂ν ) = µ are real functions. Therefore we obtain

du

(
∂

∂ν

)
= µ

∑

j

(aj · uj + aj · uj) = µ


∑

j

(aj + aj)ej − i(aj − aj)fj


 .

The boundary condition (8.5.42) then is equivalent to

aj + aj = 0

i.e., aj are purely imaginary on ∂Σ for all j = 1, · · · , n.
We summarize the above calculation into

Proposition 8.5.4. Let {θi} be a moving frame adapted to R as above and u
be a smooth J-holomorphic map with Neumann boundary condition along R on ∂Σ.
Denote u∗θj = ajφ for a complex valued function aj for each j = 1, · · · , n. Then

it satisfies ∂
∇
(∂u) = 0. And the equation ∂

∇
(∂u) = 0 is equivalent to

(8.5.43)

{
∇′′ai − iρφ̄ai − ωijℓ̄ajaℓ = 0

ai purely imaginary on the boundary for j = 1, · · · , n j = 1, · · · , n.
The following regularity theorem for the weakly J-holomorphic map u : Σ→M

with Neumann boundary condition is the main theorem of this section.

Theorem 8.5.5. Any weakly J-holomorphic map u : Σ → M with Neumann
boundary condition along R on ∂Σ that is W 1,p for some p ≥ 4 or is Cǫ for some
ǫ > 0, is smooth.

Proof. First note the Sobolev embedding W 1,p →֒ Cǫ for p > 2 and 0 ≤ ǫ <
1 − 2

p implies that u is a Cǫ-solution of (8.5.33) with weak boundary condition

(8.5.34). Since u is continuous, we can localize the study of regularity. Because the
interior regularity result is easier, we will focus on the boundary regularity.

Let {θj} be a moving frame of (T ∗CM)(1,0) adapted to R as above. Since u ∈
W 1,p, there exists a sequence of smooth maps uα converging to u in the W 1,p

topology by the Schoen-Uhlenbeck strong approximation theorem [ScU83]. Then
we have ∫

Σ

|∂Juα|2 → 0

and ∫

Σ

〈∂uα, (∂
∇
)∗X〉 →

∫

Σ

〈∂u, (∂∇)∗X〉 = 0

as α→∞ for any given vector field X along u such that X(z) is tangent to Y and∫
∂Σ〈∇X,∇X〉 <∞.
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If we write

u∗αθ
j = ajαφ+ bjαφ,

these imply bjα → 0 in Lp and ajα converges in Lp and a = {ajα} is a weak solution
of (8.5.43). Noting that in (8.5.43), the terms

(8.5.44) −iρφ̄ai − ωijℓ̄ajaℓ

lie in Lp/2. Here p
2 ≥ 2 by the hypothesis p ≥ 4. We also note that ∇′′ has the

form ∇′′ = ∂+Γ for a zero-order operator Γ lying in Cǫ. It follows from these that
the equation (8.5.43) has the form

{
∂ai = f i,

aj purely imaginary on the boundary

with f i ∈ Lp. But this forms a first order elliptic boundary value problem with the
same symbol map as ∂. A standard regularity result [Mo66] (or a special case of
Theorem 8.3.5) then implies the inequality

‖da‖1,p,K ≤ C2‖f‖0,p,D ≤ C3(‖a‖0,p,D + ‖a‖0,p/2,D)
after combined with (8.5.43).

Therefore du lies inW 2,p →֒ Cǫ and so u ∈ C1,ǫ. Further regularity then follows
by regarding (8.5.43) as a linear equation of aj whose coefficients are Hölder con-
tinuous and which satisfies the imaginary boundary condition and then by applying
standard bootstrap arguments. This finishes the proof. �

Based on this theorem, the study of local regularity boils down to obtaining
W 1,p-estimates for J-holomorphic maps with p ≥ 4, especially for those with finite
area or harmonic energy.

8.6. Removable singularity theorem

In this section, we prove the following removable singularity theorem. Denote
by D either the open unit disc or the semi-disc with ∂D = (−1, 1) as before. Let
(M,ω, J) be almost Kähler, not necessarily compact, and L ⊂ M be a compact
Lagrangian submanifold without boundary. We assume that (M,ω) is tame and so
carries a compatible J such that (M,J, g) with g = ω(·, J ·) is tame in the sense of
Definition 8.7.7.

Theorem 8.6.1. Let L ⊂ (M,ω) be a Lagrangian submanifold. Let u : D\{0} →
M be a J-holomorphic map satisfying u(∂D) ⊂ L and Imu ⊂ K ⊂ M for some

compact subset K. If
∫
D\{0} |du|

2
<∞, then u ∈W 1,p for some p > 2.

Corollary 8.6.2. Let u : D\{0} → M be as in Theorem 8.6.1. Then u
smoothly extends to D.

Proof. By the regularity theorem, Theorem 8.5.5, it is enough to prove that
the extended W 1,p-map u on D is weakly J-holomorphic. Obviously we have

∫

D

|∂Ju|2 = 0

as u is smooth J-holomorphic on D2 \ {0} and hence ∂Ju = 0 almost everywhere.



174 8. LOCAL STUDY OF J-HOLOMORPHIC CURVES

To prove the boundary condition (8.5.34), let X be any (smooth) vector field

on D with compact support in
◦
D and perpendicular to R on the boundary with

respect to g0. Since u lies in W 1,p and X lies in W 1,2, we have

∫

D

〈Jdu,∇X〉 = lim
r→0

∫

D\D(r)

〈Jdu,∇X〉.

Let (x, y) be the standard coordinate on H and assume ∂D ⊂ ∂H.
Using the equation ∂Ju = 0 and integration by parts, we compute

∫

D\D(r)

〈Jdu,∇X〉 =

∫

D\D(r)

(〈
J
∂u

∂x
,
DX

∂x

〉
+

〈
J
∂u

∂y
,
DX

∂y

〉)
dx dy

=

∫

D\D(r)

(〈
∂u

∂y
,
DX

∂x

〉
−
〈
∂u

∂x
,
DX

∂y

〉)
dx dy

=

∫

∂(D\D(r))

〈
∂u

∂x
,X

〉
dx

−
∫

D\D(r)

(〈
D

∂x

∂u

∂y
,X

〉
−
〈
D

∂y

∂u

∂x
,X

〉)
dx dy

=

∫

∂(D\D(r))

〈
∂u

∂x
,X

〉
dx.

Here for the last equality we have used the equality D
∂x

∂u
∂y = D

∂y
∂u
∂x which follows

from the fact that Levi-Civita connection has no torsion. Since X ⊥g0 R and ∂u
∂x

is tangent to R, the last integral vanishes for all smooth X that is tangent to R
on ∂D. This proves that u indeed satisfies the weak boundary condition (8.5.34).
This finishes the proof. �

For the proof of Theorem 8.6.1, we start with the following useful lemma. This
version of the lemma for the semi-disc is taken from [Oh92].

Lemma 8.6.3 (Courant-Lebesgue Lemma). Let 0 < σ < 1 be any given con-
stant. Consider a map u ∈ W 1,2(D,M) or u ∈ W 1,2((D, ∂D), (M,L)). Suppose∫
D(σ)
|du|2 ≤ Γ for some Γ > 0. Then there exists ρ ∈ [σ2, σ] such that

L(u||x|=ρ)2 ≤
CΓ

log( 1ρ )
, C = C(Γ)

where L is the length function

L(γ)(s) =

∫
|γ′|dt.

We note that for an element u ∈ W 1,2 the length L(u||x|=ρ)2 is defined almost
everywhere but not necessarily everywhere over ρ. Applying this lemma to the
sequence · · · ≤ σn < σn−1 < · · · < σ < 1, it in particular implies that we get a

sequence ρi for which the length of the curve u
∣∣∣
|x|=ρ

converges to 0.
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Proof. Again we will only look at the semi-disc case. We compute

∫ σ

σ2

L(u||x|=r)2
r

dr =

∫ σ

σ2

1

r

(∫ π

0

∣∣∣∣
∂u

∂θ

∣∣∣∣
|x|=r

dθ

)2

dr

≤
∫ σ

σ2

1

r

(∫ π

0

∣∣∣∣
∂u

∂θ

∣∣∣∣
2

|x|=r
dθ · π

)
dr

= π

∫ σ

σ2

∫ π

0

∣∣∣∣
1

r

∂u

∂θ

∣∣∣∣
2

|x|=r
rdrdθ

≤ π

∫

D(σ)\D(σ2)

|du|2 ≤ πΓ.

written in polar coordinates. Here we used Hölder’s inequality for the first inequal-
ity. Therefore L(u||x|=ρ)2 is defined a.e. on [σ2, σ]. If L(u||x|=r)2 > CΓ

log( 1
r )

a.e. on

[σ2, σ] for some C > 0, then we would have
∫ σ

σ2

L(u||x|=r)2
r

dr >

∫ σ

σ2

CΓ

r log(1r )
dr = CΓ log 2.

Therefore if we choose C log 2 > π, it cannot hold that L(u||x|=r)2 > CΓ
log( 1

r )
a.e. on

[σ2, σ], and hence the proof. �

Now we are ready to give the proof of Theorem 8.6.1.

Proof of Theorem 8.6.1. Note that

lim
r→0

∫

D\D(r)

|du|2 →
∫

D\{0}
|du|2 <∞.

So we can make
∫
D(r0)\{0} |du|

2
< ǫ by choosing a sufficiently small r0 > 0 for the

constant ǫ appearing in the ǫ-regularity theorem.

Lemma 8.6.4. Let U be a given Darboux neighborhood of L. If we choose
r1 < r0 sufficiently small, then

Im(u(D(r1)\{0})) ⊂ U.
Proof. Suppose to the contrary that there exists a sequence zi ∈ D \{0} such

that |zi| =: ri → 0, but u(zi) /∈ U .
Since K ∩ L is compact, we know that there exists δ > 0 such that dist(L ∩

K,M\U) ≥ δ > 0. Therefore, dist(u(zi), L) ≥ δ for all i. This δ is independent of u
but depends only on U ∩K, J, ω and L. On the other hand, by Courant-Lebesgue
lemma, we obtain some sequences {si} and {s′i} such that si < ri < s′i and

L(u||z|=si), L(u||z|=s′i) <
δ

4
.

Then we have the inequality

max
|z|=si,s′i

dist(u(z), L) ≤ δ

4

because of the boundary condition u|∂D ⊂ L.
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 L(0)

L

δ
2

L

Figure 5. point sequence

Now Imu ∩ B(u(zi),
δ
2 ) defines a proper J-holomorphic curve in B(u(zi),

δ
2 )

with u(zi) at the center of the B(u(zi),
δ
2 ). Therefore by the monotonicity formula,

Proposition 8.7.10, we have

Area

(
Imu ∩B

(
u(zi),

δ

2

))
≥ C

(
δ

2

)2

where C depends only on (K, J, ω). This would give rise to a contradiction if we
choose 0 < ǫ < C( δ2 )

2 because

Area

(
Imu ∩B

(
u(zi),

δ

2

))
≤ Area(u) ≤ ǫ.

This finishes the proof. �

We go back to the proof of Theorem 8.6.1. By conformally expanding D(r1) to
D and considering the corresponding conformal reparametrization of u : D(r1)\{0} →
M , we may assume without loss of any generality that∫

D\{0}
|du|2 < ǫ.

Now fix a one-from β defined on U so that ω = −dβ and β|L = 0. For example, the
Liouville one-form of the cotangent bundle restricted to U is such a form. Consider
the annulus

Am = {z ∈ D | 0 < rm ≤ |z| ≤ 1}.
As u is J-holomorphic, we derive

1

2

∫

Am

|du|2 =

∫

Am

u∗ω = −
∫

Am

u∗dβ

= −
∫

S(1)

u∗β +

∫

S(rm)

u∗β ±
∫

Am∩{Im z=0}
u∗β

= −
∫

S(1)

u∗β +

∫

S(rm)

u∗β + 0(8.6.45)

The third term in the last line vanishes by the property β|L ≡ 0. (This is the place
where Lagrangian property of L has some advantage over totally real boundary
condition. The case of totally real boundary condition requires more sophisticated
estimate as illustrated in [Ye94].)

Note that since |du|2 is non-negative and
∫
D\{0} |du|

2
< ∞, Fatou’s lemma

implies

lim
m→∞

1

2

∫

Am

|du|2 =
1

2

∫

D\{0}
|du|2.
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S(1)

S(rm)

Figure 6. Annulus

On the other hand,
∣∣∣∣∣

∫

S(rm)

u∗β

∣∣∣∣∣ ≤
∫ 2π

0

∣∣∣∣β
(
∂u

∂θ

∣∣∣
|z|=rm

)∣∣∣∣ dθ

and
∫ 2π

0

∣∣∣∣β
(
∂u

∂θ

∣∣∣
|z|=rm

)∣∣∣∣ dθ ≤ C‖β‖C0

∫ 2π

0

∣∣∣∣
∂u

∂θ

∣∣∣∣ dθ = C‖β‖C0 · L(u||z|=rm).

Recall that we have chosen rm so that L(u||z|=rm) → 0 in the beginning of the

proof. Therefore we have proved limm→∞
∫
S(rm) u

∗β = 0, and hence obtain

1

2

∫

D\{0}
|du|2 = −

∫

S(1)

u∗β.

But since |u∗β| ≤ ‖β‖C0

∣∣∂u
∂θ

∣∣, we obtain

1

2

∫

D\{0}
|du|2 ≤ C‖β‖C0 · L(u||z|=1).

Note that C > 0 is independent of any specific J-holomorphic curve u and this
inequality holds as long as ǫ > 0 was chosen as before. In particular this can be
applied to the conformal reparametrization ur defined by

ur(z) := u(rz), ur : D\{0} →M

of the map u|0<|z|<r to the unit disc D: namely, we have

(8.6.46)
1

2

∫

D\{0}
|dur|2 ≤ C‖β‖C0L(ur||z|=1).

But by the conformal invariance of E, we have

1

2

∫

D(r)\{0}
|du|2 =

1

2

∫

D\{0}
|dur|2
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while the length transforms as

L(ur||z|=1) =

∫ π

0

∣∣∣∣
∂ur
∂θ

∣∣∣∣
|z|=1

dθ

=

∫ π

0

r ·
∣∣∣∣
∂u

∂θ

∣∣∣∣
|z|=r

dθ = r · L(u||z|=r).(8.6.47)

Now we denote

E(r) =
1

2

∫

D(r)\{0}
|du|2,

L(r) = L(u||z|=r)
A(r) = Area(u(D(r))).

Since u is J-holomorphic (and so conformal), we have the identity

(8.6.48) E(r) = A(r) = Area(u|0<|z|<r).
Combining (8.6.46)-(8.6.48), we obtain

A(r) ≤ C′ · r · L(r),
with the constant C′ = C‖β‖C0 . Therefore we have obtained

A(r) ≤ C′ · rdA(r)
dr

⇐⇒ E(r) ≤ C′ · r · dE(r)

dr

which is in turn equivalent to

1 ≤ C′ · r · 1

E(r)

dE(r)

dr

rm < r < 1 for all m. Integrating this we obtain
∫ 1

r

1

C′ · s ds ≤ log(E(1))− log(E(r)) = log
E(1)

E(r)
.

Therefore we obtain

log
E(1)

E(r)
≥ log r−

1
C′

and so

E(r) ≤ E(1)rλ

where λ := 1
C′ . This proves

(8.6.49)

∫

D(|z|≤r)
|du|2 ≤ E(1) · rλ

Substituting this into the energy density estimate, Proposition 8.4.6, we have ob-
tained

(8.6.50) |du(z)|2 ≤ C′

|z|2
E(1)|z|λ = C′ · E(1) · |z|λ−2

with λ > 0 for all z with |z| ≤ 1
4 . Therefore

|du(z)|p ≤ C′′|z|(
λ−2
2 )p = C′′|z|p(λ

2−1)

for C′′ = C′E(1).
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We now want to choose p so that |du(z)|p is integrable. But
∫ 1

0

∫ 2π

0

|z|p( λ
2−1)rdrdθ = 2π

∫ 1

0

rp(
λ
2−1)+1dr

=
2π

p(λ2 − 1) + 2
− lim
r→0

2π · rp(
λ
2−1)+2

p(λ2 − 1) + 2

This limit is finite if we can choose p so that p(λ2 − 1) + 2 > 0.
Finally, we want to choose p so that

p > 2 and p

(
λ

2
− 1

)
+ 2 > 0.

If λ2 − 1 ≥ 0, any choice p > 2 will do. On the other hand, if λ2 − 1 < 0, we choose
p so that

2 < p <
2

1− λ
2

which is possible because 2
1−λ

2

> 2 in that case. This finishes the proof. �

Exercise 8.6.5. Modify the above proof and provide the proof of removal
theorem of interior singularity. (Hint: Use the ordinary Darboux theorem instead
of Darboux-Weinstein. But where would you choose the Darboux neighborhood?)

In the remaining section, we will give a useful translation of the inequality
(8.6.50) into an exponential decay estimates of J-holomorphic maps with finite
energy defined on an open Riemann surface with strip-like ends with boundary
lying on L.

Consider a J-holomorphic map

u : (−∞, 0]× [0, 1]→ (M,L)

on a semi-strip (−∞, 0] × [0, 1] with finite energy EJ (u) < ∞ and with bounded
image satisfying the boundary condition

u((−∞, 0]× {0, 1}) ⊂ L.
By composing with the conformal isomorphism

ϕ : (−∞, 0]× [0, 1] ∼= (D(1), ∂D(1)) \ {0}, ϕ(τ, t) = e2π(τ+it)

we consider the map ũ(z) = u(ϕ−1(z)). We have the relation

|du|cyl =
1

2π|z| |dũ|polar.

By the conformal invariance, we have EJ(u) = EJ(ũ) < ∞. Applying (8.6.50) to
ũ, we obtain

|du|cyl(τ, t) ≤ C|z|(
λ
2−1)+2−1 = Ce−

2π|τ|
λ .

This gives rise to the following exponential decay estimate

Theorem 8.6.6 (Exponential decay). Let K ⊂ M be a compact domain.
Consider a J-holomorphic map u : (−∞, 0] × [0, 1] → (M,L) with finite energy
EJ(u) <∞ and bounded image that satisfies the boundary condition

u((−∞, 0]× {0, 1}) ⊂ L.



180 8. LOCAL STUDY OF J-HOLOMORPHIC CURVES

Then there exists constant C, δ, R > 0, depending only on (K,L), EJ (u) and the
diameter of the image of u, such that

(8.6.51) |du|(τ, t) ≤ Ce−δ|τ |

for all τ ≤ −R.

Exercise 8.6.7. Prove the Ck exponential decay estimate: There exists C(k), R(k) >
0 depending on k such that

(8.6.52) |∇ku|(τ, t) ≤ C(k)e−δ|τ |

for all τ ≤ −R(k).

8.7. Isoperimetric inequality and monotonicity formula

We recall Corollary 7.2.6 which states that for an almost Kähler triple (M,ω, J),
“the image of any J-holomorphic curve is a minimal surface with respect to the
associated metric g = ω(·, J ·)”.

We first make the above statement in quote more precise. To do this, we
need to study the structure of the image of J-holomorphic curves. The following
proposition is an immediate consequence of the similarity principle, Theorem 8.8.2.
See Corollary 8.8.6 and Theorem 8.8.9 in particular. (See [Mc91], [Sik94] for such
theorems.)

Proposition 8.7.1. Let (N, J) be any almost complex manifold of Hölder class
Cǫ with ǫ > 0 and let Σ be either closed Riemann surface or one with boundary.
Then

(1) For any two different J-holomorphic maps f, g : Σ → N , the set of the
points z satisfying f(z) = g(z) has no cluster points.

(2) Assume that J is of class C1 and let f : Σ → N be nonconstant J-
holomorphic. Then the set of critical points of f is isolated.

The same statement holds also for a J-holomorphic map f : (Σ, ∂Σ)→ (N,R) for
a surface with nonempty boundary Σ with totally real boundary condition R.

One immediate consequence of this proposition is that when Σ is closed the
image of any J-holomorphic map has a finite number of singularities

Definition 8.7.2. A J-holomorphic curve f : Σ → N is called somewhere
injective if there exists a point z ∈ Σ such that #(f−1(f(z))) = 1 and df(z) 6= 0.

The following structure theorem is an important ingredient in the study of
pseudo-holomorphic curves. We refer readers to [Mc91] for its proof.

Theorem 8.7.3 (Structure theorem [Mc91]). Let Σ be a closed Riemann sur-
face. If a J-holomorphic map f : Σ → N is not somewhere injective, then there

exists a somewhere injective map f̃ : Σ̃→ N and a branched holomorphic covering

φ : Σ→ Σ̃ such that f = f̃ ◦ φ.
Now we are ready to describe the structure of the image of somewhere injective

curves.

Definition 8.7.4. Suppose Σ is a closed Riemann surface and f : Σ → N is
J-holomorphic and somewhere injective. Denote by A = Im f . We say a point
x ∈ A is singular if either #(f−1(x)) ≥ 2 or x = f(z) for some z with df(z) = 0,
and regular otherwise.
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Corollary 8.7.5. Suppose Σ is a compact Riemann surface with boundary ∂Σ
f : Σ→ N is J-holomorphic. Denote by A = Im f . Suppose there is a regular point
y ∈ A. Then #(Sing(A)) < ∞ and so the area of A is well-defined for any given
metric g on N .

Proof. The finiteness #(Sing(A)) <∞ immediately follows from compactness
of Σ and the above Proposition 8.7.1. Since A is a differentiable embedded surface
near each regular point and there are only a finite number of singular points in A,
we just define

AreaA = Area(A \ SingA) =
∫

Σ

|fx ∧ fy| dx dy

where (x, y) are coordinates of (Σ, j) and |fx ∧ fy| is the area density function of f
with

|fx ∧ fy|2 = |fx|2|fy|2− < fx, fy >
2 .

It follows from compactness of Σ and differentiability of f the integral is integrable
and well-defined. �

We recall that when g = gJ = ω(·, J ·) for a compatible metric, then EJ (f) =
AreaA.

With this preparation, we are now state the important geometric properties
of J-holomorphic curves, the isoperimetric inequality and monotonicity property.
These properties will play crucial roles in the study of removal singularity theorem
and compactification of the moduli space of J-holomorphic curves.

We start with the well-known isoperimetric inequality and the monotonicity
formula for the minimal surface in the Euclidean space (See [Law80] for example).

Lemma 8.7.6 (Classical isoperimetric inequality). Let Σ′ be the solution of
Plateau problem with the given embedded rectifiable Jordan curve ℓ ⊂ Rk. Then
there exists a constant C1 > 0 independent of Σ′ such that

(8.7.53) Area(Σ′) ≤ C2
1 length

2(ℓ).

To translate this classical result into those of J-holomorphic curves, we follow
the flexible geometric set-up used by Sikorav [Sik94].

Definition 8.7.7. Let (N, J, g) be an almost complex manifold with a Rie-
mannian metric g. We say the triple is tame if the metric g is complete, has
bounded curvature and its injectivity radius bounded away from zero, and if J is
uniformly continuous with respect to g.

We would like to point out that we could ask very little regularity for J , e.g.,
J could be in any Hölder class Cǫ for ǫ > 0. The following lemma is borrowed from
[Sik94].

Lemma 8.7.8. Suppose (N, J, g) is tame. Then the following holds :

(T1) For all x ∈ N , the exponential map expx : B(0, r0) ⊂ TxN → B(x, r0) ⊂
N is a diffeomorphism.

(T2) Every loop γ in N contained in a ball B = B(x, r) with r ≤ r0 bounds a
disc in B of area less than C3 length(γ)

2.
(T3) On every ball B = B(x, r0), there exists a symplectic form ωx such that

‖ωx‖ ≤ 1 and |X |2 ≤ C2
4ωx(X, JX). We call this property taming prop-

erty and ωx is a (local) taming form of (N, J).



182 8. LOCAL STUDY OF J-HOLOMORPHIC CURVES

Proof. (T1) immediately follows from the injectivity radius bound. We now
prove (T2). By the hypothesis on (N, J, g), the injectivity radius is positive. Fix
a constant r0 smaller than the injectivity radius. Then we can choose an open
geodesic ball B(x, r0) of g together with a taming form η0 such that f(Σ) ⊂ B(x, r0)
and

(8.7.54) gx = η0(·, Jx·).
Now let f : D → N be a J-holomorphic disc with f(D) ⊂ B(x, r0). Using Lemma
8.7.6, we find a compact surface Σ′ with boundary ∂Σ′ = f(∂Σ) and

(8.7.55) Areag0(Σ
′) ≤ C2

1 length
2
g0(∂Σ

′)

where g0 = (exp−1x )∗g. On the other hand by the taming property of η0, we have

Areag0(Σ
′) =

∫

Σ′

η0.

By the contractibility of B (and so [f(Σ)#Σ] = 0 in H2(N)) and multiplicity
hypothesis on f , we have

∫

Σ′

η0 =

∫

D

f∗η0 = Areag0(f).

Then we have
g0
C2

2

≤ g ≤ C2
2g0

for some constant C2 > 0 depending only on g but independent of the choice of x
and r0. Therefore we obtain

Areag0(f) ≥
1

C2
2

Areag(f).

On the other hand, we have

length2g0(∂Σ
′) = length2g0(f(∂Σ)) ≤

1

C2
2

length2g(∂Σ
′).

Substituting all these into (8.7.55), we obtain (T2) with C2
3 =

C2
1

C2
2
.

Finally we prove (T3). Consider the tangent space TxN with an endomorphism
Jx with J2

x = −id. Choose the constant two form η0 on TxN so that the bilinear
two form η0(·, Jx·) on TxN is positive definite. Then by the hypothesis on g and
the uniform continuity of J in g, η = (exp−1x )∗η0 is a symplectic form which is well-
defined and tames J on a B(x, r0) of x where r0 does not depend on x ∈ N . �

Now we assume (T1)-(T3) in Definition 8.7.7 and prove the following general
isoperimetric inequality. The idea of using the taming form in the study of pseu-
doholomorphic curves is originally due to Gromov himself [Gr85].

Proposition 8.7.9 (Isoperimetric inequality). Assume (N, J, g′) is an almost
Hermitian manifold that satisfies (T1)-(T3) and let r0, C3, C4 as in Lemma 8.7.8.
Let f : Σ → N be a J-holomorphic map on compact Riemann surface Σ with
embedded along the boundary ∂Σ. Then there exists constants C5 > 0 depending
only on (N, J, g′) such that whenever f(Σ) ⊂ B(x, r0),

(8.7.56) Areag′ (f(Σ)) ≤ C2
5 length

2
g′(∂f(Σ)).



8.8. SIMILARITY PRINCIPLE AND LOCAL STRUCTURE OF THE IMAGE 183

Proof. By (T2), f(∂Σ) bounds a surface S ⊂ B(x, r0) of area less than equal

to C2
3 length

2
g′ (∂f(Σ)). Using ‖ωx‖ ≤ 1 and contractibility of B, we have

∫

Σ

f∗ωx =

∫

Σ

ωx ≤ C2
3 length

2
g′(∂f(Σ)).

On the other hand the taming property (T3) and f being J-holomorphic, we obtain

Areag′(f(Σ)) ≤ C2
4

∫

Σ

f∗ωx.

Combining the two inequalities, the previous proposition follows with the choice of
constant C5 = C3C4. �

Next we prove the monotonicity which roughly says that “if the diameter of
the image of J-holomorphic f is big, then its area must be big”.

Proposition 8.7.10 (Monotonicity). Let (N, J, g′) and r0 be as in Proposition
8.7.9. Let f : Σ → N be a J-holomorphic map with a compact Riemann surface
(Σ, j) with boundary ∂Σ. Assume f(Σ) ⊂ B = B(x, r) with f(∂Σ) ⊂ ∂B and
x ∈ f(Σ). Then there exists C7 > 0 with r0 as above such that

(8.7.57) Areag′(f(Σ)) ≥ C2
6r

2.

Proof. Denote Σt = f−1(B(x, t)) and A(t) = Area(f |Σt). Since f is of class
Cr+1 for some r > 0, Sard’s theorem implies that Σt is a compact subsurface of
Σ, not necessarily connected but with a finite number of connected components,
with C1-smooth boundary ∂Σt = f−1(∂B(x, t)). We denote by ℓ(t) the length of
f(∂Σt). Then A(t) is an absolutely continuous function and A′(t) = ℓ(t) almost
everywhere. On the other hand, the isoperimetric inequality applied to each Σt, we

obtain A(t) ≤ C2
5 ℓ(t)

2 and in turn A′(t) ≥
√

A(t)
C2

5
. This last inequality is equivalent

to

(
√
A(t))′ ≥ 1

2C5

whenever A(t) is differentiable. Integrating this differential inequality over [0, r],

we obtain
√
A(r) ≥ r/(2C5), i.e., A(r) ≥ r2/(4C2

5 ). Just choose C6 = 1
2C5

. �

8.8. Similarity principle and local structure of the image

In this section, we introduce a useful local similarity principle which relates the
J-holomorphic curve equation with totally real boundary condition to the classical
holomorphic curves with totally boundary condition in complex variables. This
principle enables one to reduce many local studies and estimates of J-holomorphic
curves to those of the classical holomorphic curves. The principle was exploited by
Floer-Hofer-Salamon [FHS95] and by the present author [Oh97a] for the study
of interior properties and for that of boundary cases, respectively. We will focus
on the boundary case leaving the interior one out since the interior case is clearly
subsumed into the boundary case.

We define J (2n) to be the set of automorphisms I : R2n → R2n satisfying
I2 = −id. We call any such I a linear complex structure on R2n.

Definition 8.8.1. Let I : R2n → R2n be an automorphism with I2 = −id.
An n-dimensional subspace V ⊂ R2n is called totally real with respect to I if V
is transverse to JV . We denote by T R(I;n) ⊂ Gr(2n, n) the set of totally real
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subspace with respect to I. Here Gr(2n, n) is the set of n-dimensional subspaces
of R2n.

We note that each T R(I;n) ⊂ Gr(2n, n) is an open subset of Gr(2n;n) and
the union

T R(n) :=
⋃

I∈J (2n)

T R(I;n)→ J (2n)

forms a fiber bundle over J (2n).
We denote byDǫ(0) the open-closed half-disc with boundary ∂De(0) = (−ǫ, ǫ) ⊂

R ⊂ C and denote by z = (x, y) or z = x+ iy the standard coordinates of R2 or of
C.

Let J : z 7→ J(z) be a W 1,p-map associating to z ∈ Dǫ(0) a linear complex
structure J(z) ∈ J (2n), and let z 7→ C(z) be an Lp-map with C(z) ∈ LR(R2n)
where LR(R2n) is the set of endomorphisms of R2n. We denote the set of them by

W 1,p(Dǫ(0),J (2n)), Lp(Dǫ(0), LR(R2n))

respectively. We assume p > 2.
For given map J ∈ W 1,p(Dǫ(0),J (2n)), we consider a section τ : (−ǫ, ǫ) =

∂Dǫ(0) → T R(J(x);n) of J∗T R(n). We note that if J ∈ W 1,p(Dǫ(0),J (2n))
with p > 2, J |(−ǫ,ǫ) lies in W 1−1/p,p(∂Dǫ(0),J (2n)) by the trace theorem (see

[Rud73] for example). We require the map τ lies in W 1,p as a map from (−ǫ, ǫ)
into Gr(2n, n) so that its restriction to the boundary becomes a continuous map.

For each given triple ((J ; τ), C), we consider the first-order elliptic boundary
value problem

(8.8.58)

{
∂ξ
∂x + J(z) ∂ξ∂y (z) + C(z)ξ(z) = 0

ξ(x, 0) ∈ τ(x) for x ∈ (−ǫ, ǫ).
Abusing the notation slightly, we denote by the symbol i either complex number
i or the corresponding standard complex structure on Cn ∼= R2n and denote by ∂
the standard Cauchy-Riemann operator ∂

∂x + i ∂∂y . Similarly we also denote by ∂J
the linear operator

ξ 7→ ∂ξ

∂x
+ J(z)

∂ξ

∂y
(z).

The main result of this section is the following similarity principle for the
boundary value problem. This result was proved in Theorem 2.1 [Oh97a] which is
the boundary analog to that of Floer-Hofer-Salamon for the interior case [FHS95].

Theorem 8.8.2 (Similarity Principle). Let ((J ; τ), C) be as above, let p ∈
(2,∞) and assume ξ ∈ W 1,p(Dǫ(0),R2n). Then there exists δ ∈ (0, ǫ) and maps
Φ : W 1,p(Dδ(0), LR(R2n)) such that Φ(z) is invertible for all z ∈ Dδ(0), and
σ ∈ C∞(Dδ(0),R2n) such that

ξ(z) = Φ(z)σ(z), J(z)Φ(z) = Φ(z)i

and if we consider σ as a map from Dδ(0) to Cn, it satisfies the classical Riemann-
Hilbert problem

(8.8.59)

{
∂σ = 0

σ(x, 0) ∈ Rn ⊂ Cn.
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Proof. We first find a map Ψ ∈ W 1,p(Dǫ(0), GL(2n,R)) such that
{
J(z)Ψ(z) = Ψ(z)i in Dǫ(0)

Ψ(x, 0)Rn = τ(x) on ∂Dǫ(0).

Since ∂Dǫ(0) = (−ǫ, ǫ) is contractible, we choose a global frame of the real vector
bundle τ → ∂Dǫ(0), denoted by {Ψ1(x, 0), . . . ,Ψn(x, 0)}, which is complex linearly
independent (with respect to J(x)) for each x ∈ ∂Dǫ(0). Therefore by requiring iej
to be mapped to J(x, 0)Ψj(x, 0) for j = 1, . . . , n and taking Ψj as its j-th column,
we can associate a matrix Ψ(x, 0) in GL(2n,R) that satisfies

J(x, 0)Ψ(x, 0) = Ψ(x, 0)i.

Since τ : (−ǫ, ǫ) → Gr(2n, n) is a map in W 1,1−1/p, we can choose Ψj to lie in

W 1,1−1/p and hence Ψ ∈ W 1,1−1/p(∂Dǫ(0), GL(2n,R)).
Now it is easy to extend this map x 7→ Ψ(x, 0) to the interior so that

J(z)Ψ(z) = Ψ(z)i in Dǫ(0)

and Ψ lies in W 1,p(Dǫ(0), GL(2n,R)).

Exercise 8.8.3. Prove this claim.

Next we define a map η ∈ W 1,p(Dǫ(0),R2n) by the equation ξ(z) = Ψ(z)η(z).
If we regard η as a map to Cn, then η satisfies the boundary condition

η(x, 0) ∈ Rn, x ∈ (−ǫ, ǫ),
and the equation

0 = ∂Jξ + C(z)ξ =
∂ξ

∂x
+ J(z)

∂ξ

∂y
(z) + C(z)ξ(z).

Here we have

J(z)
∂ξ

∂y
(z) = J(z)Ψ(z)

∂η

∂y
(z) + J(z)

∂Ψ

∂y
(z)η(z)

= Ψ(z)i
∂η

∂y
(z) + J(z)

∂Ψ

∂y
(z)η(z).

Substituting this into the last equation, we show that η satisfies the equation
{
∂η + C̃η = 0

η(x, 0) ∈ Rn

where C̃ is the multiplication operator of the real matrix valued function

C̃(z) = C(z) + J(z)
∂Ψ

∂y
(z).

Since C ∈ Lp, J ∈W 1,p and Ψ ∈ W 1,p, it follows that C̃ is again lies in Lp.

But we note that C̃ is not complex linear, i.e., does not commute with complex
multiplication by i. We will now find a complex linear matrix B(z) ∈ GL(2n,R)
depending on η regarded as an element lying in GL(n,C), such that C̃(z)η(z) =

B(z)η(z). We decompose C̃ ∈ Lp(Dǫ(0), GL(2n,R)

C̃(z) = C̃ℓ(z) + C̃a(z)
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where C̃ℓ(z), C̃a(z) are the complex linear and anti-linear parts of C̃(z). Indeed we
have

C̃ℓ(z) =
1

2
(C̃(z)− iC̃(z)i), C̃a(z) =

1

2
(C̃(z) + iC̃(z)i).

Denote by Γ : Cn → Cn the complex conjugation map which is complex anti-linear.
Then we find a complex linear map D(z) such that D ∈ L∞(Dǫ(0), GL(n,C)) that
satisfies D(z)η(z) = η(z) = Γ(η(z)). In fact we have the explicit formula

D(z) =

{
|η(z)〉〈η(z)|/|η(z)|2 when η(z) 6= 0

0 when η(z) = 0,

where |η(z)〉〈η(z)| is Dirac’s ‘ket’-operator notation for (η(z))tη(z) for a column vec-
tor η(z). Since η ∈ W 1,p and so is continuous, the set {z ∈ Dǫ(0) | η(z) = 0} is mea-
surable. From the definition, we have |D(z)| ≤ 1 and so D ∈ L∞(Dǫ(0), GL(n,C))
as required. Then we can check that η satisfies

{
∂η +Bη = 0

η(x, 0) ∈ Rn

where B(z) = C̃ℓ + C̃aD(z). By construction B is complex linear. This enables us
to prove the following lemma

Lemma 8.8.4. Let Tr : W 1,p((Dǫ(0), ∂De(0)), (Cn,Rn))→W 1−1/p,p(∂Dǫ(0),Rn)
be the trace map. Then the linear map

(∂,Tr) : W 1,p((Dǫ(0), ∂De(0)), (Cn,Rn))→ Lp(Dǫ(0),Cn)×W 1−1/p,p(∂Dǫ(0),Rn)

is surjective with Fredholm index n.

Exercise 8.8.5. Prove this lemma.

We choose a cut-off function χ : H→ [0, 1] such that

χ(z) =

{
1 on D1/2(0)

0 outside D1(0)

and define χδ(z) = χ(z/δ). Then a simple calculation leads to

‖χδBη‖p ≤ C‖η‖1,p‖χδB‖p ≤ C(δ)‖η‖1,p
with constants C(δ) satisfying C(δ)→ 0 as δ → 0. Therefore for a sufficiently small
δ > 0, the map

(∂ +Bδ,Tr) : W 1,p((Dǫ(0), ∂De(0)), (Cn,Rn))

→ Lp(Dǫ(0),Cn)×W 1−1/p,p(∂Dǫ(0),Rn)

for Bδ = χδB is still surjective with index n by the openness of the surjectivity and
invariance of the index under continuous deformations. We define

Θδ ∈ W 1,p((Dǫ(0), ∂Dǫ(0)), (GL(n,C), GL(n,R))

to be the fundamental solution of

(8.8.60)

{
∂Θ+BδΘ = 0 in Dδ(0)

Θ(x, 0) = Id ∈ GL(n,R) on ∂Dδ(0).

Such a solution exists and is unique if 0 < δ < ǫ is sufficiently small. Now we
define σ : Bδ(0) → Cn by the equation η(z) = Θδ(z)σ(z). Then for z ∈ Dδ(0), a
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simple computation via (8.8.60) shows that σ satisfies the required equation, which
finishes the proof. �

Obviously the similarity principle for the interior is subsumed in Theorem 8.8.2.
We mention one immediate consequence of the proof thereof on the structure of
interior singularities of J-holomorphic curves.

Corollary 8.8.6. Let J be any compatible almost complex structure of (M,ω).
Consider a non-constant J-holomorphic map u : (Σ, j) → (M,J). Let du(z0) = 0
for z0 ∈ Σ. Then there exists some k ∈ N such that

jk−1(u)(z0) = 0 but jku(z0) 6= 0

and there exists a complex coordinates z at z0 such that

u(z) = ~vzk +O(|z|k+1), ~v ∈ Tu(z0)M
In particular, there exists an open neighborhood V ⊂ Σ of z0 such that du(z) 6= 0
for all z ∈ V \ {z0}.

Motivated by this corollary, we introduce the following notion

Definition 8.8.7. For a non-constant J-holomorphic map u : (Σ, j)→ (M,J),
we define the ramification order of u at z0 to be the integer k mentioned in the
above corollary. We call jku(z0) the principal jet of u.

One consequence of the above corollary is that the principal jet of any J-

holomorphic map is holomorphic in that the jet lies in J
(k,0)
z0 (M). (We refer to

[Oh11a] for the detailed discussion on the structure of ramification profiles and of
prinicpal jets of J-holomorphic maps at critical points.)

The proof of similar statements for the boundary points requires further exam-
ination of the boundary behavior but the above boundary similarity principle will
still be useful.

We now state a few immediate consequence of the similarity principle.

Proposition 8.8.8. Let J0 be an almost complex structure on R2n and R be
a totally real submanifold of J0. Assume the map J : (z, p) 7→ J(z, p) is a smooth
map from Dǫ(0)×M to J (2n), and suppose

(8.8.61) J(z, p) = J0(p) z = (x, 0) ∈ ∂Dǫ(0)

for a fixed (x, 0)-independent J0 on R2n. Consider a smooth solution

w : (Dǫ(0), ∂Dǫ(0))→ (R2n, R)

of

(8.8.62)

{
∂w
∂x + J(z, w)∂w∂y = 0

w(x, 0) ∈ R, for x ∈ (−ǫ, ǫ) = ∂Dǫ(0).

Then there exists some δ > 0 such that dw(z) 6= 0 for all z with 0 < |z| < δ.

Proof. If dw(0) 6= 0, we are done and so assume dw(0) = 0. By differentiating
the given Cauchy-Riemann equation by x, it follows that ξ = ∂w

∂x satisfies the
equation {

∂ξ
∂x + J(z, w(z)) ∂ξ∂y + ∂J(z,w(z))

∂x
∂w
∂y = 0

ξ(x, 0) ∈ Tw(x,0)R.
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But we can write

∂J(z, w(z))

∂x

∂w

∂y
=
∂J(z, w(z))

∂x
J(z, w(z))ξ

since ∂w
∂y = J(z, w(z))∂w∂x = J(z, w(z))ξ. If we write

C(z) :=
∂J(z, w(z))

∂x
J(z, w(z))

ξ will satisfy the equation of the type given in Theorem 8.8.2. Therefore the the-
orem implies that there exists Φ ∈ C∞(Dδ(0), GL(R2n) such that ξ(z) = ∂w

∂x (z) =

Φ(z)σ(z) with σ holomorphic and σ(0) = 0. And ∂w
∂x (z) 6= 0 if and only if σ(z) 6= 0.

Since σ is holomorphic, the classical fact on the holomorphic functions it follows
that either σ ≡ 0 on a neighborhood of 0 or there exists some δ > 0 such that
σ(z) 6= 0 for any z with 0 < |z| < δ. This finishes the proof. �

The next theorem is a sort of unique continuation result especially at the bound-
ary point.

Theorem 8.8.9. Let J , R as in Proposition 8.8.8. Suppose

w1, w2 : (Dǫ(0), ∂De(0))→ (R2n, R)

are smooth and satisfy (8.8.62). If the∞-jets of w1, w2 coincide at 0, then w1 ≡ w2.

Proof. Without loss of any generality, we may assume w(0, 0) = 0 ∈ R ⊂ R2n

and T0R = Rn ⊂ Cn ∼= R2n. We choose a boundary flattening local diffeomorphism
ψ : U → R2n onto its image on an open neighborhood of 0 in R2n such that
ψ(Rn ∩ U) ⊂ R, ψ(0) = 0. Then (8.8.62) is equivalent to

∂w̃

∂x
+ ψ∗Jz

∂w̃

∂y
= 0, w̃(x, 0) ∈ Rn, x ∈ (−ǫ, ǫ)

where w̃ = ψ−1◦w, Jz(w) = J(z, w) and ψ∗Jz(w) = Tψ−1J(z, w)Tψ. Since w1, w2

have the same ∞-jets, w̃1 and w̃2 have the same ∞-jets at 0. Now we consider the
difference

ξ(z) := w̃2(z)− w̃1(z).

Then a straightforward computation shows ξ satisfies the equation of (8.8.62) for

J(z) = ψ∗Jz(w̃2(z))

and C(z) is the linear map determined by

C(z)ξ :=

(∫ 1

0

D(ψ∗Jz)(sw̃1 + (1 − s)w̃2) ds

)
· ξ · ∂w̃1

∂y
.

We also have j∞ξ(0, 0) = 0. Applying Theorem 8.8.2, we find Φ(z) ∈ GL(R2n)
with ξ(z) = Φ(z)σ(z) for holomorphic σ. Since Φ(0) is invertible, we also have
j∞σ(0, 0) = 0. Since σ is holomorphic, this implies σ ≡ 0 and hence ξ ≡ 0. This
proves w̃1 ≡ w̃2 and so w1 ≡ w2 near 0.

Now let z0 ∈ Dǫ(0) and consider the line segment t ∈ [0, 1] → tz0. We define
the subset K ⊂ [0, 1] by K = {t ∈ [0, 1] | w1(tz0) = w2(tz0)}. We will show that
K = [0, 1]. K is clearly a closed subset and the above discussion implies K ⊃ [0, δ]
for some δ > 0. Let 0 < t0 ≤ 1

t0 = sup{t1 | [0, t1] ⊂ K}.
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We claim t0 = 1. By definition, we have w1(tz0) ≡ w2(tz0) for all t with 0 ≤ t ≤ t0.
Suppose to the contrary t0 < 1. By applying the above discussion at t0z0 ∈ Dǫ(0),
we obtain a holomorphic map σ such that σ(tz0) ≡ 0 for all t with 0 ≤ t ≤ t0. This
then implies σ ≡ 0 in a small neighborhood t0z0 and in particular σ(tz0) vanishes
for t ∈ (t0 − δ, t0 + δ) ⊂ [0, 1] for a sufficiently small δ > 0. This in turn implies
w1(tz0) ≡ w2(tz0) for t ∈ (t0 − δ, t0 + δ) and hence on [0, t0 + δ) which contradicts
to the definition of t0. This finishes the proof. �

We refer to [Oh97a] for further applications to the study of structure of bound-
ary singularities and to the continuation of the image of pseudo-holomorphic discs
along the boundary.





CHAPTER 9

Gromov compactification and stable maps

In this chapter, we provide a global study of J-holomorphic curves. First we
give the definition of basic moduli spaces of J-holomorphic curves. Then we give the
definition of the moduli space of stable maps introduced by Kontsevich [Kon95]
in the C∞-setting. In particular we explain the precise definition of stable map
topology and prove its compactness and Hausdorfness following the proofs given by
Fukaya-Ono in [FOn99].

We will largely restrict ourselves to the closed case referring readers to [FOOO09],
[L] for a complete discussion of the case of bordered Riemann surfaces. We just
quote basic theorems therefrom that we will need for the study of Lagrangian Floer
homology in the later chapters.

9.1. Moduli space of pseudo-holomorphic curves

Gromov’s nonlinear Cauchy-Riemann equation is an equation of “conformal
structures of a compact oriented surface Σ and a map from Σ to an almost Kähler
manifold (M,ω, J)”. In this section, we provide the definition of the moduli space
of such pairs (j, u).

We first describe the basic objects of study. We fix a closed oriented surface Σ
of Euler characteristic

χ(Σ) = 2− 2g

with g its genus, 2g = rankH1(Σ,Z). We denote by [Σ] the fundamental class of
Σ. When we are given a continuous map u : Σ→M , it defines the natural element

u∗[Σ] ∈ H2(M,Z)

which we denote by [u]. We denote by A a general element of H2(M,Z). When u
is differentiable, the integral ∫

u∗ω

is defined, and depends only on the homology class [u] = u∗[Σ]. This is called the
symplectic area of the differentiable map u.

Now we fix a diffeomorphism type of the surface and denote by Σ any such
surface. Then we consider pairs (j, u) of a “conformal structure of Σ and a map”.
Note that the group Diff(Σ) acts on the set of pairs by the pull-backs

(φ, (j, u)) 7→ (φ∗j, u ◦ φ).
We denote

∂J(j, u) =
du+ J ◦ du ◦ j

2
highlighting the dependence of this on the domain complex structure j. We fix a
Hermitian metric h of j on Σ and any fixed reference compatible metric g on M .

191
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We would like to study the solution set of the Cauchy Riemann equation

∂̄J(j, u) = 0,

∫
|du|2 <∞

for the variable (j, u). Here the energy density |du|2 is computed in terms of the
metrics h and g.

For a bordered Riemann surface Σ with non-empty boundary ∂Σ, we consider
maps w : Σ→M satisfying

∂̄J(j, w) = 0, w(∂Σ) ⊂ L,
∫
|dw|2 <∞

for a given Lagrangian submanifold L.
One may replace the Lagrangian submanifold L by a totally real submanifold as

far as the ellipticity of the boundary value problem is concerned as we demonstrated
in the previous chapter. The following lemma is the crucial geometric property of
Lagrangian submanifolds that distinguishes them from totally real submanifolds.

Lemma 9.1.1. Let L be a Lagrangian submanifold of (M,ω). Suppose that two
maps w1, w2 : (Σ, ∂Σ) → (M,L) have the same relative homology class [w1] =
[w2] ∈ H2(M,L). Then we have

∫
w∗1ω =

∫
w∗2ω.

Proof. By the assumption, the chain w1 − w2 is homologous to a chain C
whose support is contained in L, i.e., there exists a 3-chain D in M such that

∂D = w1 − w2 − C.
Since dω = 0 and

∫
C
ω = 0, Stokes’ formula implies

0 =

∫

∂D

ω =

∫
w∗1ω −

∫
w∗2ω −

∫

C

ω =

∫
w∗1ω −

∫
w∗2ω

which finishes the proof. �

Therefore if one fixes the homology class of the map u as

u∗[Σ] = A ∈ H2(M)

or

w∗[Σ, ∂Σ] = B ∈ H2(M,L)

for the Lagrangian boundary L, the symplectic area of the map u remains constant.
Then for any J-holomorphic map u in either of the two cases, we have the identity

(9.1.1)

∫
u∗ω = EJ(u) =

1

2

∫
|du|2

where we denote by EJ(u) the harmonic energy of u with respect to the metric
gJ = ω(·, J ·).

However in practice, we need to vary the almost complex structure inside Jω
or to consider a family of such almost complex structures depending on the domain
variables of u. Therefore in actual geometric estimates, we need to fix a reference
metric and to consider J itself as an auxiliary parameter. In this regard the following
parameterized version of the priori energy estimate is important.
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Lemma 9.1.2. Let K ⊂ Jω be a compact subset and assume that M is compact.
Fix any metric g on M . Let (j, u) be a J-holomorphic map for some J ∈ K and
Let E(u) be the harmonic energy of u with respect to the metric g. Suppose [u] = A
in H2(M) (respectively [u, ∂u] = B ∈ H2(M,L)). Then there exists a constant
C = C(K) such that

E(u) ≤ Cω(A)
for all J-holomorphic (j, u) with J ∈ K (respectively, E(u) ≤ Cω(B)). Furthermore
the constant C(K) varies continuously over K with respect to the C0-topology of
Jω.

Proof. We would like to compare EJ(u) and E(u) for J ∈ K. We recall that
a metric is a positive definite quadratic form pointwise and there are constants
c(x), C(x) > 0 such that

c(x)g(x) < gJ(x) < C(x)g(x)

at each x ∈M which are continuous. Denote

cJ = min
x∈M

c(x), CJ = max
x∈M

C(x).

Continuity of cJ , CJ over J (in C∞-topology) follows immediately. Then we have

cJ |du|2 ≤ |du|2J ≤ CJ |du|2

and so cJE(u) ≤ EJ (u) ≤ CJE(u). Since EJ (u) = ω(A), we obtain E(u) ≤
1
cJ
ω(A). By setting C = C(K) = minJ∈K

1
cJ
, we have obtained inequality. Con-

tinuity of the constant C(K) over K follows immediately from the expression
C(K) = minJ∈K

1
cJ
. �

We now study the moduli space of solutions

M̃E0(Σ, J) =
{
(j, u)

∣∣∣ u : (Σ, j)→ (M,J), ∂̄(J,j)u = 0
∫
|du|J

2 ≤ E0, u(∂Σ) ⊂ R
}

(9.1.2)

and its convergence property (in C∞-topology), for a given constant E0 > 0.

Remark 9.1.3. By the above lemma, if we fix a homology class A as

u∗[Σ] = A ∈
{
H2(M) if ∂Σ = ∅
H2(M,L) if ∂Σ 6= ∅,

the finite energy condition will be automatic either for the case where ∂Σ = ∅, or
R is a Lagrangian submanifold L.

Let {(jα, uα)} be a sequence in M̃E0(Σ, J). There are obvious sources of failure
of convergence:

(1) maxz∈Σ |duα(z)| → ∞,
(2) when g(Σ) 6= 0, jα may go to infinity of the space of conformal structures

on Σ, i.e., may degenerate.
(3) when g(Σ) = 0, we have non-compact group PSL(2,C) (for S2) or PSL(2,R)

(forD2) of reparametrizations, i.e., if (j, u) ∈ M̃E0(Σ, J), the (φ∗j, u◦φ) ∈
M̃E0(Σ, J) for any φ ∈ PSL(2,C) or PSL(2,R).
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For the case of g(Σ) = 0, we eliminate the noncompactness of arising from
reparameterizations by studying the convergence on the quotient ME0(Σ, J) =

M̃E0(Σ, J)/ ∼, the set of equivalence classes [uα], with respect to quotient topology.
In other words, convergence of [uα] means that there exists φα ∈ Aut(Σ) such

that uα◦φα converges. A source of difficulty in the study of compactness property of
the moduli spaces is that there is no canonical way of choosing the reparametriza-
tions φα’s which requires a certain amount of ingenuity according to the given
circumstances.

9.2. Sachs-Uhlenbeck rescaling and bubbling

Now we study the convergence property of a sequence (jα, uα) of J-holomorphic
maps in a fixed homology class, in particular with uniform bound for the harmonic
energy. We would like to emphasize that the main coercive W k,p estimates estab-
lished in Theorem 8.3.5 for k ≥ 2 relies on the W 1,p-norm with p > 2. Therefore
the crucial matter to examine is to establish the W 1,p-estimate under the finite
energy assumption, which corresponds to the L2-bound for the derivative of the
map. In the presence of higher regularity estimates, the latter is equivalent to
establish the uniform derivative bound for the given sequence, after extracting a
subsequence with suitable reparameterization of the maps. In this point of view of
C1-estimate and the Ascoli-Arzela theorem, Gromov’s compactness theorem (espe-
cially for the maps defined on the Riemann surface of genus 0) can be rephrased
as the existence of uniform derivative bound after taking away a finite number of
‘bubbles’: each bubble is either a J-holomorphic sphere or a disc and eats up non-
zero energy not smaller than a uniform positive lower bound. Such a bubble is
constructed by following the celebrated Sacks-Uhlenbeck rescaling argument first
on the plane C = CP 1 \ {∞} and then applying the removable singularity theorem
in the previous chapter.

To highlight the Sachs-Uhlenbeck rescaling process, in this section we will
mainly focus on the closed Riemann surface (Σ, j) with fixed conformal structure
j on Σ. A complete discussion on the Gromov compactness in the setting of sta-
ble maps will be given in the next section. In this case, we will just simply call
J-holomorphic for a (j, J)-holomorphic map. We have already used the most ele-
mentary version of Sachs-Uhlenbeck rescaling argument in the proof of ǫ-regularity
theorem.

Assume that M is either compact without boundary, or that (M,ω, J) is tame
in the sense of Definition 8.7.7 when M is noncompact. We also fix the domain
complex structure j and hence the metric h on Σ.

Let uα : (Σ, j)→ (M,J) be a sequence of J-holomorphic maps satisfying

(1) E(uα) < C,
(2) there exists a compact subset K ⊂M such that Imageuα ⊂ K

for all α. Then one of the following alternatives holds:

(1) there exists a subsequence of uαj such that we can choose a sequence of
biholomorphisms φj of Σ such that

max
z∈Σ
|d(uαj ◦ φj)(z)| ≤ C1

for some C1 > 0, or
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(2) for any sequence of biholomorphisms φα, the composition uα ◦ φα has no
subsequence uαj ◦ φαj such that ‖d(uαj ◦ φαj )‖C0 is uniformly bounded.

First, we consider the case (1). We just denote uα ◦ φα by uα and will assume
that there exists C1 > 0, such that ‖duα‖C0 ≤ C1 for all α. Since the domain Σ is
compact, this implies

‖duα‖p ≤ C2(p, C1)

for any p > 0. We fix a p > 2 as chosen in Theorem 8.3.5. Then applying the main
estimate, applied to each of the element of a covering {Dβ} of Σ, we have bounds
for ‖duα‖1,p. Then by the Sobolev embedding W 1,p →֒ Cǫ, 0 ≤ ǫ < 1− 2

p , we can

extract a subsequence of uα that converges to a map u0 ∈ Cǫ in Cǫ-norm. Then this
limit map u0 is a weak solution of ∂̄Ju = 0 lying in Cǫ. Then the main regularity
theorem, Theorem 8.5.5, implies that u0 is in fact smooth and the convergence
becomes C∞-convergence by the boot-strapping argument. In particular the limit
map u0 will have the same homology class as [uα] = α ∈ H2(M). This ends the
discussion for the case (1).

The next theorem then describes what will happen to a general sequence uα of
J-holomorphic maps in the case (2), i.e., for the case such that

(9.2.3) E(uα) < C, max
z∈S2

|duα(z)| → ∞.

We recall from Proposition 8.4.8 that the following constant is strictly positive

A = A(ω; J) = inf
u

{∫
u∗ω | ∂̄Ju = 0, u : S2 →M, u non-constant.

}
> 0.

Theorem 9.2.1. Let uα : Σ→M be as in (9.2.3). Then there is a subsequence,
again denoted by {uα}, a finite set of points {x1, · · · , xL} ⊂ Σ for some L ∈ Z+

and a J-holomorphic map u0 : Σ→M such that the following hold:

(1) uα → u0 in compact C1 topology on Σ\{x1, · · · , xL} and
(2) the energy density e(uα) = |duα|2 considered as a measure e(uα)dµ (µ

the measure associated to (Σ, h)) converges to e(u0) plus a sum of point
measures

e(uα)→ e(u0) +

L∑

i=1

miδxi .

where each mi ≥ A(ω; J) > 0.

Proof. Fix r0 > 0, and consider the sequence rm = 2−mr0. Here m ∈ Z+ and
we choose r0 to be smaller than the injective radius of (Σ, h).

For each m ∈ Z+, we choose a finite covering of Σ

Um = {Drm(yi) | yi ∈ Σ}
so that D rm

2
(yi) also covers Σ and each point x ∈ Σ is covered by balls in Um at

most l-times, where we can choose ℓ independently of m, e.g., the choice ℓ = 3 will
be good enough since Σ is a 2 dimensional surface.

From the assumption
∫
Σ |duα|

2
< C, we have

l∑

i=1

∫

Dyi
(rm)

|duα|2 ≤ l · C.
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Therefore, there are at most [ lCǫ0 ] + 1 discs with
∫
Dyi

(rm)
|duα|2 ≥ ǫ0. (Here, we

choose ǫ0 to be the constant in the main density estimates. See Theorem 8.4.1 or
Proposition 8.4.6.) We call such a disc a ‘bad’ disc.

Since lC
ǫ0

is independent of α, and Σ is compact, the centers of these “bad”
discs form sequences of points in Σ as α→∞. We denote by

{xα1,m, · · · , xαL,m}

the centers of these bad discs for an integer L ≤
[
lC
ǫ0

]
+ 1. After passing to a

subsequence of α’s, we may assume that they converge to

{x1,m, · · · , xL,m}
as α→∞. By choosing a subsequence of m’s, we may also assume that xi,m → xi
as m→∞ for all i = 1, · · · , L which we will assume henceforth.

Except for these bad discs, we have
∫

Drm (yi)

|duα|2 ≤ ǫ0

on each good disc Drm(yi). On these “good” discs, we may apply the density
estimate to obtain bounds for duα(x) on Drm/2(yi). Hence, it reduces to the first
case we considered and by choosing a subsequence of uα, uα converges on D rm

2
(yi).

We note that for any given compact subset K ⊂ Σ \ {x1, · · · , xL}, we will have

K ⊂ Σ−
L⋃

k=1

D rm
2
(xαk,m)

for all sufficiently large m and α. Now, let α → ∞ for each fixed m and then let
K exhausts Σ \ {x1, · · · , xL} as m → ∞. By taking a diagonal subsequence of
α = α(m) as m → ∞ we obtain a limit uα → u0 on Σ\{x1, x2, · · · , xL} in com-

pact C1-topology (and so in compact C∞-topology). Since
∫
Σ\{x1,··· ,xL} |du0|

2 ≤
lim infα→∞

∫
|duα|2 ≤ E0 and u0 satisfies ∂̄Ju0 = 0 on Σ\{x1, · · · , xL}, the remov-

able singularity theorem implies that u0 smoothly extends across over {x1, · · · , xL}
to the whole domain Σ. This finishes the proof of statement (1).

Now we proceed to prove statement (2) of the theorem. We have found the
points x1, x2, . . . , xL where the C1-convergence fails. For any ǫ > 0, the numbers

bkα = sup{|duα(x)| : x ∈ Dǫ(xk)}
must be unbounded as α → ∞. By taking a subsequence, we may assume that
bkα →∞ as α→∞ for each k = 1, . . . , L. We fix ǫ > 0, which is less than one half
of the injectivity radius and 1

4 mini,j{d(xi, xj) | 1 ≤ i 6= j ≤ L}), then D2ǫ(xi) are
embedded and pairwise disjoint.

We then set

mk := lim
ǫ→0

lim sup
α→∞

∫

Dǫ(xk)

||duα|2 − |du0|2| dA.

We need to prove mk ≥ A(ω, J) for any 1 ≤ k ≤ L. For the following discussion,
we will fix k and so abbreviate xk by x and bkα by bα. We denote by xα the point
in Dǫ(x) such that

|duα(xα)| = max
y∈Dǫ(x)

|duα(y)| = bα.
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Lemma 9.2.2. Let ǫ > 0 be given. Then we have

(9.2.4) bα = |duα(xα)| = max
y∈D2ǫ(x)

|duα(y)|

for all sufficiently large α.

Proof. By the convergence in compact C1-topology of uα on Σ−⋃Lk=1Dǫ(x
α
k,m),

we have

max
y∈Σ−⋃L

k=1Dǫ(xk)
|duα(y)| ≤ C(ǫ) <∞.

In particular we have

max
y∈D2ǫ(xk)\Dǫ(xk)

|duα(y)| ≤ C(ǫ).

Since bα →∞, eventually we have bα > C(ǫ), which finishes the proof. �

Then, xα → x as α → ∞ by the setup and in particular Dǫ(xα) ⊂ D2ǫ(x).
We fix our coordinate system on D2ǫ(x) ⊂ Σ and assume that D2ǫ(x) ⊂ C. Now
re-normalize uα to define a map on Dǫbα(0) by

ũα(z) = uα

(
xα +

z

bα

)
.

Then we have |dũα(0)| = 1. We note

xα +
z

bα
∈ D2ǫ(x)

for all z ∈ Dǫbα(0). This and (9.2.4) imply

|dũα|(z) =
1

bα
|duα(xα + z/bα)| ≤

1

bα
max

y∈D2ǫ(x)
|duα(y)| =

1

bα
bα = 1

for all z ∈ Dǫbα(0). And Dǫbα(0) exhausts the whole C as α→∞ and satisfies
∫

Dǫbα (0)

|dũα|2 ≤ E0.

Now fix R > 0 and consider ũα’s on DR(0). Then we have DR(0) ⊂ Dǫbα(0)
eventually as α→∞. Since |dũα| ≤ 1 on DR(0), there exists a subsequence of ũα,
denoted by ũα,R, such that ũα,R converges in C1-topology on DR−1(0) as α→∞.
We denote the corresponding limit by uR : DR−1(0)→M . By the C1-convergence
of ũα,R → uR and |dũα(0)| = 1, |duR(0)| = 1.

We may choose R = N ∈ N. Let N → ∞ and choose a diagonal subsequence
α = α(N) so that

{ũα,N+1} ⊂ {ũα,N}.
Therefore, the diagonal subsequence has the limit u∞ defined on C. Then by
the compact C1-convergence, u∞ satisfies |du∞(0)| = 1, |du∞| ≤ 1, and ũα,N
converges to u∞ pointwise, and hence |dũα,N |2 → |du∞|2 almost everywhere. By
Fatou’s lemma, we obtain

∫

C

|du∞|2 ≤ lim
N

inf

∫

C

|duα,N |2 ≤ E0

On the other hand, we fix a conformal identification C ≃ S2\{p} and consider all
the above maps and u∞ as a map defined on a subset of S2\{p}. By the removable
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i

o

Figure 1. Conformal map

singularity theorem, u∞ extends to S2. Since |du∞(0)| = 1, u∞ is not constant
and hence

E(u∞) ≥ A(ω, J)
by the definition of A(ω, J). Restoring the index k = 1, . . . , L and noting that∫
Dǫ(xi)

|du0|2dA→ 0 as ǫ→ 0, we have obtained

E(u∞) =

∫

C

|du∞|2 ≤ lim inf
N

∫

DN

|dũα,N |2

≤ lim
ǫ→0

lim sup
α→∞

∫

Dǫ(xk)

∣∣∣|duα|2 − |du0|2
∣∣∣ dA = mk

from the construction of u∞. This finishes the proof of the statement (2) on the
convergence of the measure e(uα). �

Remark 9.2.3. (1) The above theorem equally applies to the case with
boundary ∂Σ. The only difference will be the addition of disc bubble maps
w∞ : (D2, ∂D2) → (M,L). (See the proof of the ǫ-regularity theorem in
the previous chapter.)

(2) The principal component u0 could be a constant map.(Note that bubble
can not be a constant map by definition.) We illustrate this phenomenon
by the case of disc map. Consider conformal maps as pictured in the figure
below:

Here we identify R× [0, 1] with D2 \ {±1} and denote a holomorphic
map ur with −1 < r < 1 that sends (0, 0) 7→ (r, 0) and (0, 1) 7→ (1, 0).
As r → 1 − 0, the derivative of ur blows up at (0, 1) which produces a
disc bubble u∞ attached at the point (0,−1) ∈ C other points, and the
principal part u0 becomes a constant map.

(3) In the proof of Theorem 9.2.1, we have produced two J-holomorphic maps
u0 and u∞. While u∞ contributes the delta-measure miδxi , the image
of u∞ may not be attached to the point u(xi). This could happen if
there occurs another bubble on the annular region between the principal
component u0 and the bubble component u∞.

As we have seen from the analysis of failure of compactness under the en-
ergy bound in the previous sections, a suitable compactification of the set of J-
holomorphic curves should involve singular curves.
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Gromov introduced a compactification of pseudo-holomorphic curves involving
‘cusp-curves’ [Gr85]. This result is generally called Gromov’s compactness theo-
rem. A further underpinning of the proof of compactness theorem was then provided
by Pausu [Pa94], Parker-Wolfson [PW93] for the closed case and by Ye [Ye94] in
general. It is Kontsevich who introduced the concept of stable maps which provides
by now a widely used compactification of the moduli space of pseudo-holomorphic
maps. In particular, this compactification leads to a topology that is compact and
Hausdorff. It also allows a good infinitesimal deformation theory, which is the per-
fect obstruction theory in algebraic geometry [LiT98] and the Kuranishi structure
[FOn99] (or its derivatives) in smooth context.

9.3. Definition of stable curves

In this section, we closely follow the exposition of Fukaya and Ono in [FOn99].
In particular, we will explain the stable map topology defined therein and give
detailed proofs of compactness and Hausdorffness closely following their scheme
with some more clarifications.

9.3.1. Smooth description of stable curves. We first introduce the do-
main of stable maps for closed curves. Consider the set of compact Riemann sur-
faces (Σv, jv) with a given finite index set V whose elements we denote by v. We
form the finite disjoint union

∐
v∈V Σv. Next we consider a finite set of unordered

pairs

E =

{
{xe, ye} | xe 6= ye ∈

∐

v∈V
Σv

}

such that

(9.3.5) {xe, ye} ∩ {xe′ , ye′} = ∅ if e 6= e′.

Then we define an equivalence relation ∼ on
∐
v∈V Σv by x ∼ x for any x ∈∐

v∈V Σv and xe ∼ ye if {xe, ye} ∈ E, and take the quotient space

Σ =
∐

v∈V
Σv/ ∼

equipped with the quotient topology. We call the point [xe] = [ye] a double point
of Σ and denote the set of double points by Sing(Σ).

To provide a complex structure on Σ as a (singular) complex variety, we give
a homeomorphism of a neighborhood of each double point [xe] = [ye] onto a local
graph xy = 0 in C2 near the origin mapping [xe] to the origin. We then pull-back
the standard complex structure of the graph

{(x, y) ∈ C2 | xy = 0}
induced from C2. We denote by j = jΣ this complex structure on Σ and call it the
glued complex structure of jv’s. This leads to a singular complex algebraic curve.

Definition 9.3.1. A nodal Riemann surface is the pair (Σ, j) defined as above.
We call each component (Σv, jv) →֒ (Σ, j) an irreducible component.

From now on, when there is no danger of confusion, we will just denote by Σ
to represent the pair (Σ, j). By construction, Σ has the properties:

(a) πv : Σv → Σ is a continuous map (normalization);
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      A

Σv

Figure 2. transformation

(b) Σ locally looks like the graph of the equation xy = 0 in C2 near each
double point.

(c) The only allowed singularities of Σ are only of the type given in (b).

We note that property (c) follows from the requirement (9.3.5) and property (b).

Definition 9.3.2. A pre-stable curve is a pair (Σ, z) where Σ = (Σ, j) is a
nodal Riemann surface and z is a finite set z = {z1, · · · , zm} ⊂ Σ such that

(d) zi 6= zj for i 6= j
(e) zi ∈ Σ \ Sing(Σ).

We call the points in z = {z1, · · · , zm} marked points.

Next we introduce an equivalence relation on the set of pre-stable curves.

Definition 9.3.3. Let (Σ, z), (Σ′, z′) be two (marked) pre-stable curves. A
continuous map φ : Σ → Σ′ is called an isomorphism if it is a homeomorphism
and if restriction of φ to each Σv lifts to a biholomorphism onto some irreducible
component Σ′w of Σ′. We call φ : (Σ, z) → (Σ′, z′) an isomorphism of pre-stable
curves, if φ(zi) = z′i in addition.

A self-isomorphism φ : (Σ, z)→ (Σ, z) is called an automorphism of (Σ, z). We
denote by Aut(Σ, z) the set of automorphisms thereof.

Definition 9.3.4. A pre-stable curve (Σ, z) is called stable if #Aut(Σ, z) is
finite and unstable otherwise.

Geometrically, stability of (Σ, z) is equivalent to the existence of hyperbolic
metric on Σ \ {z1, · · · , zm}.

In the following example, we give a geometric description of stability criterion.
We recall that the uniformization theorem implies that Σ = CP1 has the unique
conformal structure (or complex structure).

Example 9.3.5. (1) For Σ = CP1, we have dimC Aut(CP1) = 3 because
Aut(CP1) = PSL(2,C). Moreover, we have

dimC Aut(Σ, z1) = 2,
dimC Aut(Σ, z1, z2) = 1,
dimC Aut(Σ, z1, z2, z3) = 0.

(2) For Σ = T 2, dimC Aut(T 2) = 1, hence T 2 without marked points is un-
stable. For z ∈ T 2, AutC(Σ, {z}) = {id}, hence (Σ, z) is stable.
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(3) For Riemann surface Σ with genus(Σ) ≥ 2, dimC(Aut(Σ)) = 0: If not,
there exists a nonzero holomorphic vector field X obtained from a contin-
uous family of automorphisms. Regarding X as a section of the tangent
bundle and recalling c1(TΣ) = χ(Σ) = 2− 2g,

#(σTΣ ∩ graph(X)) = 2− 2g

with multiplicities counted where σTΣ is the zero section of the holomor-
phic line bundle TΣ → Σ. Therefore if g ≥ 2, 2 − 2g < 0. But this
is a contradiction because the local intersection numbers of any nonzero
holomorphic section X of TΣ with the zero section σTΣ are always non-
negative.

Exercise 9.3.6. Prove Aut(CP 1, z1, z2, z3) = {id} and write down all possible
fractional linear transformation that preserve {0} ⊂ C ⊂ CP1, {0,∞} ⊂ CP1.

Definition 9.3.7. We denote byMg,m the set of isomorphism classes of stable

curves of m marked points and of (arithmetic) genus g i.e., g = rankH(1,0)(Σ,C).
We denote byMg,m the subset ofMg,m with smooth curves without nodal points.

The space Mg,m consists of many strata which can be classified by certain
collection of decorated planar graphs. We now describe this collection of graphs,
called the dual graphs.

9.3.2. Dual graphs. Consider a planar graph T with finite topology, i.e., with
a finite number of edges and vertices. We denote by VT , ET the sets of vertices and
(unordered) edges respectively. We remark that the two ends v1, v2 of the edge e
allow to be the same, which corresponds to a self-intersection point of the curve.

Definition 9.3.8. For v ∈ VT , we denote by

E(v) = the set of edges incident to v.

and define the valence of V by

val(v) = #(E(v)).

When the ends of e are the same v ∈ V (T ), we count v twice.

Definition 9.3.9. We define the dual graph D associated to the triple (T, (gv), o)
such that

(1) T is a planar graph with #(VT ), #(ET ) <∞.
(2) A function VT → Z+; v 7→ gv .
(3) A function o : {1, · · · ,m} → VT

We call gv the genus of v and o−1(v) the flag of v. We denote flag(v) := #(o−1(v))
and call it the flag order of v. And we call m the flag order of D and denote it by
flag(D).

Denote by V intT ⊂ VT the set of interior vertices. We warn the readers that we
regard any vertex without any flag attached as an interior vertex and the end of
the flag as an exterior vertex. An exterior edge is the one associated to a flag.

We then define a non-negative integer

(9.3.6) g :=
∑

v∈V int
T

gv + b1(T ) with b1(T ) := rankH1(T ;Z)
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called the genus of the dual graph D. By definition, we have

flag(D) =
∑

v∈V int
T

flag(v).

Now we would like to introduce the notion of isomorphisms between two dual
graphs. The best way to give the definition of isomorphisms is to take a categorical
point of view.

For this purpose, we define an edge-path from a vertex v1 to v2 in T to be an
linear chain of oriented edges starting from v1 to v2. We form a category out of
each planar graph T so that objects are vertices and morphisms are edge-paths.

Exercise 9.3.10. Prove that the above definition makes T become a category.

We denote the corresponding category by T .
Definition 9.3.11. We say two dual graphs D and D′ have the same com-

binatorial types and denote D ∼ D′ if there exists an equivalence φ between the
categories T and T ′ such that φ satisfies

g′φ(v) = gv for all v ∈ VT
φ ◦ o = o′.

We call the functor φ an isomorphism between the dual graphs, and its isomorphism
class the combinatorial type of the graph.

For each v ∈ VT , we define

mv := val(v) + flag(v)

for any v ∈ VT .
Definition 9.3.12 (Stability Criterion). A dual graphD = (T, (gv), o) is called

stable if mv + 2gv ≥ 3 for all vertices v ∈ VT .
Now we give the main definition of this section.

Definition 9.3.13. Define the set Comb(g,m) to be the set of isomorphism
classes of stable dual graphs D with genus g and m.

The following combinatorial result is an important ingredient which provides
the upper bound for the number of different types of degenerations of pseudo-
holomorphic maps of a fixed topological type.

Theorem 9.3.14. Suppose that T is stable and connected. Then we have the
inequality

#(VT ) ≤ 2m+ 5g − 2, #(ET ) ≤ 2m+ 6g − 3

and in particular there are only finitely many combinatorial types of D with fixed g
and m, i.e., #Comb(g,m) <∞.

Proof. First we note

#(ET ) =
1

2

∑

V ∈VT

val(v).

Then connectedness of T and Euler’s identity give rise to

(9.3.7) χ(T ) = 1− b1(T ) = #VT −#ET =
1

2

∑

V ∈VT

(2 − val(v))
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where χ(T ) is the Euler characteristic of T . Next we have

(9.3.8)
∑

v

gv ≤ g, b1(T ) ≤ g.

Obviously, #{v ∈ VT | gv ≥ 1} ≤ g, and
#{v ∈ VT | ∃e = {v, v}} ≤ g

since such e contributes to b1(T ), and hence to g. We also have

#{v ∈ VT | flag(v) ≥ 1} ≤ m.
All other vertices satisfy gv = 0 and flag(v) = 0, and so the stability condition
implies

3 ≤ 2gv +mv = 2gv + val(v) + flag(v)⇒ val(v) ≥ 3

for such vertices. Altogether, we have proved

(9.3.9) #(VT ) ≤ m+ 2g +#{v ∈ VT | val(v) ≥ 3}
It remains to estimate #{v | val(v) ≥ 3}. From (9.3.7), we obtain

χ(T ) ≤ 1

2
#{v ∈ VT | val(v) = 1} − 1

2
#{v ∈ VT | val(v) ≥ 3}.

Therefore we have

(9.3.10) 2χ(T ) + #{v | val(v) ≥ 3} ≤ {v | val(v) = 1}.
But the stability condition implies

(9.3.11) #{v | val(v) = 1} ≤ #{v | gv > 0}+#{v | flag(v) > 1}.
And we have the upper bound

(9.3.12) #{v | gv > 0} ≤ g, #{v | flag(v) > 1} ≤ m
Therefore combining (9.3.8), (9.3.10), (9.3.11) and (9.3.12), we have obtained

#{v | val(v) ≥ 3} ≤ m+ g − 2χ(T ) = m+ g − 2(1− b1(T )) ≤ m+ 3g − 2.

Substituting this into (9.3.9), we have obtained

#(VT ) ≤ 2m+ 5g − 2.

And we derive

#(ET ) = #(VT )− (1− b1(T )) ≤ 2m+ 6g − 3.

The finiteness statement then follows because there will be at most

(
#(VT )
m

)
pos-

sible choices of the flag o: Altogether, we have an upper bound

#(Comb(g,m)) ≤ N(g,m)

for some integer N(g,m) depending only on (g,m). This finishes the proof. �

Exercise 9.3.15. Estimate the above integer N(g,m) in terms of g, m.

Next we introduce a partial order on Comb(g,m). Denote by D := [T, (gv), o]
an isomorphism class represented by the dual graph (T, (gv), o). Slightly abusing
notations, we occasionally just denote D = (T, (gv), o) when there is no danger of
confusion.
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replace

Figure 3. partial order of graphs

Definition 9.3.16. Let D, D̃ be two elements from Comb(g,m). We define

D > D̃ if D̃ = (T̃ , (g̃ṽ), õ) is obtained from D := (T, (gv), o) by a finite chain of
operations of replacing a vertex v of T by a graph Tv ∈ Comb(gv,mv) and leave
the rest of graph unchanged.

Now we associate to each stable curve (Σ, z) one of the above decorated graphs
D in the following fashion:

• Each vertex v of TΣ corresponds to a component {Σv} of Σ.
• Each edge corresponds to a double point of Σ and each flag to a marked
point.
• Each vertex is decorated by gv the geometric genus of Σv.

Then the integer

g :=
∑

ν

gv + rankH1(TΣ,Z)

corresponds to the arithmetic genus of the associated stable curve Σ, (i.e., g =
dimH1(Σ,O)), where O is the sheaf of holomorphic functions on Σ. We define
DΣ = [TΣ, (gv), oΣ] and call DΣ or (TΣ, (gv), oΣ) the dual graph of (Σ, z).

With this correspondence, we have the correspondence

val(v)←→ sing(v), flag(v)←→ mark(v)

if we define sing(v) to be the number of double points of Σv and mark(v) to be that
of marked points on Σv.

Conversely, we can associate a stable curve (Σ, z) to each stable dual graph.

Definition 9.3.17. Denote byMD
g,m the set of isomorphism classes of stable

curves of their dual graphs given by D, and form the union

Mg,m :=
⋃

D∈Comb(g,m)

MD
g,m

Exercise 9.3.18. Prove that Mg,m is second countable and locally compact
with respect to the natural induced topology on the equivalence classes of stable
curves.

Then we can expressMg,m as the countable union

Mg,m =

∞⋃

ℓ=1

Uℓ, Uℓ ⊂ U ℓ ⊂ Uℓ+1
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0

 1 1

0

2

Figure 4. correspondence between graphs and surfaces

and each Uℓ is compact. We call any proper sequence ℓ → [Σℓ, jℓ] in Mg,m a
degeneration sequence.

We leave the proof of the following proposition as an exercise

Proposition 9.3.19. Suppose [Σℓ, jℓ] ∈ Mg,m is a degenerating sequence.
Then we have two kinds of degeneration:

(1) collision of two special points.
(2) degeneration of conformal structures.

Exercise 9.3.20. Prove this proposition (or see [DM69] for the details).
(Hint: Prove its contrapositive. First represent a conformal structure of the as-
sociated punctured Riemann surface by its Poincaré metric (the unique hyperbolic
metric), and prove that the injectivity radius is uniformly bounded away from zero
if degeneration of conformal structures does not occur. Note that the stability
implies the associated Poincaré metric is hyperbolic.)

More geometrically, in terms of the Poincaré metric on Σ \ {z1, · · · , zm}, a de-
generation of marked Riemann surfaces corresponds to pinching-off a short geodesic
of the Poincaré metric. Therefore a homologically trivial loop cannot be pinched-off
unless the disc enclosed by the resulting curve contains at least 2 marked points
in its interior: The latter is because otherwise such a domain enclosed by a short
geodesic cannot carry a metric of constant curvature −1.

Now we would like to provide a topology on the set Mg,m of marked stable
curves, which will reflect these degenerations of marked Riemann surfaces. More
precisely, we will provide the topology so that

(1) its subspace topology on Mg,m ⊂ Mg,m is equivalent to the original

quotient topologyMg,m = M̃g,m/ ∼.
(2) each degeneration sequence leads to going down to a dual graph in the

partial order defined in Definition 9.3.16.

The basic requirements for such a topology onMg,m are the following:

(1) it is compact and Hausdorff,
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A

pinching(2)

pinching(2)

gv gv = 1

Figure 5. degeneration of conformal structures

(2) if we denote byMD

g,m the closure ofMD
g,m inMg,m, then we have

MD

g,m =
⋃

D′≤D
MD′

g,m,

(3) it has a chart such that the coordinate neighborhood is homeomorphic to
an orbifold V/Γ where V ⊂ RN is a subspace and Γ is a finite subgroup
of GL(RN ).

(4) there exists a universal bundle Ug,m →Mg,m whose fiber at [Σ, z] ∈Mg,m

is isomorphic to the stable curve itself (Σ, z).

In fact we have the natural forgetful map which forms a locally trivial fibration
(in the orbifold sense)

(9.3.13) forgeti :Mg,m+1 →Mg,m

[j, (z1, · · · , zm+1)]→ [j, (z1, · · · , ẑi, · · · , zm+1)].

Its fiber forget−1i ([j, (z1, · · · , zm)]) can be identified with

{(j′, (z′1, · · · , z, · · · , z′m))|z ∈ Σ\{z′1, · · · , z′m}} /Aut(Σ, z′)
which is isomorphic to

{z ∈ Σ\{z1, · · · , zm}}/Aut(j, (z1, · · · , zm)).

This forgetful map continuously extends to the universal fibration Ug,m → Mg,m

which itself is represented by the forgetful map

(9.3.14) forgetm+1 :Mg,m+1 →Mg,m :

Remark 9.3.21. Unlike (9.3.13), the definition of the forgetful map (9.3.14)
requires some explanation. After we forgetting the last (m + 1)-th marked point,
the irreducible component containing the marked point can become unstable. This
can happen only when the component has genus zero and has exactly 3 special
points. There are two cases to consider. One is the case where the 3 special points
consist of 2 nodal points and 1 marked point and the other is when they consist of
1 nodal point and 2 marked points. For the first case, we just contract the unstable
component. One can easily see that all other components are not affected by this
process and so the resulting pre-stable curve is stable. For the second case, we
contract the component and leave one remaining marked point on the neighboring
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(a)

(a)

(a)

(a)

Figure 6. procedure

component at which the contracted component is rooted. Again the resulting pre-
stable curve is stable. Moreover, the number of total marked points is unchanged
and the genus remains the same since we contracted a genus 0 component. This is
what we mean by the forgetful map (9.3.14).

We also have the following general lemma whose proof we leave as an exercise

Lemma 9.3.22.

forgetm+n;m ◦ forgetm+n+n′;m+n

= forgetm+n+n′;m = forgetm+n′;m ◦ forgetm+n+n′;m+n′

inMg,m+n+n′ .

Exercise 9.3.23. Prove this lemma.

9.4. Deformations of stable curves

We first describe the infinitesimal deformation space of JΣ, the set of complex
structures j on Σ and provide a coordinate atlas for the Deligne-Mumford space
Mg,m. Then we will provide the atlas ofMg,m inductively starting from the lowest
dimensional stratum. Each element in the lowest dimensional stratum is the union
of surfaces of genus zero with 3 special points consisting of either marked points or
singular points.

Recall that on a smooth surface Σ, any almost complex structure has zero
torsion and so is integrable. Therefore we can identify a complex structure with the
associated almost complex structure, and describe the spaceMg,m in the differential
geometric context. We refer readers to [RS06] for an exposition in the similar spirit.

9.4.1. Deformations of complex structures on smooth curves. An al-
most complex structure j : TΣ → TΣ is an endomorphism satisfying j2 = −id on
TxΣ at each point x ∈ Σ. Denote by JΣ the set of almost complex structures.
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The group Diff(Σ) acts on JΣ by the push-forward

(φ, j) ∈ Diff(Σ)× JΣ 7→ φ∗j ∈ JΣ
where φ∗j = dφ ◦ j ◦ dφ−1. We denote

Mg := JΣ/Diff(Σ).
We have the decomposition of the complexified tangent space TCΣ = TΣ⊗R C

TCΣ = T (1,0)Σ⊕ T (0,1)Σ

satisfying the relation

T (0,1)Σ = T (1,0)Σ.

Conversely, for any given complex subspace H ⊂ TCΣ such that

(9.4.15) TCΣ = H ⊕H,
we can associate an almost complex structure j on TΣ whose eigenspaces of j :
TCΣ → TCΣ are precisely H and H : Note that we can embed the real tangent
bundle TΣ as the fixed point set of the conjugation on TCΣ, i.e.,

TΣ ∼=
{
ξ + ξ

2
∈ TCΣ

∣∣∣ ξ ∈ H
}
.

Under this identification, we define an endomorphism jH : TΣ→ TΣ by the map

jH

(
ξ + ξ

2

)
:=

iξ + iξ

2
.

By definition, j2H = −id and so jH defines an almost complex structure on Σ.
Therefore, a splitting (9.4.15) of the complexified tangent space TCΣ is equivalent
to an almost complex structure of Σ. We denote by Π : TCΣ→ TCΣ the idempotent
associated to j such that its image is T (1,0)Σ and its kernel T (0,1)Σ.

We now study deformations of complex structures on Σ by considering the
deformations of the idempotent Π. Let j be a complex structure and let TCΣ =
T (1,0)Σ⊕T (0,1)Σ be given. The H corresponding to nearby complex structure j′ is
determined by

H = GraphB

where B ∈ Γ(HomC(T
(0,1)Σ, T (1,0)Σ)) = Ω(0,1)(T (1,0)Σ) with B = 0 when j′ = j.

Conversely for any such B with its norm |B| sufficiently small, it determines j′ as
above. Therefore the space of complex structures on Σ is an infinite dimensional
manifold modeled over the affine space

Ω(0,1)(T (1,0)Σ).

(It is common to denote this just by Ω(0,1)(TΣ) in complex geometry after making
the identification of T (1,0)Σ with TΣ, but we do not follow the convention to avoid
possible confusion preferring the explicit description in terms of T (1,0)Σ.)

We can write the exterior differential d : Ω∗(Σ,C) → Ω∗+1(Σ,C), d = ∂ + ∂
where for ∗ = 0, we have

∂ = π(1,0) ◦ d =
d−
√
−1jd
2

∂ = π(0,1) ◦ d =
d+
√
−1jd
2

.
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From d2 = 0, we obtain
∂∂ + (∂∂ + ∂∂) + ∂∂ = 0.

By comparing the types of the resulting images, this implies

∂ ◦ ∂ = ∂ ◦ ∂ = (∂ ◦ ∂ + ∂ ◦ ∂) = 0.

In particular we have the natural first order differential operator

(9.4.16) ∂ : C∞(Σ,C)→ Ω(0,1)(Σ,C),

called the standard Dolbeault operator.
We denote the set of T (1,0)Σ-valued 0 and (0, 1)-forms on Σ by

Ω0(T (1,0)Σ) = Γ(Σ, T (1,0)Σ),

Ω(0,1)(T (1,0)Σ) = Γ(Σ,Λ(0,1)Σ⊗ T (1,0)Σ)

respectively. Then we have a natural differential operator

(9.4.17) ∂ : Ω0(T (1,0)Σ)→ Ω(0,1)(T (1,0)Σ)

that extends the Cauchy-Riemann operator ∂ above so that

(9.4.18) ∂(fξ) = ∂f ⊗ ξ + f∂ξ.

When ξ = f ∂
∂z in complex coordinate z on Σ, we have the local expression

∂ξ =
∂f

∂z
dz ⊗ ∂

∂z
.

We compute its associated symbol map now. (See (10.1.2) for the definition of the
symbol of general differential operator.)

Proposition 9.4.1. The symbol map σ1(∂) associated to (9.4.18)

(9.4.19) σ1(∂)(α) : T
(1,0)
z Σ→ Λ(0,1)

z Σ⊗ T (1,0)
z Σ

for 0 6= α ∈ T ∗z Σ is given by the maps

σ1(∂)(α)(ξ) = iα(0,1) ⊗ ξ
at each α ∈ T ∗Σz \{0} where α = α(1,0)+α(0,1). In particular it is an isomorphism
at any α 6= 0.

Proof. Exercise. �

The following general theorem is a useful ingredient in the study of deformation
of complex structures. This theorem holds for general complex vector bundles E on
a complex manifold X . We restrict only to the line bundle on a Riemann surface.

Theorem 9.4.2. Equipping a holomorphic structure on a complex line bundle
L → Σ is equivalent to having a C-linear first differential operator D : Ω0(Σ;L)→
Ω(0,1)(Σ;L) satisfying
(9.4.20) D(fα) = ∂f ⊗ α+ fDα,

for all f ∈ C∞(Σ;C) and α ∈ Ω0(Σ;L). Furthermore for any two such operators
D, D′, there exists a section ϕ ∈ Ω(0,1)(Σ;C) such that D′ = D + ϕ where ϕ acts
as a multiplication operator on Ω0(Σ;L) induced by the bundle map

T (0,1)Σ⊗ L → L
over C, i.e., an element in Ω(0,1)(End(L)) ∼= Ω(0,1)(Σ;C).
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Proof. We have only to prove that any such operator D produces a holomor-
phic structure on L. For this purpose, we have only to provide an holomorphic
atlas.

We start with proving the second statement. Since both D, D′ satisfy (9.4.20),
we have

(D′ −D)(fα) = f(D′ −D)α

which proves that D′ −D is a differential operator of order zero, i.e., a section of

HomC(L,Λ(0,1)Σ⊗ L) = HomC(T
(0,1)Σ⊗ L,L).

Denoting this by ϕ, we obtain D′ = D + ϕ.
We next define local frames of L whose transition functions become (local)

holomorphic functions on Σ. For this, we consider the local sections ξ of L with
Dξ = 0. We call them local D-sections. We claim that if ξα, ξβ are nowhere vanish-
ing D-sections defined on Uα and Uβ respectively, then there exists a holomorphic
function fαβ : Uα ∩ Uβ → C such that ξβ(z) = fαβ(z)ξα(z) for all z ∈ Uα ∩ Uβ.
Since L has rank 1, we can certainly express ξβ(z) = fαβ(z)ξα(z) for some complex

valued function fαβ : Uα ∩Uβ → C. It remains to prove ∂fαβ ≡ 0 on Uα ∩Uβ . But
we have

0 = Dξβ = D(fαβξα) = ∂fαβξα + fαβDξα = ∂fαβξα

on Uα ∩ Uβ . Since ξα does not vanish by assumption, we obtain ∂fαβ = 0.
Therefore it remains to prove that at any given point z0 ∈ Σ there exists

an open neighborhood U0 of z0 such that the equation Dξ = 0 has a nowhere
vanishing solution on U . We choose a contractible coordinate neighborhood V0 of
z0 and denote by z the local complex coordinate at z0. Trivializing L on V0, we
may regard L|U0

∼= U0 × C and U0 ⊂ C. Then from the first part of the proof,
we can write D = ∂ + ϕ for some C-valued (0, 1)-form ϕ. Now the equation Dξ
is reduced to solving the perturbed ∂-equation ∂ξ + ϕξ = 0 for a complex valued
function ξ. Writing

∂ =

(
∂

∂z
+ b

)
dz, ξ = a

∂

∂z

the equation ∂ξ + ϕξ = 0 is reduced to

∂a

∂z
+ ba = 0

on U0. This can be easily solved in a small neighborhood of z0 by integration with
initial condition a(z0) = 1. By shrinking U0 if necessary, we have constructed a
nowhere vanishing local section ξ near z0. This finishes the proof of the theorem. �

Applying this theorem to the complex line bundle L = T (1,0)Σ, we can study
deformation of complex structures by studying the deformation of operators D =
∂+ϕ over ϕ modulo the equivalence relation induced by the action of Diff(Σ) on
j.

In summary, we have proved

Lemma 9.4.3. Let j ∈ JΣ. Then we have an isomorphism

TjJΣ ∼= Ω(0,1)(Σ).
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Next we study the effect on ϕ under the action of Diff(Σ) on j, where ϕ is
the function appearing in the operator D = ∂ + ϕ associated to the push-forward
φ∗j. Recall the (left) action of Diff0(Σ) on JΣ given by

φ∗j = dφ ◦ j ◦ dφ−1

where dφ : TCΣ→ TCΣ is the complexified derivative of φ.
Let φs be a smooth one-parameter family of diffeomorphisms on Σ for −ǫ <

s < ǫ with φ0 = id and d
ds

∣∣∣
s=0

φs = X . The infinitesimal action of X on j is given

by the Lie derivative
d

ds

∣∣∣
s=0

(φs)∗j = −LXj.
The following proposition connects the study of infinitesimal deformations of com-
plex structures with the Dolbeault cohomology of Σ.

Proposition 9.4.4. LetX ∈ Γ(TΣ). The Lie derivative LXj satisfies (LXj)j+
j(LXj) = 0 and so defines a section of Λ

(0,1)
j (TΣ). Furthermore we have

Π ◦ LXj|T (0,1)Σ = i∂ξ

in complexification, where ξ = π(1,0)X.

Proof. In local complex coordinates z, the complexification of j can be ex-
pressed as

j = idz ⊗ ∂

∂z
− idz ⊗ ∂

∂z

since j2 = −id and the eigenspace with eigenvalue i is given by spanC
{
∂
∂z

}
and

the one with eigenvalue −i is spanC
{
∂
∂z

}
. Since X is a real vector, we can also

write it as X = ξ + ξ for the (1, 0)-vector field ξ = π(1,0)X which we can write as
ξ = f(z) ∂∂z for some local complex-valued function f .

Lemma 9.4.5.

LXj = i
∂f

∂z
dz ⊗ ∂

∂z
− i∂f

∂z
dz ⊗ ∂

∂z
,

+i
∂f

∂z
dz ⊗ ∂

∂z
− i∂f

∂z
dz ⊗ ∂

∂z
.(9.4.21)

Proof. We compute

Lf(z) ∂
∂z

∂

∂z
= −∂f

∂z

∂

∂z
, Lf(z) ∂

∂z

∂

∂z
= −∂f

∂z

∂

∂z

from which we also obtain

Lf(z) ∂
∂z
(dz) =

∂f

∂z
dz, Lf(z) ∂

∂z
(dz) = 0.

Therefore we derive

Lf ∂
∂z
j = −i∂f

∂z
dz ⊗ ∂

∂z
+ i

∂f

∂z
dz ⊗ ∂

∂z
.

A similar computation also leads to

Lf ∂
∂z
j = i

∂f

∂z
dz ⊗ ∂

∂z
− i∂f

∂z
dz ⊗ ∂

∂z
.

By adding the two, we obtain the formula. �
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From this lemma, we get

Π ◦ Lf ∂
∂z
j|T (0,1)Σ = i

∂f

∂z
dz ⊗ ∂

∂z
.

On the other hand, we have

∂ξ =
∂f

∂z
dz ⊗ ∂

∂z

by definition of ∂ and hence the proof. �

Therefore the (Zariski) tangent space of the orbit Orb(j) of the action of
Diff(Σ) is given by

(9.4.22) Tj Orb(j) = {∂ξ | ξ ∈ Ω0(T (1,0)Σ)}.
In other words, in terms of the two-term complex

0→ Ω0(T (1,0)Σ)
∂→ Ω(0,1)(T (1,0)Σ)→ 0

we have proved Tj Orb(j) = im ∂.
Combining the above discussion, we obtain the following description of the

tangent space of the moduli space, or infinitesimal deformation space, of complex
structures

Proposition 9.4.6. We have

T[j](JΣ/Diff(Σ)) ∼= H1(T (1,0)Σ)

where the latter is the Dolbeault cohomology or the ∂j-cohomology.

Remark 9.4.7. One can divide the action of Diff(Σ) into two stages: first the
action of Diff0(Σ), the identity component of Diff(Σ) and that of the quotient
Diff(Σ)/Diff0(Σ) = Map(Σ), the mapping class group of Σ. The mapping class
group Map(Σ) then acts on the quotient Tg := JΣ/Diff0(Σ) which induces the
fibration

Tg = JΣ/Diff0(Σ)

��

Map(Σ)oo

Mg(= JΣ/Diff(Σ))

where Tg is called the Teichmüler space of genus g Riemann surfaces. The space Tg
is known to be contractible while the topology ofMg is more complicated because
the action of mapping class group on Tg is very non-trivial.

9.4.2. Deformations of marked Riemann surfaces. Now we consider a
marked Riemann surface ((Σ, j), z) with

z = {z1, z2, · · · , zm} ⊂ Σ

Diff(Σ) acts on ((Σ, j), z) by the map

(j, z)→ (φ∗j, φ(z))

where φ(z) = {φ(z1), · · · , φ(zm)}.
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Definition 9.4.8 (Configuration space). For each m ≥ 0, we denote

C̃onfm(Σ) = Σm \∆big

where the big diagonal ∆big is defined by

∆big = {(z1, · · · , zm) ∈ Σm | ∃(i, j), i < j, zi = zj}

The set C̃onfm(Σ) is called the configuration space of m points on Σ.

With this definition, the moduli space of stable curves with m marked points
on Σ is given by

Mg,m = JΣ × C̃onfm(Σ)/Diff(Σ).

In this differential geometric point of view, we have

Definition 9.4.9. An automorphism of ((Σ, j), z) is a diffeomorphism φ : Σ→
Σ such that φ∗j = j, φ(zj) = zj, j = 1, · · · ,m, i.e., a biholomorphism fixing the
marked points. We define

Aut((Σ, j), z) = {φ ∈ Diff(Σ) | φ∗j = j, φ(zj) = zj, j = 1, · · · ,m}
= {φ ∈ Aut(Σ, j) | φ(zj) = zj , j = 1, · · · ,m}.

A curve ((Σ, j), z) is called stable if this group is finite. When there is no danger
of confusion, we also just denote Aut(Σ, z) for Aut((Σ, j), z).

To describe the tangent space T[Σ,z]Mg,m, we first consider the tangent space

T(j,z)

(
JΣ × C̃onfm(Σ)

)

and the infinitesimal action of Diff(Σ) thereon.

Suppose (η, v) ∈ T(j,z)(JΣ × C̃onfm(Σ)). A diffeomorphism φ ∈ Diff(Σ)
induces the map

(η, v) 7→ (φ∗η, φ(v))

where v = (v1, · · · , vm) ∈ Tz1Σ× · · · × TzmΣ.
Let us now give a concrete description of T[Σ,z]Mg,m. We recall from (9.4.22)

T(j,z)Orb(j, z) ∼= {(∂ξ, {ξ(zj)}) | ξ ∈ Ω0(T (1,0)Σ)}.
We denote byW 1,p(T (1,0)Σ) theW 1,p-completion of Ω0(T (1,0)Σ) and by Lp(Λ(0,1)TΣ)
the Lp-completion of Ω(0,1)(T (1,0)Σ). We showed before that ∂ : Ω0(T (1,0)Σ) →
Ω(0,1)(T (1,0)Σ) is an elliptic differential operator of order one whose symbol is the
same as the standard Cauchy-Riemann operator. Thus ∂ extends to a continuous
operator ∂ :W 1,p(T (1,0)Σ)→ Lp(Λ(0,1)(T (1,0)Σ)).

Proposition 9.4.10. ∂ : W 1,p(T (1,0)Σ) → Lp(Λ(0,1)T (1,0)Σ) is a Fredholm
operator, and so is the linear map

∂0 : W 1,p(T (1,0)Σ)→ Lp(Λ(0,1)T (1,0)Σ)⊕
m⊕

j=1

TzjΣ

defined by ∂0(ξ) = (∂ξ, {ξ(zj)}).
Exercise 9.4.11. Prove that the stability condition is equivalent to ker ∂0 =

{0}. (Hint: The proof of one direction is considerably harder to prove than the
other.)
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On the other hand, since Mg,m = JΣ × C̃onfm(Σ)�Diff(Σ), we have the
isomorphism

(9.4.23) T[j,z]Mg,m
∼= coker ∂0.

Remark 9.4.12. We have the following Aut(Σ, z)-equivariant fibration

(ξ, {vj})

��

∈ T(j,z)(JΣ × C̃onfm/Diff0(Σ)))

��

⊕mj=1TzjΣ
oo

[ξ] ∈ H1(TΣ) ∼= T[j]Mg

.

Here the actions of Aut(Σ, z) on ⊕mj=1TzjΣ and H1(TΣ) are those canonically in-
duced by the action on (Σ, z).

The above description of T[j,z]Mg,m is not very concrete in that an element
thereof is an Diff(Σ)-orbit of the pair (ξ, {vj}) but not an element of a func-
tion space. It is often important, especially in relation to the gluing problem
of pseudo-holomorphic maps, to represent the tangent space as a subspace of

T(j,z)JΣ × C̃onfm(Σ) which is transverse to the orbit T(j,z)Orb(j, z) and invariant
under the action of Aut(Σ, z).

For this purpose, we choose a Hermitian metric h on Σ that is invariant under
the actions by Aut(Σ, z), which is certainly possible since #(Aut(Σ, z)) is finite.
Here as the literature in complex geometry commonly do, we will identify

(TΣ, j) ∼= (T (1,0)Σ,
√
−1)

as a holomorphic line bundle by the map

X 7→ X −
√
−1jX
2

and denote by ξ the associated complex vector.
We then equip Ω(0,1)(TΣ)⊕⊕m

j=1 TzjΣ with the norm

‖η, {vj}‖ = ‖η‖p +
∑
|vj |

induced by the Hermitian metric h. We recall that we have the isomorphism
(
Lp(Λ(0,1)TΣ)

)∗ ∼= Lq(Λ(1,0)TΣ);
1

p
+

1

q
= 1

via the pairing

(α1 ⊗ ξ1, α2 ⊗ ξ2) 7→
√
−1
2

∫

Σ

α1 ∧ α2h(ξ1, ξ2)

for the indecomposable elements

ηi = αi ⊗ ξi ∈ Λ(0,1)(T (1,0)Σ) ∼= Λ(0,1)(TΣ)

for i = 1, 2 where αi ⊗ ξi ∈ Lp(Λ(0,1)(TΣ)). Denote by ∂
†
0 the adjoint map of ∂0

(9.4.24) ∂
†
0 : Lq(Λ(0,1)TΣ)⊕

m⊕

j=1

TzjΣ→
(
W 1,p(TΣ)

)∗ ∼=W−1,q(TΣ).

Then we may identify T[j,z]Mg,m
∼= coker ∂0 with ker ∂

†
0. We would like to point

out that an element of W−1,q(TΣ) is not necessarily a function but a distribution.
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Since 1 < q < 2 (p > 2), W−1,q(TΣ) allows a function with logarithmic singularity
of the type ln z because (ln z)′ = 1

z lies in Lq in two-dimension.

The following lemma follows from the definition of the adjoint map ∂
†
0,

Lemma 9.4.13. Let (η, uj) ∈ Lq(Λ(0,1)TΣ)⊕⊕m
j=1 TzjΣ. Then (η, uj) ∈ ker∂

†
0

if and only if ∫

Σ

〈∂ξ, η〉+
m∑

j=1

〈ξ(zj), uj〉 = 0

for all ξ ∈ Ω0(TΣ) where 〈·, ·〉 is the natural pairings.

Now we analyze the equation in the lemma further. Considering ξ vanishing
near zj ’s, we have ∫

Σ\{z1,··· ,zm}
〈∂ξ, η〉 = 0

on Σ\{z1, · · · , zm}. Therefore, η satisfies ∂
†
η = 0 where

∂† : Lq(Λ(0,1)TΣ)→ (W 1,p(TΣ))∗

is the formal adjoint of ∂
†
defined similarly as for ∂

†
. We will show ∂

†
is again

the first order elliptic differential operator whose symbol is the same as ∂. By the
general elliptic theory, any such solution is automatically smooth on Σ\{z1, · · · , zn}.
But we like to emphasize that η may not be smooth near marked points zi’s.

Now, we derive the local formula for ∂
†
η. To analyze the behavior of η near

the marked points, it is easier to work with coordinate calculations. Let z be a
complex coordinate centered at a fixed marked point zj . Then we can express the
metric h as

h =

√
−1
2

hzzdzdz

for some complex valued function hzz. We write the local sections η and ξ, and the
tangent vectors vj as

ξ = a
∂

∂z
, η = b dz ⊗ ∂

∂z
, vj = cj

∂

∂z

∣∣∣
zj
,

respectively where a, b are C-valued functions defined on the coordinate neighbor-

hood of z, and cj are constants. And ∂
†
η has the form ∂

†
η = c ∂

∂z for some c ∈ C
and then we will obtain

(9.4.25) 〈ξ, ∂†η〉 = a chzz.

We compute ∂ξ = (∂a∂z
∂
∂z )dz = ∂a

∂z
∂
∂z ⊗ dz and so

〈∂ξ, η〉 =

〈
∂a

∂z

∂

∂z
, b
∂

∂z

〉
i

2
dz ∧ dz

=
∂

∂z

(
abhzz

)
dz ∧

(
i

2
dz

)
− a ∂

∂z

(
bhzz

)
dz ∧

(
i

2
dz

)

= d

(
abhzz

i

2
dz

)
− a ∂

∂z
(bhzz) dA(9.4.26)

Comparing (9.4.25) with (9.4.26), we have derived

∂
†
η = − 1

hzz

∂

∂z

(
bhzz

) ∂
∂z
.
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Therefore, if (η, {vj}) ∈ ker∂
†
0, ξ satisfies

(9.4.27) ∂
†
η = 0

on Σ\{z1, · · · , zm}. Now by substituting this back into (9.4.26), we derive

〈∂ξ, η〉 = d

(
abhzz

i

2
dz

)
.

From this equation and the integrability of 〈∂ξ, η〉, we derive
∫

Σ

〈∂ξ, η〉 = lim
ǫ→0

∫

Σ\∪m
j=1Bǫ(zj)

〈∂ξ, η〉

= − lim
ǫ→0

m∑

j=1

∫

∂Bǫ(zj)

abhzz
i

2
dz

= −
m∑

j=1

a(zj)

(
lim
ǫ→0

∫

∂Bǫ(zj)

bhzz
i

2
dz

)
.

Since (9.4.27) implies that the function bhzz and so zbhzz is holomorphic on a
punctured neighborhood of zj , the integral is in fact independent of the radius ǫ.
This motivates us to introduce the following

Definition 9.4.14. Consider the stable curve (Σ, z) with z = {z1, · · · , zm}.
Let η ∈ ker ∂

† ⊂ Lq(Λ(0,1)Σ ⊗ TΣ) and consider zj ∈ Σ. Write η = b dz ⊗ ∂
∂z in a

complex coordinate z at zj. Then we define

Reszj (η) =

(
1

2ihzz

∮
b hzz dz

)
∂

∂z
∈ TzjΣ

and call it the residue of η at zj.

With this definition, we have proved

Proposition 9.4.15. Let η ∈ ker ∂
†
. The vector

(
1

2ihzz(zj)

∮
bhzz dz

)
∂

∂z
∈ TzjΣ

is well-defined and independent of the choice of the complex coordinate z at zj.
Furthermore the map Reszj |ker ∂† 7→ TzjΣ is a homomorphism.

Proof. We have already shown that bhzz is holomorphic on Bǫ(zj)\{zj}. We

now claim the function zb(z)hzz(z) is in L2 on Bǫ(zj). Recall η ∈ ker ∂
† ∈ Lq on

Bǫ(zj) with 1 < q < 2. On the other hand, |z| lies in Lp for any p > 0 and in

particular for p with 1/p + 1/q = 1. Therefore zb(z)hzz(z) lies in L2 as claimed.
This implies that the function is smooth across zj and so holomorphic everywhere
on Bǫ(zj) by removal of singularity. Now the Cauchy integral formula proves that
the integral ∮

b(z)hzz(z) dz =

∮
zb(z)hzz

z
dz

does not depend on the choice of closed loop in Bǫ(zj) around zj whose winding
number is 1, which finishes the proof. �



9.4. DEFORMATIONS OF STABLE CURVES 217

Therefore we obtain

0 =

∫

Σ

〈∂ξ, η〉+
m∑

j=1

〈ξ(zj), uj〉 =
m∑

j=1

a(zj)(cj + bj)hzz(zj)

where cj =
1

2ihzz(zj)

∮
bhzz dz (i.e., Reszj (η) = cj

∂
∂z ).

This equation is true for all η and so for all a. Hence,

Reszj (η) + uj = 0.

We now summarize the above discussion into the following theorem

Theorem 9.4.16. Let (j, z) ∈ JΣ × Confm. Then we have the isomorphism

T[j,z]Mg,m = T(j,z)(JΣ × (Conf)m/Diff0(Σ)))

∼=
{
(η, {uj}) | ∂

†
η = 0,Reszj η = −uj

}

where (η, {uj}) ∈ Lq(Λ(0,1)Σ⊗ TΣ)⊕⊕m
j=1 TzjΣ.

Now consideration of the elliptic complex (9.4.24) via the Riemann-Roch for-
mula gives rise to

Theorem 9.4.17. We have dimCMg,m = 3g − 3 +m.

Remark 9.4.18. Here we emphasize that (η, {uj}) are coupled to each other
by the Residue equation Reszj η = −uj .

9.4.3. Deformations of nodal curves. In this subsection, (Σ, z) will de-
note a connected stable curve, i.e., a union of Riemann compact Riemann surfaces
without boundary with nodal singularities, and [Σ, z] the corresponding element in
Mg,m. We will describe deformation of such curves inMg,m.

The infinitesimal deformation space ofMg,m at a nodal curve will be split into
the part preserving the intersection pattern and the part tangential to the given

stratumMD

g,m and the part transversal thereto.
For the part leaving D unchanged, the infinitesimal deformation is given by the

fiber sum of ⊕

v∈VT

T[Σv ,zv]Mgv ,mv/Aut(Σ, z)

over the matching condition
ξv(xv) = ξw(xw)

at all double points xe = (xv, xw). Here we recall

mv = sing(v) + mark(v), gv = genus(Σv).

We can encode this into the following exact sequence

(9.4.28) 0→ T[Σ,z]MD
g,m →

⊕

v∈VT

T[Σv ,zv]Mgv ,mv →
⊕

e∈ET

TxeΣxe → 0

where the second map is the map

{ξxv}v∈VT 7→ {ξv(xv)− ξw(xw)}e∈ET .

In particular, we obtain the following dimension formula forMD
g,m.

Proposition 9.4.19. Let D ∈ Comb(g,m). Then we have

(9.4.29) dimMD
g,m = 3g +m− 3−#(of double points).
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Proof. It follows from (9.4.28)

dimMD
g,m =

∑

v∈VT

dimT[Σv,zv]Mgv ,mv −
∑

sing(v)

=
∑

v∈VT

(3gv − 3 +mv)−
∑

sing(v)

= 3
∑

gv − 3#(VT ) +
∑

mark(v) + 2
∑

sing(v)−
∑

sing(v)

= 3(g − b1(T ))− 3#(VT ) +m+
∑

v

sing(v)

= 3g +m− 3(1−#(VT ) + #(ET )) − 3#(VT ) + 2#(ET )

= 3g +m− 3−#(ET ).

Here the term 2
∑

sing(v) comes from the fact that each double point is counted
twice in the sum

∑
vmv. This finishes the proof. �

Next, we consider the deformations transverse to the stratumMD
g,m, i.e., those

for which some of the nodal points are resolved. We will describe this deformation
in two steps: the first is smoothing of singular points of the nodal surface as a
space and the second is gluing of complex structures. We obtain both by gluing
either manifolds or conformal structures. In particular, we will realize the glued
conformal structure by gluing out of a suitable family of Kähler metrics following
the prescription given by Fukaya and Ono [FOn99].

We start with the following general smooth description of the deformation of
nodal curves following [HWZ02] and [FOn99], because it suits well for the purpose
of gluing of pseudoholomorphic curves. We refer readers to any algebraic geometry
literature, e.g., [DM69] for the precise algebraic description of general deformation
theory of algebraic curves.

Definition 9.4.20 (Definition 4.1, [HWZ02]). A deformation of a compact
Riemann surface (A, j) of annulus type is a continuous surjection map f : A → S
onto the nodal surface, so that f−1(o) is a smooth embedded circle, and

f : A \ f−1(o)→ S \ {o}
is an orientation preserving diffeomorphism. On S \ {o} we have the push-forward
complex structure f∗j. We call S an annular nodal curve and o ∈ S a nodal point.

For each given nodal surface S, we recall a construction of a family of de-
formations in the following way (see [FOn99]) parameterized by α ∈ C with |α|
sufficiently small. We call this explicit deformation Fukaya-Ono’s deformation to
emphasize the importance of this kind of particular choice of parameters in the
gluing process. Such a choice is needed to guarantee the a priori estimates needed
in the gluing process.

Example 9.4.21 (Fukaya-Ono’s deformation, [FOn99]). We choose the unique
biholomorphic map

Φα : To−S−\{o−} → To+S+\{o+}.
such that u⊗Φα(u) = α. In terms of analytic coordinates at o− ∈ S− and o+ ∈ S+,
the coordinate expression of Φα is given by the map Φα(z) =

α
z .
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glue

0

x

 glue

  A

z = R−1ew

− lnR
1
2 lnR

1
2

R−1 R−1

Figure 7. glue

O R

Figure 8. cylinder

We denote |α| = R−2α for |α| sufficiently small and so Rα sufficiently large so
that the composition

exp−1S−
◦ Φα ◦ expS+

: Do+(R
− 1

2
α ) \Do+(R

− 3
2

α )→ Do−(R
− 1

2
α ) \Do−(R

− 3
2

α )

is a diffeomorphism. By composing this map with the biholomorphism

[− lnR−1/2α , lnR1/2
α ]×S1 → Do+(R

− 1
2

α )\Do+(R
− 3

2
α ); (τ, t) 7→ e2π((τ−R)+it) = e−2πR z

with z = e2π(τ+it) the standard coordinate on C, this diffeomorphism becomes
nothing but

[− lnR
− 1

2
α , lnR

1
2
α ]× S1 → [− lnR

− 1
2

α , lnR
1
2
α ]× S1

(τ, t) 7→ (−τ,−t) = (τ ′, t′)

We glue the metrics on

Do+(R
− 1

2
α )−Do+(R

− 3
2

α )

without changing the metric outside Do+(R
− 1

2
α ) on Σ0. Identify Do+(R

− 1
2

α ) with
an open set in C ∋ z with the standard metric. Consider the biholomorphism
Φα : z → α

z , for which we have

(Φα)
∗|dz|2 =

∣∣∣ α
z2

∣∣∣
2

|dz|2.

Note that on |z| = R−1, we have

Φα({z||z| =
√
α}) = {z||z| = √α}

(Φα)
∗|dz|2 = |dz|2.
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We choose a function

χRα : (0,∞)→ (0,∞)

and fix it once and for all such that

(1) (Φα)
∗(χRα |dz|2) = χRα |dz|2

(2) χRα(r) ≡ 1 if r > |α|3/8 = R
−3/4
α .

By the definition of χRα , we can replace the given metric go+ = |dz|2 by

χRα(|z|)|dz|2 inside the disc D2(|α|1/4), and denote the resulting metric by g′v. We
would like to emphasize that this modification process is canonical depending only
on the fixed complex charts at the singular points and on the choice of χRα . As a
result, this modification process does not add more parameters in the description of
deformation of stable curves. Hence we have constructed a family of stable curves
parameterized by a neighborhood of the origin in To+S+ ⊗ To−S−. We denote the
Riemann surface with the conformal structure constructed in this way by

(Sα, jα).

We set S0 to be the given nodal Riemann surface S. We can define a surjective
continuous map fα : Sα → S by the projection from the graph of w = α

z to the
union of the z-axis and w-axis that is invariant under the diagonal reflection.

This finishes construction of one-parameter family of deformations of the given
nodal Riemann surface.

For each nodal point of Σ, we denote by e the corresponding edge in the dual
graph T . Then we denote the double point by xe = (xv , xw) where e = [v, w] where
e ∈ ET , v, w ∈ VT for the dual graph T of the stratum D.

We fix a complex chart z : Uv → C centered at xv ∈ Uv ⊂ Σv at each singular
point of Σv for all v ∈ VT . We will also denote Uv = Uv;e when we need to highlight
the edge containing the vertex v.

We choose a constant ǫ0 = ǫ0(Σ, z) > 0 and fix it once and for all so that

z(Uv) ⊃ D2(ǫ0)

for all v ∈ VT and e ∈ ET and fix a Kähler metric h = {hv} on Σ so that

(1) h is invariant under the action of Aut(Σ, z)
(2) each hv coincides with the pull-back of the standard metric of D2(ǫ0) ⊂ C

on z−1(D2(ǫ0)).
(3) hv represents the conformal structure jv for each v.

Existence of such metrics is a consequence of the existence theorem of isothermal
coordinates [Kor16, Li16] (see e.g., [Cher55] for a later account).

With these preparation, we are now ready to carry out the gluing process.
First, gluing of the complex structures will be done by the following map,

Φa : C\{0} → C\{0} z 7→ a

z

in the given complex coordinate charts. Using this diffeomorphism we can apply
construction of Fukaya-Ono’s deformation of the annular nodal curve Σv ∪ Σw.
Performing this construction at each singular point, we obtain a 2-dimensional
“manifold” for each element (aλ) ∈

⊕
λ TλvΣv ⊗ TλwΣw in a neighborhood of 0.

The resulting manifold will be singular when some aλ = 0. (We leave the singular
point untouched in this case)
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Figure 9. minimal stratum

However to construct a coordinate (orbifold) chart at a nodal curve, we need to
make this gluing process more precise by describing the gluing parameters precisely.
Furthermore we also need to establish compatibility of the charts constructed point-
wise. For this purpose, we need to carry out our construction inductively starting
from the minimal strata.

Note that Φa({z||z| =
√
|a|}) = {z||z| =

√
|a|}. So Φa is the standard reflection

along the circle of radius
√
|a|.

Step I : Minimal stratum

Consider a minimal stratum D with respect to the partial order given in Defi-
nition 9.3.16. For any element (Σ, z) in any such stratum D with Σ =

⋃
v Σv, then

gv = 0 and mv = 3 for each v.
ThereforeMD

g,m contains a single element for any intersection pattern D of a
connected component of the minimal strata. Recall we have chosen a Kähler metric
hv on each Σv, so that hv is invariant under Aut(Σ, z) and flat in a neighborhood
of each singular point xv and so the exponential map is an isometry.

For each given edge e ∈ ET with its vertices v, w, and an element a ∈ TxvΣv ⊗
TxwΣw \ {0}, we choose the unique biholomorphic map

Φa : TxvΣv\{0} → TxvΣw\{0}.
such that u ⊗ Φa(u) = a. (In the given coordinates at xv ∈ Σv and xw ∈ Σw, its
coordinate expression is precisely the map Φa(z) =

a
z ).

We would like to emphasize Fukaya-Ono’s deformation is canonical depend-
ing only on the fixed complex charts at the nodal points and on the choice of
cut-off functions χR. As a result, this modification process does not add more
parameters in the description of deformation of stable curves. Hence we have con-
structed a family of stable curves parameterized by a neighborhood of the origin in⊕

e(TxvΣv ⊗ TxwΣw). We denote the surfaces obtained by Fukaya-Ono’s deforma-
tions by

Res(Σ,z)({αe}e∈ET )

where D = (T, (gv), o) is the dual graph of (Σ, z). And an automorphism, say γ, of
(Σ, z) acts by isometry on ⊕(v,w)=e∈ET

TxvΣv ⊗ TxwΣw. Obviously, the pre-stable
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curve corresponding to ax and γ(ax) are isometric. Hence, we have a family of
elements ofMg,m parameterized by the neighborhood of 0 in

⊕
e=(v,w)(TxvΣv ⊗ TxwΣw)

Aut(Σ, z)
.

We summarize the above discussion into the following.

Proposition 9.4.22. The map, constructed by Fukaya-Ono’s deformations,
⊕

e(TxvΣv ⊗ TxwΣw)

Aut(Σ, z)
→Mg,m

is one-one and onto its image on a neighborhood of

[0] ∈
⊕

e

(TxvΣv ⊗ TxwΣw)/Aut(Σ, z),

and hence provides an orbifold chart ofMg,m at a point [Σ, z] contained in a min-
imal stratum.

The proof of (local) surjectivity is quite non-trivial and goes beyond the scope
of this book. (See [DM69] for an algebraic proof and [RS06] for a smooth proof.)
We leave it as a challenging exercise.

Exercise 9.4.23. Complete the details of the proof of this proposition, espe-
cially that of local surjectivity.

A precise discussion of orbifolds and complete description of orbifold structure

of normal cones of MD

g,m in Mg,m as a stratified manifold (or rather a stratified
orbifold) require much study which goes beyond the scope of this book. We re-
fer readers to the original article [DM69] or the book [MFK94] for a complete
description ofMg,m as a Deligne-Mumford stack.

Step II : General strata
Suppose we have constructed a family of metrics of each stable curve in a

neighborhood ND′

g,m ofMD′

g,m with D′ < D, which coincides on the overlaps of the

previously chosen local neighborhoods of ND′

g,m. With respect to the given topology

on the stratumMD
g,m, choose a compact subset KDg,m ⊂MD

g,m, so that ,

MD
g,m ⊂ KDg,m ∪

⋃

D′�D

ND′

g,m

We have the universal fibration

UDg,m

��

⊕
e TxvΣv⊗TxwΣw

Aut(Σ,z)
oo

MD
g,m

which is the restriction of the forgetful maps Mg,m+1 → Mg,m and restricts to
a smooth fibration on KDg,m : In fact, the fiber can be parameterized fiberwise by⊕

e(TxvΣv⊗TxwΣw)

Aut(Σ,z) as in the same construction as in Step I.

Exercise 9.4.24. Fill the details of this statement.
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ND”
g,m

KDg,m

ND′

g,m

Figure 10. extend

Now we perform the same constructions as in Step I fiberwise along the normal
direction to the stratum MD

g,m in Mg,m over the compact subset KDg,m ⊂ MD
g,m,

which extends the metrics already present in the overlap

KDg,m ∩ (
⋃

D′�D

ND′

g,m).

We denote by UD the set of stable curves represented by (Σ, z) ∈Mg,m and denote
by

ΦD : UD ×
⊕

e∈ET
(TxvΣv ⊗ TxwΣw)

Aut(Σ, z)
→Mg,m.

In this way, we have constructed an atlas ofMg,m consisting of orbifold charts, given
by the images of ΦD, where U

D ⊂ MD
g,m is an orbifold neighborhood. Therefore,

we have produced an atlas and so finally provided a topology onMg,m.

Exercise 9.4.25. Prove that these charts are compatible (in the sense of orb-
ifolds).

The following proposition describes the structure of normal cones ofMD

g,m in

Mg,m as a stratified manifold (or rather a stratified orbifold). Again a completely
precise description of this normal cone is beyond the scope of this book which we
refer to the book [MFK94]. For the main purpose of this book, it will be enough
to state the precise statement and then just outline what goes into its proof here.

Proposition 9.4.26. MD

g,m is an orbifold and carries a fibration UDg,m →M
D

g,m

whose fiber at (Σ, z) is (Σ, z)/Aut(Σ, z).

Outline of the proof. Let Σ =
⋃
v Σv ∈ M

D

g,m. For each Σv, denote by
zv the set of special points and mv its cardinality which is nothing but mark(v) +
sing(v).
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Firstly, we look at a neighborhood of at each point lying in a minimal stratum

and construct coordinate chart for it. Denote by V(Mmin

g,m ) the union of these
charts which provides an open neighborhood of the minimal strata denoted by
Mmin

g,m . Since the minimal strata is compact, we can cover it by a finite number
of such product charts. Secondly, we consider a neighborhood of points from next
strata, say D1, away from the minimal strata. We can construct a chart by taking a
product chart of the given minimal stratum and a small normal slice of the stratum
at the of the given point. Here in this process, it is important to observe that the
complement

MD1

g,m \ V(M
min

g,m )

is compact and so we can again cover this complement by a finite number of such
product charts. We will study the total deformation of (Σv, zv) and explain that
it is modeled by C3g−3+mv/Aut(Σv, zv) in the next section, which enables us to
choose an orbifold chart in the normal slice. This provides the structure of normal
cones to the minimal strata. Once we have established this initial step, the picture
in this second step resembles the family version of the picture for the minimal
stratum considered in the first step. So we repeat the same process as the first over
the familyMmin

g,m .
We then proceed inductively over the given partial order of the set of dual

graphs D. Collecting all the coordinate charts, we provided an (orbifold) atlas with
Mg,m. �

We finally state the following basic theorem on the topology of Mg,m and
provide an outline of its proof by the same token as Proposition 9.4.26. (We refer
interested readers to the original article [DM69] for an algebraic proof and [RS06]
for an account in the smooth context.)

Theorem 9.4.27 (Deligne-Mumford). Mg,m with this topology is compact and
Hausdorff.

Outline of the proof. We first prove compactness. Let [Σi, zi] be a se-
quence in Mg,m. Since there are only a finite number of topological types of the
dual graphs by Theorem 9.3.14, we may assume [Σi, zi] all lie inMD

g,m for the same
D by choosing a subsequence if necessary.

If some subsequence of [Σi, zi] remain in some compact subset KDg,m ⊂ MD
g,m

for some D, we are done. Otherwise Proposition 9.3.19 says that either two marked
points should collide or the complex structure degenerates. The following lemma is
needed for a complete proof. Since the proof of this lemma goes beyond the scope
of this book, we leave its proof to [DM69], [RS06].

Lemma 9.4.28. Any degeneration sequence contains a subsequence which ap-
proaches to some stratum ND′

g,m for some D′ < D.

Therefore Proposition 9.4.22 implies we can write

(Σi, zi) = Res(Σ′
i,z

′
i)
({α′e,i}e∈ET )

where (Σ′i, z
′
i) ∈ MD′

g,m and |α′e,i| → 0 by Proposition 9.4.22. If [(Σ′i, z
′
i)] has a

convergent subsequence in MD′

g,m, we are done. Otherwise we apply the above
process to the sequence (Σ′i, z

′
i). Since there are only a finite number of types of
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D’s, after a finite number of steps we can find a subsequence that converges in the
topology ofMg,m. This finishes the proof of compactness.

Next we study the Hausdorff property ofMg,m. Noting that the set of stable
curves (Σ, z) (not of the equivalence classes [Σ, z] at the moment) is a metric space,
we denote the corresponding distance function thereon by dist. We will prove the
Hausdorff property by contradiction.

Suppose to the contrary that there exists a pair of stable curves (Σ, z) 6= (Σ′, z′)
such that [Σ, z] 6= [Σ′, z′] but there exist a sequence (Σi, zi) and φi, φ

′
i ∈ Aut(Σi, zi)

such that

distC1(φi(Σi, zi), (Σ, z)) → 0,

distC1(φ′i(Σi, zi), (Σ
′, z′)) → 0

First we consider the case where [Σ, z] and [Σ′, z′] are in the same stratum
MD

g,m.
If both limits (Σ, z), (Σ′, z′) lie in the same stratum as that of (Σi, zi), after

choosing a subsequence, we can represent [Σi, zi] by a single compact surface Σ so
that

φi((Σi, ji), zi) = ((Σ, j̃i), xi)

and (j̃i, xi)→ (j, z). Similarly we have

φ′i((Σi, ji), zi) = ((Σ′, j̃′i), x
′
i)

and (j̃′i, x
′
i)→ (j′, z′). Therefore the map

ψi := φ′i ◦ φ−1i : Σ→ Σ′

satisfies

(ψi)∗j̃i → j̃′i, ψi(xi)→ z′

and ψi is a (j̃i, j̃
′
i)-holomorphic map.

Lemma 9.4.29. The sequence ψi is equi-continuous and so it carries a conver-
gent subsequence in C∞ topology.

Proof. It is enough to prove the easy version of the derivative bound |dψi|C1 <
C since then higher regularity will follows from the main estimate, Theorem 8.3.5.
Suppose to the contrary that |dψi(zi)| → ∞ as i→∞ for some subsequence ψi and
zi ∈ Σ. We have shown in section 9.2 that if |dui(zi)| → ∞ as i→∞ then we can
produce a non-constant (j, j′)-holomorphic sphere v : S2 → Σ′ and so

∫
v∗ω′ > 0.

If genus(Σ′) ≥ 1, π2(Σ) = 0 and hence
∫
v∗ω′ > 0 gives rise to a contradiction.

It remains to consider the case genus(Σ′) = 0. In this case we also have
genus(Σ) = 0, the complex structure is unique and so we can identify (Σ′, j′i) ∼=
CP 1 ∼= (Σ, ji). Therefore each ψi is a biholomorphism and so lie in PSL(2,C). On
the other hand, stability condition then implies #(zi) = #(z′i) ≥ 3. Using the con-

vergence of (j̃′i, x
′
i) → (j′, z′) and (j̃i, xi) → (j, z) and applying an automorphism

of domain CP 1, we may assume zi,1 = 0, zi,2 = 1, zi,3 =∞ and

dist(ψi(0), ψi(1)), dist(ψi(0), ψi(1)), dist(ψi(0), ψi(1)) ≥ δ > 0.

This implies that the sequence ψi ∈ PSL(2,C) is pre-compact and carries a sub-
sequence that converges to an isomorphism between (CP 1, z) and (CP 1, z′). This
gives rise to a contradiction to the hypothesis [Σ, z] 6= [Σ′, z′] and finishes the
proof. �
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Now we consider the case where (Σ, z), (Σ′, z′) are in the stratum D different

from the stratum D′ of [Σi, zi] ∈MD′

g,m. In this case, we can represent

φi((Σi, ji), zi) = Res(Σ,z)(αi)

φ′i((Σi, ji), zi) = Res(Σ′,z′)(α
′
i)

with |αi|, |α′i| → 0. Since

dist(Res(Σ,z)(αi), Res(Σ′,z′)(α
′
i))→ 0

it follows (Σ, z) = (Σ′, z′) and |αi − α′i| → 0 as i → ∞. This again contradicts to
[Σ, z] 6= [Σ′, z′].

Finally, it remains to consider the case [Σ, z] and [Σ′, z′] lie in two different
strata. This case is even easier to handle than the previous case and so is left to
the readers. �

Exercise 9.4.30. Complete the above proof by providing details of the proof
for the case where [Σ, z] and [Σ′, z′] lie in two different strata.

9.5. Stable map and stable map topology

Let (M,ω) be a compact symplectic manifold. Let J be almost complex struc-
ture compatible to ω. Let Σ be a smooth compact surface without boundary. Let
u : (Σ, j)→ (M,J) be a J-holomorphic map in the class [u] = β ∈ H2(M,Z) for a
complex structure j on Σ.

Now, we consider Σ with marked points z = {z1, z2, · · · , zm}. As before, we
just denote by (Σ, z) the triple ((Σ, j), z) whenever there is no danger of confusion.

Definition 9.5.1. Let Σ and Σ′ be closed Riemann surfaces and u : (Σ, z)→
M , u′ : (Σ′, z′)→M be J-holomorphic maps. We say u, u′ are equivalent if there
exists an isomorphism

φ : (Σ, z)→ (Σ′, z′)

such that, u′ = u ◦ φ−1 and φ(zi) = φ(z′i). An automorphism φ of ((Σ, z), u) is a
self-isomorphism of ((Σ, z), u). We call ((Σ, z), u) stable if #Aut((Σ, z), u) <∞.

Let M̃g,m(M,J, β) be the set of smooth stable maps in class β with

g(Σ) = g, m = the number of marked points.

Note that biholomorphisms φ : Σ→ Σ act on M̃g,m(M,J ;β) by

((Σ, z), u) 7→
(
(Σ, φ(z)), u ◦ φ−1

)

where φ(z) = {φ(z1), · · · , φ(zm)}. The automorphism group Aut((Σ, z), u) is noth-
ing but the isotropy group of this action. We define

Mg,m(M,J ;β) = M̃g,m(M,J, β)/Aut((Σ, z), u).



9.5. STABLE MAP AND STABLE MAP TOPOLOGY 227

9.5.1. Definition of stable maps. Now we define the notion of stable maps
to J-holomorphic maps defined on pre-stable curves.

Recall that a map φ : (Σ, z)→ (Σ′, z′) between two pre-stable curves is called
an isomorphism if it is a homeomorphism and the restriction map φv : Σv → Σ′

can be lifted to a biholomorphism φvw : (Σv, zv) → (Σ′w, z
′
w) for some irreducible

component Σ′w of Σ′. Here zv is the union of the marked points on Σv and the
singular points of Σv.

Definition 9.5.2. Let Σ be a nodal Riemann surface. A continuous map
u : Σ→ (M,J) is said to be J-holomorphic if it is continuous and the composition
u ◦ πv : Σv →M is J-holomorphic for each v. Its homology class is given by

u∗([Σ]) =
∑

v

(u ◦ πv)∗[Σv] ∈ H2(M,Z)

Definition 9.5.3. Two marked J-holomorphic maps ((Σ, z), u), ((Σ′, z′), u′)
are said to be isomorphic, if there exists an isomorphism φ : (Σ, z)→ (Σ′, z′) such
that u′ = u◦φ−1. A self-isomorphism φ : (Σ, z)→ (Σ, z) is called an automorphism
of (Σ, z) if u = u ◦ φ−1. We denote

Aut((Σ, z), u) = {φ ∈ Aut(Σ, z) | u ◦ φ = u}.
We call the pair ((Σ, z), u) a stable map if #Aut((Σ, z), u) is finite.

Remark 9.5.4. (1) Note that when ((Σ, z), u), ((Σ′, z′), u) are isomor-
phic a choice of isomorphism φ : (Σ, z) → (Σ′, z′) between them in-
duces the canonical isomorphism between two groups Aut((Σ, z), u) and
Aut((Σ′, z′), u′) by conjugation by φ.

(2) We note that Aut((Σ, z), u) is a subset of the product of the symmetry
group Sym(D) of the dual graph D and the fiber product

∏

v∈V st
T

Aut((Σv, zv), uv)×
∏

v∈V us
T

Aut((Σv, zv), uv)

under the matching conditions φv(xv) = φw(xw) for each element e =
[v, w] ∈ ET . Here V stT and V usT the set of vertices consisting of stable and
unstable ones respectively. Obviously we have #Aut(D) <∞.

Definition 9.5.5. We define the moduli space of stable maps to be the set of
isomorphism classes of stable maps and denote it by

Mg,m(M,J ;β).

We examine a few special cases

Example 9.5.6. (1) Consider the case β = 0. In this case, any J-holomorphic
map in the class must be constant and so its domain must be a stable
curve. Therefore we have the one-one correspondence

Mg,m(M,J ; 0) ≃Mg,m ×M
(2) Next we consider the case β 6= 0 and g = 0. In this case, the uniformization

theorem implies that Σ has the unique conformal structure (or complex
structure). Therefore the spaceM0,m(M,J ;β) is isomorphic to

{(u, z) | u : CP 1 →M, ∂Ju = 0,

z = (z1, · · · , zm) ∈ C̃onfm(CP 1)}/PSL(2,C)
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Similarly as forMg,m, the moduli space of stable mapsMg,m(M,J ;β) is made
up of different strata. We now describe how the different strata fit together. For
this purpose, we again describe the strata in terms of the dual graphs augmented
by the additional datum of homology classes βv attached to the vertex v.

Definition 9.5.7. We define the intersection pattern, denoted by D, of the
stable map u to be the quadruple

D = (T, {gv}, {βv}, o), o : {1, · · · ,m} → Σ\ sing(Σ)
such that

(1) 2gv +mv ≥ 3 or βv 6= 0
(2) β =

∑
v βv

(3) g :=
∑

v gv + b1(T )
(4) For βv, there exists a J-holomorphic curve u : Σ→M with u∗([Σ]) = βv

with genus(Σ) = gv.

We denote this data by the quadruple D = (T, {gv}, {βv}, o). We say that
D, D′ are isomorphic if there exists an isomorphism φ : (T, {gv}, o)→ (T ′, {g′v}, o′)
that satisfies β′φ(v) = βv. We call an isomorphism class of D an intersection pattern

of the stable maps.

Definition 9.5.8. Denote by Comb(g,m;β) the set of isomorphism classes of
D = (T, {gv}, {βv}, o). We say

[(T, {gv}, {βv}, o)] > [(T̃ , {g̃ṽ}, {β̃ṽ}, õ)]
if there are a finite number of vertices v1, · · · , va of T with decorations gvj , βvj such
that each vertex vj is replaced by an element

(Tvj , (gvj ,w), (βvj ,w), ovj )) ∈ Comb(gvj ,mvj ;βvj )

We denote byMD
g,m(M,J ;β) the set of stable maps (or rather equivalence classes

of them), whose intersection pattern is D.

Definition 9.5.9. We denote by Sym(D) ⊂ S#VT the set of permutations
σ of VT such that D and Dσ = (T, {gσ(v)}, σ ◦ o) are isomorphic, and call it the
symmetry group of D.

Theorem 9.5.10. Let g, m and β be fixed, then

#Comb(g,m;β) <∞.

Proof. We start with stating the following lemma.

Lemma 9.5.11. For any given non-negative integer g > 0, define

A(ω, J,M ;≤ g) = inf{ω(u) | ∂j,Ju = 0, u : (Σ, j)→ (M,J)

is non-constant and genus(Σ) ≤ g}.
Then A(ω, J,M ;≤ g) > 0.

Proof. We prove this by induction on g. When g = 0, the complex structure
on Σ = S2 is unique and so we have only to consider the map u. In this case, the
lemma easily follows from the ǫ-regularity lemma: Suppose to the contrary that
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A(ω, J,M ; g = 0) = 0. Then there exists a sequence of non-constant J-holomorphic
maps ui : S

2 →M such that ω(ui)→ 0. By the identity

(9.5.30)
1

2

∫

Σ

|du|2J =

∫

Σ

u∗ω,

0 <
∫
Σ
|dui|2J → 0. We equip S2 with the standard metric and decompose S2 into

the union D+ ∪D− of discs. Obviously we have
∫
D±
|du|2J < ǫ0 for all sufficiently

large i’s. Therefore we can apply the ǫ-regularity theorem and the boot-strap
argument to extract a C1 convergent subsequence of ui on both D± and so on S2.
Denote the limit by u∞. Then u∞ is J-holomorphic, and u∞ must have zero energy
since the energy is continuous with respect to the C1 topology. Therefore (9.5.30)
implies u∞ must be the constant map and so ui converges to a constant map in C1

topology. In particular ui are homologous to the constant map and hence ω(ui) = 0
for sufficiently large i. Again by (9.5.30) we obtain

∫
Σ
|du|2J = 0 which contradicts

to the hypothesis that ui are all chosen to be non-constant.
Now suppose A(ω, J,M ; g) > 0 for all g < g0 with g0 ≥ 1. By definition, we

have

A(ω, J,M ;≤ g0) = min
0≤g≤g0

A(ω, J,M ; g).

We would like to proveA(ω, J,M ; g0) > 0. Suppose to the contrary that there exists
a sequence ((Σi, ji), ui) with genusΣi = g0 and ω(ui) → 0. We add a sequence zi
of N marked points for a sufficiently large N ∈ N, and choose a subsequence of
((Σi, ji), zi) so that ((Σi, ji), zi)→ ((Σ∞, j∞), z∞) inMg0,N . Now we consider the
map ui : (Σi, ji) → (M,J). If Σ∞ remains to be smooth, then we can decompose
Σ∞ into a finite union Σ∞ = ∪Kj=1D∞,j of discs of radius r0 > 0 with respect to

the a fixed metric in the conformal class of ji. Using the convergence of (Σi, ji)→
(Σ∞, j∞), we can obtain the corresponding decomposition

Σi =

K⋃

a=1

Di,a, Di,a → D∞,a

where the convergence Di,a → D∞,a is C∞. Since EJ (ui) = ω(ui) → 0, the ǫ-
regularity applied to each disc of the decomposition again, it follows that ui are
homologous to a constant map. Then we obtain 0 = ω(ui) = EJ(ui) > 0, a
contradiction.

Therefore Σ∞ cannot be smooth and so has the decomposition

((Σ∞, j∞), z∞) =
L⋃

a=1

((Σ∞,a, j∞,a), z∞,a)

with L > 1 into the irreducible components. We write

((Σi, ji), zi) = Res((Σ′
i,j

′
i),z

′
i)
(αi),

where ((Σ′i, j
′
i), z

′
i) lie in the stratum same as that of ((Σ∞, j∞), z∞) and converge

to ((Σ∞, j∞), z∞) in the stratum. We note that all the irreducible components of
Σ∞ have genus ≤ g0 and so do those of Σ′i.

Using this, we can decompose Σi into the union of

Wi

⋃
(Σi \Wi)
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where Wi = ∪e,aWi,xe,a is the union of the annular regions

Wi,xe,a
∼= [−Li,xe,a, Li,xe,a ]× S1

with flat metrics and Li,xe,a → ∞. Furthermore Wi,a shrinks to the nodal point
xe,a with e = [v, w] and Σi,a \Wi → Σ∞,a and so Σi,a \Wi is a compact surface
of genus ≤ g0 with a finite number of discs removed. Therefore we can decompose
it into a fixed number N0, independent of i’s, of discs conformal to the flat disc of
radius r0 > 0.

Since EJ(ui)→ 0, we can apply the ǫ0-regularity to each such disc of Σi,a \Wi

and to Wi,xe,a ’s, we conclude that all of them converge to constant maps. Since Σi
are connected, this implies that all the maps ui are homologous to constant maps.
In particular we must have ω(ui) = 0, a contradiction to the hypothesis that ui are
non-constant. �

Let δ = A(ω, J,M ;≤ g), and set K = [ω(β)/δ]. Denote

V = #(VT ), S = Σv∈VT gv.

We observe that the following bounds hold:

(1) #{v | gv ≥ 1} ≤ g
(2) #{v | mark(v) > 0} ≤ m
(3) #{v | βv 6= 0} ≤ K
(4) #{v | ∃ e = (v, v)} ≤ g =∑ gv + b1(T ).

Let V0 be the sum of the cardinals in the left hands sides of (1)-(4). Then we
have

(9.5.31) V0 ≤ 2g +m+K.

For any other vertex v, we must have gv = 0, mark(v) = 0, βv = 0.
By the stability condition, we must have sing(v) ≥ 3. However, we have shown

before in the proof of Theorem 9.3.14 that

#{v | sing(v) ≥ 3} ≤ #{v | sing(v) = 1} − 2χ(T )

= #{v | sing(v) = 1} − 2S + 2g − 2.(9.5.32)

Furthermore by the stability condition, we have

#{v | sing(v) = 1} ≤ #{v | gv > 0}+#{v | gv = 0,mark(v) = 0, βv 6= 0}
+#{v | mark(v) ≥ 1} ≤ g +K +m.(9.5.33)

Therefore from (9.5.31)-(9.5.33), we derive

V ≤ V0 +#{v | sing(v) ≥ 3}
≤ 2g +m+K + (g +K +m)− 2S + 2g − 2

≤ 5g + 2m+ 2K − 2S − 2 ≤ 3g + 2m+ 2K − 2.

This finishes the proof. �

The following proposition provides a concrete meaning of the stability condition
on the pair ((Σ, z), u)

Proposition 9.5.12. The nodal J-holomorphic map ((Σ, z), u) is stable if and
only if for any irreducible component Σv, one of the following alternatives holds:

(1) either u ◦ πv : Σv →M is not constant or
(2) it holds that mv + 2gv ≥ 3, i.e, the domain (Σv, zv) is stable.
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Proof. It is obvious that if a J-holomorphic map u is stable and constant,
then the domains of all the irreducible components ((Σv, zv), uv) must be stable
and hence (2) must be the case. Here we denote by uv = u ◦ πv : Σv →M and by
zv the union

zv = π−1v (z) ∪ sing(Σv)

and mv = mark(v) + sing(v). Therefore we have only to prove the ‘if’ part.
If the domain (Σv, zv) is stable, i.e., satisfies (2), then obviously we have

#Aut((Σv, zv), uv) <∞.
Now suppose uv = u ◦ πv is not constant, i.e., satisfies (1). Then McDuff’s

structure theorem implies that there exists a Riemann surface Σ′v, a branched cov-
ering φ : Σv → Σ′v and a J-holomorphic map u′v : Σ′v → M such that uv = u′v ◦ φ
where u′v is somewhere injective.

Let z′0 ∈ Σ′v be a point such that du′v(z
′
0) 6= 0, (u′v)

−1(z′0) = {z′0}. Then we
can find a neighborhood V ⊂ Σ′ of z′0 such that

(9.5.34) (u′v)
−1(z′) = {z′}, dh′v(z) 6= 0

for all z′ ∈ V . Therefore φ−1(V )→ V is a covering map and φ−1(V ) = ∪kl=1Ui for
some k ∈ N where each Ui is a connected component of φ−1(V ) which is isomorphic
to V .

Now suppose to the contrary that #Aut((Σv, zv), uv) =∞ and so there exists
an infinite sequence ψi ∈ Aut((Σv, zv), uv) such that ψi 6= ψj for i 6= j. By
definition, we have

ψi ∈ Aut(Σ, z), uv ◦ ψi = uv.

Hence we have u′v◦φ◦ψi = u′v◦φ from uv = u′v◦φ. By somewhere injectivity (9.5.34)
of u′v, this implies φ ◦ ψi|φ−1(V ) = φ|φ−1(V ). In particular, the automorphisms

ψi maps φ−1(V ) to φ−1(V ) for all i. Since there are only a finite number of
sheets in φ−1(V ) and ψi are continuous, there exist two connected components
Ui0 , Ui1 ⊂ φ−1(V ) such that we can select a subsequence ψil , that maps Ui0 to Ui1
for all l. Then ψil |Ui0

≡ ψik |Ui0
follows from φ ◦ ψil |φ−1(V ) = φ ◦ ψik |φ−1(V ) for all

l, k. By the unique continuation, this implies ψil ≡ ψik on Σ, a contradiction to
the hypothesis ψi 6= ψj for i 6= j.

Finally we recall that Aut((Σ, z), u) is a subset of the product of the symmetry
group Sym(D) of the dual graph D and the fiber product

∏

v∈V st
T

Aut((Σv, zv), uv)×
∏

v∈V us
T

Aut((Σv, zv), uv)

under the matching conditions φv(xv) = φw(xw) for each element e = [v, w] ∈
ET . Here V stT and V usT the set of vertices consisting of stable and unstable ones
respectively.

Obviously we have #Aut(D) <∞. Since we have shown that all Aut((Σv, zv), uv)
are finite groups, Aut((Σ, z), u) must be finite. This finishes the proof. �

It follows from Proposition 9.5.12 that Condition (1) implies that any J-holomorphic
curve given in (4) is stable. We form the union

Mg,m(M,J ;β) =
⋃

D∈Comb(g,m,β)
MD

g,m(M,J ;β).
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Figure 11. rationalcurve

Remark 9.5.13. The spaceMg,m(M,J) has a canonical filtration induced by
the symplectic area: Let K > 0 and denote by

Mg,m(M,ω, J ;ω(β) ≤ K) =
⋃

ω(β)≤K
Mg,m(M,ω, J ;β)

Mg,m(M,ω, J) =
⋃

K≥0
Mg,m(M,J ;ω(β) ≤ K)

We cannot expectMg,m(M,ω, J) to be compact since there is a sequence of holo-
morphic maps whose areas goes to infinity. But we will show that

Mg,m(M,ω, J ;ω(β) ≤ K)

is compact for all K ≥ 0 later, which is basically the content of the precise version
of the Gromov compactness theorem [Gr85].

9.5.2. Definition of stable map topology. We will now equipMg,m(M,J)

with the the direct limit topology of those ofMg,m(M,ω, J ;ω(β) ≤ K) as K →∞.

This topology will be Hausdorff and its subspace topology onMg,m(M,ω, J ;ω(β) ≤
K) will be compact.

A crucial difficulty in providing such a topology lies in the facts that the do-
mains of stable maps are not necessarily stable, and that we allow the conformal
structures (or complex structures) to degenerate. Because the spaceMg,m(M,J ;β)
is not the set of maps but of equivalence classes of maps u : (Σ, z) → M with a
complex structure j specified, one has to simultaneously deal with this degeneration
together with normalization of unstable domains.

To illustrate subtlety of this convergence in the general case, we examine one
example from [FOn99]

Example 9.5.14. Consider the union of two rational irreducible curves, C1, C2

in CP2 of degree 1 and 2 respectively. In fact, it follows from a simple intersection
argument that they must be smooth and embedded and intersect at two distinct
points. Its homology class is β0 = 3[H ].

Consider the domain (Σ, z) = (Σ1, z1) ∪ (Σ2, z2) as above which is stable and
“rigid”. This stable curve has genus 1. We denote by D0 this rigid intersection
pattern of (Σ, z) for a = 1, 2.

Consider any sequence ui : (Σ, z)→ CP2 such that the two nodal image points
xi, yi ∈ CP 2 approaching to each other. Denote

u−1i,a(xi) = si,a ∈ Σa

u−1i,a (yi) = ti,a ∈ Σa
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for a = 1, 2. By applying PSL(2,C) on Σa, we may assume that si,a = sa,
ti,a = ta are fixed over i under a fixed identification of Σa ∼= CP 1. The components
ui,a : Σa → CP2 must satisfy:

dist(ui,a(sa), ui,a(ta))→ 0, a = 1, 2

since
ui,a(sa) = xi, ui,a(ta) = yi.

The following is a basic question to ask.

Question 9.5.15. Can we find a convergent sequence of ui in C∞ topology
whose domain (Σ, z) keeping the fixed intersection pattern D0, but the limit of
their image curves is the nodal curve with a singular point as in the above figure?

We claim that this is impossible by the following reasons:

(1) If a sequence ui with such a domain converges to a limit map u∞ =
(u1,∞, u2,∞) whose domain remain in M1,2, then both maps ua,∞ for
a = 1, 2 must have singular values at sa, ta.

(2) Since Σa(a = 1, 2) are rigid, the limit curve cannot be reducible since
irreducible curves in these homology classes are embedded and so the
limit must be embedded too. In particular their ramification orders must
remain the same in the limit. This gives rise to a contradiction to the
statement (1).

The lesson we have learned from this example is that the image of this particular
stable map, say τ , cannot be that of the limit of stable maps with domain (Σ, z)
of the fixed intersection pattern D0, but it must have the same image of another
stable map with its domain of different intersection patterns.

Now comes what is really going on in this example. Consider (ui, (Σ, z)), whose
images resemble C1,i ∪ C2,i. We want to describe the convergence

(ui, (Σ, z))→ (u∞, (Σ, z)) inM1,2(CP2, 3[H ]).

Note that in the above ill-made convergence argument the domains of ui : (Σ, z)→
CP 2 are stable but the domain of the expected limit map is not.

To be able to define a correct notion of convergence, we need to add one more
marked point to each component so that the maps u2, u3 converge to constant
maps to a point in C1 ∩ C2. Now after removing added marked point, we get the
desired limit. The limit has 4 irreducible components, rather than 2, two of which
are constant components with stable domains.

To handle the above mentioned instability problems systematically, we use the
method of adding extra marked points: This will be used both to stabilize the
domains and to properly encode the bubbling phenomenon.

We first give the definition of sequential convergence and then we will provide
a basis of the corresponding topology in the end.

I. Stable cases

Denote byMst

g,m(M,J ;β) ⊂Mg,m(M,J ;β) the subset of (equivalence classes

of) stable maps with stable domains. We denote by M̃g,m(M,J ;β) and M̃st
g,m(M,J ;β)

the set of stablemaps and of those with stable domains, not just equivalence classes.

We will first define the meaning of sequential convergence onMst

g,m(M,J ;β) by us-

ing the sequential convergence for the set of stable maps in M̃st
g,m(M,J ;β). And
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at the end, we will give the definition of the basis of the corresponding topology on

Mst

g,m(M,J ;β).

Let [Σ, z] ∈ Mst

g,m ⊂Mg,m with its domain of the intersection patten given by
D = (T, {gv}, 0, {βv}). Denote Σ = ∪vΣv and consider a sequence of stable maps
((Σi, zi), ui).

We first recall the definition of convergence of [Σi, zi] to [Σ, z] in Mg,m as
i → ∞. By the finiteness of intersection patterns with a fixed class β, we may
assume that intersection patterns of ((Σi, zi), ui) are all the same, say D, after
choosing a subsequence. By the definition of topology of Mg,m, there is another
intersection pattern D′ so that either D′ = D or we can represent the stable curve
(Σi, zi) as

(Σi, zi) = Res(Σ′
i,z

′
i)
({αe,i}e∈ET )

for a sequence (Σ′i, z
′
i) ∈ MD′

g,m, and for sufficiently small gluing parameters

(αe,i)e∈ET ∈
⊕

e=[v,w]

Txv,iΣ
′
v,i ⊗ Txw,iΣ

′
w,i

given at singular points so that

[Σ′i, z
′
i]→ [Σ, z] in MD

g,m, and (αe,i)→ 0

as i→∞.
We recall that we set R

−1/2
e,i = |αe,i| and Σi has a subset identified with

Σ′i\
⋃
xv,i

Dxv,i(R
−3/2
e,i ) by definition. And in terms of the explicitly given metrics

on Res(Σ,z)({αe}e∈ET ) as described in Example 9.4.21, we have

diam
(
Σi\

(
Σ′i\ ∪xv,i D

(
R
−3/2
e,i

)))
→ 0 as i→∞.
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2 = |αe,i|3

Figure 14. resolution

For a given µ > 0 and a collection of sufficiently large Re,i, we denote by

We,i(µ) :=
(
Dxv,i(µ)−Dxv,i(R

−1
e,i )
)
∪
(
Dxw,i(µ)−Dxw,i(R

−1
e,i )
)

the prescribed neck region at xe,i = (xv,i, xw,i) ∈ Sing(Σi) where

(Σi, zi) = Res(Σ′
i,z

′
i)
({αe,i}).

We also denote the union of neck regions by

Wi(µ) =
⋃

e∈ET

We,i(µ).

Definition 9.5.16. We denote s-limi→∞[(Σi, zi), ui] = [(Σ, z), u] if

(1) limi→∞[Σi, zi] = [Σ, z] inMg,m

(2) For any µ > 0, ui|Σ′
i−We,i(µ) → u in C∞ on compact sets

(3) limµ→0(lim supi→∞ diam(ui(We,i(µ)))) = 0 at the singular point xe for all
e ∈ ET .

We would like to note that the convergence stated in Condition 1 in this defi-
nition means that there are representatives (Σi, zi) and (Σ, z) of the corresponding
equivalence classes such that (Σi, zi) converges to (Σ, z) in the sense described in
Proposition 9.3.19 and Theorem 9.4.27.

The above prescription can be turned into that of a neighborhood basis of a
topology at infinity onMst

g,m(M,J ;β) as follows. For the notational simplicity, we
also denote a stable curve by v = [Σ, z] and a stable map by x = [(Σ, z), u].

There exists a neighborhood U(Sing(Σ)) of the nodal point set Sing(Σ) of Σ
such that we have a canonical smooth embedding

(9.5.35) iv : Σ \ U(Sing(Σ))→ Res(Σ,z)({αe}e∈ET )

such that iv(zi) = zi. We may assume that iv is holomorphic outside U(Sing(Σ)).
We often identify Σ \ U(Sing(Σ)) with its image in Res(Σ,z)({αe}e∈ET ) via iv.
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EquipMg,m with an appropriate metric and define a distance on it, recalling

that Mg,m is an orbifold [DM69] and can be given a Riemannian metric. We
denote by U(v) a neighborhood of v therein.

Definition 9.5.17. For each given x and ǫ > 0, we define the set consisting of

the stable maps x̃′ = ((Σ′, z′), u′) that satisfy the following conditions:

(1) v′ = (Σ′, z′) ∈ U(v) and dist(v′,v) < ǫ.
(2) There exist a biholomorphism ϕ such that the C1 distance between the

two maps u′ ◦ ivv′ and u ◦ ϕ is smaller than ǫ on Σ \ U(S(Σ)).
(3) diam(u′(S)) < ǫ if S is any connected component of the complement

Σ′ \ ivv′(Σ \ U(S(Σ))).
Then we have the following lemma

Lemma 9.5.18. The collection Ust(ǫ,x) consisting of the isomorphism classes
of the stable maps described in Definition 9.5.17 defines a basis of a topology on

Mst

g,m(M,J ;β).

Exercise 9.5.19. Prove this lemma.

II. General Cases

In general, the domain (Σ, z) of a stable map may not be stable and so may
not define an element inMg,m. To define a convergence, we do the following steps
for given sequence [(Σi, zi), ui]:

(1) Add additional marked points wi = {wi,a}a∈A for some indexing set A
with #A <∞, so that (Σi, zi ∪ wi) becomes stable

(2) Take the limit of [(Σi, zi ∪ wi), ui] in the sense of s-limi→∞
(3) After taking the limit, we remove the limit of added marked points.

Definition 9.5.20. Let [(Σi, zi), ui], [(Σ, z), u] ∈Mg,m(M, J ;β). We say

lim
i→∞

[(Σi, zi), ui] = [(Σ, z), u] in Mg,m(M,J ;β)

if the following holds: There exist stable curves (Σi, z
+
i ) with z+i = zi ∪ wi with

#wi = n and (Σ∞, z+∞) and a stable map ((Σ∞, z+∞), u∞) ∈ Mg,m+n(M,J ;β) such
that

(1) s-limi→∞[(Σi, z
+
i ), ui] = [(Σ∞, z+∞), u∞] with z+∞ inMg,m+n(M,J ;β)

(2)

forgetm+n;n[(Σ∞, z
+
∞), u∞] = [(Σ, z), u].

The forgetful map forgetm+n;n : Mg,m+n(M,J ;β) → Mg,m(M,J ;β) induces
the process of contracting the unstable component with constant map to a point
to make sure that the resulting curve is stable.

Now let us describe the topology associated to the above mentioned sequential
convergence onMg,m(M,J ;β). We emphasize that (Σ, z) may not be stable. We
choose a finite number of additional marked points

w = (wa)a∈A

on Σ for some finite index set A. We denote l = #A. To make this choice turn into
a continuous choice near a given representative ((Σ, z), u) of x ∈ Mg,m(M,J ;β),
we require the following
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Conditions 9.5.21. (1) w is disjoint from z and the set of nodal points
of Σ.

(2) (Σ, w) is stable. Moreover it has no nontrivial automorphism.
(3) u is immersed at wa.

It is always possible to choose such additional points from Σ. We consider

v = [Σ, z ∪w] ∈ Mg,m+l,

and take neighborhoods U(v) of v inMg,m+l with the following properties: There
exists a neighborhood U(S(Σ)) of the singular point set S(Σ) = Sing(Σ) of Σ such
that for any v′ = [Σ′, z′ ∪ w′] ∈ U(v) we have a smooth embedding

(9.5.36) ivv′ : Σ \ U(S(Σ))→ Σ′

such that

(9.5.37) ivv′(zi) = zi, ivv′(wa) = wa.

We may assume that ivv′ is holomorphic outside U(S(Σ)).
We also require that ivv′ depends continuously on v′ in C∞ sense.
Now for given x = [(Σ, z), u], we fix v = [Σ, z ∪ w]. Since the choice of w

depends on the representative x̃ = ((Σ, z), u) of x ∈ M̃g,m(M,J ;β), we denote
w = w(x̃).

For each given wa, a ∈ A we choose a normal slice Nwa of u such that:

Conditions 9.5.22 (Normal slice). (1) Nwa is a smooth submanifold of
codimension 2.

(2) Nwa intersects transversally with u(Σ) at u(wa).

We remark that the choices of the above slices Nwa ’s depend only on x̃ =
((Σ, ~z), u) and w = {wa}a∈A which will be fixed once and for all when the latter is
given. The slices also carry the metrics induced from the one given in the ambient
space M .

Equip an appropriate metric with Mg,ℓ+m to define the distance between v′

and v.

Definition 9.5.23 (Stabilization). For each given x and its representative x̃ =
((Σ, z), u) and ǫ1, ǫ2 > 0, we define the set V(ǫ1, ǫ2, x̃) consisting of the stable maps

x̃′ = ((Σ′, z′), u′) that satisfy the following:

(1) v′ = [Σ′, z′ ∪ w′] ∈ U(v) and dist(v′,v) < ǫ1.
(2) There exist a biholomorphism ϕ such that the C1 distance between the

two maps u′ ◦ ivv′ and u ◦ ϕ is smaller than ǫ1 on Σ \ U(S(Σ)).
(3) diam(u′(S)) < ǫ1 if S is any connected component of the complement

Σ′ \ ivv′(Σ \ U(S(Σ))).
(4) Denote w′ = (w′a)a∈A. We require u′(w′a) ∈ Nwa for each a and

dist(u′(w′a), u(ϕ(wa))) < ǫ2.

When w, w′ are specified as in the above condition, we say that x̃′ = ((Σ′, z′), u′)
is (ǫ1, ǫ2)-close to x̃ with respect to w.

Here we would like to emphasize that w′ = {w′a} are uniquely determined
by the choices of w and Nwa provided ǫ1, ǫ2 are sufficiently small, since Nwa are
transversal to u. On one hand we introduce a finite number of extra marked points
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w′ = {w′a}. On the other hand we also introduce the same number of codimension
2 requirements

(9.5.38) u′(w′a) ∈ Nwa .

Therefore the resulting (virtual) dimension of the set of [(Σ′, z′∪w′), u′] is the same
as that of the original moduli spaceMg,m(M,J ;β).

Finally we define a subset ofMg,m(M,J ;β)

(9.5.39) U(x; ǫ1, ǫ2) = {[(Σ′, z′), u′] ∈Mg,m(M,J ;β) | ((Σ′, z′), u′) ∈ V(ǫ1, ǫ2, x̃)}

which is the set of equivalence classes of the elements coming from V(ǫ1, ǫ2, x̃). If
we denote by

Vst(ǫ1, ǫ2, x̃;w(x̃))
the set

{((Σ′, z′ ∪ w′), u′) | ((Σ′, z′), u′) ∈ V(ǫ1, ǫ2, x̃)}
and by

Ust(ǫ1, ǫ2, x̃;w(x̃)) ⊂M
st

g,m+n(M,J ;β),

its projection, then we can also express

(9.5.40) U(x; ǫ1, ǫ2) = forgetm+n;m(Ust(ǫ1, ǫ2; x̃, w(x̃)))

by construction. We note that by the requirement that (Σ, w(x̃)) has trivial auto-

morphism, Vst(ǫ1, ǫ2, x̃;w(x̃)) projects toM
st

g,m+n(M,J ;β) injectively.
The main proposition then is the following

Proposition 9.5.24. The collection U(x; ǫ1, ǫ2) over all x, ǫ1, ǫ2 > 0 provides
a basis of a topology onMg,m(M,J ;β). Furthermore the topology does not depend
on the choices of w and Nwa ’s which enter in the construction of U(x; ǫ1, ǫ2).

Exercise 9.5.25. Prove this proposition and the topology is equivalent to the
topology induced by the sequential convergence described above.

9.5.3. Compactness. In this section, we will prove compactness of the stable
map topology.

Theorem 9.5.26. Mg,m(M,ω, J ;β) is compact.

The proof of this compactness will be divided into several steps according to
the definition of the topology described by its basis element

U(x; ǫ1, ǫ2) = forgetm+n;m(Ust(ǫ1, ǫ2; x̃, w(x̃)))

given in (9.5.40) or according to the definition of sequential convergence given in
Definition 9.5.20.

We also remark that there are three sources of the failure of convergence in the
space of stable maps inMg,m(M,J ;β):

(1) The map goes to constant on some unstable components,
(2) Two or more marked points collide,
(3) The derivative blows up, i.e., |dui(zi)| → ∞.
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9.5.3.1. Initial stabilization of domains: Let ((Σi, zi), ui) be a given sequence
of stable maps. Using the finiteness of combinatorial types of Mg,m(M,J ;β).
We may assume that [(Σi, zi), ui] ∈ MD

g,m(M,J ;β) for a fixed D, after choosing
a subsequence. Therefore, we can add the same finite number n of additional
marked points wi = {wi,a}a∈A with #(A) = n to (Σi, zi) and obtain a stable curve
(Σi, zi ∪ wi). We denote z+i = zi ∪ wi.

Using the compactness ofMg,m+n, after choosing a subsequence, we may as-
sume that

(9.5.41) lim
i→∞

(Σi, z
+
i ) = (Σ+

∞, z
+
∞)

inMg,m+n. Denote by

D+ = (T+, {g+v }, {β+
v }, o+)

the intersection pattern of (Σ+
∞, z

+
∞).

Decompose Σ+
∞ = ∪vΣ∞,v into irreducible components. By definition of the

convergence in (9.5.41), we can write

(Σi, zi
+) = Res(Σi

′,zi+
′)({αe,i}), lim

i→∞
αe,i = 0,

for some (Σ′i, z
′+
i ) with the same intersection pattern D+ and with deformation

parameters (αe,i) ∈ Txv,iΣ
′
v,i ⊗ Txw,iΣ

′
w,i so that

(9.5.42) lim
i→∞

(Σ′i, z
′
i
+
) = (Σ+

∞, z
+
∞) in MD+

g,m+n(M,J ;β).

By the convergence (9.5.42), we can choose ǫ0 > 0 independent of i but depend-
ing only on (Σ+

∞, z
+
∞), and the complex coordinates z given on Uxv ⊂ Σ∞,v, a

neighborhood of a singular point in Σ∞,v so that

z(Uxv) ⊃ D2(ǫ0)

for all v ∈ VT and xv ∈ Sing(Σ∞,v).

Remark 9.5.27. What is really going on in this step of stabilizing the domains
and taking their limits is extracting a sequence of metrics on the domains Σi, Σ

′
i

which converge to the one given in Σ+
∞ as described in Fukaya-Ono’s deformations,

especially as prescribed near the neck regions in the deformation. This enables one
to study the C1-convergence of the maps ui on the stabilized domains on any given
compact subset of Σ+

∞ away from the singular points thereof.

9.5.3.2. Convergence away from neck regions: According to Fukaya-Ono’s de-
formation, we can express Σi = Res(Σ′

i,z
′+
i )({αixv

}) which has a subset, the image

of i
v
′+
i vi

, identified with

Σ′i −
⋃

xv,i

De,i(R
−3/2
e,i ) ⊂ Σ′i.

Here we denote

v′+i = (Σ′i, z
′+
i ), vi = (Σi, z

+
i )

with Re,i = |αixv
|−1/2.
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Figure 15. image

Proposition 9.5.28. Let µ > 0 be any given small constant with µ < ǫ0. By
adding more marked points to those wi chosen in the initial stabilization and taking
a subsequence, still denoted by z+i = zi∪wi, there exists a constant C > 0 such that

sup
Σ′

i−
⋃

xv,i
Dxv,i

(µ)

|dui| ≤ C

where C is independent of i (but may depend on µ).

Before carrying out the proof of Proposition 9.5.28, we recall several lemmas
that will be used in the proof. The proof of the following decay estimate will be
given in Appendix.

Lemma 9.5.29. There exists L0 > 0 and ǫ1 > 0 such that for any L ≥ L0 if the
map u : [−L− 1, L+ 1]× S1 → (M,J) is J-holomorphic and diam(u([−L− 1, L+
1]× S1)) ≤ ǫ1, then∣∣∣∣

∂u

∂τ
(τ, t)

∣∣∣∣+
∣∣∣∣
∂u

∂t
(τ, t)

∣∣∣∣ ≤ Ce−λ dist(τ,∂[−L−1,L+1])

for τ ∈ [−L,L]× S1, where λ > 0, C > 0 is independent of L ≥ L0.

This lemma roughly says that when the diameter of the image of J-holomorphic
map defined on a long cylinder is sufficiently small, then its image looks like a
hyperbolic surface as in the figure.

An immediate corollary of this exponential estimate is the following derivative
estimate on J-holomorphic maps defined on the annuli in C.

Corollary 9.5.30. Consider the conformal identification

[−L,L]× S1 ≃ Ann(r, 1) : w 7→ e−Lew

where r = e−2L and z the standard complex coordinate on D2(1) ⊂ C. Then we
have ∣∣∣∣

∂u

∂z
(z)

∣∣∣∣+
∣∣∣∣
∂u

∂z
(z)

∣∣∣∣ ≤ Cλmax

(
1,

r

|z|2

)

for all z with log |z| ∈ [log r + 1, log r − 1]. (z in a slightly smaller domain of the
annulus.)
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Proof of Proposition 9.5.28. Let ǫ1 be the constant given in Lemma 9.5.29.
Let µ > 0 be given. By taking a subsequence, we may assume that for each com-
ponent v, either

(9.5.43) diamui(Σ
′
i,v − ∪xv,iDxv,i(µ)) ≥

ǫ1
1000

or

(9.5.44) diamui(Σ
′
i,v − ∪xv,iDxv,i(µ)) ≤

ǫ1
100

holds for all a. We call the first type a thick component, and the second type
a thin component. They are not mutually exclusive but cover all the irreducible
components. By Lemma 9.5.29, thin components satisfy the requirements put in
Proposition 9.5.28 and is conformal to an annulus.

We first analyze the thick components. We denote the set of thick components
by

V1,i = V1((Σi, z
+
i ), ui) =

{
v ∈ VT | Diam

(
ui(Σ

′
i,v − ∪xv,iDxv,i(µ)

)
≥ ǫ1

1000

}
.

Note that by the monotonicity formula, if v ∈ V1, then

Area(Σ′i,v\ ∪xv,i Dxv,i(µ)) =

∫

Σ′
i,v\∪xv,i

Dxv,i
(µ)

u∗iω ≥ Cǫ21.

Therefore #(V1,i) is uniformly bounded over i and irrespective of the number of
marked points put on Σ+

i . We also define two subsets of V1,i by

V2,i = V2((Σi, z
+
i ), ui) =

{
v ∈ V1,i | ∃za,j1 , za,j2 ∈ Σi,v ∩ z+i ,

dist(ui(za,j1), ui(za,j2)) ≥
ǫ1

1000

}
(9.5.45)

V3,i = V3((Σi, z
+
i ), ui)

=

{
v ∈ V1,i | lim sup

i→∞
sup

Σ′
i,v\∪Dxv,i

(µ)

|dui| <∞
}
.(9.5.46)

Obviously we have

#(V2,i), #(V3,i) ≤ #(V1,i).

Lemma 9.5.31. Suppose there exists points

pi ∈ Σ′i − ∪xv,iDxv,i(µ)(= Σi − ∪e∈ETWe(µ)),
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such that |dui(pi)| → ∞, and in particular v ∈ V1,i. Then we can take a subse-
quence, add marked points and take a new limit (Σ++

∞ , z∞++) of (Σi, zi
++) such

that one of the following alternatives holds:

(1) Either #V1((Σi, z
++
i ), ui) > #V1((Σi, z

+
i ), ui)

(2) or

#V1((Σi, z
++
i ), ui) = #V1((Σi, z

+
i ), ui)

#V2((Σi, z
++
i ), ui) > #V2((Σi, z

+
i ), ui)

(3) or

#V1((Σi, z
++
i ), ui) = #V1((Σi, z

+
i ), ui)

#V2((Σi, z
++
i ), ui) = #V2((Σi, z

+
i ), ui)

#V3((Σi, z
++
i ), ui) > #V3((Σi, z

+
i ), ui)

Proof. For the notational simplicity, we denote

Σ′i,v(µ; reg) = Σ′i,v\ ∪Dxv,i(µ).

Let pi ∈ Σ′i,v(µ; reg) be a point with

|dui(pi)| = sup
Σ′

i,v\∪Dxv,i
(µ)

|dui| =: Cv,i.

There are two cases to consider,

(1) Cv,i dist(pi, ∂Σ′i,v(reg))→∞
(2) Cv,i dist(pi, ∂Σ′i,v(reg))→ Dv > 0.

For case (1), by the bubbling argument, there occurs a bubble around pi by
the rescaling the domain by the order of Cv,i, and in particular, we can choose

p′i ∈ Σ′i,v(reg) such that dist(ui(pi), ui(p
′
i)) ≥ ǫ1

2 , and dist(pi, p
′
i) <

1
2Cv,i

. Add

pi and p′i as two new marked points in Σ′i,v \ ∪Dxv,i(µ) and consider (Σi, z
++
i )

and its limit in Mg,|z++
i |. Here we recall Σi contains a subset identified with

Σ′i,v \ ∪Dxv,i(µ).

Note that since pi achieves the maximum of |dui| on Σ′i,v(µ; reg), (Σi, z
++
i ) will

satisfy

sup
Σ′

i,v(µ;reg)

|∇ui| < C

on the new bubble component of the limit by the bubbling construction. On the
other hand since the bubbling construction is localized near the points pi, p

′
i, |dui|

has the same behavior on all the components other than Σ′i,v \ ∪Dxv,i(µ) among

the components Σ′i. Therefore we obtain the inequalities

• #V1((Σi, z
+
i ), ui) ≤ #V1((Σi, z

++
i ), ui) and

• One of the following two alternatives hold:

#V2((Σi, z
+
i ), ui) < #V2((Σi, z

++
i ), ui) or #V3((Σi, z

+
i ), ui) < #V3((Σi, z

++
i ), ui)

and hence finishes the proof of the lemma for the first case.
Next we consider the second case (2), i.e., the case where there exists pi ∈

Σ′i,v(µ; reg) such that |dui(pi)| → ∞, with

|dui(pi)| dist(pi,We,i(µ))→ Dv <∞.
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In this case, because the speed of pi approaching the neck region is faster than
the speed of bubbling, we cannot fully capture this bubble and so cannot use the
bubbling argument to select the appropriate marked points as in the first case.

However we can still prove the following lemma using the decay estimates given
in Lemma 9.5.29.

Sublemma 9.5.32. Let Σ′i,v be the component of Σ′i containing pi. By taking a

subsequence if necessary, we can choose a sequence of (pi,+, pi,−) ∈ Σ′i,v such that

(1) dist(ui(pi,+), ui(pi,−)) >
ǫ1
10 for all a,

(2) limi→∞ dist(pa,±, pi) = 0.

Proof. Choose qi 6= pi ∈ Σ′i,v such that d(pi, qi)→ 0 and denote d(pi, qi) = δi.
Let 0 < λ < µ be a sufficiently small constant fixed independently of a. We claim

(9.5.47) lim sup
i→∞

Diam(ui(Dqi(λ))) ≥
ǫ1
2
.

Suppose to the contrary that there exists a subsequence again denoted by ui such
that Diam(ui(Dqi(λ))) <

ǫ1
2 < ǫ1 for all i. Choose a complex coordinate centered

at qi and regard Dqi(λ) as a subset C and qi = 0. Consider the annulus Ann(δ2i , 1)
and a holomorphic embedding

ψi : Ann(δ
2
i , 1)→ Dqi(λ)

ψi(z) = qi +
λ

2
z

(
=
λ

2
z

)

Then pi lies in the image of ψi. If we write ψi(zi) = pi where zi ∈ Ann(δ2i , 1),

then we have |zi|δi ∼
2
λ since we have d(pi, qi) = δi by definition of δi. Obviously,

Diam(ui◦ψi(Ann(δ2i , 1))) ≤ ǫ1 by the hypothesis. Therefore we derive from Lemma
9.5.29 that we have

∣∣∣∣
∂ui ◦ ψ−1i

∂z

∣∣∣∣+
∣∣∣∣
∂ui ◦ ψ−1i

∂z

∣∣∣∣ ≤ Cmax

(
1,

δ2i
|zi|2

)
≤ C

since δi ≤ λ and 0 < λ << 1. However, we have

|dui(pi)| ≤
|d(ui ◦ ψ−1i )(ψi(pi))|

|dψi(pi)|
≤ 2C

λ
<∞

independent of i’s. This is a contradiction to the hypothesis |dui(pi)| → ∞. We
have thus proved (9.5.47) for each fixed λ > 0.
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Now choose a sequence λm with λm → 0. Applying (9.5.47), we can find points
qi,m and a subsequence ui,m and then taking a diagonal subsequence so that

lim sup
m→∞

Diam(um,m(Dqm,m(λm))) ≥ ǫ1
2
.

We choose any two points p+m, p
−
m on Dqm,m(λm) such that

dist(um,m(p+m), um,m(p
−
m)) ≥ ǫ1

4
.

Recall that both points p+m, p
−
m are close to qm,m and d(p±m, qm,m)→ 0. This finishes

the proof of Sublemma 9.5.32. �

Now we go back to the proof of Lemma 9.5.31. Take pi,+ and pi,− in Sublemma
9.5.32 as two new marked points. Denote by (Σ++

∞ , z++
∞ ) the limit of the resulting

curves (Σi, z
++
i ) inMg,|z++

∞ |. Since pa,± are uniformly far away from other marked

points, (Σ++
∞ , z++

∞ ) is obtained by adding one CP 1 to Σi with two new marked
points on CP 1 = Σvnew,∞. By construction we have

Σ++
∞ = Σ∞ ∪ Σvnew,∞

where Σvnew,∞ is attached to Σv. In this process, nothing has changed as in the
first case for the components other than v and vnew from Σ++

∞ . This implies if
w ∈ Vj((Σi, z

+
i ), ui), w 6= v, then w ∈ Vj((Σi, z++

i ), ui). If w ∈ Vj((Σi, z
++
i ), ui)

and w is neither equal to v nor vnew, we have w ∈ Vj((Σi, z+i ), ui).
Since dist(ui(pa,−), ui(pa,+)) >

ǫ1
20 , vnew is a non-constant component and in

particular ui(Σ
′
a,vnew

\Dvnew(µ)) ≥ ǫ1
1000 . Hence we have vnew ∈ V1((Σi, z++

i ), ui).
Furthermore vnew has only two marked points pa,+, pa,− and one singular point,

we may assume dist(pa,+, pa,−) >
ǫ1
2 with respect to the standard metric on CP 1.

Hence vnew ∈ V2((Σi, z++
i ), ui) indeed.

There are three cases to examine for the component v:

(1) For v /∈ V1((Σi, z+i ), ui), we have

#V1((Σi, z
+
i ), ui) < #V1((Σi, z

++
i ), ui)

since vnew ∈ V1((Σi, z++
i ), ui).

(2) For v ∈ V1\V2((Σi, z+i ), ui), we have

#V1((Σi, z
+
i ), ui) ≤ #V1(Σi, z

++
i ), ui),

#V2((Σi, z
+
i ), ui) < #V2((Σi, z

++
i ), ui)

because we have vnew ∈ V2,
(3) For v ∈ V2((Σi, z

+
i ), ui), it is also the case that v ∈ V2((Σi, z

++
i ), ui).

Since we have vnew ∈ V2, it implies

V2((Σi, z
+
i ), ui) < V2((Σi, z

++
i ), ui).

Therefore in all cases, one of Vk for k = 1, 2, 3 must strictly increase. �

Now we are ready to wrap up the proof of Proposition 9.5.28.
As we mentioned before, we have the universal bound for #(V1,i) depending

only on β but independent of i and of the number of marked points. On the other
hand, Lemma 9.5.31 implies that whenever there is a component on which the
derivative of the map blows up, we can add marked points and take a new sequence
for which one of the numbers #(Vk,i) grows for k = 1, 2, 3 without changing the
numbers #(Vl,i) for 1 ≤ l ≤ k− 1. By the universal bound for #(V1,i), this process
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   I

Dxv,i(λ0) Dxv,i(λ0)

Σ′v,i Σ′w,i

W+
e,i = Dxv,i(λ0)#(αe,i)Dxw,i(λ0)

Σ′v,i\Dxv,i Σ′w,i\Dxw,i

W+
e,i

Figure 18. annuli

must stop, i.e., eventually the derivatives will be bounded on all the components
away from the prescribed neck-regions, if we increase the size of #A in the choice
of added marked points wi = {wi,a}a∈A. This finishes the proof of Proposition
9.5.28. �

9.5.3.3. Convergence on the neck regions: Now we examine the behavior of the
diameter of the image of ui on each neck region of Σi. Our goal will be to show
that after adding additional marked points, if necessary, on the neck regions hence
by increasing the size of the indexing set A further and extracting relevant bubbles
away, the diameter of each neck region will converge to 0. By letting µ → 0
and taking a diagonal subsequence, we may assume by Proposition 9.5.28 that
ui : (Σi, z

++
i )→M converges on compact subsets of Σi\ Sing(Σi).

Now we consider the behavior of the sequence on the neck region as µ → 0.
Fix a sufficiently small λ0 > 0 and consider the annuli

W+
e,i(λ0) = Dxv,i(λ0)#(αe,i)Dxw,i(λ0).

Then we choose a sequence λi → 0, e.g.,

λi = |αe,i|1/8(= R
−1/4
e,i )

and consider the sequence

We,i = Dxv,i(λi)#(αe,i)Dxw,i(λi).

We have conformal isomorphisms

W+
e,i(λ0) ≃ [−L+

e,i, L
+
e,i]× S1

We,i ≃ [−Le,i, Le,i]× S1
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where

L+
e,i ∼ ln

(
λ0

|αe,i|1/4
)

= lnλ0 −
1

4
ln |αe,i|

Le,i ∼ ln

(
λi

|αe,i|1/4
)

= −1

8
ln |αe,i|.

In particular, L+
e,i, Le,i →∞ and L+

e,i − Le,i →∞.

It follows from Proposition 9.5.28 that on each compact subset K ⊂ Σ+
∞ \

Sing(Σ+
∞), ui converges in C∞-topology. For we can choose a subsequence ui’s

as i → ∞ for given µ > 0 and then let µ → 0 and take a diagonal subsequence
and prove that ui converges on K: Here the last statement makes sense because
for any compact subset K ⊂ Σ+

∞ − Sing(Σ+
∞), we can choose compact subsets

Ki ⊂ Σ+
i − Sing(Σ+

∞) such that Ki → K and (ui,Ki) → (u∞,K) in the obvious
sense.

In particular, the maps ui|∂W+
e,i(λ0)

converge as i → ∞ since ui converges on

the compact subsets

Ki = Σi \
⋃

e

W+
e,i(λ0)

K = Σ+
∞ \

⋃

e

W+
e,∞(λ0) ⊂ Σ∞ \ Sing Σ∞.

Therefore we can apply the same argument used for the region outsideW (µ) above,
by adding more marked points on the neck W+

e,i(λ0) and splitting bubbles off, and

achieve the C1 bound

(9.5.48)

∣∣∣∣
∂ui
∂τ

∣∣∣∣+
∣∣∣∣
∂ui
∂t

∣∣∣∣ < C <∞

onW+
e,i(λ0) uniformly over all i for some constant C independent of i after choosing

a subsequence.

Lemma 9.5.33. We can make a suitable choice of additional marked points, take
a new limit for a subsequence and split off bubble components so that the following
hold: For each given ǫ > 0, we can choose a positive real number L(ǫ) and an
integer i(ǫ) so that

(1) L(ǫ), i(ǫ)→∞ as ǫ→ 0 and
(2) if τ ∈ [−Le,i + L(ǫ), Le,i − L(ǫ)] and i > i(ǫ), then

∣∣∣∣
∂ui
∂τ

(τ, t)

∣∣∣∣+
∣∣∣∣
∂ui
∂t

(τ, t)

∣∣∣∣ ≤ ǫ

for all i.

Proof. We prove this by contradiction. Suppose to the contrary. Then there
exists ǫ2 > 0 such that for any choice of L2 ∈ R, i2 ∈ N, there exists i > i2 such
that ∣∣∣∣

∂ui
∂τ

(Ti, ti)

∣∣∣∣+
∣∣∣∣
∂ui
∂t

(Ti, ti)

∣∣∣∣ ≥ ǫ2

for some Ti ∈ [−Le,i + L2, Le,i − L2], ti ∈ S1.
Denote also by Ti the translation of cylinder by Ti and we consider ui ◦

Ti|[−L2,L2]×S1 as L2 →∞: Since Ti ∈ [−Le,i+L2, Le,i−L2] and Le,i−L2 →∞ as
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L(E)L(E)
−∞← −Le,i Le,i →∞

Figure 19. neck

i→∞, we have Le,i − L2 > L2 eventually. (See Figure 19.) Therefore the domain
of the map ui ◦ Ti will eventually contain [−L2, L2]× S1. Then by (9.5.48) ui ◦ Ti
has uniform derivative thereon and |d(ui◦Ti)(0, ti)| ≥ ǫ2. Therefore, we can extract
a non-constant bubble around Ti for ui by letting L2 →∞. Then we may add two
additional marked points suitably on the cylinder, and take convergence of the new
stable curve on the Deligne-Mumford space. This process will increase the number
of components contained in V1. Because of the uniform bound on #V1 independent
of the number #A of added marked points, after repeating this process enough
number of times, we will obtain the lemma. �

The following lemma is easy to prove which is left as an exercise.

Lemma 9.5.34. Under the assumption of Lemma 9.5.33, there exist constants
C′, k′ > 0 independent of i such that

Diam(ui([−Le,i +B,Le,i −B]× S1)) ≤ C′e−k′B

for all 0 < B ≤ Le,i − 1.

Exercise 9.5.35. Prove this lemma. (Hint: Suppose that a function f : R→ R

satisfies d2f
dt2 ≥ λf for some λ > 0. Let L > 0 be given. Then if |f(±L)| ≤ C0, f

satisfies the inequality

(9.5.49) |f(t)| ≤ C1e
−
√
λdist(t1±L)

for t ∈ [−L,L]. Or see the proof of Proposition 14.1.5.)

We take B = 1
2Le,i which is certainly smaller than Le,i − 1 for all sufficiently

large i’s, and so obtain

diam(ui([−Le,i/2, Le,i/2]× S1)) ≤ C′e− k′

2 Le,i

for all i from this lemma. Therefore,

lim
µ→0

lim sup
i→∞

Diam(ui(We,i(µ))) = 0

for any nodal point x = xe. Combining this with the convergence on compact sets
of ui away from Sing(Σ∞) (Proposition 9.5.28), we have proved

s-limi→∞[(Σi, z
+
i ), ui] = [(Σ∞, z

+
∞), u∞], z+i = zi ∪ wi

for a suitable choice of additional marked points wi = {wi,a}a∈A.
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D

Stable Dead Components

Yi

Figure 20. components

9.5.3.4. Forgetting the added marked points: Now we would like to go back to
the convergence of the original sequence ((Σi, zi), ui) by removing the added marked
points wi. We need to be able to define

forgetm+n;m[(Σ∞, z
+
∞), u∞] ∈Mg,m(M,J ;β)

where n = #A.

Definition 9.5.36. We call a constant component Σ∞,v of Σ∞ a dead compo-
nent if it becomes unstable after removal of all the added auxiliary marked points,
and call it a ghost component if it remains stable after removal of all the added
auxiliary marked points.

We remark that any dead component can have at most one or two singular
points. Consider the union of all dead components. Denote by Y = ∪l∈LΣ∞,vl
one of its connected components. Then Y is mapped to a point by u∞. Then we
consider the corresponding union associated to ui,

⋃

l∈L
Σi,vl\ ∪x Dxe,i(λi)

and add back the necks to each singular point of Y (also the neck at the intersection
of Y and nearby stable components). We denote the resulting open surface by Yi.

Then the topological type of Yi must be either a disc or a cylinder: If Yi is
of disc-type, it can carry at most one of the original marked points. If Yi is of
annulus-type, Yi cannot contain any of them.

We remove all the added marked points from Yi. We know Diam(ui(Yi)) → 0
as i→∞. It follows from these considerations that the resulting pre-stable map is
stable.

Denote the resulting stable map by ((Σi, z
+−
i ), ui). We then remove all the

added marked points from Y ⊂ Σ∞, contract all the components in Y and denote
((Σ∞, z+−∞ ), u∞) for the resulting stable map.

And then we can remove all the added marked points safely from non-constant
component of ((Σ∞, z+−∞ ), u∞) and correspondingly from ((Σi, z

+−
α ), ui). We de-

note by (Σ∞, z+−−∞ ), u∞), (Σi, z
+−−
i ), ui) the resulting stable maps respectively.

By construction, we have [(Σi, z
+−−
i ), ui] ∈ Mg,m(M,ω;A) and [(Σi, z

+−−
i ), ui] =

[(Σi, zi), ui] obviously by construction. Hence, we have

forgetm+n;m[(Σi, z
+
i ), ui] = [(Σi, zi), ui]

and

forgetm+n;m[(Σ+
∞, z

+
∞), u∞] = [(Σ∞, z

+−−
∞ ), u∞]
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Figure 21. forgetful

is well-defined in Mg,m(M,J ;β). Then by the definition of the convergence given
in Definition 9.5.20, we have

lim
i→∞

[(Σi, zi), ui] = [(Σ∞, z
+−−
∞ ), u∞].

This finally finishes the proof of compactness.

9.5.4. Hausdorff property. In this subsection, we examine the Hausdorff
property ofMg,m(M,J ;β). For this purpose, we recall the definition of the forgetful
maps

forgetm+n;m :Mg,m+n(M,J ;β)→Mg,m(M,J ;β) :

Let ((Σ, z), u) be an element ofMg,m+n(M,J ;β) and u = (uv)v∈VT be its decom-
position. After we forgetting the last n marked points, if an irreducible component
(Σv, uv) becomes unstable (i.e., if the genus of Σv is zero and the map uv is con-
stant), then we just contract Σv to a point and remove the component (Σv, uv). If
(Σv, uv) remains stable after the forgetting the marked points, we leave (Σv, uv) as
it is just removing the designated added marked points from Σv.

Theorem 9.5.37. The stable map topology on Mg,m(M,J ;β) is Hausdorff.

Proof. To prove the Hausdorff property ofMg,m(M,J ;β), we have to prove

that the diagonal ofMg,m(M,J ;β)×Mg,m(M,J ;β) is a closed subset. We recall

that the set of stable maps M̃g,m(M,J ;β) is metrizable. Therefore it will be enough
to prove the following statement:

Let ((Σ, zi), ui), ((Σ, z
′
i), u

′
i) ∈ M̃g,m(M,J ;β) be two representatives of a con-

vergent sequence of stable maps inMg,m(M, J ;β), i.e., [(Σ, zi), ui] = [(Σ, z′i), u
′
i].
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By the definition of convergence in the stable map topology, there exist stabi-

lizations of domains (Σi, z
+
i ) and (Σ′i, z

+′

i ), such that

s-limi→∞[(Σi, z
+
i ), ui] = [(Σ∞, z

+
∞), u∞] in Mst

g,m+n(M,J ;β)

s-limi→∞ = [(Σi, z
+′

i ), u′i] = [(Σ∞, z
+′

∞ ], u′∞) in Mst

g,m+n′(M,J ;β)

with

[(Σ, z), u] = forgetm+n;m[(Σ∞, z
+
∞), u∞]

[(Σ, z′), u′] = forgetm+n′:m[(Σ∞, z
+′

∞ ), u′∞].

By the convergence hypothesis in the sense of Definition 9.5.20, these are well-
defined. We need to prove that the two stable maps ((Σ, z), u) and ((Σ, z′), u′) are
isomorphic.

By the definition of the equivalence classes, we have a biholomorphism φi :
(Σi, zi) → (Σi, z

′
i) and u′i = ui ◦ φ−1i for each a ∈ N. We consider the subset

z′′i = z+i ∪ z+
′

i ⊂ Σi consisting of added marked points, i.e.,

z′′i = {zi, z+i \zi, z+
′

i \z′i}

By perturbing the points in z+
′

i \z′i, if necessary, we may assume that the points in
z′′i are all different.

Then obviously the domains of the stable maps ((Σi, z
′′
i ), ui) are stable and

so they define elements in Mst

g,m+n+n′(M,J ;β) ⊂ Mg,m+n+n′(M,J ;β). By the

compactness ofMg,m+n+n′(M,J ;β) and by the definition of its topology, we can
add additional n′′ marked points and achieve

(9.5.50) s-limi→∞[(Σi, z
′′′
i ), ui] = [(Σ′′∞, z

′′′
∞), u′′∞]

for some [(Σ∞, z′′′∞), u∞] ∈Mst

g,m+n+n′+n′′(M,J ;β) after choosing a subsequence if
necessary. By construction, we have

forgetm+n+n′+n′′;m+n[(Σi, z
′′
i ), ui] = [(Σi, z

+
i ), ui].

The convergence (9.5.50) in particular guarantees that the marked points are all
uniformly separated for sufficiently large i. We also recall

s-limi→∞[(Σi, z
+
i ), ui] = [(Σ∞, z

+
∞), u∞].

Similarly we have

forgetm+n+n′+n′′;m+n′ [(Σi, z
′′
i ), ui] = [(Σ′i, z

+′

i ), u′i].

and

s-limi→∞[(Σ′i, z
+′

i ), u′i] = [(Σ′∞, z
+′

∞ ), u′∞].

From these, we derive

forgetm+n+n′+n′′;m+n[(Σ
′′
∞, z

′′

∞), u′′∞] = [(Σ∞, z
+
∞), u∞]

forgetm+n+n′+n′′;m+n′ [(Σ′′∞, z
′′

∞), u′′∞] = [(Σ′∞, z
+′

∞ ), u′∞]

On the other hand, we had,

forgetm+n;m[(Σ∞, z
+
∞), u∞] = [(Σ, z), u]

forgetm+n′;m[(Σ′∞, z
+′

∞ ), u′∞] = [(Σ′, z
′

), u′]
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Therefore we have obtained

[(Σ, z), u] = forgetm+n;m ◦ forgetm+n+n′+n′′;m+n[(Σ
′′
∞, z

′′

∞), u′′∞]

[(Σ′, z
′

), u′] = forgetm+n′;m ◦ forgetm+n+n′+n′′;m+n′ [(Σ′′∞, z
′′

∞), u′′∞].

We also have the following general lemma which is the analogue of Lemma
9.3.22 for the stable map moduli spaces.

Lemma 9.5.38. For any a, b, c ∈ N,

forgeta+b;a ◦ forgeta+b+c;a+b = forgeta+b+c;a

onMg,a+b+c(M,J ;β).

Applying this lemma with a = m, b = n, c = n′ + n′′ or a = m, b = n′, c =
n′ + n′′ to the right hand side of the equation right above the lemma, we obtain

[(Σ, z), u] = [(Σ′, z
′

), u′]

because both are obtained by forgetting marked points of the same enumerations
from the same stable map [(Σ′′∞, z

′′

∞), u′′∞] ∈ Mg,m+n+n′+n′′(M,J ;β). This proves

that the diagonal ofMg,m(M,J ;β)×Mg,m(M,J ;β) is a closed subset. This finishes
the proof of Hausdorff property. �





CHAPTER 10

Fredholm theory

In this chapter, we explain the appropriate functional analytic setting that is
used for the crucial transversality study of the moduli space of pseudo-holomorphic
maps. In physics language, this corresponds to the off-shell description of the
moduli problem. For this purpose, it is important to observe that the moduli space
of J-holomorphic maps can be regarded as the zero-set of a Fredholm section of an
infinite dimensional Banach vector bundle over a Banach manifold.

10.1. A quick review of Banach manifolds

We first briefly summarize the materials on the theory of Banach manifolds
and the Sard-Smale theorem [Sm65].

Let B1, B2 be two Banach spaces. We denote by L(B1,B2) the set of bounded
linear maps equipped with norm topology.

Definition 10.1.1. A bounded linear map L : B1 → B2 is called a Fredholm
operator if it satisfies the following 3 conditions:

(1) it has a closed range
(2) dim(kerL) <∞
(3) dim(cokerL) <∞

The Fredholm index, denoted by IndexL, is defined to be

IndexL = dim(kerL)− dim(cokerL).

The following is a standard theorem which can be proved from the definition
and the basic theorems in functional analysis of Banach spaces. (See e.g., [Rud73],
[La83] for the details of the proof.)

Proposition 10.1.2. The index function L 7→ Z is a continuous function with
respect to the norm topology on L(B1,B2) (and so invariant under the continuous
homotopy of Fredholm operators). Furthermore the set of Fredholm operators form
an open subset in L(B1,B2).

Proof. We outline the main steps of the proof leaving the details as an exer-
cise. First finite dimensionality of kerL and cokerL provides a splitting

B1 = B′1 ⊕ kerL, B2 = imageL⊕ C2

with respect to which L can be written as

L =

(
L11 L12

L21 L22

)

where L11 : B′1 → imageL is an isomorphism and L12, L21, L22 are compact oper-
ators.

253
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Exercise 10.1.3. Complete the proof based on the above preparation.

�

Now Let f : U1 → U2 be a continuous map where Ui ⊂ Bi are open subsets of
Bi respectively. The map f is called Ck if it is so in the sense of calculus. More
precisely, we have

Definition 10.1.4. A continuous map f : U1 → U2 is called differentiable at
x ∈ U1, if there exists a bounded linear map A : B1 → B2 such that

f(x+ h)− f(x) = A · h+ c(h)

for all h ∈ B1, where c is a continuous map in a neighborhood of 0 ∈ B1 such that
limh→0 ‖c(h)‖B2/‖h‖B1 = 0. We call such a linear operator A the derivative of f
at x and denote by df(x) = A. We say f is continuously differentiable or of class
C1, if the map

df : B1 → L(B1,B2)

is continuous with respect to the norm topology of L(B1,B2). Proceeding induc-
tively, we define the r-th derivative

drf = d(dr−1f) : U1 → Lr(B1,B2) = Lr(B⊗r1 ,B2)

and a map of class Cr . We call a map smooth (or infinitely differentiable) if it is
of Cr for all r = 0, · · · ,→∞.

We refer readers to [La02], [AMR88] for more details on Banach differentiable
manifolds and their detailed calculus.

Definition 10.1.5. A Banach manifold is a second countable topological space
that carries an atlas {(Uα, φα)} consisting of local charts φα : Uα → B where B is
a Banach space such that

φα ◦ φ−1β : φβ(Uα ∩ Uβ)→ φα(Uα ∩ Uβ)
is smooth (or Ck).

One can also define the notion of Banach vector bundles E →M over a Banach
manifold which is locally trivial and each fiber Ex is a Banach space. As in the
finite dimensional case, we can define the notion of tangent bundles TM →M as a
vector bundle. We can also consider the notion of connections and their associated
covariant derivatives.

Definition 10.1.6. Let k ≥ 1. A Ck-map f : M → N is called a Fredholm
map if Txf : TxM → Tf(x)N is a Fredholm operator for all x ∈M .

By definition and by the homotopy invariance of the index, the function

x 7→ Index dxf

is locally constant, and so constant on each path-component of M . The following
basic theorem and corollaries are proved by Smale [Sm65].

Theorem 10.1.7 (Sard-Smale Theorem). Let M be connected and denote by
index f to be the common integer IndexTxf for x ∈ M . Let f : M → N a Ck-
Fredholm map with k > max{index f, 0}. Then the set of regular values of f is a
residual subset of N .

We state some corollaries of this theorem.



10.1. A QUICK REVIEW OF BANACH MANIFOLDS 255

Corollary 10.1.8. If f : M → N is a Fredholm map of negative index, then
its image contains no interior point.

Corollary 10.1.9. Let M be connected and f : M → N be a Fredholm map.
Then for almost all y ∈ N , the pre-image f−1(y) is either empty or a smooth
submanifold of dimension given by index f = dimkerTyf .

Definition 10.1.10. Let E be a Banach vector bundle over M modeled by a
Banach space E. Let s : M → E be a C1 section. Then s is said to be a Fredholm
section if the covariant derivative ∇s(x) : TxM → Ex is Fredholm with respect to
a (and so any) connection ∇.

Note that the linear operator ∇s(x) is independent of the choice of the connec-
tion ∇ at a zero point x with s(x) = 0. We call this common operator ∇s(x) the
(covariant) linearization of s at a zero x, and denote by Ds(x) : TxM → Ex.

Proposition 10.1.11. Let s be a Fredholm section and s ⋔ oE where oE is the
zero section of E. Then the zero set s−1(oE) ≃ Im s∩oE is a smooth submanifold of
M ∼= oE. The dimension of s−1(oE) stays constant on each connected component
of M .

Next we recall some basic facts on the elliptic differential operators acting on
the space of smooth sections. Let E1, E2 →M be two vector bundles over a finite
dimensional manifold M :

(1) A linear operator L : C∞(E1) → C∞(E2) is called local if supp(Ls) ⊂
supp(s) for any s ∈ C∞(E1). Any local linear operator is a differential
operator (Peetre’s theorem [Pe59]).

(2) An equivalent, but purely algebraic description of linear differential op-
erators is as follows: an R-linear map L is a kth-order linear differential
operator, if for any k + 1 smooth functions f0, . . . , fk ∈ C∞(M) we have

(10.1.1) [fk, [fk−1, [· · · [f0, P ] · · · ]]] = 0.

Here the bracket [f, L] : Γ(E) → Γ(F ) is defined as the commutator
[f, L](s) = L(f · s)− f · L(s).

(3) The order(L) is the minimal possible k for which (10.1.1) holds for all
choices of f0, . . . , fk ∈ C∞(M).

(4) Any local operator of order k can be expressed as
∑
|I|≤k AI

∂
∂xI where

Ai ∈ Hom(E1, E2) and the top order part is independent of trivialization
in the following sense: Replacing ∂

∂xi
by ξi ∈ T ∗M in

∂

∂xI
:=

(
∂

∂x1

)k1( ∂

∂x2

)k2
· · ·
(

∂

∂xn

)kn
with |I| =

n∑

i=1

ki = k

we define the (principal) symbol map of L by

(10.1.2) σ(L)(ξ) :=
∑

|I|=orderL

AIξ
I .

Here π : T ∗M →M is the canonical projection and π∗Ei is the pull-back
bundles on T ∗M . Then this map defines a smooth section of

Hom(π∗E1, π
∗E2)→ T ∗M

such that σ(L)(ξ) : E1,π(ξ) → E2,π(ξ) is an isomorphism whenever ξ 6= 0.
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Definition 10.1.12. A differential operator L : C∞(E1) → C∞(E2) is called
elliptic if σ(L)(ξ) is an isomorphism for all ξ ∈ T ∗M\{0}.
Note L can be elliptic only when rank(E1) = rank(E2) since the linear map σ(L)(ξ)
can be an isomorphism only for such cases.

The following is the basic a priori estimate that applies to any elliptic differential
operator L (defined on a compact manifold without boundary).

Proposition 10.1.13. Let M be a compact manifold without boundary. Sup-
pose the operator L : C∞(E1)→ C∞(E2) is elliptic. Then for any ξ ∈ C∞(E1),

‖ξ‖s+k,p ≤ C
(
‖Lξ‖s,p + ‖ξ‖s+k−1,p

)

for all s and 1 < p <∞ where k = order(L). In particular L extends to a bounded
linear map W k+s,p(E1) to W

s,p(E2) which is Fredholm.

Remark 10.1.14. WhenM has boundary, one could define an elliptic boundary
value problem as the pair of differential operator

(L,B) : C∞(E1)→ C∞(E2)× C∞(i∗E2).

where B : C∞(E1)→ C∞(F2) is a trace operator and F2 → ∂M is a subbundle of
E2|∂M on ∂M with orderB ≤ orderL− 1 such that the a priori estimate

‖ξ‖s+k,p ≤ C
(
‖Lξ‖s,p + ‖ξ‖s+k−1,p + ‖B(ξ ◦ i)‖s+l−1−1/p,p

)

holds for all s and 1 < p <∞. See [ADN59], [ADN64] for the derivation of a priori
estimates for general elliptic boundary value problem, i.e., for the operator (L,B)
satisfying Lopatinski-Shapiro conditions (see e.g., [ADN64] for the explanation).

In this regard, the Riemann-Hilbert problem

∂ξ = 0 ξ(θ) ∈ τ(θ)
where τ → ∂Σ is a totally real subbundle of Cn is an elliptic boundary value
problem. This is because the problem can be turned into a boundary value problem
Bξ|∂Σ = 0 for some zero order operator B.

Exercise 10.1.15. Give a precise definition of the zero order operator B above
in the expression Bξ|∂Σ = 0.

10.2. Off-shell description of the moduli space

We want to consider a J-holomorphic map u : (Σ, j) → (M,J) as a zero of a
Fredholm section of some Banach vector bundle over F := C∞(Σ,M).

First we assume Σ has no boundary. We will later indicate the changes needed
to handle the case with boundary.

C∞(Σ,M) is not actually a Banach manifold with respect to C∞ topology.
It is only a Frechet manifold. To make a Banach manifold out of C∞(Σ,M), we
need to enlarge it to the space Fk,p :=W k,p(Σ,M) of Sobolev maps for k − 2

p > 0

(resp. the Hölder space Ck,α(Σ,M), by taking the completion of C∞(Σ,M) with
respect to the W k,p-norm (resp. the Ck,α)-Hölder norm). We will work only with
the Sobolev spaces and begin our discussion by recalling the notion of W k,p-maps
into a smooth manifold M . The easiest and quickest way of its definition is to use
Nash’s isometric embedding theorem [Nas56].
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Fix an isometric embedding (M, g) →֒ RN for a sufficiently large integer N and
regard M as a closed submanifold RN . Then we may regard u : Σ→M →֒ RN as
a RN -valued function.

Definition 10.2.1. Let k − 2
p ≥ 0. We define

W k,p(Σ,M) := {u ∈W k,p(Σ,RN ) | u(z) ∈M a.e.}
and call any element u in W k,p(Σ,M) a W k,p-map to M .

It is easy to check that as long as we choose k− 2
p > 0, for which the map u is

continuous, this definition is independent of the embedding and so is well-defined
on a manifold.

Remark 10.2.2. One can also define the completion by defining the relevant
norms locally and summing over a partition of unity in a fixed locally finite atlas of
M . In practice, especially for the study of convergence of maps in W k,p-topology,
one needs to employ the techniques of a priori estimates for which this local defini-
tion will be more practical.

Now let u ∈ C∞(Σ,M) ⊂W k,p(Σ,M). Consider the set W k,p(u∗TM) defined
by

W k,p(u∗TM) =W k,p-completion of C∞(u∗TM).

Recall that C∞(u∗TM) is defined to be the set

C∞(u∗TM) = {ξ : Σ→ TM | π ◦ ξ = u, ξ smooth}
where π : TM → M is the obvious projection. We also denote by π : u∗TM → Σ
the induced projection u∗TM |z = Tu(z)M → z with z ∈ Σ.

We denote by Fk,p =W k,p(Σ,M) the W k,p-completion of F .
Proposition 10.2.3. Assume M is a finite dimensional closed manifold. Let

k− 2
p > 0. Then Fk,p carries a C∞ Banach manifold structure such that its tangent

space TuFk,p at u is given by

(10.2.3) TuFk,p =W k,p(u∗TM).

Proof. We need to provide an atlas for Fk,p. Fix a metric g on M , and let
δ = ι(M, g) be the injectivity radius of (M, g). Denote by Dδ(TM) the subset
Dδ(TM) = {(x, v) ∈ TM | |v| < δ}. Then the associated exponential map exp :
Dδ(M) ⊂ TM → M ×M is well-defined and is a diffeomorphism onto its image.
Consider the open subset

Uu = ẽxpuVu
with smooth center u where

Vu = {ξ ∈W k,p(u∗TM) | |ξ(z)| < ι(M, g)}
and ẽxpu : Vu → Uu is defined by the formula

ẽxpu(ξ)(z) := expu(z)ξ(z)

for z ∈ Σ. Then ẽxpu becomes a homeomorphism onto its image, which contains

u and so (Uu, ẽxp−1u ) defines a local chart of W k,p(Σ,M) modeled by the Banach
space W k,p(u∗TM).
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ẽxpu1

ẽxpu2

Figure 1. chart

Apply this to a countable dense subset of u’s that lie in C∞(Σ,M) ⊂W k,p(Σ,M).
By the density of embedding C∞(Σ,M) →֒ W k,p(Σ,M), it follows

W k,p(Σ,M) =
⋃

u∈C∞(Σ,M)

Uu.

Next we prove compatibility of these local charts.

Lemma 10.2.4. The collections

{ẽxp−1u : Uu →W k,p(u∗TM) | u ∈ C∞(Σ,M)}
form a C∞-atlas of Fk,p.

Proof. We need to prove the transition map

ẽxp
−1
u1
◦ ẽxpu2

: ẽxp
−1
u2

(Uu2 ∩ Uu1)→ ẽxp
−1
u1

(Uu2 ∩ Uu1)

is Cℓ for all ℓ ∈ N for any choice of u1, u2 ∈ C∞(Σ,M).
From the definition of ẽxp, we have

ẽxp
−1
u1
◦ ẽxpu2

(ξ)(z) = exp−1u1(z)
◦ expu2(z)(ξ(z)).

Note that since we have chosen u1, u2 to be smooth, the map z → ẽxp
−1
u1
◦

ẽxpu2
(ξ(z)) lies in W k,p if and only if ξ is in W k,p and so defines a W k,p sec-

tion of u∗1TM . In addition, it again follows from the smoothness of u1, u2 that the

assignment ξ → ẽxp
−1
u1
◦ ẽxpu2

defines a map

(10.2.4) Vu1 ∩ ẽxp−1u1
◦ ẽxpu2

(V2)→ Vu2 ∩ ẽxp−1u2
◦ ẽxpu1

(V1)
that is differentiable infinitely many times. By changing the role of u1 and u2, we

prove that the inverse map ẽxp
−1
u2
◦ ẽxpu1

is also differentiable infinitely many times.
Hence we have shown that the transition maps are C∞. �



10.2. OFF-SHELL DESCRIPTION OF THE MODULI SPACE 259

Exercise 10.2.5. Prove that the transition map (10.2.4) is differentiable infin-
itely many times and also prove the statement on the tangent space.

This finishes the proof. �

Remark 10.2.6. We remark that the model Banach space W k,p(u∗TM) varies
depending on the choice of base points u but they are homeomorphic whenever
u1, u2 are sufficiently C∞-close to each other. Therefore we can compose another
homeomorphism ofW k,p(u∗2TM) toW k,p(u∗1TM) to provide an atlas of Fk,p out of
the atlas given in Proposition 10.2.3 such that the transition maps in the modified
atlas are differentiable infinitely many times, and hence a Banach manifold structure
in the sense of Definition 10.1.5.

From now on, we suppress the super-indices k, p from our notations, unless they
are absolutely necessary for the clarity.

We regard the assignment u 7→ du as a section of some (infinite dimensional)
vector bundle, which we now explain. Denote

Hu = Γ(Λ1(u∗TM)) = Ω1(u∗TM) ; H =
⋃

u∈F
Hu.

Then the map d : u 7→ du defines a section of the bundle H → F . This section is
not a Fredholm section, though: Note that the rank of the vector bundle u∗TM is
2n and that of TΣ⊗ u∗TM is 4n. Following standard notations, we denote

Γ(u∗TM) = Ω0(u∗TM), Γ(Λ1(u∗TM)) = Ω1(u∗TM).

Next we involve the given complex structure j on Σ and the almost complex
structure J on (M,ω). The pair (j, J) induces a decomposition

Hom(TΣ, u∗TM) = Hom′(j,J)(TΣ, u
∗TM)⊕Hom′′(j,J)(TΣ, u∗TM)

into complex linear and anti-complex linear part as

A =
A− J · A · j

2
+
A+ J ·A · j

2
=: A′ +A′′

Equivalently, regarding A as an element in Λ1(u∗TM), we also decompose A into

A = A(1,0) +A(0,1)

with respect to the almost complex structures j, J . This induces the corresponding
decomposition of one-forms with values in u∗TM

Ω1(u∗TM) = Ω
(1,0)
(j,J)(u

∗TM)⊕ Ω
(0,1)
(j,J)(u

∗TM)

and so

H = H(0,1) ⊕H(0,1)

with

H(1,0)
((j,u),J) = Ω

(1,0)
(j,J)(u

∗TM), H(0,1)
((j,u),J) = Ω

(0,1)
(j,J)(u

∗TM).

Finally, we define the section

∂(j,J) : F → H(0,1)
(j,J)

by

u 7→ ∂̄(j,J)u :=
du+ J · du · j

2
.
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By definition, a (j, J)-holomorphic map from (Σ, j) to (M,J) is a zero of the section
∂(j,J). We will suppress j on Σ for the later discussions whenever there is no danger
of confusion. We would like to point out that

ranku∗TM = rankΛ
(0,1)
(j,J)(u

∗TM)(= 2n)

which reflects two dimensionality of Σ. Whenever there is no danger of confusion,
we will suppress (j, J) from the notations.

10.3. Linearizations of ∂(j,J) and ∂

Let Σ be a compact surface of genus g, and JΣ be the set of complex structures
j on Σ as before.

First we fix a complex structure j on Σ

Proposition 10.3.1. Let J be any compatible almost complex structure on
(M,ω). Then the assignment

∂(j,J) : F → H(0,1)
(j,J)

defines a Fredholm section if we give W k,p-topology on TuF and W k−1,p-topology
on H(0,1)

(j,J;u) for k − 2/p > 0.

In other words, the linearization map

Du∂̄(j,J) : TuF → H(0,1)
(j,J;u)

is a Fredholm operator. The rest of this section will be occupied with the proof of
this proposition and the calculation of the index of this Fredholm operator.

Recall

TuF = Ω0(u∗TM), H(0,1)
(j,J;u) = Ω

(0,1)
(j,J)(u

∗TM).

We will compute Du∂(j,J) explicitly for that purpose. For the computation, we will
use an almost Hermitian connection (e.g., the canonical connection) of the almost
Kähler structure (M,ω, J), i.e., the one satisfying

∇ω = 0 = ∇J.
This connection, whose torsion may not be zero, is not the same as the Levi-Civita
connection of gJ in general unless J is integrable.

Suppose d(x0, x1) < inj(M,∇) so that there exists a unique short geodesic from
x0 to x1 with respect to the connection∇. Then we denote by Πx1

x0
: Tx0M → Tx1M

the parallel transport along the unique short geodesic.
We start with finding an explicit expression of the (covariant) linearization of

the section d. The connection ∇ on TM also provides a connection ∇ on the vector
bundle H → F via the parallel translation along the short geodesics as follows.

For a vector field X on M and for a vector v ∈ Tx0M , let γ : (−ǫ, ǫ)→ M be
the unique geodesic with γ(0) = x0 and γ′(0) = v. Then we have the formula

∇vX =
d

ds

∣∣∣
s=0

(
Πγ(s)x0

)−1
(X(γ(s))) ∈ Tx0M.

We denote by ∇du := u∗∇ the pull-back connection of ∇ on the vector bundle
u∗TM → Σ for a map u : Σ→M .
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Given any section Υ : F → H (say du), and ξ ∈ TuF , we define the covariant
derivative by its evaluation against ξ at z given by

∇duΥ(ξ)(z) =
d

ds

∣∣∣
s=0

(
Π
us
ξ(z)

u(z)

)−1
(Υ(usξ(z)))

for z ∈ Σ with usξ(z) := expu(z)s(ξ(z)). We will explicitly calculate the covariant
linearization Dud : TuF → Hu. Recall that du is a one-form on Σ with values in
u∗TM , and hence we try to evaluate Dud(ξ)(a) for a ∈ TzΣ.

First, we consider a curve λ : (−ǫ, ǫ) → Σ such that λ(0) = z, λ′(0) = a, and
consider a two parameter family

Γ : (−ǫ, ǫ)× (−ǫ, ǫ)→M

(t, s) 7→ expu(λ(t))(sξ)

Note that Γ(0, s) = expzsξ = usξ(z), Γ(t, 0) = u(λ(t)). Therefore we have

∂Γ

∂t

∣∣∣
t=0,s=0

= du(a),
∂Γ

∂s

∣∣∣
s=0,t=0

= ξ(u(z)).

We recall the following torsion formula

∇s
∂Γ

∂s

∣∣∣
(t,s)=(0,0)

−∇t
∂Γ

∂s

∣∣∣
(t,s)=(0,0)

= T

(
∂Γ

∂s

∣∣∣
(s,t)=(0,0)

,
∂Γ

∂t

∣∣∣
(s,t)=(0,0)

)

= T (ξ, du(a))

Now we calculate Du(d)(ξ)(a).

Du(d)(ξ)(a) =
D

∂s

∣∣∣
(s,t)=(0,0)

d(us)

(
dγ

dt

)
=
D

∂s

∂Γ

∂t

∣∣∣
(s,t)=(0,0)

=
D

∂t

∂Γ

∂s

∣∣∣
(s,t)=(0,0)

+ T (ξ, du(a))

=
D

∂t

∣∣∣
t=0

ξ + T (ξ, du(a)) = ∇du(a)ξ + T (ξ, du(a))

Now we denote by T̃du the one-form on Σ with values in End(u∗TM) defined by

T̃du(ξ)(a) = T (ξ, du(a)) for a ∈ TΣ, ξ ∈ u∗TM.

With these notations, we have obtained the formula for the (covariant) linearization
of d

(10.3.5) Dud = ∇du + T̃du.

Then by the almost-Kähler property of the connection ∇ it follows

Du∂̄(j,J) = (∇du + T̃du)
(0,1)
(j,J).

More explicitly we can write this as

Du∂̄(j,J)(ξ)(a) =
1

2

(
∇du(a)ξ + J · ∇du(j,a)ξ

)

+
1

2
(T (ξ, du(a)) + J · T (ξ, du(j, a))) .(10.3.6)

We summarize the above calculation in the following proposition
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Proposition 10.3.2. Let ∇ be an almost Hermitian connection of (M,ω, J).

Fix j on Σ and consider the ∂(j,J) as a section of the bundle H(0,1)
(j,J) → F . Then the

covariant linearization

Du∂(j,J) : Ω
0(u∗TM)→ Ω

(0,1)
(j,J)(u

∗TM)

of the section ∂(j,J) at a smooth map u : Σ→M is a differential operator of order
1 which is elliptic.

Proof. It follows from (10.3.6) that Du∂̄(j,J) is a first order differential oper-
ator and its symbol is given by the function

σ
(
Du∂̄(j,J)

)
: T ∗Σ \ oT∗Σ → HomR(π

∗(u∗TM), π∗(Λ1(u∗TM));

αz 7→ αz ⊗ Id+ αz ◦ j(z)⊗ J(u(z))
2

.

One easily checks from this expression of the image of αz that it is an isomorphism
for any αz 6= 0. This proves the operator is elliptic. �

We like to remark that although the expression of Du∂̄(j,J) apparently looks
like depending on the choice of connection, but it will not depend on the choice of
connection when u is (j, J)-holomorphic, i.e., ∂(j,J)u = 0.

This, together with Riemann-Roch formula (or by the Atiyah-Singer index
formula), immediately gives rise to the following

Theorem 10.3.3. Assume (Σ, j) is a closed Riemann surface with genus g and
[u] = β ∈ H2(M,Z). Then

Du∂̄(j,J) : TuF (k,p) → Hk−1,p(j,J)

is a Fredholm operator with its index given by

IndexDu∂̄(j,J) = 2c1(β) + nχ(Σ) = 2c1(β) + 2n(1− g).
Hence ∂(j,J) is a Fredholm section of the Banach bundle Hk−1,p(j,J) → F (k,p).

Now we fix a homology class β ∈ H2(M,Z). We consider a subset of Fk,p

Fk,p(β) = {u ∈ Fk,p | [u] = β}
and the zero set

M̃k,p(J ;β) = {u ∈ Fk,p(β) | ∂(j,J)u = 0}
for k ≥ 1, p > 2. By elliptic regularity, any element of Mk,p(J ;β) is smooth and

so M̃k,p(J ;β) does not depend on k, p. We denote the common space by M̃(J ;β)
regarding as a subset of C∞(Σ,M). Again by elliptic regularity and the bootstrap

argument, the induced W k,p-topology on M̃(J ;β) are all equivalent to the smooth
topology thereon induced from C∞(Σ,M).

10.4. Mapping transversality

Now we hope to prove that M̃(J ;β) carries the structure of a smooth mani-
fold. We wish to obtain such a transversality for a good choice of almost complex
structures J ∈ Jω.

For this purpose, we consider J as a parameter and Jω as a parameter space
which is the space of ω-compatible almost complex structures. For the rest of the
section, we will fix j and so suppress dependence on j. For the technical reason
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Figure 2. projection

that Jω with C∞-topology is not a Banach manifold, we also need to consider its
Cℓ-analog which we denote by J ℓω with ℓ ≥ 1. Then J ℓω carries a Banach manifold
structure.

For given (k, p) and ℓ and class β ∈ π2(M), we consider the bundle H′′(β) →
Fk,p(β) × J ℓω whose fiber at (u, J) is given by H(0,1)

(u,J) i.e.,

H′′(β) =
⋃

(u,J)∈Fk,p(β)×J ℓ
ω

{(u, J)} × H(0,1)
(u,J).

Then we regard the map ∂ : Fk,p(β)×J ℓω → H′′(β) as a section defined by ∂(u, J) =
∂̄Ju.

We will study the linearization of ∂ at each (u, J) ∈ ∂−1(0). We denote the

zero set ∂
−1

(0) by

M̃(β) =
{
(u, J) ∈ Fk,p(β) × J ℓω

∣∣∣ ∂(j,J)u = 0
}

which we call the universal moduli space. Denote by π2 : Fk,p(β) × J ℓω → J ℓω the

projection. Then we have M̃(J ;A) = π−12 (J) ∩ M̃(A).
The following theorem summarizes the main scheme of the study of the moduli

problem of pseudo-holomorphic curves.

Theorem 10.4.1. Let 0 < ℓ < k − 2
p . Denote by M̃inj(A) the subset

M̃inj(β) = {(u, J) ∈ M̃(β) | u is somewhere injective}.

(1) M̃inj(β) is an infinite dimensional Cℓ Banach manifold.

(2) The projection Πβ = (π2)|M̃inj(β) : M̃inj(β)→ J ℓω is a Fredholm map and

its index is the same as that of D∂̄J (u) for a (and so any) u ∈ M̃inj(β).

The rest of the section will be occupied by the proof of this theorem.
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For the first statement, it is enough to prove that the following covariant lin-
earization

D∂(u, J) : TuFk,p(β)⊕ TJJ ℓω → H′′(u,J)
is surjective at (u, J) for which u is a somewhere injective curve. To avoid confusion
from the notation ∂, we denote Φ = ∂ in the calculation below.

Note that DΦ(u, J) = D1Φ(u, J) +D2Φ(u, J), where

D1Φ(u, J) : TuFk,p(A)→ H′′(u,J)
D2Φ(u, J) : TJJ ℓω → H′′(u,J)

are the associated partial derivatives. A straightforward calculation shows

D2Φ(u, J)(B) =
1

2
B · du · j.

Obviously by definition, we haveD1Φ(u, J) = Du∂(j,J). We have already computed

Du∂(j,J) and showed that it is formally elliptic. Hence its W k,p-extension, again
denoted by D1Φ(u, J), is Fredholm and in particular coker(D1Φ(u, J)) is finite
dimensional. This implies that ImDΦ(u, J) itself is a closed subspace of H′′(u,J)
with finite codimension since H′′(u,J) contains ImD1Φ(u, J).

Therefore it will be enough to prove cokerDΦ(u, J) = {0} to prove surjectivity
of DΦ(u, J). Hahn-Banach theorem enables us to reduce its proof to that of the
statement that for any continuous linear functional η : H′′(u,J) → R such that

η|ImDΦ(u,J) = 0, we have η = 0. This will follow from the following stronger lemma

Lemma 10.4.2. If any continuous linear functional η on Lp
(
Λ1
(j,J)(u

∗TM)
)

vanishes on DΦ(u, J)(C∞(Γ(u∗TM)), then η = 0.

Postponing this lemma for a while, we finish the proof of surjectivity. Let
k, p be any constants given as above. Regard H′′(u,J) as a subspace of Lp via the

continuous embedding H′′(u,J) =W k−1,p(Λ1
(j,J)(u

∗TM)) →֒ Lp(Λ1
(j,J)(u

∗TM)).

Let η be a continuous linear functional onW k−1,p(Λ1
(j,J)(u

∗TM)) that vanishes

on ImDΦ(u, J). Since ImDΦ(u, J) ⊃ DΦ(u, J)(C∞(Γ(u∗TM)), it vanishes on
DΦ(u, J)(C∞(Γ(u∗TM)). By Lemma 10.4.2, we obtain η ≡ 0 on Lp and so on
W k−1,p. This finishes the proof of surjectivity modulo the proof of Lemma 10.4.2.

The rest of the section will be occupied with the proof of Lemma 10.4.2.

Proof of Lemma 10.4.2. We identify

(Lp(Λ(0,1)(u∗TM))∗ ∼= Lq(Λ(1,0)(u∗TM)

with 1
p +

1
q = 1, 1 < q < 2 via the integral pairing on Σ

Lp(Λ(0,1)(u∗TM))× Lq(Λ(1,0)(u∗TM)→ R; (f, g) 7→
∫

Σ

〈f, g〉

which is nondegenerate. We will prove η ≡ 0 whenever η ∈ Lq
(
Λ
(0,1)
(j,J)(u

∗TM)
)

satisfies

(10.4.7)

∫

Σ

〈DΦ(u, J)(ξ, B), η〉 = 0

for all ξ ∈ C∞(u∗TM) and B ∈ Ck.
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The equation (10.4.7) can be decomposed into
∫

Σ

〈D1Φ(u, J)ξ, η〉 = 0(10.4.8)

∫

Σ

〈D2Φ(u, J)B, η〉 = 0(10.4.9)

for all ξ ∈ TuF(A) and B ∈ Ck. The first equation is equivalent to

(D1Φ(u, J))
†
η = 0

in the distribution sense, where (D1Φ(u, J))
†
is the adjoint of D1Φ(u, J).

Note that (D1Φ(u, J))
† is a first order formally elliptic differential operator

with Cℓ−1-coefficients and its principal symbol is given by

σ(Du∂̄(j,J))
† : T ∗Σ \ oT∗Σ → HomR(π

∗(Λ(0,1)(u∗TM))†, π∗(u∗TM)†)

where π : T ∗Σ → Σ is the projection and (·)† is the dual space. It is easy to
check that σ(Du∂̄(j,J))

†(α) is an isomorphism of a (complex) scalar type since

σ(Du∂̄(j,J))(α) is so.
Then general elliptic theory (see Proposition 10.1.13) implies that η must be

differentiable and η is a classical solution of the equation

(10.4.10) (D1Φ(u, J))
†
η = 0.

The following unique continuation lemma is a consequence of the Aronszajn’s
unique continuation lemma [Aro57] for the elliptic operator of Laplacian type,

by considering the second order equation (D1Φ(u, J))(D1Φ(u, J))
†
η = 0.

Lemma 10.4.3 (Unique continuation lemma). Any solution of (10.4.10) van-
ishes identically if it vanishes on some open set of Σ.

Exercise 10.4.4. Prove the above uniqueness lemma by considering the per-
turbed Cauchy-Riemann equation ∂η + A(z)η = 0 on an open domain D ⊂ C for
η : D → Cn where A : D → EndR(Cn) is a smooth function. In fact, it is enough
to assume A is continuous. (See [FHS95] for its proof.)

Therefore, we have only to prove that η ≡ 0 on some open set. Here enter the
condition of somewhere injectiveness and the second equation

(10.4.11)

∫

Σ

〈D2Φ(u, J)B, η〉 = 0.

Since u is assumed to be somewhere injective, there exist z0 ∈ Σ such that

(10.4.12) du(z0) 6= 0, #(u−1(u(z0))) = 1.

It follows that there exists an open neighborhood z0 ∈ V ⊂ Σ such that (10.4.12)
holds with z0 replaced by z for all z ∈ V .

Now we need to examine the tangent space TJJω . Recall that J ∈ Jω is a
section of End(TM) such that

J2 = −id, ω(J ·, J ·) = ω(·, ·)
An element B ∈ TJJω is a section of End(TM) that satisfies

JB +BJ = 0, ω(B·, J ·) + ω(J ·, B·) = 0
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V ∈ Σ

u u(z1)

U

u(z)

Figure 3. neighborhood

The second equation here is nothing but the statement that B is symmetric with
respect to the metric gJ = ω(·, J ·). Formally, we consider the fiber bundle

⋃

x∈M
Sω(x) = Sω →M

where Sω(x) is defined to be the set

{Bx ∈ End(TxM) | J(x)Bx +BxJ(x) = 0, ωx(Bx, J(x)) + ωx(J(x), Bx) = 0}

Then B ∈ TJJω defines a section of the bundle Sω. Note that Sω(x) is isomorphic
to the vector space S(R2n):

S(R2n) = {a ∈ End(R2n) | aJ0 + J0a = 0, a is symmetric}

where S(R2n) is Sω(x) for J0 : R2n → R2n standard complex structure, and gJ = 〈, 〉
the standard Euclidean inner product. From this, we easily obtain dimS(R2n) =
n2 + n.

Lemma 10.4.5. Let e ∈ R2n be a non-zero fixed vector, then S(R2n) · e = R2n

i.e. any vector in R2n has the form a · e for some a ∈ S(R2n) ⊂ End(R2n).

Exercise 10.4.6. Prove this lemma.

We will prove η ≡ 0 on V by contradiction, shrinking V if necessary.
Suppose there exists z1 ∈ V such that η(z1) 6= 0. Since the rank of du(z1) is

either 0 or 2 if ∂(j,J)u(z1) = 0 (Why?), du(z1) must be an injective map if du(z1) 6=
0. Using the fact that the set of critical points of nonconstant J-holomorphic map
u is isolated, we may also assume by slightly perturbing the given point zi inside
V so that du(z1) 6= 0 and so du(z1) is an injective map. We choose a unit vector
vz1 ∈ Tz1Σ such that η(z1)(vz1 ) 6= 0. Then

du(z1)(jvz1) 6= 0.

Then, using the above lemma, we can find ax ∈ Sω(x) such that

ax · du(z1)(jvz1) = η(z1)(vz1)

with x = u(z1). Since u is an embedding on V and z1 ∈ V , there exists an open
neighborhood U ⊂M of x = u(z1) such that u−1(U) = V .

By the choice of vz1 and ax, we have

〈ax · du(z1)(jvz1), η(z1)(v)〉 = |η(z1)(vz1)|2 > 0.
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Since {vz1 , jvz1} form an orthonormal basis of Tz1Σ and η is a (0, 1)-form with
respect to (j, J), we derive from the definition of the operator norm

〈ax · du(z1)(j), η(z1)〉 := 〈ax · du(z1)(j)(vz1), η(z1)(vz1)〉
+〈ax · du(z1)(j)(jvz1 ), η(z1)(jvz1 )〉

= 2〈ax · du(z1)(jvz1), η(z1)(vz1)〉 = 2|η(z1)(vz1)|2 > 0.

Here for the equality next to the last, we use the property that both du and η are
complex linear with respect to (j, J). We choose a smooth local section B ∈ Γ(Sω)
with B(x) = ax and suppB ⊂ U . If we choose U ′ ⊂ U sufficiently small so that
u(z1) ∈ U ′ and u−1(U ′) ⊂ V , we will have

〈B(u(z))du(z) · jz, η(z)〉 > 0

for all z ∈ u−1(U ′). Then we choose a cut-off function χ :M → R, such that

χ ≡ 1 on U ′, supp ξ ⊂ U.
If we choose χ so that it is sufficiently L1-close to the characteristic function χU ′ ,
then we would have

0 <

∫

Σ

〈1
2
(χB) ◦ u · du ◦ j, η〉 =

∫

Σ

〈DΦ2(u, J)(χB), η〉.

Applying to the variation δJ = χB the standing hypothesis that
∫
Σ〈DΦ2(u, J)δJ, η〉 =

0 holds for all δJ , this contradicts to the hypothesis. This proves surjectivity of
DΦ(u, J). �

We go back to the proof of the theorem. Once we have proved surjectivity of

DΦ(u, J), an immediate consequence of the implicit function theorem is that M̃(β)
is an (infinite dimensional) smooth submanifold of ⊂ Fk,p(A) × J ℓω near the given

pair (u, J) ∈ M̃inj(β). Hence follows the proof of the first statement (1) of the
theorem.

We now consider a neighborhood of (u, J) in M̃inj(β) ⊂ Fk,p(β)×J ℓω provided
in the theorem, and the projection map

Πβ := π2|M̃β
→ Jω ; Πβ(u, J) = J.

We denote by ι(g;β) the topological index associated to (j, u) ∈ J (Σ)×Fg(M,ω;β)
with gΣ = g. This topological index, which coincides with the analytical index
IndexD(j,u)∂J for any J ∈ Jω , can be computed to be

IndexD∂(j,J)(u) = ι(g;β)

with

(10.4.13) ι(g;β) =





2(c1(M,ω)(β) + n(1− g)) for g ≥ 2

2(c1(M,ω)(β) + 1) for g = 1

2(c1(M,ω)(β) + n) for g = 0

by the Riemann-Roch formula.
The statement (2) of Theorem 10.4.1 can be rephrased into the following

Proposition 10.4.7. Πβ : M̃(β)→ Jω is a Fredholm map with index

IndexDΠβ(u, J) = IndexD∂(j,J)(u).
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F(β)

πβ

Jw

Figure 4. projection

This together with the Sard-Smale theorem immediately gives rise to the fol-
lowing corollary.

Corollary 10.4.8. For a dense set of J ℓreg ⊂ J ℓω, the set M̃inj(J ;β) is a
smooth manifold of dimension ι(g;β) for J ∈ Jreg.

Proof of Proposition 10.4.7. Note that DΠβ : T(u,J)M̃(β) → TJJω is

just the restriction of a projection: We haveDΠβ(ξ, B) = B for (ξ, B) ∈ T(u,J)M̃(β) =
kerDΦ(u, J).

The kernel kerDΠβ(u, J) is of finite dimension, since

kerDΠβ(u, J) = kerDΦ(u, J) ∩ {TuF × {0}}
= kerDΦa(u, J)

= kerD∂(j,J)(u)

We will show that cokerDΠβ(u, J) ≃ coker(D∂Ju) Consider the following diagram

TvF
D1Φ

((PP
PP

PP
PP

PP
PP

0 // kerDΦ //

DΠβ
&&LL

LL
LL

LL
LL

LL
TvF ⊕ TJJw

π1

OO

π2

��

DΦ // Ω(0,1)
J (u∗TM) //

((QQ
QQ

QQ
QQ

QQ
QQ

Q
0

TJJw
D2Φ

77ooooooooooooo

((PP
PP

PP
PP

PP
PP

P
cokerD∂(j,J)(u)

cokerDΠβ

66
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The proof will follow once we prove that there exists a natural isomorphism cokerDΠβ →
cokerD∂(j,J)(u), i.e., an isomorphism

TJJ ℓω/ Im(DΠβ) ≃ Ω
(0,1)
J (u∗TM)/Im(D∂(j,J)(u)).

Firstly, well-definedness: We will show that the assignment

TJJ ℓω/ImDΠβ → Ω
(0,1)
J (u∗TM)/ImD∂(j,J)(u) ; B 7→ D2Φ(u, J)B

is well-defined. We recall D1Φ(u, J)ξ = D∂(j,J)(u)ξ. If B ∈ Im(DΠβ) i.e.,

if (ξ, B) ∈ T(u,J)M̃ = ker(DΦ(u, J)) for some ξ ∈ Ω0(u∗TM), then we have
D1Φ(u, J)ξ +D2Φ(u, J)B = 0 and hence

D2Φ(u, J)B = −D1(Φ(u, J))ξ.

But the right hand side is contained in ImD1Φ(u, J) = ImD∂(j,J)(u). This proves
that the map [B] 7→ [D2Φ(u, J)B] is well-defined.

Secondly, injectivity: Suppose D2Φ(u, J)(B) ∈ Im(Du∂(j,J)), i.e., there exists

ξ ∈ TvF , such that, D2Φ(u, J)(B) = Du∂(j,J)ξ. Then we have D2Φ(u, J)(B) +
D1Φ(u, J)(−ξ) = 0, therefore,

(−ξ, B) ∈ ker(DΦ(u, J)) = T(u,J)M̃
so, B ∈ ImDΠβ(u, J).

Thirdly, surjectivity: Again by Hahn-Banach theorem, we have only to prove
that any η satisfying

〈ImD1Φ(u, J), η〉 = 0 = 〈ImD2Φ(u, J), η〉
must be zero. However this equation is equivalent to 〈ImDΦ(u, J), η〉 = 0. Since
DΦ(u, J) is surjective, we have proved η ≡ 0. �

Now we indicate how one can prove the C∞ version for J ℓω of Theorem 10.4.1.
There are two ways to achieve this goal.

Floer’s approach:

One way is to follow Floer’s original approach of the transversality proof given in
[Fl88a]. At each given J0, we consider a sequence of positive numbers ǫ = {ǫk}∞k=0

and define the space, denoted by Uǫ(J0) of J ’s which can be written as

J = J0 exp(−J0B)

where B ∈ End(TM) satisfying the conditions

(1) ω(Bv,w) + ω(v,Bw) = 0 for all v, w.
(2)

∑∞
k=0 ǫk|DkB| <∞

(3) J is tame to ω, i.e., ω is J-positive.

Then Floer’s Lemma 5.1 [Fl88a] proves that if ǫ decays sufficiently fast, Uǫ(J0)
becomes a Banach manifold which is dense in an L2 neighborhood of J0 in Jω. We
then apply the above transversality proof directly working on Uǫ(J0) to obtain a
residual subset Uǫ(J0)reg ⊂ Uǫ(J0) such that for any J ∈ Uǫ(J0)reg all somewhere
injective J-holomorphic maps are transversal. By varying J0 ∈ Jω and taking the
union of Uǫ(J0)reg over J0, we obtain a subset J regF l of Jω in second category on
which the required transversality holds.

Taubes’ approach:
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Another approach is originally credited to Taubes, which we now explain. This
has been also explained by McDuff-Salamon in [MSa94, MSa04].

Denote by M̃k,inj(M) the universal moduli space of consisting of the triple
((Σ, j), u, J) with u being somewhere injective and J ∈ Ck. We take an exhausting
countable union of moduli space of complex structuresMg on a genus g compact
surfaces into

Mg =

∞⋃

l=1

Ug;l

where Ug;l is compact and Ug;l ⊂ Ug;l+1.
The following is the key definition which enables one to carry out the step-by-

step proof at each finite stage of (G,K;L).

Definition 10.4.9. For each given pair (G,K;L) ∈ N3, we choose a sufficiently
large k = k(G,K) ∈ N and consider the subset

M̃k,inj
(G,K;L)(M) ⊂ M̃k,inj(M)

consisting of the triple ((Σ, j), u, J) ∈ M̃k,inj(M) that satisfies

(1) gΣ ≤ G and l ≤ L
(2) j ∈ Ug;l ⊂Mg

(3) u satisfies ω([u]) ≤ K and ‖du‖∞ ≤ K,
(4) there exists a somewhere injective point z ∈ Σ such that

(10.4.14) inf
z′ 6=z

dist(u(z)), u(z′)

dist(z, z′)
>

1

K

Note that the last condition make sense since z is a somewhere injective point,
which exists by the hypothesis that u is somewhere injective. Furthermore any
somewhere injective J-holomorphic map satisfies (1)-(4) for some choice of (G,K;L).

We denote by J k,reg(G,K;L) ⊂ J kω the regular values of the projection M̃k,inj
(G,K;L)(M)→

J kω . We also choose k so that k →∞ as min{G,K,L} → ∞.
The proof of the following proposition is left as an exercise.

Proposition 10.4.10. For each (G,K;L) ∈ N3, choose k = k(G,K;L) as

above. We define the subset J k,reg(G,K;L) to be the regular values of the projection

M̃k,inj
(G,K;L)(M)→ J kω , and

J reg(G,K;L) = J
k,reg
(G,K;L) ∩ Jω.

Then J reg(G,K;L) is open and dense in Jω in C∞ topology.

Exercise 10.4.11. Give the proof of this proposition.

Now we define J regTa to be the intersection

J regTa =
⋂

(G,K)∈N2

⋂

L∈N
J reg(G,K;L).

Since each subset J reg(G,K;L) ⊂ Jω is open and dense in C∞ topology, the intersection

is of second category and hence the proof.
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Remark 10.4.12. The argument used in Taubes’ approach is rather subtle: On
one hand we should use Banach manifold J kω , rather than Jω with C∞ topology, and
on the other hand the above transversality proof has to be applied to each homology
classes ofM and genus g of the domain. Unfortunately the inductive argument over

J k,regg,β as k →∞ cannot be applied because the selected dense subset J k,regg,β ⊂ J kω
is not an open subset and so does not carry the Banach manifold structure in

general. Furthermore the intersection J k,regg,β ⊂ Jω over β, g is not necessarily a
subset of second category in Jω . Because of this, we cannot construct the required

dense subset thereof by directly taking the intersection of J k,regg,β ⊂ Jω over β and

g. However with the subset M̃k,inj
(G,K;L)(M) defined above, the above proposition

guarantees that J k,reg(G,K;L)∩Jω is not only dense but also open in Jω, which enables

us to take the intersections to obtain the required subset of second category, J regTa .

10.5. Evaluation transversality

In this section we give an important ingredient for the applications of pseudo-
holomorphic curves, the evaluation map transversality. This transversality plays
a crucial role in the definition of counting invariants such as in the construction
of Gromov-Witten invariants and also in the analysis of gluing pseudoholomorphic
curves.

It turns out that a rigorous proof of this evaluation transversality is rather
subtle. We give a conceptually canonical proof of the evaluation map transversality
adapting the approach taken by Le and Ono [LO] and Zhu and the author [OhZ08]
(in their studies of one-jet evaluation transversality) to the current easier context
of zero-jet evaluation transversality. This proof is based on a standard structure
theorem of the distributions with point support.

A different approach of this evaluation transversality is given in [MSa04] which
is more geometric. Naturality of our proof has an advantage in that it can be
generalized to the higher-jet transversality using the essentially the same scheme
except the usage of holomorphic jets of J-holomorphic curves. We refer readers to
[Oh11a] for this generalization.

We first recall the structure theorem of the distributions with point support
from section 4.5 [GS68], Theorem 6.25 [Rud73] whose proof we refer readers
thereto.

Theorem 10.5.1 (Distribution with point support). Suppose ψ is a distribution
on open subset Ω ⊂ Rn with suppψ = {p} and of finite order N <∞. Then ψ has
the form

ψ =
∑

|α|≤N
Dαδp

where δp is the Dirac-delta function at p and α = (α1, . . . , αn) is the multi-indices.

In the following discussion, to avoid some possible confusion with the coordinate
z, we denote by z, instead of z, the set of marked points {z1, · · · , zm} that has been
used so far.

Consider the moduli space

M̃g,m(J ;β) = {((j, u), z) | u : Σ→M, ∂(j,J)u = 0, z = (z1, . . . , zm) ∈ Confm(Σ)}.
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The evaluation map evi : M̃g,m(J ;β)→M is defined by

evi((j, u), z) = u(zi).

We then define the universal moduli space

M̃g,m(β) =
⋃

J∈Jω

M̃g,m(J ;β)→ Jω

and M̃inj
g,m(β) to be the open subset of M̃g,m(β) consisting of somewhere injective

curves.
The following is the main theorem of this section.

Theorem 10.5.2 (Evaluation transversality). The derivatives

D(evi) : T((j,u),J,z)M̃g,m(β)→ Tu(zi)M

are surjective for all i = 1, . . . ,m at every ((j, u), J, z) ∈Minj
g,m(β).

Consider the map

Υ : Jω ×Fg,ℓ(Σ,M ;β)→ H′′ ×M ℓ; (J, (j, u), z) 7→ (∂(j,J)u, {u(zi)}).
The union of standard moduli spacesMℓ(M,J ;β) over J ∈ Jω is nothing but

(10.5.15) Υ−1(oH′′ ×M ℓ)/Aut(Σ)

where oH′′ is the zero section of the bundle H′′ defined above, and Aut(Σ) acts on
((Σ, j), u) by conformal reparameterizaion for any j.

First, consider the case of one marked point and denote the corresponding map
Υ by Υ1. We have

M̃g,1(M ;β) = Υ−1(oH′′ ×H(1,0))

M̃g,1(M,J ;β) = M̃1(M ;β) ∩ π−12 (J).

Proposition 10.5.3. The map Υ1 is transverse to the submanifold

oH′′ × {p} ⊂ H′′ ×M
for any given point p ∈M .

Proof. Its linearization DΥ1(J, (j, u), z) is given by the map

(10.5.16) (B, (b, ξ), v) 7→
(
DJ,(j,u)∂(B, (b, ξ)), ξ(u(z)) + du(z)(v)

)

for B ∈ TJJω , b ∈ TjM(Σ), v ∈ TzΣ and ξ ∈ TuF(Σ,M ;β). This defines a linear
map

TJJω × TjM(Σ)× TuF(Σ,M ;β)× TzΣ→ Ω
(0,1)
(j,J)(u

∗TM)× Tu(z)M
onW 1,p. But for the map Υ1 to be differentiable, we need to choose the completion
of F(Σ,M ;β) in the W k,p-norm for at least k ≥ 2.

We would like to prove that this linear map is surjective at every element

(u, z0) ∈ M̃1(Σ,M ;β) i.e., at the pair (u, z0) satisfying

∂(j,J)u = 0, u(z0) = x.

For this purpose, we need to study solvability of the system of equations

(10.5.17) DJ,(j,u)∂(B, (b, ξ)) = γ, ξ(u(z0)) + du(v) = X0

for given γ ∈ Ω
(0,1)
(j,J)(u

∗TM) and X0 ∈ Tu(z0)M .
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For the study of evaluation transversality, the domain complex structure j does
not play much role in our study. Especially it does not play any role throughout
our calculations except that it appears as a parameter. Therefore we will fix j
throughout the proof. Then it will be enough to consider the case b = 0 = v. Then
the above equation is reduced to

(10.5.18) DJ,u∂(B, ξ)) = γ, ξ(u(z0)) = X0.

Now we study (10.5.18) for ξ ∈W 2,p. We regard

Ω
(0,1)
1,p (u∗TM)× Tu(z0)M =: B0

as a Banach space with the norm ‖ · ‖1,p + | · |, where | · | is any norm induced by
an inner product on TxM ∼= Cn. We will show that the image of the map (10.5.16)
restricted to the elements of the form (B, (0, ξ), 0) is onto as a map

TJJω × Ω0
2,p(u

∗TM)→ Ω
(0,1)
1,p (u∗TM)× Tu(z0)M

where (u, j, z0, J) lies in Υ−11 (oH′′ × {p}). For the clarification of notations, we
denote the natural pairing

Ω
(0,1)
1,p (u∗TM)×

(
Ω

(0,1)
1,p (u∗TM)

)∗
→ R

by 〈·, ·〉 and the inner product on TxM by (·, ·)x.
We will first prove that the image is dense in B0. Let (η, Yp) ∈

(
Ω

(0,1)
1,p (u∗TM)

)∗
×

TpM satisfy

(10.5.19) 〈Du∂(j,J)ξ +
1

2
B ◦ du ◦ j, η〉+ 〈ξ, δz0Yp〉 = 0

for all ξ ∈ Ω0
2,p(u

∗TM) and B where δz0 is the Dirac-delta function supported at
z0. Without loss of any generality, we may assume that ξ is smooth as before since
C∞(u∗TM) →֒ Ω0

2,p(u
∗TM) is dense. Under this assumption, we would like to

show that η = 0 = Yp.
Taking B = 0 in (10.5.19), we obtain

(10.5.20) 〈Du∂(j,J)ξ, η〉+ 〈ξ, δz0Yp〉 = 0 for all ξ of C∞ .

Therefore by definition of the distribution derivatives, η satisfies

(Du∂(j,J))
†η − δz0Yp = 0

as a distribution, i.e.,

(Du∂(j,J))
†η = δz0Yp

where (Du∂(j,J))
† is the formal adjoint of Du∂(j,J) whose symbol is the same as

Du∂(j,J) and so is an elliptic first order differential operator. By the elliptic regu-

larity, η is a classical solution on Σ \ {z0}. We also recall that ∂
†
= −∂.

On the other hand, by setting ξ = 0 in (10.5.19), we get

(10.5.21) 〈B ◦ du ◦ j, η〉 = 0

for all B ∈ TJJω. From this identity, the argument used in the transversality
proven in the previous section shows that η = 0 in a small neighborhood of any
somewhere injective point in Σ\{zi}. Such a somewhere injective point exists by the
hypothesis of u being somewhere injective and the fact that the set of somewhere
injective points is open and dense in the domain under the given hypothesis. Then



274 10. FREDHOLM THEORY

by the unique continuation theorem, we conclude that η = 0 on Σ\{z0} and so the
support of η as a distribution on Σ is contained at the one-point subset {z0} of Σ.

The following lemma will conclude the proof.

Lemma 10.5.4. η is a distributional solution of (Du∂(j,J))
†η = 0 on Σ and so

continuous. In particular, we have η = 0 in
(
Ω

(0,1)
(1,p)(u

∗TM)
)∗

.

Once we know η = 0, the equation (10.5.19) is reduced to the finite dimensional
equation

(10.5.22) (ξ(z0), Yp)z0 = 0

It remains to show that Yp = 0. For this, we have only to show that the image of
the evaluation map

ξ 7→ ξ(z0)

is surjective onto TpM , which is now obvious. �

Now it remains to prove Lemma 10.5.4.

Proof of Lemma 10.5.4. Our primary goal is to prove

(10.5.23) 〈Du∂(j,J)ξ, η〉 = 0

for all smooth ξ ∈ Ω0(u∗TM), i.e., η is a distributional solution of (Du∂(j,J))
†η = 0

on the whole Σ, not just on Σ \ {z0}.
We start with (10.5.20)

(10.5.24) 〈Du∂(j,J)ξ, η〉+ 〈ξ, δz0Yp〉 = 0 for all ξ ∈ C∞.
We first simplify the expression of the pairing 〈Du∂(j,J)ξ, η〉 knowing that supp η ⊂
{z0}.

Let z be a complex coordinate centered at a fixed marked point z0 and (w1, · · · , wn)
be the complex coordinates on M regarded as coordinates on a neighborhood of p.
We consider the standard metric

h =

√
−1
2

dzdz̄

on a neighborhood U of z0 and with respect to the coordinates (w1, ..., wn) we fix
any Hermitian metric on Cn.

The following lemma will be crucial in our proof.

Lemma 10.5.5. Let η be as above. For any smooth section ξ of u∗(TM) and η

of
(
Ω

(0,1)
1,p (u∗TM)

)∗

〈Du∂(j,J)ξ, η〉 = 〈∂ξ, η〉,
where ∂ is the standard Cauchy-Riemann operators on Cn in the above coordinate.

Proof. We have already shown that η is a distribution with supp η ⊂ {z0}.
By the structure theorem on the distribution supported at a point z0 Theorem
10.5.1, we have

η = P

(
∂

∂s
,
∂

∂t

)
(δz0)

where z = s + it is the given complex coordinates at z0 and P
(
∂
∂s ,

∂
∂t

)
is a differ-

ential operator associated by the polynomial P of two variables with coefficients in(
Λ
(0,1)
(jz0 ,Jp)

(u∗TM)
)∗

.
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Furthermore since η ∈ (W 1,p)∗, the degree of P must be zero and so we obtain

(10.5.25) η = βz0 · δz0
for some constant vector βz0 ∈ Λ(0,1)(TpM) : This is because the ‘evaluation at
a point of the derivative’ of W 1,p map does not define a continuous functional on
W 1,p.

We can write

Du∂(j,J)ξ = ∂ξ + E · ∂ξ + F · ξ
near z0 in coordinates where E and F are zero-order matrix operators with E(z0) =
0 = F (z0). Therefore by (10.5.25), we derive

〈E · ∂ξ+F · ξ, η〉 = 〈E · ∂ξ+F · ξ, βz0δz0〉 = (E(z0)∂ξ(z0) +F (z0)ξ(z0), βz0)z0 = 0.

Therefore we obtain

〈Du∂(j,J)ξ, η〉 = 〈∂ξ + E · ∂ξ + F · ξ, η〉 = 〈∂ξ, η〉
which finishes the proof. �

By this lemma, (10.5.24) becomes

(10.5.26) 〈∂ξ, η〉+ 〈ξ, δz0Yp〉 = 0 for all ξ.

We decompose ξ as

ξ(z) = (ξ(z)− χ(z)ξ(z0)) + χ(z)ξ(z0)

on U where χ is a cut-off function with χ ≡ 1 in a small neighborhood V ⊂ U

of z0 and satisfies suppχ ⊂ U . Then the first summand ξ̃ defined by ξ̃(z) :=
ξ(z)− χ(z)ξ(z0) is a smooth section on Σ, and satisfies

ξ̃(z0) = 0, ∂ξ̃ = ∂ξ on V

since χ(z)ξ(z0) ≡ ξ(z0) on V . Therefore applying (10.5.26) to ξ̃ instead of ξ, we
obtain

〈∂ξ̃, η〉+ 〈ξ̃, δz0Yp〉 = 0.

Again using the support property supp η ⊂ {z0} and (10.5.24), we derive

(10.5.27) 〈ξ̃, δz0Yp〉 = 〈ξ̃(z0), Yp〉 = 0

and so 〈∂ξ̃, η〉 = 0. But we also have

(10.5.28) 〈∂ξ, η〉 = 〈∂ξ̃, η〉
since ∂ξ̃ = ∂ξ on V and supp η ⊂ {z0}. Hence we obtain 〈∂ξ, η〉 = 0 and so we
have finished the proof of (10.5.23) by Lemma 10.5.5.

By the elliptic regularity, η must be smooth. Since we have already shown
η = 0 on Σ \ {z0}, continuity of η proves η = 0 on the whole Σ. �

This in turn finishes the proof of Proposition 10.5.3. �

Another version of evaluation transversality, which plays an important role in
the gluing problem, is the so called the diagonal transversality. We now explain
this transversality statement.

We recall from Chapter 9 that each stable map limit is associated to a dual
graph which encodes the intersection pattern of the stable map. Each vertex of the
dual graph corresponds to an irreducible component and each edge issued at the
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vertex corresponds to a node of the domain of the stable map, which is a pre-stable
curve.

Motivated by this consideration, we consider the k-marked moduli space

M̃g,k(J ;β)

and denote by

M̃o
g,k(J ;β)

the open subset consisting of ((j, u); z) ∈ M̃g,k(J ;β) such that all the marked points
lie in the immersed points of u.

We then consider another k moduli spaces M̃gi,ℓi+1(J ;αi) with one distin-
guished marked point for each i = 1, . . . , k. We denote by ev0 the evaluation map
at the distinguished marked point. The local configuration around the given vertex
of the dual graph is given by the fiber product

(10.5.29) M̃g,k(J ;β)ev ×∏
k
i=1 ev

(i)
0

k∏

i=1

M̃gi,ℓi+1(J ;αi).

We would like to show that this fiber product carries a manifold structure. For this
purpose, we consider the evaluation maps

Ev : M̃g,k(J ;β)×
k∏

i=1

M̃gi,ℓi+1(J ;αi)→ (M ×M)k

defined by

(10.5.30) Ev((u, z); {(ui, z(i))}) =
k∏

i=1

(
evi(zi), ev

(i)
0 (z

(i)
0 )
)
.

Corollary 10.5.6. Suppose that all of M̃g,k(J ;β), M̃gi,ℓi+1(J ;αi) for i =
1, . . . , k are Fredholm-regular. Then the fiber product (10.5.29) is smooth if Ev is
transversal to the multi-diagonal ∆k

M×M ⊂ (M ×M)k.

We now study the transversality of Ev for a generic choice of J ’s. For this
purpose, we consider the map

Υk : Jω ×Fg,k(M ;β)×
k∏

i=1

Fgi,ℓi+1(M ;αi)

→ H′′g (M ;β)×
k∏

i=1

H′′g (M ;αi)× (M ×M)k

defined by

Υk(J, (u, z); {(ui, z(i))}))
=

(
∂(j,J)(u), {(∂(ji,J)(ui)}i=1,...,k;Ev((u, z); {(ui, z(i))})

)
.(10.5.31)

Since the proof of Proposition 10.5.3 is local at each zi in that the perturbation B
can be localized at each zi separately, we immediately obtain the following transver-
sality result.



10.6. PROBLEM OF NEGATIVE MULTIPLE COVERS 277

Theorem 10.5.7. The map Υk is transversal to

oH′′
g (M ;β) ×

k∏

i=1

oH′′
gi

(M ;αi) × (∆M )k

on M̃o
g,k(M ;β)×∏k

i=1 M̃o
gi,ℓi+1(M ;αi), and hence

Υ−1k

(
oH′′

g (M ;β) ×
k∏

i=1

oH′′
g (M ;αi) × (∆M )k

)

⋂
M̃o

g,k(M ;β)×
k∏

i=1

M̃o
gi,ℓi+1(M ;αi)

is a smooth submanifold of M̃o
g,k(M ;β)×∏k

i=1 M̃o
gi,ℓi+1(M ;αi). Furthermore the

projection map

Υ−1k

(
oH′′

g (M ;β) ×
k∏

i=1

oH′′
g (M ;αi) × (∆M )k

)

⋂
M̃o

g,k(M ;β)×
k∏

i=1

M̃o
gi,ℓi+1(M ;αi)→ Jω

is a Fredholm map of index

(10.5.32) ι(g;β) + 2k +

k∑

i=1

(ι(gi;αi) + 2ℓi)− k dimM.

The following is an immediate corollary of Sard-Smale theorem.

Corollary 10.5.8. There exists a Baire set J fiberω of Jω such that for any
β, {βi}, the intersection of the fiber product (10.5.29) with

M̃o
g,k(J ;β)×

k∏

i=1

M̃o
gi,ℓi+1(J ;αi)

is a smooth manifold of dimension given by (10.5.32) for any J ∈ J fiberω .

10.6. Problem of negative multiple covers

In this section, we first show that the assumption of somewhere injectivity is
essential for the transversality theorem via perturbation of almost complex structures
on M .

We start with the following well-known theorems in complex geometry. Denote
by O(a) the sheaf of holomorphic functions

Theorem 10.6.1. Every holomorphic vector bundle E over CP 1 splits into
E ∼= O(a1)⊕ · · · ⊕O(an) for n = rank(E) and the set of integers {a1, . . . , an} does
not depend on the decompositions.

Theorem 10.6.2. Suppose M is a complex manifold. Let u : CP1 → M and
u∗TM ∼= O(a1) ⊕ · · · ⊕ O(an), then u is Fredholm regular if and only if ai ≥ −1
for all 1 ≤ i ≤ n.
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Example 10.6.3. Let M be the complex projective space CP2 for p ∈ M , let

M̃ be the blow up of M at p.

M̃
π // M

Then π−1(p) = E is an exceptional sphere. Fix an embedding u : S2 →M so that

u(S2) = E. Let NE be the normal bundle of E in M̃ , then NE is isomorphic to
the complex line bundle

L := {(l, v) ∈ CP1 × C2 | v ∈ l}
i.e., NE ∼= O(−1). By the regularity criterion of u in Theorem 10.6.2 is a holomor-
phic sphere which is Fredholm regular.

On the other hand, consider a map φ : CP1 → CP1 given by φ(z) = z2 on C and

the composition u ◦ φ. Then (u ◦ φ)∗TM̃ ∼= TCP1 ⊕ (u ◦ φ)∗NE ∼= O(2)⊕O(−2).
More generally the multiple cover of E with multiplicity a will have its normal
bundle isomorphic to O(−a) with a ≥ 2. Therefore this multiple cover is not
Fredholm regular again by Theorem 10.6.2.

Now we claim that this multiple cover cannot be removed by any small pertur-

bation of the standard complex structure on M̃ . This is because the simple cover

u : S2 → M̃ parameterizing the exceptional sphere E is transversal with respect
to the standard complex structure and so must persist under a small perturbation
of the complex structure to an almost complex structure. Its index is given by
c1(E) + 2 = 2− 1 + 2 = 3. Therefore the multiple cover map of multiplicity a has
index given by 2− a+2 = 4− a. For example, if a > 4, the index become negative
and so the corresponding moduli space must be empty, if the moduli space were
transversal. This finishes the proof of the claim.

This problem of negative multiple covers prompts one to seek for a new ap-
proach to the study of transverality allowing more general perturbations than that
of almost complex structures J which depend only on the target manifold M and
so cannot destroy any symmetry induced from the domain.



CHAPTER 11

Applications to symplectic topology

In this chapter, we illustrate usage of the machinery of pseudo-holomorphic
curves by providing the proofs of two basic theorems in symplectic topology. Both
of them can be proved by a direct analysis of the compactified moduli space of
pseudoholomorphic curves combined with a bit of symplectic topological data. The
first one is the celebrated Gromov’s nonsqueezing theorem. In the proof of this the-
orem, an existence theorem of certain type of pseudoholomorphic curves is the most
essential analytical ingredient. In addition, it also uses the positivity and homo-
logical invariance of the symplectic area of closed J-holomorphic rational curves.
We closely follow Gromov’s original scheme of the proof. In hindsight, the ex-
istence result is an immediate consequence of nontriviality of one-point (closed)
Gromov-Witten invariant on S2×T 2(n−1) which is defined by counting the number
of elements of zero dimensional moduli space of J-holomorphic curves. We refer
readers to [Gr85], [Mc90] for more nontrivial applications of the finer structure
study of the moduli space itself to some structure theorems of ambient symplectic
4-manifolds.

The second one is the proof of nondegeneracy of Hofer’s norm on Ham(M,ω)
for arbitrary tame symplectic manifolds. The proof of this theorem uses the moduli
space of solutions of the Cauchy-Riemann equation perturbed by time-dependent
Hamiltonian vector fields with Lagrangian boundary condition, and exploits the
automatic displaceability of ‘small’ compact Lagrangian submanifolds in arbitrary
symplectic manifolds. We closely follow the author’s simplification [Oh97c] of
Chekanov’s proof [Che98]. We refer readers to Abouzaid’s article [Ab12] for a
remarkable application of the finer structure study of this compactified moduli space
to a construction of exotic Lagrangian sphere in T ∗S4k+1. His usage is somewhat
reminiscent of Donaldson’s original application of the moduli space of anti-self-dual
Yang-Mills equations in his celebrated construction of exotic R4 [Do86].

More indirect applications of this machinery is accompanied by some homo-
logical algebra in general. The most prominent example is those via the Floer
homology-type invariants constructed out of a family of the moduli spaces which
are interrelated to one another. This involves variants of the J-holomorphic curve
equation usually perturbed by Hamiltonian vector fields or by other (non-linear)

zero-order perturbations of the section H(0,1)
(j,J) and also allowing the domain of the

maps to become punctured Riemann surface. The Floer homology theory is the
most celebrated example in which this perturbed Cauchy-Riemann equation is used
systematically in the package of homological algebra. In our proof of nondegener-
acy of Hofer’s norm on Ham(M,ω), we illustrate a direct usage of the moduli
space of this perturbed Cauchy-Riemann equation by domain dependent family of
Hamiltonian vector fields without involving homological algebra.

279
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Figure 1. monotonicity

11.1. Gromov’s non-squeezing theorem

In this section, closely following Gromov’s original proof [Gr85], we provide a
complete proof of celebrated Gromov’s nonsqueezing theorem

Theorem 11.1.1 (Nonsqueezing Theorem). Let ω0 be the standard symplectic
form of Cn ∼= R2n, let B2n(R) be a standard closed ball in Cn of radius R. Let
Z2n(r) := D2(r)×Cn−1, for D2(r) ⊂ C. Then there exists a symplectic embedding
Φ : (B2n(R), ω0)→ (Z2n(r + ǫ), ω0) for all ǫ > 0 if and only if R ≤ r.

We note that if R ≤ r, there always exists a standard isometric embedding of
B2n(R) into Z2n(r + ǫ) for any ǫ > 0 and so the ‘if’ part is obvious. Therefore it
remains to prove the ‘only if’ part. We will prove this by contradiction.

11.1.1. Outline of the proof. Let R > r and choose any ǫ > 0 so that
r + ǫ < R. Suppose to the contrary that there exists a symplectic embedding
φ : B2n(R)→ Z2n(r + ǫ/2). Since we assume that R > r + ǫ and

(11.1.1) φ(B2n(R)) ⊂ Int(Z2n(r + ǫ)),

there exists some δ > 0 such that φ extends to a symplectic embedding, still denoted
by φ,

φ : B2n(R+ δ)→ Z2n(r + ǫ).

We push forward J0 from B2n(R+δ) by φ to the image φ(B2n(R+δ)) ⊂ Z2n(r+ǫ),
and consider an almost complex structure J1 on Cn such that

J1 =

{
φ∗(J0) on φ(B2n(R+ δ

2 ))

J0 on Cn \D2(r + ǫ)× [−K + 1,K − 1]2(n−1)

and J1 is smoothly extended to the remaining region so that J1 is still compatible
to ω.
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Exercise 11.1.2. Prove that this smooth extension is possible. (Hint: Use the
polar decomposition and note that the decomposition is canonical.)

In the above, the constant K > 0 is chosen so that

(11.1.2) φ(B2n(R + δ)) ⊂ D2(r + ǫ)× [−K + 1,K − 1]2(n−1)

Here are the key three steps to prove the nonsqueezing theorem.

Step I (Existence theorem): Prove that there exists a J1-holomorphic map
f : (D2, ∂D2)→ (Cn,Cn \ φ(B2n(R + δ))) such that

(11.1.3)

∫

C

ω0 ≤ π(r + ǫ)2

where C = Image f , and

(11.1.4) φ(0) ∈ C.
Here we recall π(r + ǫ)2 is the area of the flat disk in Z2n(r + ǫ).

Step II (Monotonicity formula): Now consider the preimage of C, i.e.,

φ−1(C) ∩B2n(R)

Since Image (f |∂D2) ⊂ Cn\φ(B2n(R+δ)), φ−1(C)∩B2n(R) defines a proper surface
in B2n(R) passing through the origin. Furthermore since J1|φ(B2n(R+δ)) ≡ φ∗J0
and C is J1-holomorphic curve, φ−1(C) is a J0-holomorphic curve on Cn (and
so a minimal surface with respect to the standard metric on Cn). The classical
monotonicity formula immediately implies

Area(φ−1(C) ∩B2n(R)) ≥ πR2

because φ−1∩B2n(R) is a proper J0-holomorphic (and so minimal) surface passing
through the origin.

Step III (Use of J-positivity of ω0): Get a contradiction: We apply (11.1.3),
(11.1.4), the fact that φ is symplectic, change of variables, positivity of ω on C and
(11.1.3) respectively, and derive

πR2 ≤ Areaφ−1(C) ∩B2n(R) =

∫

φ−1(C)∩B2n(R)

ω0 =

∫

φ−1(C)∩B2n(R)

φ∗ω0

=

∫

C∩φ(B2n(R))

ω0 ≤
∫

C

ω0 ≤ πr2.

This gives rise to a contradiction since we assume R > r, and finishes the proof.

11.1.2. Existence scheme and one-point Gromov-Witten invariant.
Now, it remains to prove the existence statement in Step I. We first transform
the existence statement on the J-holomorphic discs into a more tractable existence
problem of J-holomorphic sphere on a closed symplectic manifold. By now, we are
given an almost complex structure J1 on Z2n(r) = D2(r) × Cn−1 such that J1 is
standard on Cn \D2(r + ǫ) × [−K + 1,K − 1]2(n−1) =: Dr,ǫ,K . Therefore, we can
push forward J1 on Dr,ǫ,K to

D2(r + ǫ)× T 2(n−1)(K)
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which we still denote by J1, where T
2(n−1)(K) is the torus obtained by identifying

−K with K in [−K,K], i.e.,

T 2(n−1)(K) = S1
K × · · · × S1

K︸ ︷︷ ︸
2(n−1) times

where S1
K = R/KZ. Note that since φ(B2n(R + δ)) ⊂ Dr,ǫ,K , we may regard

φ(B2n(R+ δ)) as a subset of

D2(r + ǫ)× T 2(n−1)(K).

The corresponding almost complex structure J1 on this space is still standard near
the boundary of the space.

Now, we embed D2(r + ǫ) into S2( r+ǫ2 ) by an area preserving map and then

embed D2(r + ǫ)× T 2(n−1)(K) into

Pr+ǫ,K := S2

(
r + ǫ

2

)
× T 2(n−1)(K)

by the symplectic map ψ × id : D2(r + ǫ) × T 2(n−1)(K) → Pr+ǫ,K . We denote
by ωr+ǫ,K = ω1 ⊕ ω2 the product symplectic structure on Pr+ǫ,K where ω1 and

ω2 are the standard symplectic structure on S2( r+ǫ2 ) and T 2(n−1)(K) respectively.

We now extend the structure (ψ × id)∗J1 on (ψ × id)(D2(r + ǫ)× T 2(n−1)(K)) to

the whole Pr+ǫ,K = S2( r+ǫ2 ) × T 2(n−1)(K) so that the extension, denoted by J̃1
is compatible to ωr+ǫ,K. Now note that π2(Pr+ǫ,K) ≃ Z and the homotopy class
[S2( r+ǫ2 )×{pt}] generates π2. Denote this homotopy class by A and let p0 ∈ Pr+ǫ,K
be the point corresponding to φ(0) in Z2n(r + ǫ).

Assertion: To finish Step I, it is enough to find a J̃1-holomorphic sphere C̃ with

[C̃] = A ∈ π2(Pr+ǫ,K) and with p0 ∈ C̃.

Proof of Assertion. Suppose that there exists a J̃1-holomorphic sphere C̃

and let u : S2 → Pr+ǫ,K be the map representing C̃, i.e., C̃ = Image(u). Then

since [C̃] = A, we have
∫

C̃

ωr+ǫ,K = π(r + ǫ)2

Since [C̃] = A = [S2( r+ǫ2 ) × {pt}], it is easy to prove that the composition π ◦ u :

S2 → S2( r+ǫ2 ) is surjective. Now the curve C required in Step I can be chosen to
be

C = (ψ × id)−1(C̃) ⊂ D2(r + ǫ)× T 2(n−1)(K)

regarded as a subset of Z2n(r + ǫ). Obviously, C is a proper surface in Z2n(r + ǫ)
and so C∩φ(B2n(R+δ)) defines a proper surface in φ(B2n(R+δ)) since we assumed
φ(B2n(R+ δ)) ⊂ Z2n(r + ǫ) in the beginning of this section.
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Furthermore, since ψ × id is a symplectic map and from the definition of J̃1,
we have ∫

C

ω0 =

∫

C

(ψ × id)∗ωr+ǫ,K

=

∫

(ψ×id)−1(C̃)

(ψ × id)∗ωr+ǫ,K

=

∫

C̃∩(ψ×id)(D2(r+ǫ)×T 2(n−1)(K))

ωr+ǫ,K

≤
∫

C̃

ωr+ǫ,K = π(r + ǫ)2

which finish the proof of (11.1.3). Here the inequality follows from p0 ∈ C̃, mono-
tonicity formula and positivity. �

Now we have reduced the proof of the non-squeezing theorem to the following
general existence theorem of J1-holomorphic spheres.

Theorem 11.1.3. Let Pr+ǫ,K = S2( r+ǫ2 ) × T 2(n−1)(K) with the symplectic
form ωr+ǫ,K = ω1 ⊕ ω2, Jβ be any given compatible almost complex structure and
let p0 = (x0, q0) ∈ Pr+ǫ,K be a given point in Pr+ǫ,K . Let A = [S2( r+ǫ2 )× {pt}] be
the generator of π2(Pr+ǫ,K). Then there exists a Jβ-holomorphic sphere u : S2 →
Pr+ǫ,K with [u] = A and p0 ∈ Image(u).

We start with the following general definition.

Definition 11.1.4. Let J be a compatible almost complex structure of (M,ω).
A homotopy class A is called J-simple if there is no decomposition of A into A =∑N
j=1 Aj with N ≥ 2 such that Aj allows a non-trivial J-holomorphic curve. If this

holds for any J ∈ Jω , then we call the homotopy class A simple.

Lemma 11.1.5. The homotopy class A = [S2 × {pt}] is simple.

Proof. If there could be such a decomposition, then we would have

[ω](A) =
N∑

j=1

[ω](Aj).

But if Aj allows any non-constant J-holomorphic curve, then

[ω](Aj) > 0 and so [ω](Aj) ≥ π(r + ǫ)2.

On the other hand, we have [ω](A) = π(r + ǫ)2 and hence such a decomposition is
not possible. �

One immediate corollary of this simpleness of A is the following

Corollary 11.1.6. The set

M̃(M ;A) := {(u, J) | J ∈ Jω, ∂Ju = 0, [u] = A}
coincides with its open subset M̃inj(M ;A). In particular it is a smooth infinite di-

mensional (Banach) manifold and the projection ΠA : M̃(M ;A)→ Jω is a smooth
Fredholm map of index 2c1(A) + 2n = 4 + 2n.
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Now, we go back to the proof of Theorem 11.1.3. To prove this, we will use a
version of the well known continuity method in PDE. We start with the standard
(integrable) product structure Jα on S2( r+ǫ2 )× T 2(n−1)(K).

Lemma 11.1.7. The product structure Jα on S2( r+ǫ2 )×T 2(n−1)(K) is A-regular

where A = [S2( r+ǫ2 )× {pt}], and M̃(Jα;A) becomes

M̃(Jα;A) = {f : S2 → Pr+ǫ,K | f(z) = (f1(z), q), q ∈ T 2(n−1)(K),

f1 : S2 → S2

(
r + ǫ

2

)
is a biholomorphism }

Exercise 11.1.8. Prove this lemma.

Note that the index formula 2(2 + n) = 2n + 4 is consistent with the explicit

description of M̃(Jα;A) in the above lemma. Recall that we are interested in
finding a Jβ-holomorphic sphere passing through a given point p0. So we consider
the following evaluation map

evA :M1(Jα;A)→ P, evA(f, z) = f(z)

whereM1(Jα;A) = M̃(J ;A)×S2/PSL(2;C) is the moduli space of 1-point marked
stable maps in class A. The dimension ofM1(Jα;A) is given by

2(c1(A) + n) + 2− 6 = 2c1(A) + 2n− 4.

For the product structure Jα in the circumstance of Lemma 11.1.7 where c1(A) = 2,
one can explicitly see that this dimension becomes 2n. In fact, we can prove

Lemma 11.1.9. For the product structure Jα, M1(Jα;A) is a compact 2n-
manifold and the evaluation map

evA :M1(Jα;A)→ Pr+ǫ,K

becomes a diffeomorphism. In particular, it has non-zero Z2-degree.

Exercise 11.1.10. Prove this lemma.

Now, we consider the given Jβ in Theorem 11.1.3. In general, Jβ may not be
A-regular and so we choose a sequence of A-regular Ji’s so that

Ji → Jβ as i→∞
in C∞-topology. Now, for each fixed i, we consider a path J = {Jt}0≤t≤1 such that
J0 = Jα and J1 = Ji and consider the diagram

M1(M ;A)

ΠA

��
J̄ : [0, 1] // Jw

whereM1(M ;A) =
⋃
J∈Jω

{J} ×M1(J ;A).

By the relative transversality theorem, we can choose the path J̄ that is trans-
verse to ΠA and J̄0 = Jα, J̄1 = Ji. Then the family

Π−1A (J̄) =
⋃

t∈[0,1]
{t} ×M1(Jt;A)

defines a smooth cobordism betweenM1(J0;A) andM1(J1;A).
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Furthermore the evaluation map

ev01 ⊔ ev11 :M1(J0;A) ⊔M1(J1;A)→ Pr+ǫ,K

extends to the parameterized evaluation map

EvA :M1(J ;A)×G S2 → Pr+ǫ,K × [0, 1] M1(J ;A) :=
⋃

t∈[0,1]
{t} ×M1(Jt;A)

defined by

EvA(t; ft, Jt, z) = (ft(z), t)

which is also smooth.
Under the circumstance above, if one can prove thatM1(J ;A) is compact, it

will provide a compact cobordism between M1(Jα;A) and M1(Ji;A) and so the
evaluation maps

ev0A :M1(Jα;A)→ Pr+ǫ,K × {0}
and

ev1A :M1(Ji;A)→ Pr+ǫ,K × {1}
must have the same Z2-degree. Therefore since ev

0
A has Z2-degree 1 by Lemma 5.6,

ev1A :M1(Ji;A)→ Pr+ǫ,K

must have non-zero Z2-degree and in particular is surjective. This in turn implies
that there exists a Ji-holomorphic curve passing through p0. Let us denote such
a Ji-holomorphic curve by ui. Now, if one can prove the uniform estimate for the
derivative dui

(11.1.5) max
z∈S2

|dui(z)| ≤ C

for all i, after reparametrization, one can pass to the limit to find a Jβ-holomorphic
sphere u∞ such that p0 ∈ Imageuβ which will finish the proof of Theorem 11.1.3
and so the nonsqueezing theorem.

Both of the above two compactness statements will be a consequence of Gro-
mov’s compactness theorem which we will describe in the next section. To apply
Gromov’s compactness theorem to our situation, the uniform area bound (11.1.5)
and the fact that the homotopy class A = [S2( r+ǫ2 )× {pt}] is simple will be used.

11.1.3. Proof of smooth convergence. The main goal of this section is to
prove the two compactness statements left out in the last section. We first consider

Proposition 11.1.11. Let P = S2( r+ǫ2 ) × T 2(n−1)(K) and A ∈ π2(P ) be as

before. Then for any path J = {Jt}0≤t≤1 ⊂ Jω, M1(J ;A) is compact. Further-

more, if we fix J0 = Jα, J1 = Jγ that are A-regular, there exists a smooth path J

such that M1(J ;A) becomes a compact smooth manifold.

This is a parameterized version of Gromov’s compactness theorem.

Theorem 11.1.12 (Gromov’s convergence theorem). Let Let Jγ → J∞ be a
convergent sequence in Jω. Then for any sequence of Jγ-holomorphic maps fγ :
S2 → P with the uniform area bound

Area(fγ) < C,

there exists a subsequence of fγ such that the unparametrized curve Cγ = Image fγ
weakly-converges to a cusp curve C∞ = {C∞,l}1≤l≤N so that
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(1) Area(C∞) = limγ→∞Area(C∞) =
∑N
l=1 Area(C∞,l)

(2) [C∞] =
∑N
l=1[C∞,l] in π2(P )

(3) C∞ is a connected cusp curve.

Furthermore, if N = 1, i.e., C∞ is a genuine smooth curve, then the subsequence
fγ C

∞-converges to a limit f∞ after reparametrization if necessary.

Exercise 11.1.13. This is an immediate consequence of the compactness the-
orem of the setM1(M,J ;≤ C) of stable maps of genus zero. Verify this claim.

Now, we are ready to prove Proposition 11.1.11

Proof of Proposition 11.1.11. SinceM1(J ;A) is a S
2-bundle overM(J ;A) =

M̃(J ;A)/G, it is enough to prove thatM(J ;A) is compact. Let (fi, Jti) be a se-
quence in M(J ;A). We have the uniform area bound ω(fi) ≤ C(A). Then the
above compactness theorem implies that there exists a subsequence of fi still de-
noted by fi such that the unparameterized curve Ci = Image fi converges to a

cusp-curve C∞ =
∑N
ℓ=1 C∞,ℓ. By choosing a subsequence, we may assume that

ti → t∞. However, since A is simple, N cannot be bigger than 1 by the argument
in the end of the previous section and so the subsequence fi converges to a Jt∞ -
holomorphic curve after reparametrization, which finishes the proof of the fact that
M(J ;A) is compact. The last statement will follow by the transversality theorem
if we choose a path J that is transverse to the projection Π2 :M(M ;A) → Jω in
Proposition 5.2. �

We are given a sequence of A-regular Ji such that Ji → Jβ where Jβ as in
Theorem 11.1.3.

By applying Proposition 6.1 and the existence scheme for each Ji, we are given
a sequence fi of Ji-holomorphic sphere passing through the point p0. Again using
the area bound and the simpleness of A, the above Gromov’s compactness theo-
rem guarantees the existence of the limit f∞ (after reparametrization) such that
f∞ is Jβ-holomorphic and p0 ∈ Image f∞. This finally finishes the proof of the
nonsqueezing theorem.

11.2. Nondegeneracy of the Hofer norm

We recall the definition of the Hofer norm ‖φ‖ of Hamiltonian diffeomorphism φ
from section 5.4. According to the remark at the end of section 5.4, nondegeneracy
of the norm on a symplectic manifold can be proved by establishing positivity of
the displacement energy of any closed Lagrangian submanifold therein.

Recall the definition of displacement energy from Definition 5.4.1 specializing
to the set of compact Lagrangian submanifolds.

Definition 11.2.1. For a given compact Lagrangian submanifold L ⊂ (M,ω),
its displacement energy is defined by

e(L;M,ω) = inf
H
{‖H‖ | L ∩ φ1H(L) = ∅}

In [Po93], Polterovich proved that

(11.2.6) e(L;M,ω) ≥ 1

2
Γ(L;M,ω) > 0

where Γ(L;M,ω) is the (positive) generator of the subgroup

{ω(β) | β ∈ π2(M,L)} ⊂ R
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for any rational Lagrangian submanifold. It is an easy consequence from this to
obtain nondegeneracy of Hofer’s norm for tame rational symplectic manifolds. Via
a version of the Floer homology theory, Chekanov improved this result in [Che94]
first by removing the factor “ 1

2” in (11.2.6) and then extending his result to arbitrary
tame non-rational symplectic manifolds and also giving an estimate of the number
of intersections L ∩ φ1H(L) in relation to Arnold’s conjecture.

In this section, we first introduce a variation of pseudo-holomorphic curves
whose conformal symmetry is broken. Such a variation was first used by Gromov
himself in his proof of non-exactness of any closed Lagrangian embeddings in Cn

[Gr85]. Gromov considered a one parameter family of the inhomogeneous equations
∂u = λg on Cn with a constant vector g ∈ Cn and 0 ≤ λ < ∞, compared the
corresponding moduli space for λ = 0 and those for λ → ∞. In his proof given
in [Gr85], Gromov exploited the fact that this perturbed moduli space becomes
empty for all sufficiently large λ, which he himself also proved by an ingenious
application of the Cauchy-integral formula.

Soon Floer provided a more natural variation of the equation perturbed by a
Hamiltonian vector fields which is used to construct the Floer homology for Hamil-
tonian fixed points [Fl89b]. In this section, we use the cut-off version of this Floer’s
perturbed Cauchy-Riemann equation closely following the idea from [Oh97c] for a
tame symplectic manifolds in the following way:

(1) We first identify emptiness of intersections of two Lagrangian submani-
folds L and φ1H(L) as the obstruction to compactness of certain parametrized
moduli space of perturbed Cauchy-Riemann equations.

(2) We then combine some simple but fundamental calculation to relate the
displacement energy, which is dynamical in nature, to the geometric in-
variant A(L;M,ω) of L.

This kind of calculation first appeared in [H85] and [Oh93a] in a crude form but it
is Chekanov in [Che94] who performed its optimal form of calculation, and has been
systematically used by the present author in a series of papers on spectral invariants
and their applications [Oh97b, Oh05d]. By now this calculation has become one
of the fundamental ingredients in applications of Floer homology techniques to
various problems in Hamiltonian dynamics and symplectic topology.

This section will also provide a glimpse of what kind of information the Floer
homology encodes on the underlying symplectic manifolds which will be studied in
detail in the next couple of parts.

11.2.1. Hamiltoninan perturbed Cauchy-Riemann equation. Let φ be
a Hamiltonian diffeomorphism of (M,ω). Denote byH a compactly supported time-
dependent Hamiltonian functions H with H 7→ φ. Let L be a compact Lagrangian
submanifold. We have one-one correspondence between L ∩ φ(L) with the set of
solutions z : [0, 1]→M of

(11.2.7) ż = XH(t, z), z(0), z(1) ∈ L.

Here is the precise correspondence:

(11.2.8) p ∈ L ∩ φ(L)⇔ z = zHp with zHp := φtH((φ1H)−1(p)).
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We will see that the L2-gradient equation of the action functional AH is given by
the map u : R× [0, 1]→M satisfying

(11.2.9)

{
∂u
∂τ + Jt(

∂u
∂t −XH(u)) = 0

u(τ, 0) ∈ L, u(τ, 1) ∈ L.
In this section, we will not emphasize this origin of the equation but regard this
equation as a perturbed Cauchy-Riemann equation of the form

u 7→ ∂Ju+ P (0,1)(u) = (du + P (u))0,1

where P is a section of the bundle

H → F ; Hu = Ω1(u∗TM)

and (·)(0,1) is the (0, 1)-part of (·) ∈ Ω1(u∗TM). In terms of the coordinate z =
(τ, t), we can write

P (z, u) = X(z, u)dτ + Y (z, u)dt

where X(z, u), Y (z, u) ∈ Ω0(u∗M). Therefore we have

2(du+ P (u))0,1
(
∂

∂τ

)
=
∂u

∂τ
+ Jt

∂u

∂t
+ (X(z, u)− JY (z, u)).

The equation (11.2.9) corresponds to the case, e.g., where P = PH is given by

PH(z, u) = XH(t, u) dt.

We note that P
(0,1)
H (z, u) = 1

2 (−JXH(t, u) dτ +XH(t, u) dt).
The following lemma illustrates how the analytical study of the above con-

sidered perturbed Cauchy-Riemann equation gives rise to an existence result of
Lagrangian intersections.

Lemma 11.2.2. Suppose that (11.2.9) carries a solution u : R× [0, 1]→M with
finite energy

(11.2.10) EJ(u) =

∫ ∞

−∞

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

Jt

dtdτ <∞ .

Then there exists a sequence τn → ∞ (or τn → −∞) such that the paths zn :=
u(τn, ·) converges in C∞ topology to a Hamiltonian path z : ([0, 1], {0, 1})→ (M,L)
satisfying (11.2.7). In particular we have L ∩ φ(L) 6= ∅.

Proof. Because of the finiteness (11.2.10) and the integrand is non-negative,
there exist a sequence τn ր∞ such that

∫ 1

0

∣∣∣∣
∂u

∂τ
(τn, ·)

∣∣∣∣
2

Jt

dt→ 0.

Since u satisfies (11.2.9), this is equivalent to

(11.2.11)

∫ 1

0

∣∣∣∣
∂u

∂t
−XH(u)

∣∣∣∣
2

Jt

dt→ 0 .

Setting zn = u(τn, ·), we have

(11.2.12)

∫ 1

0

|żn −XH(zn)|2Jt
dt→ 0.
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Since H is compactly supported, we have max(t,x) |XH(t, x)|Jt < C for some C > 0.
Therefore

(11.2.13)

∫ 1

0

|żn|2Jt
dt < C2 + 1 <∞

for all sufficiently large n. By the compactness of the Sobolev embedding

W 1,2([0, 1],M) →֒ C0([0, 1],M)

we can take a subsequence, again denoted by zn, so that zn → z in C0.
We now claim z is differentiable and satisfies ż = XH(z). This is a local prob-

lem. By taking coordinates, we may assume M = R2n. To prove differentiability
of z, we write

zn(t+ h)− zn(t)−XH(t, zn(t))h

=

∫ 1

0

(
d

du
zn(t+ uh)−XH(t, zn(t))

)
h du

=

∫ 1

0

(hXH(t+ uh, zn(t+ uh))− hXH(t, zn(t)) du

= h

∫ 1

0

(XH(t+ uh, zn(t+ uh))−XH(t, zn(t)) du.

By the continuity of XH and the uniform convergence of zn → z we have conver-
gence

XH(t+ uh, zn(t+ uh))→ XH(t+ uh, z(t+ uh)), XH(t, zn(t)→ XH(t, z(t)

uniformly over t, u as n→∞. This proves

z(t+ h)− z(t)−XH(t, z(t))h = h

∫ 1

0

(XH(t+ uh, z(t+ uh))−XH(t, z(t))) du.

Furthermore by the continuity, we have
∣∣∣∣
∫ 1

0

(XH(t+ uh, z(t+ uh))−XH(t, z(t))) du

∣∣∣∣→ 0

as |h| → 0. Therefore we have derived

|z(t+ h)− z(t)−XH(t, z(t))h| = o(|h|)
which proves z is differentiable at t and its derivative is given by ż(t) = XH(t, z(t)).
By the similar boot-strapping argument, we can show that z is a smooth solution
to Hamilton’s equation of H .

Finally convergence of zn → z in C∞ topology follows again by the boot-
strap by differentiating the equation żn = XH(t, zn) which finishes the proof of the
convergence statement. �

The following rephrased form of the last statement will play an important role
as an obstruction to compactness of the moduli space of solutions of a suitably
cut-off version of Floer trajectory equation.

Corollary 11.2.3. Suppose L∩φ1H (L) is empty. Then (11.2.9) has no solution
of finite energy.
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We first consider the special case where J ≡ J0 and H ≡ 0. In this case, the
equation (11.2.9) becomes,

(11.2.14)

{
∂u
∂τ + J0

∂u
∂t = 0

u(τ, 0) ∈ L, u(τ, 1) ∈ L.
We assume ∫ ∫ ∣∣∣∣

∂u

∂τ

∣∣∣∣
2

J0

<∞.

By composing a conformal diffeomorphism φ : D2 \ {1,−1} → R× [0, 1], we obtain
a map ũ := u ◦ φ

ũ :
(
D2 \ {1,−1}, ∂D2 \ {1,−1}

)
→ (M,L),

which is J0-holomorphic with
∫
|dũ|2J0

<∞. By the removable singularity theorem,
ũ smoothly extends to a J-holomorphic disc

ũ : (D2, ∂D2)→ (M,L).

In particular, we can associate a natural homotopy class [u] = [ũ] ∈ π2(M,L).
In fact the above discussion equally applies whenever the pair (J,H) satisfies

that J ≡ J0 and H ≡ 0 near τ = ±∞. This leads us to consider the non-
autonomous version, i.e., τ -dependent version of the equation (11.2.9). Consider
the two parameter family of almost complex structures and Hamiltonian functions:

J = {J(s,t)}, H = sHt for (s, t) ∈ [0, 1]2 .

Note that [0, 1]2 is a compact set and so J, H are compact families. We will be
particularly interested in the case:

J(s, t, x) = J0, in a neighborhood of ∂[0, 1]2 .

And we may assume J(s,t) is as close to J0 as we want in C∞-topology. We may
also assume that Ht ≡ 0 near t = 0, 1 by reparameterizing the given Hamiltonian
flow φtH so that it becomes constant near t = 0, 1. For each K ∈ R+ = [0,∞), we
define a family of cut-off functions ρK : R→ [0, 1] so that for K ≥ 1, they satisfy

(11.2.15) ρK =

{
0 for |τ | ≥ K + 1

1 for |τ | ≤ K.
We also require

ρ′K ≥ 0 on [−K − 1,−K]

ρ′K ≤ 0 on [K,K + 1].(11.2.16)

For 0 ≤ K ≤ 1, define ρK = K · ρ1. Note that ρ0 ≡ 0.
Then we consider the following one-parameter K-family of equations:

(11.2.17)

{
∂u
∂τ + J(ρ1K(τ),t)

(
∂u
∂t − ρK(τ)XH(u)

)
= 0

u(τ, 0) ∈ L, u(τ, 1) ∈ L
with the finite energy

∫
|dũ|2J(ρK (τ),t)

< ∞. Note that if |τ | ≥ K + 1, the equation

becomes
∂u

∂τ
+ J0

∂u

∂t
= 0.

In particular, the finite energy condition allows us to extend u ◦ φ smoothly to the
whole disc. Hence it defines a homotopy class [u] ∈ π2(M,L).
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Definition 11.2.4. For K > 0, we define

MK(J,H ;A) = {u : R× [0, 1]→M |u satisfies (11.2.17)

and

∫ ∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

<∞, [u] = A} .

The following is the basic structure theorem ofMK(J,H ;A) whose proof is a
slight variation of the generic transversality theorem and so is left to the readers.

Theorem 11.2.5. (1) For each fixed K > 0, there exists a generic choice
of (J,H) such that MK(J,H ;A) becomes a smooth manifold of dim n +
µL(A) if non-empty. In particular, if A = 0, dim MK(J,H ;A) = n if
non-empty.

(2) For the case A = 0,K = 0, all solutions are constant and Fredholm regular
and hence MK(J,H ;A) ∼= L. Furthermore the evaluation map

ev :M0(J,H ; 0)→ L : u 7→ u(0, 0)

is a diffeomorphism.
(3) Let K0 ≫ 0 and assumeMK0(J,H ;A) is regular and ev :MK0(J,H ;A)→

L is smooth. Then the parameterized moduli space

Mpara
[0,K0]

(J,H ;A) :=
⋃

K∈[0,K0]

{K} ×MK(J,H ;A)→ [0,K0]

is a smooth manifold with boundary

{0} ×M0(J,H ;A) ⊔ {K0} ×MK0(J,H ;A)

and the evaluation map

Ev :Mpara
[0,K0]

(J,H ;A)× R→ L× R+ × R : ((K,u), τ) 7→ (K,u(τ), τ)

is smooth.

The following a priori energy bound is a key ingredient in relation to the lower
bound of displacement energy.

Lemma 11.2.6. Let u be any finite energy solution of (11.2.17) with [u] = A ∈
π2(M,L) fixed. Then we have

EJK (u) :=

∫ ∞

−∞

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

dt dτ

= ω(A)−
∫ −K

−K−1
ρ′K(τ)

∫ 1

0

(Ht ◦ u) dt dτ −
∫ K+1

K

ρ′K(τ)

∫ 1

0

(Ht ◦ u) dt dτ.

(11.2.18)

In particular, we have

(11.2.19) EJK (u) ≤ ω(A) + ‖H‖

where ‖H‖ :=
∫ 1

0 (max Ht − min Ht)dt. When A = 0, we have EJK (u) ≤ ‖H‖.
Also the upper bound does not depend on K, ρK or u as long as u has finite energy.
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Proof. The proof will be carried out by an explicit calculation. This calcu-
lation is the key calculation that relates the energy and the Hofer norm, which we
extract from [Oh97c]. We compute

∫ ∞

−∞

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

dt dτ =

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
, JK

∂u

∂τ

)
dt dτ

=

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
,
∂u

∂t
− ρK(τ)XH(u)

)
dt dτ

=

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
,
∂u

∂t

)
dt dτ

−
∫ ∞

−∞
ρK(τ)

∫ 1

0

ω

(
∂u

∂τ
,XHt(u)

)
dt dτ

= ω(A)−
∫ ∞

−∞
ρK(τ)

∫ 1

0

(
−dHt(u)

∂u

∂τ

)
dt dτ

= ω(A) +

∫ ∞

−∞
ρK(τ)

∫ 1

0

∂

∂τ
(Ht ◦ u) dt dτ

= ω(A)−
∫ ∞

−∞
ρ′K(τ)

∫ 1

0

(Ht ◦ u) dt dτ

= ω(A)−
∫ −K

−K−1
ρ′K(τ)

∫ 1

0

(Ht ◦ u) dt dτ

−
∫ K+1

K

ρ′K(τ)

∫ 1

0

(Ht ◦ u) dt dτ.

This finishes the proof of (11.2.18). The inequality (11.2.19) immediately follows

from this since we have
∫ −K
−K−1 ρ

′
K(τ) dτ = 1 and

∫K+1

K ρ′K(τ) dτ = −1 . �

Proposition 11.2.7. Let Ht be the Hamiltonian such that L∩φ1H(L) is empty
and H = sHt and J as before. Fix A ∈ π2(M,L). Then there exists K0 > 0
sufficiently large such that MK(J,H ;A) is empty for all K ≥ K0.

Proof. We will use a priori bound to apply the following version of compact-
ness theorem, whose proof is a variation of Gromov’s convergence theorem and is
postponed until part III.

Theorem 11.2.8 (Gromov-Floer Compactness Theorem). Suppose Kα → K∞ ∈
R+ ∪ {∞} and let uα be solutions of (11.2.17) for K = Kα with uniform bound

EJKα
(uα) < C <∞ for C independent of α.

Then, there exist a subsequence again enumerated by uα and a cusp-trajectory
(u,v,w) such that

(1) u is a solution of (11.2.17) with K = K∞.
(2) v = {vi}ki=1 where each vi is a J(si,ti)-holomorphic sphere and each wj is

a J0-holomorphic disc with boundary lying on L.
(3) lima→∞ EJKa

(uα) = EJK∞
(u) +

∑
i ω(vi) +

∑
j ω(wj) where

ω(vi) =

∫
v∗i ω =

1

2

∫
|dvi|2J = EJ(si,ti)

(vi).
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(4) And uα converges to (u,v,w) in Hausdorff topology and converges in com-
pact C∞ topology away from the nodes.

Furthermore, if v = w = φ, then uα → u smoothly on R× [0, 1].

Now we are ready to wrap up the proof of Proposition 11.2.7. The proof will
be given by contradiction. Suppose there exists a sequence Kα ր∞ and a solution
uα ∈MKα(J,H ;A). By the a priori energy bound for MKα(J,H ;A), we can apply
Gromov-Floer compactness theorem. In other words, there exists (u,v,w) such
that uα → (u,v,w) in the sense of the compactness theorem. In particular, we
have produced a solution u of (11.2.17). But (11.2.17) is nothing but

{
∂u
∂τ + Jt(

∂u
∂t −XHt(u)) = 0

u(τ, 0), u(τ, 1) ∈ L
and

EJ (u) ≤ limEK(uα) < ω(A) + ‖H‖ <∞.
By Lemma 11.2.2, we derive

L ∩ φ(L) 6= ∅.
This contradicts the assumption and hence finishes the proof. �

Corollary 11.2.9. Consider a sequence of maps

uα ∈ MKα(J,H ;A = 0)

such that
uα → (u,v,w).

Then any bubble, if any, must have symplectic area less than ‖H‖.
Proof. This is the case when A = 0. Then we have

EJK (uα) =

∫ ∫ ∣∣∣∣
∂uα
∂τ

∣∣∣∣
2

JK

≤ ‖H‖.

Therefore,

EJ∞(u) +
∑

i

ω(vi) +
∑

j

ω(wj) ≤ ‖H‖.

Since every terms are positive, this proves the corollary. �

11.2.2. Proof of nondegeneracy. We reall the geometric invariantA(L;M,ω)
from Definition 8.4.10 which plays an important role in the study of of displace-
ment energy of general compact Lagrangian submanifolds, especially of irrational
Lagrangian submanifolds.

Let J0 be any complex structure compatible to ω. Consider

AS(J0, ω) = inf
v
{ω(v) | v : s2 →M nonconstant, ∂J0v = 0}

AD(J0, ω : L) = inf
w
{ω(w) | w : (D2, ∂D2)→ (M,L) nonconstant, ∂J0w = 0}.

We have shown that AS(J0, ω), AD(J0, ω;L) > 0. Denote

A(J0, ω;L) = min{AD(J0, ω;L), AS(J0, ω)}.
Then we take the supremum thereof over J0 ∈ Jω

A(L;M,ω) = sup
J0

A(J0, ω;L).
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Remark 11.2.10. The invariantA(L;M,ω) plays an important role in Chekanov’s
proof [Che98] of positivity of displacement energy of general compact Lagrangian
submanifolds, especially of irrational Lagrangian submanifolds. If ω is weakly exact
i.e., if ω|π2(M) = 0, we set A(J0, ω) =∞ for any J0. We also define AS = AD =∞
if there exists no J0-holomorphic sphere or disc. Furthermore if L ⊂ (M,ω) is
rational, we have A(L;M,ω) ≥ ΣL where ΣL is the positive generator of the period
group of L

{ω(β) | β ∈ π2(M,L)}.
We note that for irrational L ⊂ (M,ω) the period group is dense in R and so there
is no such topological lower bound for the displacement energy.

The following proof is borrowed from that of [Oh97c], which extracts the
essential component of Chekanov’s proof just for the purpose of obtaining positivity
of displacement energy. Chekanov’s proof proves stronger result in that it also
estimates the number of intersections when L and φ(L) intersect.

Theorem 11.2.11 (Chekanov). Let (M,ω) be a tame symplectic manifold and
L ⊂ (M,ω) be a compact Lagrangian embedding. Then we have

e(L;M,ω) ≥ A(L;M,ω).

Proof. If L is not displaceable, by definition, we have e(L;M,ω) =∞. Then
there is nothing to prove.

Now suppose there exists a Hamiltonian H with φ1H(L)∩L = ∅. Let H be any
such Hamiltonian. We go back to the parameterized moduli space

Mpara
[0,K0]

(J,H ; 0) =
⋃

K∈[0,K0]

{K} ×MK(J,H ; 0)

which is fibered over [0,K0]. Consider the evaluation map

Ev :Mpara
[0,K0]

(J,H ; 0)→ L× [0,K0]; u 7→ (u(0, 0),K).

The transversality theorem implies that for generic choice of J ,Mpara
[0,K0]

(J,H ; 0) is

a smooth manifold of dimension (dimL+ 1) with boundary

M0(J,H, 0)
∐
MK0(J,H, 0).

We also know that

ev0 :M0(J,H ; 0)→ L is a diffeomorphism.

In particular, its Z2-degree of ev0 is 1. On the other hand we have

MK0(J,H ; 0) = φ

by Proposition 11.2.7, hence the Z2-degree of the map evK0 is zero. But the Z2-
degree is invariant under a compact cobordism. Hence, Mpara

[0,K0]
(J,H ; 0) cannot

be compact!! By Gromov-Floer compactness theorem, a bubble must develop, i.e.,
there exists a subsequence of Kα again denoted by the same such that

Kα → K∞ ∈ [0,K0],

and there exist a sequence

uα ∈MKα(J,H ; 0)
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converging to some cusp-curve (u,v,w) with either v 6= ∅,w 6= ∅. Recall Corollary
11.2.9 implies that the symplectic energy of the bubble is always less than ‖H‖,
and hence

min
{
AS(J(si,ti), ω), AD(J0, ω;L)

}
≤ ‖H‖.

Now, it remains to compare AS(J(si,ti), ω) with AS(J0, ω). This can be achieved
by the following upper semi-continuity result

Proposition 11.2.12. Suppose J0 is tame to (M,ω). Let J = {J(s,t)}(s,t)∈[0,1]2
be a family with J |∂[0,1]2 ≡ J0 and J0 ≡ J outside a compact set of M . Then for

all 0 < ǫ < A(J0, ω), we can choose J : [0, 1]2 → Jω so that it is close to J0 with

AS(J(s,t), ω) ≥ AS(J0, ω)− ǫ for all (s, t) ∈ [0, 1]2.

Exercise 11.2.13. Prove this proposition and show how the tameness of J0
enter in the proof.

From this proposition, we obtain

∀ǫ > 0, min{AS(J0, ω)− ǫ, AD(J0, ω, L)} ≤ ‖H‖.
Since this holds for all ǫ > 0, we have

A(J0, ω;L) ≤ ‖H‖.
By taking the supremum of A(J0, ω;L) over J0, we obtain A(ω,L) ≤ ‖H‖ for anyH
with L∩φ1H(L) = φ. Now taking the infimum of ‖H‖ over allH with L∩φ1H(L) = φ,
we obtain

0 < A(L;M,ω) ≤ inf
H
{‖H‖ | L ∩ φ1H(L) = φ}.

But the quantity in the right hand side of this inequality is nothing but the dis-
placement energy e(L;M,ω) of L and finishes the proof. �

Now we are ready to prove nondegeneracy of Hofer norm.

Theorem 11.2.14. Let (M,ω) be a tame symplectic manifold and let φ ∈
Ham(M,ω). Then φ = id if and only if ‖φ‖ = 0.

Proof. Obviously the zero Hamiltonian H = 0 generates the identity and
hence the ‘only if’ part is trivial. Now we prove the ‘if’ part. Let φ 6= id. Then
there exists a point x ∈ M with φ(x) 6= x. By continuity we can find a small
symplectic ball Bδ(x) ∼= B2n(δ) centered at x such that φ(Bδ(x)) ∩ Bδ(x) = ∅.
Therefore φ displaces a compact Lagrangian torus L ⊂ Bδ(x) where L = φ(T nǫ ) for

T nǫ = S1(ǫ)× . . .× S1(ǫ) ⊂ B2n(δ) ⊂ Cn.

with ǫ is sufficiently smaller than δ (in fact, it is enough to choose ǫ < δ/
√
n).

Obviously we have
e(Bδ(x)) ≥ e(L) ≥ A(L;M,ω) > 0.

But since φ(Bδ(x)) ∩ Bδ(x) = ∅, we must have ‖φ‖ ≥ e(Bδ(x)) by definition of
e(Bδ(x)). Combining the two inequalities, we obtain ‖φ‖ > 0 which finishes the
proof. �

Remark 11.2.15. We would like to mention that in [LM95b], Lalonde-McDuff
proved the above nondegeneracy on arbitrary symplectic manifolds. The tameness
condition required in the proof of this section is an artifact of Floer homology theory
which requires the ambient manifold to be tame.





Part 3

Lagrangian Intersection Floer

homology





CHAPTER 12

Floer homology on cotangent bundles

In 1960’s, Arnold first predicted [Ar65] existence of Lagrangian intersection
theory (on the cotangent bundle) as the intersection theoretic version of the Morse
theory and posed the celebrated Arnold’s conjecture: the geometric intersection
numbers of the zero section of T ∗N for a compact manifold N is bounded below by
the one given by the number of critical points provided by the Morse theory on N .
This original version of the conjecture is still open due to the lack of understanding
of the latter Morse-theoretic invariants. However, its cohomological version was
proven by Hofer [H85] using the direct approach of the classical variational the-
ory of the action functional. This was inspired by Conley-Zehnder’s earlier proof
[CZ83] of Arnold’s conjecture on the number of fixed points of Hamiltonian dif-
feomorphisms. Around the same time Chaperon [Ch84] and Laudenbach-Sikorav
[LS85] used the broken geodesic approximation of the action functional and method
of generating functions in their proof of the same result. This replaced Hofer’s com-
plicated technical analytic details by simple more or less standard Morse theory.

Chaperon and Laudenbach and Sikorav’s proof itself is reminiscent of Conley-
Zehnder’s proof [CZ83] in that both reduces the infinite dimensional problem to a
finite dimensional one. (Laudenbach-Sikorav’s method of generating functions was
further developed by Sikorav [Sik87] and then culminated into Viterbo’s theory of
generating functions quadratic at infinity [Vi92].)

In the mean time, Floer introduced in [Fl88b] a general infinite dimensional
homology theory, now called the Floer homology, based on the study of moduli
space of an elliptic equation of the Cauchy-Riemann type which occurs as the
L2-gradient flow of the action integral associated to the variational problem. In
particular Hofer’s theorem mentioned above is a special case of Floer’s [Fl88a] (at
least up to the orientation problem which was solved later in [Oh97b]), if we set
L0 = φ(oN ), L1 = oN in the cotangent bundle. (Floer’s construction is applicable
not only to the action functional in symplectic geometry but also to the various
first-order elliptic system that appears in the low dimensional topology, e.g., anti-
self dual Yang Mills equation, Seiberg-Witten monopole equation, and has been a
fundamental ingredient in recent development in the low dimensional topology as
well as in symplectic topology.)

In [Oh97b], the present author exploits the natural filtration present in the
Floer complex associated to the classical action functional and provides a Floer the-
oretic construction of Viterbo’s invariants [Oh97b]. This construction is partially
motivated by Weinstein’s observation that the classical action functional

AH(γ) =

∫

γ

p dq −
∫ 1

0

H(t, γ(t)) dt

is a canonical ‘generating function’ the Lagrangian submanifold φ1H(L).

299
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In this chapter we give a brief summary of the Floer theory on the cotangent
bundles in which we can illustrate essentially all the aspects of known applications
of Floer homology to symplectic topology, which does not require study of bubbling
phenomenon because it does not occur. We postpone the study of this crucial aspect
of bubbling phenomenon and its technical underpinning in general to later chapters.

12.1. The action functional as a generating function

We start with the first variation formula (3.4.15) restricted to the case of cotan-
gent bundles with α = −θ, θ =∑n

i=1 pi dq
i the Liouville one form

(12.1.1)

dAH(γ)ξ =

∫ 1

0

ω0(γ̇(t)−XH(t, γ(t)), ξ(t)) dt + 〈θ(γ(1)), ξ(1)〉 − 〈θ(γ(0)), ξ(0)〉

for γ : [0, 1]→ T ∗N and ξ ∈ Γ(γ∗T (T ∗N)) is a vector field along γ.
A moment’s reflection of this formula gives rise to several important conse-

quences.
First, we consider the set of paths γ : [0, 1] → T ∗N issued at a point in the

zero section. We denote

Ω(0; oN ) = {γ | γ(0) ∈ oN}.
There is a natural map πev1 : Ω(0; oN )→ N defined by

(12.1.2) π ◦ ev1(γ) = π(γ(1)).

This defines a fibration of Ω(0; oN ) over N whose fiber at q ∈ N is given by

Ω(oN , T
∗
qN) = {γ | γ(0) ∈ oN , γ(1) ∈ T ∗qN}.

The fiber derivative of AH for πev1 at q is nothing but the first variation of AH :
Ω(oN , T

∗
qN)→ R. This shows that we have

dfiberAH(γ)(ξ) =

∫ 1

0

ω0(γ̇(t)−XH(t, γ(t)), ξ(t)) dt

for all ξ ∈ TγΩ(oN , T
∗
qN). Therefore the fiber critical set thereof, denoted by

ΣAH ⊂ Ω(0; oN ), is given by the set of solutions of the Hamilton’s equation

ẋ = XH(t, x), x(0) ∈ oN , x(1) ∈ T ∗qN.
We note that on ΣAH we have

dAH(γ)(ξ) = 〈γ(1), dπ(ξ(1))〉
from (12.1.1).

Exercise 12.1.1. Complete a formal heuristic argument to derive from this
formula that the pushforward of the one form dAH(γ) is nothing but γ(1) ∈ T ∗qN .

This completes the heuristic proof of the following which was observed by We-
instein

Proposition 12.1.2 (Weinstein). The pair (AH ,Ω(0; oN )) is a generating func-
tion of φ1H(oN ) in the above sense.
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In fact, there is the natural finite dimensional reduction of this generating
function which we call the basic generating function of LH = φ1H(oN ) and denote
by hH : LH → R. For given x ∈ LH , we denote

zHx (t) = φtH((φ1H)−1(x))

which is a Hamiltonian trajectory such that

(12.1.3) zHx (0) ∈ oN , zHx (1) = x

by definition. We recall the following basic lemmata used in [Oh97b] whose proofs
we leave as an exercise.

Lemma 12.1.3. The function hH : LH → R defined by

hH(x) = AH(zHx ), zHx (t) = φtH((φ1H)−1(x))

satisfies
i∗Hθ = dhH

i.e., hH is a generating function of LH . We call hH the basic generating function
of LH .

Exercise 12.1.4. Prove this lemma.

Another consequence of the formula (12.1.1) is characterization of natural
boundary conditions for the variational theory of AH . One obvious natural bound-
ary condition is the periodic boundary condition γ(0) = γ(1). A more interesting
class of natural boundary conditions are the following

Proposition 12.1.5. Consider the conormal bundle iS : ν∗S →֒ T ∗N for a
submanifold S ⊂ N . Then i∗Sθ = 0.

Proof. Let ξ ∈ Tα(T ∗N) and π(α) = x. We have

i∗Sθ(ξ) = α(x)(dπ(ξ(α)).

But this pairing vanishes because dπ(ξ(α)) ∈ TxS and α(x) ∈ ν∗xS by definition.
This finishes the proof. �

By this proposition, if we restrict the action functional AH to the subset

ΩS0S1 = Ω(ν∗S0, ν
∗S1) = {γ : [0, 1]→ T ∗N | γ(0) ∈ ν∗S0, γ(1) ∈ ν∗S1}

the first variation of dAH is reduced to

(12.1.4) dAH(γ)(ξ) =

∫ 1

0

ω0(γ̇(t)−XH(t, γ(t)), ξ(t)) dt.

We point out that the path space Ω(oN , T
∗
qN) defined above is a special case of

conormal boundary condition corresponding to S0 = N and S1 = {q}.
An immediate corollary of Proposition 12.1.5 is the following characterization

of the critical point equation: dAH |Ω(S0,S1)(γ) = 0 if and only if γ satisfies

(12.1.5) γ̇ = XH(t, γ(t)), γ(0) ∈ ν∗S0, γ(1) ∈ ν∗S1.

Definition 12.1.6 (Action spectrum). We define Spec(H ;S0, S1) to be the set
of critical values and call it the action spectrum of AH on ΩS0S1 , i.e.,

Spec(H ;S0, S1) = {AH(z) | ż = XH(t, z(t)), z(0) ∈ ν∗S0, z(1) ∈ ν∗S1}.
Proposition 12.1.7. The subset Spec(H ;S0, S1) ⊂ R is compact and has mea-

sure zero.
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Proof. We have one-one correspondence between the solutions of (12.1.5) and
the intersection

φH1(ν∗S0) ∩ ν∗S1

as shown in section 3.1. Clearly this set is compact. On the other hand the function
from ν∗S1 to R

h : x 7→ zHx 7→ AH(zHx )

is smooth and so its image of φH1 (ν∗S0) ∩ ν∗S1 is compact.

Exercise 12.1.8. The set of critical points of h coincides with the intersection
set φH1 (ν∗S0) ∩ ν∗S1 and the set of critical values of h with Spec(H ;S0, S1).

The classical Sard’s theorem applied to the smooth function h : ν∗S1 → R then
finishes the proof. �

We also have the transversality result that φH1 (ν∗S0) ⋔ ν∗S1 if and only if the
linearization operator of (12.1.5)

(12.1.6) ∇γ′ −DXH(γ) : ΓS0S1(γ
∗(T (T ∗N)))→ Γ(γ∗T (T ∗N))

is surjective where ΓS0S1(γ
∗(T (T ∗N))) is the subset of Γ(γ∗T (T ∗N)) defined by

ΓS0S1(γ
∗(T (T ∗N))) = {ξ ∈ Γ(γ∗T (T ∗N)) |

ξ(0) ∈ Tγ(0)(ν∗S0), ξ(1) ∈ Tγ(1)(ν∗S1).

The subset ΓS0S1(γ
∗(T (T ∗N))) is also the tangent space TγΩS0S1 of ΩS0S1 at γ.

This correspondence is the key to the relationship between the dynamics of Hamil-
ton’s equations and the geometry of Lagrangian intersections.

12.2. L2-gradient flow of the action functional

We first note that if a Riemannian metric g is given to N , the associated Levi-
Civita connection induces a natural almost complex structure on T ∗N , which we
denote by Jg and which we call the canonical almost complex structure (in terms
of the metric g on N).

Definition 12.2.1. Let g be a Riemannian metric on N . The canonical almost
complex structure Jg on T ∗N is defined as follows: Consider the splitting

T(q,p)(T
∗N) = T h(q,p)(T

∗N)⊕ T v(q,p)(T ∗N)

with respect to the Levi-Civita connection of g. For every (q, p) ∈ T ∗N , Jg maps
the horizontal unit tangent vectors to vertical unit vectors

We will fix the Riemannian metric g on N once and for all. This canonical
almost complex structure has the following properties:

Proposition 12.2.2. We have

(1) Jg is compatible to the canonical symplectic structure ω0 of T ∗N .
(2) On the zero section oN ⊂ T ∗N ∼= T(q,0)oN , Jg assigns to each v ∈ TqN ⊂

T(q,0)(T
∗N) the cotangent vector Jg(v) = g(v, ·) ∈ T ∗qN ⊂ T(q,0)(T

∗N).
Here we use the canonical splitting

T(q,0)(T
∗N) ∼= TqN ⊕ T ∗qN.

(3) The metric gJg := ω0(·, Jg·) on T ∗N defines a Riemannian metric that
has bounded curvature and injectivity radius bounded away from 0.
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(4) Jg is invariant under the anti-symplectic reflection r : T ∗N → T ∗N map-
ping (q, p) 7→ (q,−p).

We consider the class of compatible almost complex structures J on T ∗N such
that

J ≡ Jg outside a compact set in T ∗N ,

and denote the class by

J c := {J | J is compatible to ω and J ≡ Jg
outside a compact subset in T ∗N}.

We define and denote the support of J by

supp J := the closure of {x ∈ T ∗N | J(x) 6= Jg(x)}.
Define

P(J c) := C∞([0, 1]→ J c) = {J : [0, 1]→ J c | J = {Jt}0≤t≤1}.
For each given J = {Jt}0≤t≤1, we consider the associated family of compatible
metrics gJt . This family induces an L2-metric on the space of paths on T ∗N
defined by

(12.2.7) ≪ ξ1, ξ2 ≫J=

∫ 1

0

gJt(ξ1(t), ξ2(t)) dt =

∫ 1

0

ω(ξ1(t), Jt ξ2(t)) dt.

From now on, we will always denote by J an [0, 1]-family of compatible almost
complex structures unless otherwise stated.

Next we consider Hamiltonians H = H(t, x) such that Ht is asymptotically
constant, i.e., the ones whose Hamiltonian vector field XH is compactly supported.
We define

suppascH = suppXH :=
⋃

t∈[0,1]
suppXHt .

For each given compact set K ⊂ T ∗N and R ∈ R+, we define
(12.2.8)
HR = PC∞R (T ∗N,R) = {H ∈ C∞([0, 1]× T ∗N,R) | suppascH ⊂ DR(T ∗N)}

which provides a natural filtration of the space H. Then we have

H := C∞([0, 1]× T ∗N,R) =
⋃

R

HR

and equip the union ∪RHR with the direct limit topology of {HR}R>0.
If we denote by gradJAH the associated L2-gradient vector field, the formula

of dAH(γ) and (12.1.4) imply that gradJAH has the form

(12.2.9) gradJAH(γ)(t) = −Jt (γ̇(t)−XH(t, γ(t)))

which we simply write J(γ̇−XH(γ)). Therefore the positive gradient flow equation
of a path u : R→ ΩS0S1 has the form

(12.2.10)

{
∂u
∂τ + J

(
∂u
∂t −XH(u)

)
= 0

u(τ, 0) ∈ ν∗S0, u(τ, 1) ∈ ν∗S1

if we regard u as a map u : R× [0, 1]→M . We call this equation Floer’s perturbed
Cauchy-Riemann equation or simply the perturbed Cauchy-Riemann equation as-
sociated to the quadruple (H, J ;S0, S1).
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The general Floer theory largely relies on the study of the moduli spaces of
solutions u : R× [0, 1]→ T ∗N with finite energy and of bounded image of the kind
(12.2.10) of perturbed Cauchy-Riemann equations. The relevant energy function is
given by

Definition 12.2.3. For a given smooth map u : R× [0, 1]→M , we define the
energy, denoted by E(H,J)(u), of u by

E(H,J)(u) =
1

2

∫ (∣∣∣∂u
∂τ

∣∣∣
2

Jt

+
∣∣∣∂u
∂t
−XH(u)

∣∣∣
2

Jt

)
dt dτ.

We denote by

M̃(H, J ;S0, S1),

the set of bounded finite energy solutions of (12.2.10) for general H not necessarily
nondegenerate. The following lemma is an easy consequence of the condition of
finite energy and bounded image.

Lemma 12.2.4. Suppose J ∈ P(J c) and H is any smooth Hamiltonian. If u
satisfies

∂u

∂τ
+ J

(∂u
∂t
−XH(u)

)
= 0,

and has bounded image and finite energy, there exists a sequence τk → ∞ (respec-
tively τk → −∞) such that the path zk := u(τk) = u(τk, ·) converges in C∞ to a
solution z : [0, 1]→ T ∗N of the Hamilton equation ẋ = XH(x).

Proof. The proof of this lemma is similar to that of Lemma 11.2.2 and so will

be brief. Since u satisfies (12.2.10), we have E(H,J)(u) =
∫ ∣∣∣∂u∂t −XH(u)

∣∣∣
2

Jt

dt dτ <

∞. Therefore there exists a sequence τk →∞ such that

(12.2.11)

∫ 1

0

∣∣∣∂u
∂t

(τk, ·)−XH(u(τ)
∣∣∣
2

Jt

→ 0.

Denote zk := u(τk, ·). Since u is assumed to have bounded image, |XH(t, zk(t)| is
uniformly bounded over k. Then this boundedness and (12.2.11) imply ‖zk‖W 1,2 ≤
C with C independent of k. By Sobolev embedding W 1,2 →֒ Cǫ with 0 < ǫ < 1

2 ,
zk is pre-compact in Cǫ and so has a sequence converging to z∞ in Cǫ. From
the equation żk(t) = XH(t, zk(t)), it follows żk(t) converges to XH(t, z∞(t)) in Cǫ.
Now by the boot-strap argument same as that of Lemma 11.2.2 we derive that zk
converges to z∞ in C∞. This finishes the proof. �

For M̃(H, J ;S0, S1) to well-behave when the parameter (H, J ;S0, S1) varies,
we need to establish a priori energy bound and C0 bound for the map u satisfying
(12.2.10). For this purpose, we need to impose certain tameness of (H, J) at infinity:
We have already mentioned the tameness condition on J before.

Definition 12.2.5. A function h : T ∗N → R is called conic at infinity if it
satisfies

R∗λdh = λdh, λ > 0

(i.e., if it is homogeneous of order 1) outside some compact subset of T ∗N where
Rλ : T ∗N → T ∗N is the fiber multiplication map (q, p) 7→ (q, λp). We say a time-
dependent Hamiltonian H is conic at the end if there exists a function h of conic
at the end

Ht ≡ h
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for all t ∈ [0, 1] outside a compact set.

We note that

ν∗S0 ∩ ν∗S1 =
⋃

q∈S0∩S1

ν∗qS0 ∩ ν∗qS1

which is a conic subset of T ∗N , but not necessarily an isolated subset. In particular
it is always noncompact except the case when S0 and S1 have complementary
dimensions. From now on, we consider only the case

S0 = oN

which is compact.

Lemma 12.2.6. Let S ⊂ N be a compact submanifold. There is a dense subset
of Hamiltonians H conic at infinity such that φ1H(oN ) ∩ ν∗S is transversal and
compact.

12.3. C0 bounds of Floer trajectories

If u satisfies (12.2.10), the energy of u can be re-written as

(12.3.12) E(H,J)(u) =

∫ ∫ ∣∣∣∂u
∂t
−XH(u)

∣∣∣
2

Jt

dt dτ = AH(u(−∞))−AH(u(+∞))

as in the general case of gradient flow equation.

We now derive several consequences of this identity: Denote by M̃(H, J ; z−, z+)

the subset of M̃(H, J) consisting of u satisfying the fixed asymptotic condition

u(−∞) = z−, u(∞) = z+.

(1) If M̃(H, J ; z−, z+) 6= ∅, then we have AH(z−) − AH(z+) ≥ 0 and the
equality holds only when z− = z+ and u is stationary.

(2) The energy E(H,J)(u) depends only on the action values of the asymptotic
Hamilton’s orbit u(±∞): we have the a priori energy bound

(12.3.13) E(H,J)(u) = AH(z−)−AH(z+) <∞

for all u ∈ M̃(H, J ; z−, z+).

(3) There exists a natural free R-action on M̃(H, J ; z−, z+) by τ -translations
when z− 6= z+. We denote

M(H, J ; z−, z+) = M̃(H, J ; z−, z+)/R.

We have developed necessary analysis needed in the study of the moduli space in
the context of genuine J-holomorphic equations in part II of the present book. For
example, the bubbling-off analysis equally applies to this perturbed J-holomorphic
equations. However for the exact Lagrangian pair such as ν∗S0, ν

∗S1 in T ∗N ,
bubbling-off non-constant spheres or discs cannot occur. Now all the necessary
Fredholm property and compactness properties developed for the case of compact
Lagrangian submanifolds will apply to the current non-compact target space pro-
vided the intersection set is compact and certain C0-estimates for the solution u are
present. This C0-estimate is an essential step for the Floer theory on noncompact
Lagrangian submanifolds in noncompact symplectic manifolds. We will also need
to consider the parameterized versions of (12.2.10) to establish some invariance
property under the deformation of Hamiltonians or of submanifolds S’s.
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We now divide our discussion into two cases: one for the construction of the
Floer boundary map and other for the construction of the chain map, especially
under the change of boundary ν∗Ss for the isotopy of submanifolds {Ss}0≤s≤1.

The first studies the equaton (12.2.10) which involves only the fixed boundary.
In this case, one can apply the strong maximum principle since we consider the
Hamiltonian H such that XH is compactly supported, whose explanation is now in
order.

We first recall that the notion of J-convexity in the sense of Gromov [Gr85].

Definition 12.3.1. Let (Z, ω) be a symplectic manifold with boundary Q =
∂Z. We say (Z, ω) has contact-type boundary if there exists a a contact from λ on
Z such that

(1) ω|Q = dλ and ξ = kerλ
(2) the orientation of Q defined by λ ∧ (dλ)n−1 coincides with the boundary

orientation of Q = ∂W .

Definition 12.3.2. Let (Z, ω, J) be an almost Kähler structure with contact-
type boundary. We say ∂Z is J-convex if there exists a contact form λ on ∂Z such
that the two-form dλ(·, J ·) is positive-definite on ξ.

With these definitions prepared, we have the following

Proposition 12.3.3. Let (Z, ω, J) be an almost Kähler structure and its bound-
ary ∂Z is J-convex. Then no J-holomorphic curve u in Z can touch ∂Z from in-
side at an interior point of the domain of u. More precisely, there is no point z0 ∈
IntDomu with u(z0) ∈ ∂Z such that it carries an open neighborhood U ⊂ Domu
satisfying u(U \ {z0}) ⊂ IntZ.

Proof. The J-convexity of the boundary implies that the distance function
ψ(x) := dist(x, ∂Z)2 becomes a pluri-subharmonic function, i.e., it satisfies

d(dψ ◦ J)
is positive definite.

Suppose to the contrary that there exists such an interior point z0 and let U be
an associated open neighborhood. Then the function ψ ◦u becomes a subharmonic
function. This violates the maximum principle and so finishes the proof. �

The following is the main energy and C0 bounds. Here we write u(τ, t) =
(q(τ, t), p(τ, t)) in T ∗N and | · |g is the norm on T ∗q(τ,t)N induced from the metric g

on N .

Theorem 12.3.4. Assume that S0, S1 ⊂ N intersect transversely. Then there
exists a constant C = C(H, J, S0, S1) > 0 such that every bounded finite energy
solution u of (12.2.10) satisfies

(12.3.14) sup
(τ,t)∈Θ

|p(τ, t)|g ≤ R0

where R0 > 0 is given by

R0 := inf{R ∈ R+ | T ∗N\DR ⊂ T ∗N\(SuppH ∪ Supp J)}.
Proof. By the finite energy assumption, we have

∫ ∞

−∞

∫ 1

0

∣∣∣∂u
∂τ

∣∣∣
2

Jt

+
∣∣∣∂u
∂t
−XK(u)

∣∣∣
2

Jt

dt dτ <∞
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Then by Lemma 12.2.4 and the exponential decay estimates for u (see section 14.1
for the proof in a slightly different context or Appendix A.1 for the general scheme
of the exponential estimates), we obtain

lim
τ→−∞

u(τ) = z−, lim
τ→−∞

u(τ) = z+ uniformly

where z− and z+ satisfy the equations, respectively,

(12.3.15) ż± = XH(t, z), z±(0) ∈ ν∗S0, z±(1) ∈ ν∗S1.

Then it must be the case that either the sup(τ,t) |p(τ, t)|g where u(τ, t) = (q(τ, t), p(τ, t))

is realized at τ = ±∞, or the supremum is realized at some point (τ0, t0) ∈ R×[0, 1].
Since one can easily derive the C0-estimate of the Hamiltonian paths zα’s from

the assumption that XH has compact support and so φ1H(ν∗S0)∩ ν∗S1 is compact,
we are done by the C0-estimate of zα’s for the first case. Therefore we consider
only the second case. It will be enough to prove the following

Proposition 12.3.5. Suppose (φ1H(ν∗S0)∩ ν∗S1)∪ suppH ∪ supp J ⊂ DR for
some R > 0 where DR ⊂ T ∗N is the disc bundle

DR := {p ∈ T ∗N | |p|g ≤ R}
Then we have u(τ0, t0) ∈ DR for all solution u of (12.2.10).

Proof. Suppose to the contrary that u(τ0, t0) 6∈ DR, say u(τ0, t0) ∈ ∂DR′ , R′ >
R and that there exists an open neighborhood Bǫ of (τ0, t0) in R × [0, 1] for some
ǫ > 0 such that

u(Bǫ) ⊂ T ∗N\DR ⊂ T ∗N\(SuppH ∪ Supp J)

and so u satisfies on Bǫ
∂u

∂τ
+ Jg

∂u

∂t
= 0.

We consider two cases separately: the cases where (τ0, t0) ∈ Int R × [0, 1] and
(τ0, t0) ∈ ∂R× [0, 1].

Proposition 12.3.3 immediately rules out the possibility (τ0, t0) ∈ Int R× [0, 1].
Now consider the case where (τ0, t0) ∈ ∂R × [0, 1] i.e., t0 = 0, 1. Since the

cases t0 = 0 will be the same, we will consider the case t0 = 1 only. Consider the
boundary curve

τ → u(τ, 1) = (q(τ, 1), p(τ, 1))

which becomes tangent to ∂DR′ ∩ ν∗S at (τ0, 1). Since ν∗S ∩ ∂DR′ is Legendrian
in ∂DR′ , the curve is tangent to the contact distribution of ∂Dr at (τ0, 1) which is
given by

{ξ ∈ T (∂DR′) | ξ ⊥ Jg
∂

∂r
,
∂

∂r
is the radial field on T ∗N}.

Since u is Jg-holomorphic and ξ is Jg-invariant, u is also tangent to the contact
distribution at (τ0, 1) and in particular we have

∂

∂t
|p(τ, t)|2

∣∣∣
(τ0,1)

= 0.

However, this contradicts to the strong maximum principle applied to the subhar-
monic function (with respect to Jg)

(τ, t) 7→ |p(τ, t)|2 on Bǫ(τ0, 1)
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since we can assume Imageu
∣∣
Bǫ(τ0,1)

6⊂ ∂DR′ by choosing ǫ slightly bigger if nec-

essary. This finishes the assertion of the proposition and so the proof of Theorem
12.3.4. �

Exercise 12.3.6. Prove that the function (τ, t) 7→ |p(τ, t)|2 is a subharmonic
function.

This finishes the proof of the theorem. �

12.4. Floer-regular parameters

In this section, we describe the meaning of the “generic” parameters for which
the various moduli spaces we consider become smooth manifolds which in turn gives
rise to the definitions of various Floer operators.

We consider pairs (H,S) that satisfy

φ1H(oN ) ⋔ ν∗S.

For any such pair, there are only finitely many solutions of

ż = XH(z), z(0) ∈ oN , z(1) ∈ ν∗S
i.e., critical points of AH on ΩS . We denote by Emb(S0 : N) the set of embeddings
of S0 into N for a given abstract compact manifold S0 and introduce its subset

EmbH(S0 : N)(12.4.16)

= {S | ν∗S ⋔ φ1H(oN ), S ⊂ N is the image of an embedding of S0}.

For such S ∈ EmbH(S0 : N), we also consider the isotopy class of a given embedding
S0 for which we denote by

Iso(S0 : N) ⊂ Emb(S0 : N).

By the standard transversality theorem, it follows that EmbH(S0 : N) is dense in
Emb(S0 : N) in the C∞-topology. Next, we consider the Fredholm regular property
of the space of solutions of (12.2.10).

We now prove the following theorem similarly as Theorem 10.4.1. The kind
of transversality result under the change of boundary conditions was proved in
[Oh96a] whose proof we refer to.

Theorem 12.4.1. Let H ∈ H(S) where
(12.4.17) H(S) := {H ∈ H | φH(oM ) ⋔ ν∗S}

and S ∈ EmbH(S0 :M). Then there exists a dense subset JH,S ⊂ J c such that all
the solutions of (12.2.10) are regular.

We will also need the parameterized versions of this theorem.

Exercise 12.4.2. Formulate and prove the parameterized version of Theorem
12.4.1.

We call a triple (H, J, S) Floer-regular if it satisfies J ∈ JH,S and H ∈ H(S).
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12.5. Floer homology of submanifold S ⊂ N

Let H ∈ H0, S ∈ EmbH(S0;N) and J ∈ JH,S . The gradient trajectories of
AH |ΩoNν∗S

with respect to the L2-metric 〈〈 , 〉〉J are solutions of (12.2.10). We

denote byM(H, J, S;N) the set of finite energy solutions that satisfy

inf
τ∈R
AH(u(τ)) > −∞, sup

τ∈R
AH(u(τ)) <∞.

12.5.1. Boundary map and Floer complex. We denote
(12.5.18)
Chord(H ; oN , ν

∗S) = {z : [0, 1]→ T ∗N | ż = XH(t, z), z(0) ∈ oN , z(1) ∈ ν∗S} .
Recall that Chord(H ; oN , ν

∗S) has one-one correspondence with the set oN ∩ ν∗S
via the map

p ∈ oN ∩ ν∗S 7→ zpH ; zpH(t) = φtH(φ1H)−1(p).

Because of the choice of S ∈ EmbH(S0;N) and H ∈ H(S) from (12.4.16) and
(12.4.17) respectively, there are only finitely many elements in Chord(H ; oN , ν

∗S).
We now consider the Floer equation

(12.5.19)

{
∂u
∂τ + J(∂u∂t −XH(u)) = 0

u(τ, 0) ∈ oN , u(τ, 1) ∈ ν∗S1

The following two theorems, will be assumed whose proofs we refer to [Oh97b] for
its details. We will discuss corresponding theorems in a more general context later.

Theorem 12.5.1 (Canonical grading). For each solution z

ż = XH(t, z), z(0) ∈ oN , z(1) ∈ ν∗S1,

there exists a canonically assigned Maslov index that has the values in 1
2Z. We

denote this map by

µS : Chord(H ; oN , ν
∗S)→ 1

2
Z.

Furthermore, µS satisfies the following properties:

(1) For each solution u of (12.2.10) with u(−∞) = zα, u(+∞) = zβ, we have
the Fredholm index of u given by

Indexu = µS(z
α)− µS(zβ).

(2) Consider the time-independent Hamiltonian F = f ◦π, f ∈ C∞(N) where
f is a Morse function on N . Let p ∈ Graphdf ∩ ν∗S and so x = π(p) ∈
Crit(f

∣∣
S
). Denote by zx(t) = (x, tdf(x)) which is the Hamiltonian path of

F with zx(0) ∈ oN , zx(1) ∈ ν∗S. Then we have

µS(zx) =
1

2
dimS − µSf (x)

where µSf is the Morse index of f
∣∣
S
at x on S.

Theorem 12.5.2 (Coherent orientation). (1) Let (H,S, J) be generic in
the isotopy class [H,S, J ]. For each zα, zβ ∈ Chord(H ; oN , ν

∗S), there
exists an orientation of MJ(z

α, zβ), i.e., the determinant bundle

Det→MJ(z
α, zβ)

whose fiber at u ∈MJ(z
α, zβ) is the one-dimensional real vector space

det(D∂J,H(u)) := Λmax(Ker D∂J,H(u))⊗ Λmax(Coker D∂J,H(u))∗
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is trivial. The same is true for the parameterized Floer moduli spaces
M(H,S, J) for the generic paths (H,S, J).

(2) Furthermore there exist a coherent orientation (in the sense of [FH93] or
section 15.6) on the set of allMJ(H,S)’s andM(H,S, J) over (H,S, J)
and the paths (H,S, J) in each isotopy class. We denote the set of such
coherent orientations by or([H,S, J ] : N) = or([S] : N).

We form a 1
2Z-graded free abelian group (i.e., Z-module)

CF∗(H,S : N) = Z{Chord(H ; oN , ν
∗S)}.

In fact, we can also consider free G-module for any abelian group G.
We fix a system of coherent orientations σ ∈ or([S] : N). Then for each

zα, zβ ∈ Chord(H ; oN , ν
∗S) with µ(zα)− µ(zβ) = 1 each element u ∈M(zα, zβ) =

M(H, J ; zα, zβ) defines its flow orientation [uτ ]. We compare this flow orientation
[uτ ] of the flow with the orientation σ(u) induced from the coherent orientation
defined in Theorem 12.5.2, we define the sign τ(u) ∈ {1,−1} by the equation

σ(u) = τ(u)[uτ ].

We define an integer

(12.5.20) nσ(H,J)(z
α, zβ) :=

∑

u∈M(zα,zβ)

τ(u)

for such a pair (zα, zβ), and a homomorphism ∂(H,J) : CF∗(H,S : N)→ CF∗(H,S :
N) by

∂σ(H,J)(z
α) =

∑

β

nσ(H,J)(z
α, zβ)zβ .

By definition, ∂σ(H,J) has degree −1 with respect to the grading given above. By the

compactness and cobordism argument, which we explain later in the more general
context, we prove that ∂σ(H,J) satisfies

∂σ(H,J) ◦ ∂σ(H,J) = 0

and so we are given a graded complex (CF∗(H,S : N), ∂σ(H,J)).

Definition 12.5.3. For each Floer regular parameter (H,S, J), we define

HF σ∗ (H,S, J ;N) = Ker ∂σ(H,J)/Im ∂σ(H,J)

and call it the Floer homology of (H,S, J) on N (with respect to the coherent
orientation σ).

12.5.2. Chain map and its isomorphism property. The following theo-
rem is the main theorem we establish in this subsection.

Theorem 12.5.4. For two regular parameters (Hα, Sα, Jα) and (Hβ , Sβ, Jβ)
isotopic to each other, there is a natural chain map

hσαβ : CF σ∗ (H
α, Sα, Jα;N)→ CF σ∗ (H

β , Sβ, Jβ ;N)

that preserves the grading.
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We fix a monotone function ρ : R→ [0, 1] such that

ρ(τ) =

{
0 if τ ≤ 0

1 if τ ≥ 1

Now consider the path (H,S, J) = {(Hs, Ss, Js)}s∈[0,1]. We take its elongation

(H,S, J) = {(Hρ(τ), Sρ(τ), Jρ(τ))}−∞≤τ≤∞
and consider the non-autonomous version of (12.2.10)

(12.5.21)

{
∂u
∂τ + Jρ

(
∂u
∂t −XHρ(u)

)
= 0

u(τ, 0) ∈ oN , u(τ, 1) ∈ ν∗Sρ(τ).
For each given zα ∈ Chord(oN , ν∗Sα) and zβ ∈ Chord(oN , ν∗Sβ), we define

M(zα, zβ) =
{
u : R× [0, 1]→ T ∗N | u solves (12.5.21) and

lim
τ→−∞

u(τ) = zα, lim
τ→+∞

u(τ) = zβ
}
.

Using the orientations provided by Theorem 12.5.2, we define an integer similarly
as in (12.5.20)

nαβ(z
α, zβ) := #(M(zα, zβ)) for µ(zα)− µ(zβ) = 0,

and the chain map hαβ : CF∗(Hα, Sα)→ CF∗(Hβ , Sβ) by

(12.5.22) hαβ(z
α) =

∑
nαβ(z

α, zβ)zβ.

We would like to emphasize that from the definition, only those pairs (zα, zβ) for
which the equation (12.5.21) has a solution with the given asymptotic condition

lim
τ→−∞

u(τ) = zα, lim
τ→+∞

u(τ) = zβ

give nontrivial contribution to (12.5.22). This is what enables one to estimate
the change of the filtration under the various homomorphisms between the Floer
homology for different parameters.

Here is one crucial point about the Cauchy-Riemann equation with moving
boundary condition with noncompact Lagrangian submanifolds in the above con-
struction of the chain map using (12.5.21): To apply compactness arguments, one
has to establish a priori C0-bound for the solutions of (12.5.21). Proving this C0

bound is quite nontrivial (see [Oh09b] for the proof in a more general context of
conic Lagrangian submanifolds in general Weinstein manifolds.) Here instead of
directly using the moduli space of solutions of (12.5.21) in the construction of a
chain map

hσαβ : CF σ∗ (H
α, Sα, Jα;N)→ CF σ∗ (H

β , Sβ, Jβ ;N)

we will go around this subtlety by the trick used by Nadler in [Na09], [NaZ09].
The main idea of this construction is to express the isotopy

s 7→ ν∗Ss =: Ls

as a composition of two different isotopies of ν∗Sα = Lα. Since we assume XH are
compactly supported, there exists R1 > 0 such that

Image z ⊂ DR1

for any z ∈ Chord(Hs; oN , ν
∗Ss) for all s ∈ [0, 1]. This implies that Imageu(±∞) ⊂

DR1 all finite energy solutions u for all s ∈ [0, 1].
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First, we choose sufficiently large constants R2 with R2 > R1 so that

suppHs ⊂ DR2 .

Then we take another sufficiently large constant R3 > R2 and consider an isotopy
of ψρ(1)(τ)(L

α) such that

suppψ1
(1) ⊂ DR3 , ψs(1)(L

α) ∩DR2 = ν∗Ss ∩DR2 .

Because this isotopy fixes Lα outside the disc bundle DR3 , the C
0-bound in Theo-

rem 12.3.4 still applies and hence we can construct a chain map

hψ(1)
: CF σ∗ (H

α, Lα)→ CF σ∗ (H
β, ψ1(Lα))

by considering the associated Floer moduli space.
Next, we fix the above isotopy on DR2 and move Lα by another isotopy so that

ψ(2) satisfies

suppψ(2) ⊂ T ∗N \DR2 , ψ1
(2)ψ

1
(1)(L

α) = ν∗Sβ

and

(12.5.23) ψs(2)(L
α) ∩ (T ∗N \DR3) = ν∗Ss ∩ (T ∗N \DR3).

We note that this isotopy does not change the set of Hamiltonian trajectories

{z : [0, 1]→ T ∗N | ż = XHα(t, z), z(0) ∈ 0S, z(1) ∈ Lα}⋃ {z : [0, 1]→ T ∗N | ż = XHα(t, z), z(0) ∈ 0S, z(1) ∈ ψ1
(1)(L

α)}.
during the isotopy ψ(2). We now construct another chain map

hψ(2)
: CF σ∗ (H

α, ψ1
(1)(L

α))→ CF σ∗ (H
β , ψ1

(2)ψ
1
(1)(L

α))

in a way different from that of hψ(1). Because generators of the complexes of
both domain and the target of this map are fixed, we can consider the following
parameterized moduli space

(12.5.24) Mpara(z−, z+) :=
⋃

s∈[0,1]
{s} ×Ms(z−, z+)

whereMs(z−, z+) is the moduli space of solutions of
{
∂u
∂τ + Jρ(τ)

(
∂u
∂t −XHρ(u)

)
= 0

u(τ, 0) ∈ oN , u(τ, 1) ∈ ψs(2)ψ1
(1)(L

α))

for s ∈ [0, 1]. Because we do not move the boundary conditions when we study
Mpara(z−, z+) but studyMs(z−, z+) for each fixed s, we have uniform C0-bound
for the elements inMpara(z−, z+). When the index condition µ(z−) = µ(z+) holds
for the pair (z−, z+) as in the construction of the chain map, Mpara(z−, z+) be-
comes a compact 1-dimensional manifold for a generic choice of J . By the cobordism
argument, we obtain

#(M0(z−, z+)) = #(M1(z−, z+)).

Motivated by this, we define hψ(2)
so the its matrix associated to the bases of

CF σ∗ (H
α, ψ1

(1)(L
α)) and CF σ∗ (H

β, ψ1
(2)ψ

1
(1)(L

α)) to be the identity matrix: This

makes sense because the two vector spaces have the generators consisting of the
same set of Hamiltonian trajectories.
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Exercise 12.5.5. Prove that the map hψ(2)
is a chain map. (Hint: Consider

the pairs (z−, z+) with µ(z−) = µ(z+) + 1 and examine the compactification of
Mpara(z−, z+) and analyze its boundary components. This time Mpara(z−, z+)
has 2 dimension.)

By composing the two chain maps hψ(2)
, hψ(1)

, we obtain a chain map required
in Theorem 12.5.4. �

12.5.2.1. Chain homotopy and isomorphism property of the chain map. We now
want to show that the chain map constructed in Theorem 12.5.4 induces an iso-
morphism in homology.

For this purpose, we consider concatenation of the isotopy s 7→ Ss and its
inversion s 7→ S1−s. We then elongate the concatenation by substituting s = ρκ =
ρ(τ − κ) for κ ≥ 1. We denote the concatenation function by χκ

χκ(τ) =

{
ρκ(τ) τ ≥ 0

1− ρκ(τ) τ ≤ 0

when κ ≥ 1. We further deform χκ=1 to the zero function as κ→ 0 so that χκ′ ≤ χκ
if 0 ≤ κ′ ≤ κ ≤ 1.

We apply the same construction used for the chain map hψ(1) by replacing ρ
by χκ for each κ ∈ [0,∞). This will give rise to a chain map

hχκ : CF σ∗ (H
α, Sα, Jα;N)→ CF σ∗ (H

α, Sα, Jα;N)

for κ = 0 and for any generic parameter κ and the associated parameterized moduli
space can be proven to be a chain homotopy map by the same proof as that of
Exercise 12.5.5. We note that κ = 0 corresponds to the identity map

id : CF σ∗ (H
α, Sα, Jα;N)→ CF σ∗ (H

α, Sα, Jα;N).

This is because due to the R-translation, only the stationary solution is allowed
when the index difference is 0 under the genericity hypothesis that there is no
non-stationary solution for the pair with index difference 0.

On the other hand as κ→∞, the gluing theorem (see section 15.5) implies

hχκ = hψ(1);βα ◦ hψ(1);αβ
if κ is sufficiently large. This proves

(hψ(1);βα)∗ ◦ (hψ(1);αβ)∗ = id

in homology. Since we can change the role of α, β, this implies that (hψ(1);αβ)∗ is
an isomorphism which finishes the proof.

The isomorphism property of hψ(2);αβ is even clearer by definition and so we
have proved that the composition hαβ = hψ(2);αβhψ(1);αβ induces an isomorphism
in homology.

We now just state the following basic theorem whose proof we refer to the
original article of Floer [Fl89a] and [Oh96b] respectively.

Theorem 12.5.6. Consider the pair (f, g) of Morse function f and a Rie-
mannian metric g on N . There exists some δ = δ(f, g) > 0 such that whenever
‖f‖C2 ≤ δ

(1) there exists one-one correspondence between the Morse moduli spaceMMorse(f, g)
and the Floer moduli space M(φf◦π, Jg),
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(2) the pair (f, g) is Morse-Smale if and only if M(φf◦π , Jg) is Fredholm-
regular.

An immediate corollary of this theorem is the following isomorphism

Corollary 12.5.7. There exists a natural isomorphism

H∗(L;Z) ∼= H∗Morse(f ;L)→ HF∗(−f ◦ π, Jg)
Here we recall the readers that our convention of the action functional

AH(γ) =

∫
γ∗θ −

∫ 1

0

H(t, γ(t)) dt

and the Hamiltonian vector field makes the positive Morse gradient trajectory χ of
f which satisfies χ̇(τ)−gradg f(χ(τ)) = 0 corresponds to the t-independent negative
Floer gradient trajectory of H = −f which satisfies

∂u

∂τ
+ J

(
∂u

∂t
−XH(u)

)
= 0.

(Recall the formula (18.4.40).) This forces the appearance of cohomology for the
Morse side and that of homology for the Floer side.

12.6. Lagrangian spectral invariants

We fix the canonical coherent orientation σ ∈ or([S] : N) so that HF σ∗ (H,S;N)
is isomorphic to the singular cohomology H∗(S,Z). We denote this isomorphism
by

Φ(H,S) : H
∗(S,Z)→ HF σ∗ (H,S;N).

With this, we will also suppress σ from the notation HF σ∗ (H,S, J ;N). We omit
construction of this isomorphism but refer readers to [MiO97], [Mi00] for its
complete construction.

In this section, assuming the existence of this canonical isomorphism, we carry
out the mini-max theory of action functional by detecting the linking property of
the mini-maxing sets using the Floer homology machinery. This replaces the direct
approach of the classical mini-max theory of the action functional on the Sobolev
space H1/2(S1,R2n) developed in [BnR79], [Bn82] which uses the global gradient
flow of the action functional to push-down the mini-maxing sets and detects the
linking property by classical topology.

We first note that (12.2.10) is the negative gradient flow ofAH |Ω(S) with respect

to the L2 metric 〈〈 , 〉〉J on Ω(S) and so preserves the downward filtration given
by the values of the action functional AH . This fact is analytically encoded in the
identity

(12.6.25)
d

dt
AH(u(τ)) = −

∫ ∣∣∣∣
∂u

∂t
−XH(u)

∣∣∣∣
2

J

dt ≤ 0

Let S ⊂ N be a given compact submanifold and let (H, J) ∈ Nreg(S) defined as
before. For a ∈ R, we define CF a∗ (H,S;N) to be the Z-free module generated by
z ∈ CritAH |Ω(S) with AH(z) ≤ λ1 and

CF
[λ1,λ2)
∗ = CFλ2

∗ /CFλ1
∗ .

Then the boundary map we defined in (12.2.10)

∂(H,J) : CF∗(H,S : N)→ CF∗(H,S : N)
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induces the (relative) boundary map

∂(H,J) = ∂
[λ1,λ2)
(H,J) : CF

[λ1,λ2)
∗ (H,S : N)→ CF

[λ1,λ2)
∗ (H,S : N)

for any b > a, which will obviously satisfy

∂
[λ1,λ2)
(H,J) ◦ ∂

[λ1,λ2)
(H,J) = 0.

Hence, we can define the relative homology groups by

HF
[λ1,λ2)
∗ (H,S, J ;N) := Ker∂

[λ1,λ2)
(H,J) /Im∂

[λ1,λ2)
(H,J) .

From the definition, there is a natural homomorphism

j∗ : HF
[λ1,λ2)
∗ → HF

[µ1,µ2)
∗

when λ1 ≤ µ1 and λ2 ≤ µ2. In particular, there exists a natural homomorphism

(12.6.26) jλ∗ : HF
(−∞,λ)
∗ → HF∗ = HF

(−∞,∞)
∗

Definition 12.6.1. Let S ⊂ N be a compact submanifold, and let (H, J) ∈
Nreg(S). For each given 0 6= a ∈ H∗(S), we define the real number ρ(H, J ;S, a) by

ρ(H, J ;S, a) := inf
λ
{λ ∈ R | Φ(H,S,J)(a) ∈ im jλ∗ ⊂ HF∗(H,S, J : N)}

A priori it is not obvious whether ρ(H, J ;S, a) is finite, i.e., ρ(H, J ;S, a) 6= −∞.
In this regard, the following lemma is an important one which establishes the

‘linking property’ of the ‘fundamental cycle’ of Ω(S;N). This is the Floer theoretic
version of linking property and Palais-Smale condition combined. (See [BnR79]
for the definitions of these conditions in classical variational theory.)

Lemma 12.6.2. For H ∈ H(S) with suppXH ⊂ DR(T ∗N), we have

ρ(H ;S, a) ≥ −
(
R|dH |C0 + |H |C0;DR(T∗N)

)
> −∞.

Proof. For any z ∈ Chord(H ; oN , ν
∗S),

AH(z) =

∫
z∗θ −

∫ 1

0

H(t, z(t)) dt

=

∫ 1

0

〈Tπ(ż), z〉 dt−
∫ 1

0

H(t, z(t)) dt.

But we have |〈Tπ(ż), z〉| ≤ |Tπ(XH(t, z(t)))||p(z)| where z(t) = (q(t), p(t)). There-
fore

|AH(z)| ≤
∫ 1

0

max
x∈DR(T∗N)

(|XHt(x)|R + |Ht|(x)) dt

for all z ∈ Chord(H ; oN , ν
∗S). If we denote

λH = inf Spec(H ;S) := min{AH(z) | z ∈ Chord(H ; oN , ν
∗S)},

clearly

λH ≥ −
(
R|dH |C0 + |H |C0;DR(T∗N)

)
> −∞.

On the other hand, by definition HF
(−∞,λ)
∗ = 0 if λ < λH . Combining these two,

we have proved

ρ(H ;S, a) ≥ −
(
R|dH |C0 + |H |C0;DR(T∗N)

)
> −∞.

This finishes the proof. �



316 12. FLOER HOMOLOGY ON COTANGENT BUNDLES

The number ρ(H, J ;S, a) can be also realized as a mini-max value in a more
intuitive geometric way as follows. Recall that each Floer chain α is a finite linear
combination

α =
∑

z∈CritAH |Ω(S)

az[z], az ∈ Z.

We define the support of α by

suppα = {z ∈ CritAH |Ω(S) | az 6= 0}.
A Floer cycle α is a Floer chain with ∂(H,S,J)(α) = 0.

Now for each given Floer cycle α, we define its level by

λ(H,S:N)(α) = max
z∈suppα

AH(z).

Then by definition, we have

(12.6.27) ρ(H, J ;S, a) = inf
α;[α]=Φ(H,S,J)(a)

λ(H,S;N)(α).

Lemma 12.6.3. Let (H,S, J) be Floer-regular. Then ρ(H, J ;S, a) is a critical
value AH |Ω(S).

Proof. Since ν∗S ⋔ φ1H(oN ), there are only finite many solutions of

(12.6.28) ż = XH(t, z), z(0) ∈ oN , z(1) ∈ ν∗S
and so there are finitely many critical values of AH |Ω(S). Denote by λ−S > −∞ the
minimum critical value thereof. Obviously any nonzero Floer chain α has its level
greater than equal to λ−S . On the other hand, (12.6.27) can be rewritten as

ρ(H, J ;S, a) = inf
β∈CF∗(H)

{
λ(H,S;N)(α − ∂(H,S,J)(β))

}
.

Since [α] 6= 0, α− ∂(H,S,J)β 6= 0 and so

λ(H,S;N)(α − ∂(H,S,J)) ≥ λ−S
for all β ∈ CF∗(H). This proves ρ(H, J ;S, a) ≥ λ−S . Since there are only finite
number of critical values, ρ(H, J ;S, a) is achieved by a solution of (12.6.28) and
hence the proof. �

Next, we study the J-dependence of ρ(H, J ;S, a) for fixed S and H ∈ H(S)
when J varies among J(S,H).

Lemma 12.6.4. Let Jα, Jβ ∈ J(S,H). Then we have

ρ(H, Jα;S, a) = ρ(H, Jβ ;S, a).

Proof. Using the fact that J c is contractible and in particular connected, we
can choose a path J = {Js}0≤s≤1 in J c connecting Jα and Jβ so that the solution
set of

(12.6.29)

{
∂u
∂τ + Jρ(τ)

(
∂u
∂t −XH(u)

)
= 0

u(τ, 0) ∈ oN , u(τ, 1) ∈ ν∗S
satisfies the (H,S)-regular property required before. Recall that the canonical
homomorphism

hαβ;J : CF∗(H, J
α;S)→ CF∗(H, J

β ;S)
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is defined by

hραβ(z
α) =

∑
n(J ; zα, zβ)zβ

where n(J ; zα, zβ) = #(Mρ(z
α, zβ)) induces an isomorphism HF∗(H, Jα, S;N)→

HF∗(H, Jβ , S;N).
To see how ρ(H, J ;S, a) vary under the change of J , we need to estimate the

difference
AH(zβ)−AH(zα)

whenever n(J ; zα, zβ) 6= 0 and so in particular when there exists a solution u of
(12.6.29) with

lim
τ→−∞

u(τ) = zα, lim
τ→∞

u(τ) = zβ.

For such u, we write

AH(zβ)−AH(zα) =

∫ ∞

−∞

d

dτ
AH(u(τ)) dτ.

However, we have

d

dτ
AH(u(τ)) = dAH(u(τ)) · ∂u

∂τ

=

∫ 1

0

(
ω(
∂u

∂t
,
∂u

∂τ
)− dHt(u)

∂u

∂τ

)
dt

=

∫ 1

0

〈Jρ(τ)(∂u
∂t
−XH(u)),

∂u

∂τ
〉
J

ρ(τ)
t

dt

= −
∫ 1

0

∣∣∣∣
∂u

∂t
−XH(u)

∣∣∣∣
2

J
ρ(τ)
t

≤ 0

where we use the equation ∂u
∂τ = −Jρ(τ)

(
∂u
∂t −XH(u)

)
for the third equality. Hence,

we have proved that whenever there exists a solution u as above,

AH(zβ) ≤ AH(zα).

This shows that the map hαβ,J : CF∗(H,S, Jα)→ CF∗(H,S, Jβ) restricts to a map

hρ
αβ;J

: CF
(−∞,λ)
∗ (H,S, Jα)→ CF

(−∞,λ)
∗ (H,S, Jβ)

for any λ ∈ R and so induces a homomorphism

hρ
αβ;J

: HF
(−∞,λ)
∗ (H,S, Jα : N)→ HF

(−∞,λ)
∗ (H,S, Jβ : N).

Now consider the commutative diagram

HF
(−∞,λ)
∗ (H,S, Jα : N) //

��

HF∗(H,S, Jα : N)

��
HF

(−∞,λ)
∗ (H,S, Jβ : N) // HF∗(H,S, Jβ : N)

where all downward arrows are induced by the canonical homomorphisms hαβ;J
and the horizontal ones by the canonical inclusion-induced map jλ∗ .

Since hαβ;J on the right hand side is an isomorphism, if [a]α := Φ(H,S,Jα)(a) ∈
Im(jλ∗ )α, so is [a]β ∈ Im((jλ∗ )β . Therefore, we have proved

ρ(H, Jα;S, a) ≥ ρ(H, Jβ ;S, a).
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By changing the role of α and β, we also obtain

ρ(H, Jβ ;S, a) ≥ ρ(H, Jα;S, a)
which finishes the proof of ρ(H, Jα;S, a) = ρ(H, Jβ ;S, a). �

Definition 12.6.5. Let S ⊂ N be a compact and H ∈ H(S). We define

ρ(H ;S, a) := ρ(H, J ;S, a)

for a J ∈ J(S,H).

Now we study the dependence of ρ(H ;S, a) on (H,S). We first study the
dependence of ρ(H ;S, a) on H . We fix S ⊂ N and consider H ’s in H(S).

The following theorem summarizes the basic properties of ρ(H ;S, a).

Theorem 12.6.6. Let S ⊂ N be a compact submanifold and H, Hα, Hβ ∈
H(S). Then the following properties hold:

(1) We have
(12.6.30)∫ 1

0

−max
x

(Hβ −Hα) dt ≤ ρ(Hβ ;S, a)− ρ(Hα;S, a) ≤
∫ 1

0

−min
x

(Hβ −Hα) dt

In particular, we have

(12.6.31)

∫ 1

0

−max
x

Hdt ≤ ρ(H ;S, a) ≤
∫ 1

0

−min
x
Hdt

(2) We also have from (1)

|ρ(Hβ ;S, a)− ρ(Hα;S, a)| ≤ osc(Hβ −Hα)

which in particular implies that for fixed S, one can extend the assignment
H 7→ ρ(H ;S, a) to all H as a continuous function in the C0-topology of
H. We will continue to denote the extension by ρ(H ;S, a).

Proof. The proof of (2) immediately follows from (12.6.30) and so we only
prove (1). Consider the linear homotopy

Hs := (1− s)Hα + sHβ.

Although this homotopy may not be Floer-regular, we will pretend it is so for the
moment and explain the necessary justification at the end. Consider the equation




∂u
∂τ + J(∂u∂t −XHρ(τ)(u)) = 0

u(τ, 0) ∈ oN , u(τ, 1) ∈ ν∗S
limτ→−∞ u(τ) = zα, limτ→∞ u(τ) = zβ.

As before, we compute

AHβ (zβ)−AHα(zα) =

∫ ∞

−∞

d

dτ

(
AHρ(τ)(u(τ))

)
dτ,

for the pair (zα, zβ) with nαβ(z
α, zβ) 6= 0. But we have

d

dτ
(AHρ(τ) (u(τ))) = dAHρ(τ) (u(τ))

(
du

dτ

)
−
∫ 1

0

(
∂Hρ(τ)

∂τ

)
(u, t) dt

and

dAHρ(τ)(u(τ))

(
du

dτ

)
= −

∫ 1

0

∣∣∣∣
∂u

∂t
−XHρ(τ)(u)

∣∣∣∣
2

J

dt ≤ 0.
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And
∫ 1

0

(
∂Hρ(τ)

∂τ

)
(u, t) dt = −

∫ 1

0

ρ′(τ)(Hβ −Hα)(u, t) dt

≤ −ρ′(τ)
∫ 1

0

min
x

(Hβ −Hα) dt.(12.6.32)

Here we have used the inequality ρ′(τ) ≥ 0. Therefore we have obtained

AHβ (zβ)−AHα (zα) ≤
∫ 1

0

−min
x

(Hβ −Hα)dt.

by the same calculation as in the proof of Lemma 14.4.5.
By the similar arguments used in the proof of Lemma 12.6.4 as before, this

estimate implies

ρ(Hβ ;S, a) ≤ ρ(Hα;S, a) +

∫ 1

0

−min
x

(Hβ −Hα) dt

i.e.

(12.6.33) ρ(Hβ ;S, a)− ρ(Hα;S, a) ≤
∫ 1

0

−min
x

(Hβ −Hα) dt

by considering the homomorphism

hαβ : HF
(−∞,λ)
∗ (Hα, S, J : N)→ HF

(−∞,λ+ǫαβ)
∗ (Hβ, S, J : N).

where ǫαβ = −
∫ 1

0
minx(H

β−Hα) dt. By changing the role of α and β, we also have

ρ(Hα;S, a) ≤ ρ(Hβ ;S, a) +

∫ 1

0

−min
x

(Hα −Hβ) dt

i.e.,

ρ(Hβ;S, a)− ρ(Hα;S, a) ≥
∫ 1

0

min
x

(Hα −Hβ) dt

=

∫ 1

0

−max
x

(Hβ −Hα) dt.(12.6.34)

Combining (22.5.66) and (22.5.63), we will have finished the proof if we justify the
use of the linear homotopy which might not be regular. To justify this, we proceed
as follows. For each given ǫ > 0, we approximate the above linear homotopy by
C1-close regular homotopies H so that for all t ∈ [0, 1]

max
x,s

∣∣∣∣
∂H

∂s
(x, t, s)− (Hβ −Hα)(x, t)

∣∣∣∣ ≤ ǫ.

For such a homotopy, (12.6.32) is replaced by

−
∫

0

(
∂Hρ(τ)

∂τ

)
(u, t) dt = −

∫ 1

0

ρ′(τ)
∂H

∂s
(u, t, ρ(τ)) dt

≤ ρ′(τ)

∫ 1

0

−min
x,s

∂H

∂s
(s, t, s) dt

≤ ρ′(τ)

(∫ 1

0

−min
x,s

(Hβ −Hα) + ǫ

)
dt
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from which we derive

AHβ (zβ)−AHα (zα) ≤
∫ 1

0

−min
x

(Hβ −Hα) + ǫ.

By letting ǫ → 0, we are done for (12.6.30). To prove (12.6.31), we set Hβ = H
and Hα → 0 in C1-topology and apply Lemma 12.6.2 and (12.6.30). This finishes
the proof. �

One immediate consequence of (12.6.30) is that the map H 7→ ρ(H ;S, a) can
be continuously extended to arbitrary Hamiltonian H ∈ H, not just in H(S): Take
any C2 approximation Hi ∈ H(S) of H and then take the limit

ρ(H ;S, a) := lim
i→∞

ρ(Hi;S, a).

The following is an improvement of Lemma 12.6.3

Proposition 12.6.7. For any H ∈ H, the value ρ(H ;S, a) lies in Spec(H ; oN , ν
∗S).

Proof. By definition of H, H ∈ HR for some sufficiently large R > 0. Let Hi

be a C2-approximation of H such that Hi ∈ HR+1.
It follows from Lemma 12.6.2 and C2-continuity, the map

H 7→
(
R|dH |C0 + |H |C0;DR(T∗N)

)
,

is continuous and satisfies the inequality

ρ(H ;S, a) ≥ −
(
(R+ 1)|dH |C0 + |H |C0;DR+1(T∗N)

)
.

(For this part, we only need C1-approximation but C2-approximation will be needed
later part of the proof where we need convergence of Hamiltonian trajectories of
XH .) In particular ρ(H ;S, a) is a finite value. It remains to prove that it lies
in Spec(H ; oN , ν

∗S). By definition, we have ρ(H ;S, a) = limi→∞ ρ(Hi;S, a). By
Lemma 12.6.3, ρ(Hi;S, a) = AHi (zi) for some path zi : [0, 1]→ T ∗N satisfying

żi = XHi(t, z), zi(0) ∈ oN , zi(1) ∈ ν∗S.
SinceHi → H in C2, XHi → XH in C1. Furthermore since suppXHi ⊂ DR+1(T ∗N),
it follows that |żi(t)| ≤ C for some C > 0 independent of i and t ∈ [0, 1] and so
zi are equi-continuous. Finally the boundary condition zi(0) ∈ oN with oN being
compact, there exists a subsequence, again denoted by zi, converging to a smooth
path z that satisfies ż = XH(t, z), z(0) ∈ oN , z(1) ∈ ν∗S. This implies

ρ(H ;S, a) = lim
i→∞

ρ(Hi;S, a) = lim
i→∞

AHi (zi) = AH(z)

which proves ρ(H ;S, a) ∈ Spec(H ;S). �

Now we study dependence of ρ(H ;S, a) under the change of S.

Proposition 12.6.8. Let S0 ⊂ N and let Iso (S0;N) be the isotopy class of S0

in N . Then the assignment

Sα 7→ ρ(H ;Sα, a)

on Sα ∈ IsoH(S0 : N) is continuous on Sα in the C1-topology of Iso (S0 : N).
Hence we can extend the definition of ρ(S,H) to all S ∈ Iso (S0;N) by continuity
in C1-topology of Iso (S0;N).
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Proof. The idea of the proof of this proposition is similar to that of Lemma
12.6.4. Let Sα and Sβ ∈ IsoH(S0 : N) and let Ss be a generic isotopy between
them. By partitioning the isotopy so that the C0 and energy bound proved in
subsection 12.5.2, it enough to consider the case where Sα and Sβ are sufficiently
C1-close so that the map φ : Sα → Sβ defined by the nearest point becomes a
diffeomorphism.

We now consider the chain map hαβ constructed in Theorem 12.5.4.
For the first chain map h(ψ(1)), we have the C0 bound |p(τ, 1)|g ≤ C2 for some

constant C2 = C2(H, J, S) > 0 and derive from (12.1.1)

AH(zβ)−AH(zα) = −
∫

R

∫ 1

0

∣∣∣∂u
∂t
−XH(u)

∣∣∣
2

Jt

dt−
∫

R

〈
Tπ

∂u

∂τ
(τ, 1), u(τ, 1)

〉
dτ

≤ −
∫

R

〈
∂u

∂τ
(π ◦ u)(τ, 1), p(τ, 1)

〉

= −
∫

R

ρ′(τ)

〈
p(τ, 1),

∂q

∂τ
(τ, 1)

〉
dτ

= −
∫

R

ρ′(τ)〈p(τ, 1), Xρ(τ)(q(τ, 1))〉 dτ.

Applying the C0-bound

|p(τ, 1)|g ≤ C2

and recalling
∫
R
ρ′(τ) dτ = 1, we obtain

|AH(zβ)−AH(zα)| ≤ C2|X |C0 .

Obviously, one can choose the path {Ss}0≤s≤1 so that

max
s∈[0,1]

∣∣∣∣
∂Ss

∂s

∣∣∣∣ ∼ dC1(Sα, Sβ),

and hence we get

|AH(zβ)−AH(zα)| ≤ CdC1(Sα, Sβ)

as long as Sα and Sβ are sufficiently C1-close. As before, we have the natural
homomorphism h(ψ(1)) : HF∗(H,Sα, J : N) → HF∗(H,Sβ , J : N) inducing the
commutative diagram

HF
(−∞,λ)
∗ (H,Sα, J : N) //

��

HF∗(H,Sα, J : N)

��
HF

(−∞,λǫαβ)
∗ (H,Sβ , J : N) // HF∗(H,Sβ , J : N)

.

Again since hαβ on the right hand side is an isomorphism, we conclude

ρ(H ;Sβ, a) ≤ ρ(H ;Sα, a) + CdC1(Sα, Sβ).

By changing the role of α and β, we prove the other side of the inequality and so

|ρ(H ;Sβ , a)− ρ(H ;Sα, a)| ≤ CdC1(Sα, Sβ)

which in particular proves the continuity of S 7→ ρ(H ;S, u) in C1-topology of S.
On the other hand, the chain map hψ(2) fixes the filtration by construction and

so finishes the proof of continuity. �
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We would like to note that in the proof of Proposition 12.6.8, we used the a
priori C0-estimate in an essential way.

Remark 12.6.9. By combining Proposition 12.6.8 and Theorem 12.6.6, we can
now extend the definition of ρ(H ;S, u) to the set

HC0 × IsoC1(S0;N)

where

HC0 = the set of asymptotically constant C0-functions on T ∗N × [0, 1]

IsoC1(S0;N) = the set of C1-embeddings which are isotopic to S0.

In fact, we can even extend the definition to

HC0 × IsoLip(S0;N).

It would be interesting to study the geometric meaning of ρ(H ;S, u) for the cases
where H ∈ C0 but not in C1.

12.7. Deformation of Floer equations

So far we have looked at the Hamiltonian-perturbed Cauchy-Riemann equation
(12.5.19), which we call the dynamical version as in [Oh97b].

On the other hand, one can also consider the genuine Cauchy-Riemann equation

(12.7.35)

{
∂v
∂τ + JH ∂v

∂t = 0

v(τ, 0) ∈ φ1H(oN ), v(τ, 1) ∈ ν∗S
for the path u : R→ Ω(L, ν∗S) where L = φ1H(oN ) and

Ω(L, ν∗S) = {γ : [0, 1]→ T ∗N | γ(0) ∈ L, γ(1) ∈ ν∗S}
and JHt = (φtH(φ1H)−1)∗Jt. We call this version the geometric version.

We now describe the geometric version of the Floer homology in some more
details. The upshot is that there is a filtration preserving isomorphisms between
the dynamical version and the geometric version of the Lagrangian Floer theories.

We denote by M̃(LH , ν
∗S; JH) the set of finite energy solutions andM(LH , ν

∗S; JH)
to be its quotient by R-translations. This gives rise to the geometric version of the

Floer homology HF∗(φ1H(oN ), ν∗S; J̃) whose generators are the intersection points
of φ1H(oN ) ∩ ν∗S. An advantage of this version is that it depends only on the
Lagrangian submanifold L = φ1H(oN ), only loosely on H .

The following is a straightforward to check but is a crucial lemma.

Lemma 12.7.1. Let L = φ1H(oS).

(1) The map ΦH : oN ∩ L→ Chord(H ; oN , ν
∗S) defined by

x 7→ zHx (t) = φtH(φ1H)−1(x)

gives rise to the one-one correspondence between the set L ∩ ν∗S as con-
stant paths and the set of solutions of Hamilton’s equation of H.

(2) The map a 7→ ΦH(a) also defines a one-one correspondence from the set
of solutions of (12.5.19) to that of

(12.7.36)

{
∂v
∂τ + JH ∂v

∂t = 0

v(τ, 0) ∈ φ1H(oN ), v(τ, 1) ∈ ν∗S
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where JH = {JHt }, JHt := (φtH(φ1H)−1)∗Jt. Furthermore, (12.7.36) is
regular if and only if (12.5.19) is regular.

Once we have transformed (12.5.19) to (12.7.36), we can further deform JH to
the constant family J0 and consider

(12.7.37)

{
∂v
∂τ + J0

∂v
∂t = 0

v(τ, 0) ∈ φ1H(oN ), v(τ, 1) ∈ ν∗S.
This latter deformation preserves the filtration of the associated Floer complexes
which can be shown similarly as in the proof of Lemma 12.6.4.

The following proposition provides the action functional associated to the equa-
tion (12.7.36), (12.7.37) that determines a natural filtration associated Floer ho-
mology HF (L, oN).

Proposition 12.7.2. Let L and hL be as in Lemma 12.1.3. Let Ω(L, ν∗S;T ∗N)
be the space of paths γ : [0, 1] → R satisfying γ(0) ∈ L, oN , γ(1) ∈ oN . Consider
the effective action functional

Aeff(γ) =

∫
γ∗θ + hH(γ(0)).

Then dAeff(γ)(ξ) =
∫ 1

0 ω(ξ(t), γ̇(t)) dt. In particular,

(12.7.38) Aeff(cx) = hH(x) = AclH(zHx )

for the constant path cx ≡ x ∈ L ∩ oN i.e., for any critical path cx of Aeff.

We would like to highlight the presence of the ‘boundary contribution’ hH(γ(0))
in the definition of the effective action functional above: This addition is needed to
make the Cauchy-Riemann equation (12.7.35) or (12.7.37) into a gradient trajectory
equation of the relevant action functional.

In the same way as we defined ρ(H, J ;S, u), we can define ρ̃(L, J̃ ;u, S) first for

regular J̃ and then prove its independence on J̃ for the effective action functional
Aeff. It then follows from construction that we have

ρ(H,S, J) = ρ̃(L, S, JH).

An immediate corollary of the above discussion is the following

Theorem 12.7.3. Consider two Hamiltonian H, H ′ such that φ1H(oN ) = φ1H′ (oN )
and hH = hH′ for the associated generating functions of φ1H(oN ) and φ1H′ (oN ) re-
spectively. Then

ρ(H,S, J) = ρ(H ′, S, J).

Note that the condition φ1H(oN ) = φ1H′ (oN ) depends only on the Hamiltonian
vector field or the differential of Hamiltonians, while the condition hH = hH′ de-
pends on the actual values of Hamiltonian itself. There is one particular natural
circumstance in which both requirements automatically holds

Proposition 12.7.4. Assume N is connected. Let B ⊂ N be a subset with
nonempty interior and consider Hamiltonians H such that suppH ⊂ T ∗N \ T
where T is a tubular neighborhood of oB in T ∗N . Then if φ1H(oN ) = φ1H′ (oN ), then
hH = hH′ . In particular for such a Hamiltonian H, ρ(H,S, J) depends only on the
time-one image φ1H(oN ).
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Proof. It follows from the equation dhH = i∗Hθ that the identity φ1H(oN ) =
φ1H′(oN ) implies dhH = dhH′ and so hH − hH′ is constant. Since H, H ′ ≡ 0 on

T ⊃ B, it follows zHq ≡ q ≡ zH
′

q for q ∈ B. Therefore hH(q) = hH′ (q) = 0. This
finishes the proof. �

Example 12.7.5. Consider a symplectic manifold (M,ω) and let B ⊂M be a
subset of non-empty interior. Let H = H(t, x) be a time-dependent Hamiltonian
on M such that suppH ⊂ M \ B. Suppose the flow t 7→ φtH is C0-small so that
there exists a Darboux-Weinstein neighborhood V∆ of the diagonal ∆M ⊂M ×M
such that

GraphφtH ⊂ V∆.
If we define H(t,x) = H(t, x) for x = (x, y) ∈ V∆ and extended to T ∗∆ by a cut-off
function outside of V∆, then H satisfies all the hypotheses required in Proposition
12.7.4. In this way, we can define a local version of Hamiltonian spectral invariants,
which was denoted by ρhamU (H ; a) in [Oh11b], which depends only on the graph
of the time-one map φ1H . Here U ⊂ L0(M) is the subset consisting of short paths
γ : [0, 1]→M such that (γ(t), γ(0)) ⊂ V∆ for all t ∈ [0, 1].

12.8. Wave front and basic phase function

The case S = {pt} is particularly interesting in that it is closely related to the
structure of the wave front of the Lagrangian submanifold L = φH(oN ).

When S = {pt}, we denote by ρ(H ; {q}) the invariant associated to the unique
generator of H0({q}) ∼= Z for each given H . Then the assignment

q 7→ ρ(H, {q}) on N

defines a continuous function on N , which is a consequence of Proposition 12.6.8.

Definition 12.8.1. We denote this function by fH : N → R, i.e.,

fH(q) := ρ(H, {q})

and call it the basic phase function of H or of L = φ1H(oN ).

The usage of ‘phase function’ is motivated by the appearance of an analogous
function in the micro-local analysis of Fourier integral operators [Hor71], [GS77]
as the phase function. We can extend the definition of fH by continuity to arbitrary
smooth Hamiltonians H which is not necessarily nondegenerate, and then to the
set of topological Hamiltonians in the sense of 6.2. Then the assignment

H 7→ fH : H → C0(N)

defines a continuous map with respect to the hamiltonian topology of H and the
C0 topology of fH respectively. Furthermore, it has the property

oscfH = max fH −min fH ≤ ‖H‖.

where ‖H‖ is the Hofer norm. By taking the infimum infH 7→L ‖H‖ here, we have
derived the inequality

(12.8.39) oscfH ≤ d(oN , L).
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Definition 12.8.2. Let L ⊂ T ∗N be any exact Lagrangian submanifold and
h : L → R be a function with i∗θ = dh. The wave front of L (associated to h) is
the image of the map

L→ R×N ; x 7→ (h(x), π(x))

where π : T ∗N → N is the projection.

Recall that h is determined up to addition of a constant on each connected
component of L. In general h does not define a (single-valued) function on N .
Away from the caustics of L, i.e., the subset of N consisting of the critical values
of the projection π|L : L→ N , L can be locally represented by the graph (q, df(q))
where h = f ◦π. However in general f cannot be globally defined as a differentiable
function. We would like to emphasize that #(π−1(q) ∩ L) may jump as q varies.
Eliahsberg [El87] calls a subset of the wave front of L a semi-simple part if it is
a graph of a continuous function f : N → R. It is a nontrivial question whether
the wave front of an exact Lagrangian submanifold L contains a semi-simple part
at all.

It turns out construction of spectral invariants provides a canonical choice of
such a semi-simple part, whose explanation is now in order.

Theorem 12.8.3. Let GfH be the graph of fH . Then GfH ⊂ N ×R is a semi-
simple part of the wave front of L. Furthermore fH is smooth away from a measure
zero subset.

Proof. The first statement follows from the definition of fH = ρ(H, {q}) and
the fact that fH(q) is a critical value of AH |Ω({q}) and so

fH(q) = AH(zpH) for some p ∈ φH(oN ) ∩ T ∗qN.
�

Theorem 12.8.3 gives rise to an easy proof of the nondegeneracy of the Hofer’s
distance defined in the set of Hamiltonian deformations of oN .

Theorem 12.8.4. Let d(L1, L2) be the Hofer distance. Then d(L1, L2) = 0 if
and only if L1 = L2.

Proof. We first consider the case when L1 = oN . In this case, we have by
definition

d(oN , L2) = inf
H 7→L2

‖H‖.

Now suppose that d(oN , L2) = 0. Then (12.8.39) implies

oscfH = 0

i.e., the basic phase function fH is a constant function on N and so fH is smooth
everywhere and

dfH(q) = 0

for all q ∈ N . Therefore, we have proved

(12.8.40) oN ⊂ L2 = φH(oN ).

Using the compactness and connectedness of N , it is easy to prove that (12.8.40)
indeed implies

oN = L2,
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Figure 1. Multi-section Lagrangian L

which finishes the proof for the case when L1 = oN . The other direction of the
proof is obvious.

For the general pairs

L1 = φ(oN ) and L2 = ψ(oN ),

we first note that
d(L1, L2) = d(η(L1), η(L2))

for any η ∈ Dω(T ∗N). Therefore one can reduce the general case to the special
case L1 = oN . �

To illustrate the meaning of the fH , we give an example for the case when
N = S1.

Example 12.8.5. Let us consider the Lagrangian submanifold L ⊂ T ∗S1 pic-
tured as in Figure 1.
Here we denote by z’s the intersections of L with the zero section, by x’s the caustics
and by y the point at which the two shaded regions in the picture have the same
area. The corresponding wave front can be easily drawn as

Note that the points z’s correspond to critical points of the action functional,
x’s to the cusp points of the wave front and y to the point where two different
branches of the wave front cross. Using the continuity of the basic phase function
fH where H 7→ L, one can easily see that the graph of fH is the one bold-lined in
Figure 2. We would like to note that the value minq∈N FH(q) is not a critical value
of AH .
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Figure 2. Wave front of L and the graph of fH





CHAPTER 13

Off-shell framework of Floer complex with bubbles

The well-known Riemann-Roch formula for the ∂-operator over the sections of
complex vector bundle provides the formula of the virtual dimension of the moduli
space of holomorphic maps from a closed Riemann surfaces. The virtual dimension
formula involves the first Chern number of the vector bundle.

In this chapter, we review construction of the relative version of the first Chern
number, which is ubiquitously called the Maslov index in general. We organize our
exposition combining those from [Gr85], [Oh95b] and [KL01].

13.1. Lagrangian subspaces versus totally real subspaces

In relation to the study of the boundary version of the Riemann-Roch formula,
we consider the (maximally) totally real subspace of Cn : A real subspace V ⊂ Cn

is called totally real if V ∩ iV = {0} and dimR V = n. We denote the set of totally
real subspaces by R(n).

Any totally real subspace V can be written as

V = A · Rn

for some A ∈ GL(n,C) and A1 · Rn = A2 · Rn if and only if

(13.1.1) A−12 A1 ∈ GL(n,R).
Therefore the set R(n) of totally real subspaces is a homogeneous space

R(n) = GL(n,C)/GL(n,R).

The following lemma is a useful fact for the study of index problem. See
Proposition 4.4 [Oh95b] for its proof.

Lemma 13.1.1. Consider the subset

R̃(n) = {D ∈ GL(n,C) | DD = In}
where In is the identity matrix. Then the map

B : R(n) ∼= GL(n,C)/GL(n,R)→ R̃(n); A · Rn 7→ AA
−1

is a diffeomorphism.

Proof. We consider the map

(13.1.2) A 7→ AA
−1

defined on Gl(n,C). Note that any matrix D of the form AA
−1

satisfies DD = Idn
and so the image of this map lies in R̃(n).

The equation (13.1.1) is equivalent to

A1A
−1
1 = A2A

−1
2 .

329
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This shows the map B is well-defined. We leave the proof of one-one correspondence
of the map (13.1.2) as an exercise. �

Exercise 13.1.2. Prove the map (13.1.2) is a one-one correspondence.

Next we consider the standard symplectic vector space (R2n, ω0) with

ω0 =
n∑

i=1

dxi ∧ dyi

in terms of the canonical coordinates (x1, · · · , xn, y1, · · · , yn). Denote by Λ(n) :=
L(R2n, ω0) the set of Lagrangian subspaces of (R2n, ω0). When we equip R2n with
the standard complex multiplication and identify it with Cn by the map

(xi, yi) 7→ zi = xi +
√
−1yi

then any Lagrangian subspace V ⊂ Cn can be written as

V = A · Rn

for a complex matrix A ∈ U(n). This shows that Λ(n) is a homogeneous space

Λ(n) ∼= U(n)/O(n).

This in particular shows that the natural inclusion Λ(n) →֒ R(n) is a homotopy
equivalence.

It is shown in [Ar67] that H1(Λ(n),Z) ∼= Z and Λ(n) carries the well-known
characteristic class µ ∈ H1(Λ(n),Z), the Maslov class [Ar67]. This assigns an
integer to each given loop γ : S1 → Λ(n) given by

µ(γ) =
1

2π
det2(A).

We refer to section 3.2 for the coordinate free description of the class. Furthermore
two loops γ1, γ2 are homotopic if and only if µ(γ1) = µ(γ2). And the value µ(γ)
does not depend on the identification R2n with Cn as long as the bilinear form
ω0(·, J0·) remains positive where J0 is the almost complex structure associated to
the complex multiplication on Cn.

Note that when A is a unitary matrix we have A
−1

= At, At the transpose of
A. Therefore we have the following corollary of Lemma 13.1.1.

Corollary 13.1.3. Denote by Λ̃(n) ⊂ R̃(n) the image of B restricted to
Λ(n) ⊂ R(n), i.e.,

(13.1.3) Λ̃(n) := {D ∈ U(n) | D = Dt}
the set of symmetric unitary matrices. Then B restricts to a diffeomorphism on
Λ(n).

The following generalizes the Maslov index to the loops of totally real subspaces,
which restricts to the Maslov index of loops in Λ(n).

Definition 13.1.4 (Generalized Maslov index). Let γ : S1 →R(n) be a loop.
The generalized Maslov index µ(γ) is defined to be the winding number of

det ◦B ◦ γ : S1 → C \ {0}.
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13.2. Bundle pair and its Maslov index

Let Σ be an oriented compact surface with boundary ∂Σ. We denote by g the
genus of Σ and by h the number of connected components of ∂Σ.

13.2.1. The case of complex vector bundles. Consider a complex vector
bundle E → Σ. Note that if ∂Σ 6= ∅, then any complex vector bundle E → Σ is
topologically trivial.

Definition 13.2.1. A complex bundle pair (E, λ) is a complex vector bunlde
E → Σ with a real subbundle λ→ ∂Σ of E|∂Σ equipped with an isomorphism

(13.2.4) E|∂Σ ∼= λ⊗ C.

Equivalently, a complex bundle pair is a complex vector bundle E → Σ with a
totally real subbundle λ ⊂ ER|∂Σ → ∂Σ where ER is the realization of the bundle
E.

We fix a trivialization Φ : E → Σ × Cn and let R1, · · · , Rh be the connected
components of ∂Σ with boundary orientation induced from Σ. Then due to the
given isomorphism E|∂Σ ∼= λ ⊗ C, Φ(λ|Ri) gives rise to a loop γΦ,i : S

1 → R(n).
Setting µ(Φ, Ri) = µ(γΦ,i), we derive

Proposition 13.2.2. Let (E, λ) be a complex bundle pair of rank n over an

oriented compact surface Σ. Then the sum
∑h

j=1 µ(Φ, Ri) is independent of the
choice of trivialization Φ : E → Σ× Cn.

Proof. Let Φ1, Φ2 be two trivializations of E. Then

Φ2 ◦ Φ−11 : Σ× Cn → Σ× Cn

is given by (x, v) 7→ (x, g(x)v) for a map

g : Σ→ GL(n,C).

It follows from the definition of γΦ,i that we have

gg−1 ·B ◦ γΦ1,i = B ◦ γΦ2,i

and hence deg(B ◦ γΦ2,i) = deg(det(gg−1)|∂Σ) + deg(B ◦ γΦ1,i), i.e.,

µ(Φ2, Ri)− µ(Φ1, Ri) = deg(det(gg−1)|∂Σ).
However since ∂Σ = ∪iRi and the map det(gg−1)|∂Σ : ∂Σ→ S1 obviously extends

to Σ, we have
∑h

i deg(det(gg
−1)|∂Σ) = 0 by the cobordism invariance of the degree.

This finishes the proof. �

Proposition 13.2.2 says that the following definition is well-defined.

Definition 13.2.3. The Maslov index of the bundle pair (E, λ) is defined by

(13.2.5) µ(E, λ) =

h∑

i=1

µ(Φ, Ri)

where Φ : E → Σ× Cn is a (and so any) trivialization.
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13.2.2. The case of symplectic vector bundles. Consider symplectic vec-
tor bundle E → Σ, i.e., assume that each fiber Ex carries a symplectic inner product
ωx depending smoothly on x ∈ Σ.

Again if h > 0, any symplectic vector bundle on Σ is symplectically trivial. We
fix a trivialization

Ψ : E → Σ× (R2n, ω0).

Definition 13.2.4. A symplectic bundle pair is a pair (E, λ) where E → Σ is
a symplectic vector bundle and λ→ ∂Σ is a Lagrangian subbundle of E|∂Σ.

As in the complex case, the restriction Ψ(λ|Ri) gives rise to a loop γΨ,i : S
1 →

Λ(n). We denote µ(Ψ, Ri) = µ(γΨ,i). Then we have the following

Proposition 13.2.5. Let (E, λ) be a symplectic bundle pair over an oriented

compact surface Σ. Then the sum
∑h
j=1 µ(Ψ, Ri) is independent of the choice of

symplectic trivialization Ψ : E → E × Cn.

Proof. Let Ψ1, Ψ2 : E → (R2n, ω0) be two symplectic trivializations. The
map

Ψ2 ◦Ψ−11 : (R2n, ω0)→ (R2n, ω0)

is given by the assignment (x, v) → (x, g(x)v) for a map g : Σ → Sp(2n,R). We
write the natural action of Sp(2n,R) on Λ(n) by g · V . Then we have the identity

g(x)γΨ1,i(x) = γΨ2,i(x) for x ∈ Ri.
Since any Lagrangian subspace is totally real for the standard complex multiplica-
tion and the generalized Maslov index is invariant under the homotopy inside R(n),
this identity gives rise to

µ(Ψ2, Ri) = µ(Ψ1, Ri) + 2deg(g|Ri)

where deg(g|Ri) is the degree of the loop g|Ri : S
1 → Sp(2n,R) defined in section

2.2.2. Since g|∂Σ =
∐h
i=1 g|Ri , it again follows

∑h
i=1 deg(g|Ri) = 0 and hence the

proof. �

This proposition allows one to define the Maslov index µ(E, λ) for the sym-
plectic bundle pair (E, λ).

Definition 13.2.6. The Maslov index of the symplectic bundle pair (E, λ) is
defined by

(13.2.6) µ(E, λ) =

h∑

i=1

µ(Φ, Ri)

where Φ : E → Σ× Cn is a (and so any) trivialization.

It is straightforward to prove invariance of µ(E, λ) under a homotopy. In fact,
a stronger invariance property holds, which we now formulate.

Let (E0, λ0), (E1, λ1) be symplectic bundle pairs over Σ1, Σ2 respectively.

Proposition 13.2.7. Suppose that the real vector bundle

λ0|∂Σ0

∐
λ1|∂Σ1

extends to a real vector bundle λ12 → Σ12 for an oriented cobordism Σ12 with

∂Σ12 = −∂Σ1

∐
∂Σ2
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and λ12 embeds to a symplectic vector bundle E12 → Σ12 as a Lagrangian subbundle
restricted to the bundle pairs

(E0, λ0)|∂Σ0

∐
(E1, λ1)|∂Σ1

on its boundary ∂Σ12. Then µ(E1, λ1) = µ(E2, λ2).

Proof. Choose any trivialization of E12 → Σ12

Φ12 : E12 → Σ12 × (R2n, ω0).

This obviously defines trivializations of E1 and E2. By computing µ(Ei, λi) with
i = 1, 2 and µ(E12, λ12) in this trivialization, the proof follows. �

We call the statement of this proposition as the cobordism invariance of µ(E, λ).
Obviously this proposition implies the homotopy invariance of µ(E, λ).

Now let L ⊂ (M,ω) be a Lagrangian submanifold and consider a smooth map
w : (Σ, ∂Σ)→ (M,L). Denote by ∂w : ∂Σ→ L the restriction w|∂Σ. Then (w, ∂w)
induces a canonical bundle pair

E = w∗TM, λ = (∂w)∗TL.

Definition 13.2.8. Let w be as above. The Maslov index of w, denoted by
µL(w), is defined to be

µL(w) = µ(w∗TM, (∂w)∗TL).

An immediate corollary of homotopy invariance of µ(E, λ) is homotopy invari-
ance of µL(w) for the map w.

13.3. Maslov indices of polygonal maps

In this section, we assign a topological index to the polygonal maps following
the exposition given in [FOOO10a].

We first explain how we associate a natural bundle pair to each polygonal map
attached to a transversal Lagrangian chains using Proposition 3.2.14.

Consider the disc Σ = D2 with a set of marked points {u0, u1, · · · , uk} ⊂ ∂D2.
Denote the (boundary) punctured disc by

Σ̇ = D2 \ {ui}0≤i≤k.
We fix a small closed neighborhood Ui ⊂ Σ of ui for i = 0, · · · , k so that they are
disjoint, and each carries a conformal isomorphism

Ui \ {ui} → (−∞, 0]× [0, 1].

Let L = (L0, L1, · · · , Lk) be an ordered (k + 1)-tuple of Lagrangian submani-
folds Li, i = 0, · · · k.

Definition 13.3.1. We say that L is a transversal chain if it is pairwise
transversal and Li ∩ Lj ∩ Lk = ∅ for any distinct triple i, j, k. We call k + 1
the length of the chain.

Now we consider a chain of intersection points

~p = {pi(i+1) ∈ Li ∩ Li+1 | i = 0, · · · , k}
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and a smooth map w : Σ̇ → M which extends to Σ continuously and satisfies the
condition

(13.3.7) lim
z→ui

w(z) = pi(i+1), w(uiui+1) ⊂ Li.

We denote by

π2(L; ~p)
the set of homotopy classes of such continuous maps and by B an element from
π2(L; ~p). We next want to assign a topological index of such maps w relative to the
data L, ~p and B. Consider a symplectic trivialization of w∗TM

w∗TM ∼= Σ̇× (R2n, ω0).

Under this trivialization, the map

αw : S1 = Σ̇→ Λ(n); t 7→ Tw(t)Li if t ∈ ui−1ui
defines a piecewise smooth path with discontinuities at (k + 1) points ui ∈ ∂D2

for i = 0, 1, · · · , k. By the transversality hypothesis, the two Lagrangian subspaces
Tw(ui)Li and Tw(ui+1)Li+1 in (R2n, ω0) satisfy

Tw(ui)Li ∩ Tw(ui+1)Li+1 = {0}.
Out of these data, we will associate a smooth symplectic bundle pair (Ew, λw) over

a suitably constructed bordered Riemann surface, which we will denote by ̂̇Σ.
First we consider the symplectic vector space (S,Ω) = (Tw(ui)M,ωw(ui)) and

fix a smooth path αi(i+1) : [0, 1]→ L(S,Ω) chosen as in Proposition 3.2.14 for each
i = 0, · · · , k so that

αi(i+1)(0) = Tw(ui)Li, αi(i+1)(1) = Tw(ui+1)Li+1.

At each pi(i+1) ∈ Li ∩ Li+1, there exists a Darboux chart Φi : Vi → Tpi(i+1)
M on

Vi such that Vi is a neighborhood of pi(i+1) in M and

(1) Φ(pi(i+1)) = 0 in Tpi(i+1)
M ,

(2) dΦi(pi(i+1)) : Tpi(i+1)
M → Tpi(i+1)

M is the identity,

(3) Φi(Vi ∩ Li) = Φ(Vi) ∩ Tpi(i+1)
Li, Φi(Vi ∩ Li+1) = Φ(Vi) ∩ Tpi(i+1)

Li+1.

Exercise 13.3.2. Prove the existence of such a Darboux chart.

Then by the convergence (13.3.7), we can decompose the compact bordered

Riemann surface Σ̇ into the union

Σ̇ :=
(
Σ̇ ∪

⋃
Ui

)

where w(Ui) ⊂ Vi. We set Ûi ∼= [−∞, 0] × [0, 1] to be the natural completion of

(−∞, 0]× [0, 1] ∼= Ui for each i = 0, · · · , k. We call this union the real blow-up of Σ̇
along its punctures with respect to the conformal chart at the ends

Ui ∼= (−∞, 0]× [0, 1].

For the Darboux chart Φi given in a neighborhood of pi(i+1), the map Φi◦w satisfies

(13.3.8) dΦi(Tw(τ,0)Li) ≡ Tpi(i+1)
Li, dΦi(Tw(τ,1)Li+1) ≡ Tpi(i+1)

Li+1

and Φi ◦ w(∞, t) ≡ pi(i+1). We denote the continuous extension of w to ̂̇Σ by

ŵ : ̂̇Σ→M .
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Lemma 13.3.3. The pull-back bundle w∗TM over Σ̇ can be smoothly extended
to ŵ∗TM so that ŵ∗TM |Ui has a canonical trivialization

((Φ ◦ ŵ)∗M ; (∂i(Φ ◦ ŵ)∗TLi, (∂i+1(Φ ◦ w̃)∗TLi+1)|Ui

∼= (Ui; ∂0Ui, ∂1Ui)× (Tpi(i+1)
M ;Tpi(i+1)

Li, Tpi(i+1)
Li+1).

Proof. By (13.3.8), we have the trivialization of w∗TM so that the triple
(w∗M ; (∂iw)

∗TLi, (∂i+1w)
∗TLi+1) restricted to Ui is mapped to the trivial bundle

(Ui; ∂0Ui, ∂1Ui)× (Tpi(i+1)
M ;Tpi(i+1)

Li, Tpi(i+1)
Li+1)

under the derivative dΦi. The lemma immediately follows from this. �

Now we have extended the pull-back bundle w∗TM → Σ̇ smoothly to ŵ∗TM →
̂̇Σ. We denote the corresponding symplectic vector bundle by

Ew = ŵ∗TM.

Next we describe a Lagrangian subbundle λ ⊂ Ew|
∂ ̂̇Σ. We insert the path

αi(i+1) : [0, 1] → Λ(Tw(ui)M) into {−∞} × [0, 1] at the puncture ui of Σ̇ between
the Gauss maps αw|ui−1ui and αw|uiui+1 , we obtain a Lagrangian subbundle

λw → ∂Σ̂

of Ew|
∂ ̂̇Σ.

Definition 13.3.4. We define the polygonal Maslov index, denoted by µ(w;L, ~p),
to be the Maslov index

µ(w;L, ~p) = µ(Ew, λw)

When the length of Lagrangian chain L is two, i.e., k = 1, this index is related
to the Maslov-Viterbo index [Vi88] for the pair (L0, L1) in a natural way, whose
definition we will provide later in Definition 13.6.2.

Exercise 13.3.5. Find out the precise relationship between the two.

Proposition 13.3.6. µ(w;L, ~p) depends only on the homotopy class [w] ∈
π2(L, ~p) and the choice of αi(i+1)’s. We denote the corresponding common index
by µ(L, ~p;B) for B = [w].

Proof. Let w0, w1 be two polygonal maps defined on Σ̇ = D2 \ {ui}i=0,·,k at-
tached to the datum (L, ~p) homotopic to each other. A smooth homotopy {ws}0≤s≤1
between them induces a family of symplectic vector bundles w∗sTM . Since [0, 1]
is compact, we can find a common neighborhoods Ui of ui such that w∗sTM is
trivialized by Φ so that

dΦ : (w∗sTM |Ui; (∂ws)
∗TLi, (∂ws)

∗TLi+1)

→ (Ui; ∂0Ui, ∂1Ui)× (Tw(ui)M ;Tw(ui)Li, Tw(ui)Li+1)

for all s ∈ [0, 1]. We fill the segment {∞i}× [0, 1] ⊂ [0,∞]× [0, 1] ∼= Ûi by the same
path αi(i+1) and extending the trivialization dΦ above to the rest of D2, we obtain
a homotopy of bundle pairs (Ews , λws). By the homotopy invariance of the Maslov
index of bundle pairs, we obtain

µ(E0, λ0) = µ(E1, λ1)

which finishes the proof. �
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This topological index forms the basis in the computation of Fredholm index
of the linearization of ∂-operator appearing in the construction of Fukaya category.
(See [FOOO10a].)

13.4. Novikov covering and Novikov ring

Let (L0, L1) be a pair of connected compact Lagrangian submanifolds of (M,ω)
which are transversal. We like to note that we do not assume our Lagrangian
submanifolds are connected at the moment.

Consider the space of paths

Ω = Ω(L0, L1) = {ℓ : [0, 1]→ P | ℓ(0) ∈ L0, ℓ(1) ∈ L1}.
We define a one-form (the action one-form) α on Ω by

(13.4.9) α(ℓ)(ξ) =

∫ 1

0

ω(ℓ̇(t), ξ(t))dt

for ξ ∈ TℓΩ, which we know becomes a ‘closed one-form’ by Corollary 3.8.4.
Ω(L0, L1) is not connected but has countably many connected components. We

will always work on a particular fixed connected component of Ω(L0, L1) when we
study Floer moduli spaces later. We specify the particular component by choosing
a base path which we denote by ℓ0. Denote the corresponding component by

Ω(L0, L1; ℓ0) ⊂ Ω(L0, L1).

The base path ℓ0 automatically picks out a connected component from each of L0

and L1 as its initial and final points

x0 = ℓ0(0) ∈ L0, x1 = ℓ0(1) ∈ L1.

Then Ω(L0, L1; ℓ0) is nothing but the space of paths between the corresponding
connected components of L0 and L1 respectively. Because of this we will always
assume that L0, L1 are connected from now on, unless otherwise said.

Next we describe some covering space which we call the Novikov covering of the
component Ω(L0, L1; ℓ0) of Ω(L0, L1). We first start with describing the universal
covering space of Ω(L0, L1; ℓ0). Consider the set of all pairs (ℓ, w) such that w
satisfies the boundary condition

w(0, ·) = ℓ0, w(1, ·) = ℓ(13.4.10)

w(s, 0) ∈ L0, w(s, 1) ∈ L1 for all s ∈ [0, 1].(13.4.11)

Considering w as a continuous path in Ω(L0, L1; ℓ0) from ℓ0 and ℓ, the fiber at ℓ of
the universal covering space of Ω(L0, L1; ℓ0) can be represented by the set of path
homotopy classes of w relative to the its end s = 0, 1. We denote this homotopy
class of w in Ω(L0, L1; ℓ0) satisfying (13.4.10) by [ℓ, w].

Now we define a smaller covering space of Ω(L0, L1; ℓ0) by modding out the
latter by another equivalence relation that is weaker than the homotopy. This is an
analog to the Novikov covering space of the contractible loop space of a symplectic
manifold (M,ω), which we will study later in part IV.

Note that when we are given two pairs (ℓ, w) and (ℓ, w′) with a given common
path ℓ from Ω(L0, L1; ℓ0), the concatenation

w#w′ : [0, 1]× [0, 1]→M
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defines a loop c : S1 → Ω(L0, L1; ℓ0). One may regard this loop as an annular map

C : S1 × [0, 1]→M

satisfying the boundary condition

(13.4.12) C(s, 0) ∈ L0, C(s, 1) ∈ L1.

Obviously the symplectic area of C, denoted by

(13.4.13) Iω(C) =

∫

C

ω,

depends only on the homotopy class of C satisfying (13.4.12) and so defines a
homomorphism, which we also denote by

Iω : π1(Ω(L0, L1; ℓ0))→ R.

Next we note that for the map C : S1 × [0, 1] → M satisfying (13.4.12), it
associates a symplectic bundle pair (E, λ) given by

EC = C∗TM, λC = R∗0TL0

∐
R∗1TL1

where Ri : S
1 → Li is the map given by Ri(s) = C(s, i) for i = 0, 1. This allows

us to define another homomorphism

Iµ : π1(Ωℓ0(L0, L1), ℓ0)→ Z; Iµ(c) = µ(EC , λC)

where µ(EC , λC) is the Maslov index of the bundle pair (EC , λC).
Using Iµ and the symplectic form Iω , we define an equivalence relation ∼ on the

set of all pairs (ℓ, w) satisfying (13.4.12). For given such pair w, w′, we denote by
w#w′ the concatenation of w and w′ along ℓ, which defines a loop in Ω(L0, L1; ℓ0)
based at ℓ0.

Definition 13.4.1. We say that (ℓ, w) is Γ-equivalent to (ℓ, w′) and write
(ℓ, w) ∼ (ℓ, w′) if the following conditions are satisfied

(13.4.14) Iω(w#w
′) = 0 = Iµ(w#w

′)

We denote set of equivalence classes [ℓ, w] by Ω̃(L0, L1; ℓ0) and call the Γ-covering
space of Ω(L0, L1; ℓ0).

There is a canonical lifting of ℓ0 ∈ Ω(L0, L1; ℓ0) to Ω̃(L0, L1; ℓ0): this is just

[ℓ0, ℓ̃0] ∈ Ω̃(L0, L1; ℓ0)

where ℓ̃0 is the map ℓ̃0 : [0, 1]2 →M with ℓ̃0(s, t) = ℓ0(t). In this way, Ω̃(L0, L1; ℓ0)
also has a natural base point which we suppress from the notation.

Now we denote by G(L0, L1; ℓ) the group of deck transformations on π−1(ℓ).
It is easy to see that there is a canonical isomorphism between the groups for two
different ℓ’s if they are homotopic. Then it follows that the two isomorphisms Iω
and Iµ push down to homomorphisms

ν : G(L0, L1; ℓ0)→ R, d : G(L0, L1; ℓ0)→ Z

defined by

(13.4.15) ν(g) = ω[g], d(g) = µ(g).

Proposition 13.4.2. The group G(L0, L1; ℓ0) is an abelian group.
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Proof. By definition of G(L0, L1; ℓ0), the map ν × d : G(L0, L1; ℓ0)→ R× Z
is an injective group homomorphism. Therefore we conclude that G(L0, L1; ℓ0) is
abelian since R× Z is abelian. �

Definition 13.4.3 (Period group). We define the period group of the group

G(L0, L1; ℓ0) or of the component Ω̃(L0, L1; ℓ0) by the image

Γω(L0, L1; ℓ0) = {ω[g] | g ∈ G(L0, L1; ℓ0)} ⊂ R.

Now we define a Novikov ring associated to the abelian group G(L0, L1; ℓ0) ⊂
R × Z. We first consider the group ring R[G(L0, L1; ℓ0)] for a commutative ring
R. We will use the topology induced by ν to define a completion of the ring
R[G(L0, L1; ℓ0)].

Consider the formal sum
∑

g∈G(L0,L1;ℓ0)

agg =: σ

and set

supp(σ) = {g ∈ G(L0, L1; ℓ0) | ag 6= 0}.
Definition 13.4.4. Define the Novikov ring associated to the groupG(L0, L1; ℓ0)

by

Λ(L0, L1; ℓ0) = {σ | #(supp(σ) ∩ ν−1((C,∞))) <∞}
with the obvious ring structure on it.

It is easy to see that Λ(L0, L1; ℓ0) forms a graded R-module

Λ(L0, L1; ℓ0) =
⊕

k∈Z
Λk(L0, L1; ℓ0)

where Λk(L0, L1; ℓ0) is the R-submodule generated by g with µ(g) = k in σ above.

13.5. Action functional

For a given pair (ℓ, w), we define its action by the formula

A(ℓ, w) = −
∫
w∗ω

which defines the action functional

A : Ω̃(L0, L1; ℓ0)→ R.

It follows from the definition of G(L0, L1; ℓ0) that the integral depends only on the
Γ-equivalence class [ℓ, w] and so pushes down to a well-defined functional on the

covering space Ω̃(L0, L1; ℓ0).

Proposition 13.5.1. Let π : Ω̃(L0, L1; ℓ0) → Ω(L0, L1; ℓ0) be the Γ-covering
space and α be the action one-form on Ω(L0, L1; ℓ0). Then we have

(13.5.16) dA = π∗α.

Proof. Obviously dπ : T[ℓ,w]Ω̃(L0, L1; ℓ0) → TℓΩ(L0, L1; ℓ0) induces an iso-

morphism. Let [ℓ, w] ∈ Ω̃(L0, L1; ℓ0) and ξ̃ ∈ T[ℓ,w]Ω̃(L0, L1; ℓ0). We need to show

(13.5.17) dA([ℓ, w])(ξ̃) = α(dπ(ξ̃)).



13.5. ACTION FUNCTIONAL 339

Denote dπ(ξ̃) = ξ. We choose a path

u : (−ǫ, ǫ)→ Ω(L0, L1; ℓ0)

satisfying

(13.5.18) u(0) = ℓ,
∂u

∂s

∣∣∣
s=0

= ξ.

Then we consider the local lifting ũ : (−ǫ, ǫ) → Ω̃(L0, L1; ℓ0) of u through ũ(0) =
[ℓ, w]. By an abuse of notation, we also denote the corresponding map by u :
(−ǫ, ǫ)× [0, 1]→M .

Note that (13.5.17) is equivalent to

(13.5.19)
d

ds

∣∣∣
s=0
A(ũ(s)) =

∫ 1

0

ω(ℓ̇(t), ξ(t)) dt.

To compute the left hand side, we need an explicit representation of ũ(r) as a
pair [ℓ(r), w(r)] where ℓ(r) = u(r, ·) and w(r) : [0, 1] × [0, 1] → M is a map with
w(r)(0, t) = ℓ0(t), w(r)(1, t) = u(r, t). We note that the integral

∫
w ω is independent

of a parametrization of w and invariant under the homotopy fixing the end points.

Motivated by these two invariance properties, we define ũ : (−ǫ, ǫ)→ Ω̃(L0, L1; ℓ0)
by the pair [u(r), w(r)] with w(r) is the concatenation of w and u|[0,r]. (One can
write down an explicit formula of this concatenation but it is not necessary for the
following discussion.) Then we have

dA([ℓ, w])(ξ̃) =
d

dr

∣∣∣
r=0

∫

w(r)

ω

=
d

dr

∣∣∣
r=0

{∫
w∗ω +

∫ r

0

∫ 1

0

u∗ω

}
dt ds

=
d

dr

∣∣∣
r=0

∫ r

0

∫ 1

0

ω

(
∂u

∂t
,
∂u

∂s

)
dt ds

=

∫ 1

0

ω

(
∂u

∂t
(0, t),

∂u

∂s
(0, t)

)
dt =

∫ 1

0

ω(ℓ̇(t), ξ(t)) dt

where we use the initial condition (13.5.18) for the last equality. Hence we have
proved (13.5.19) and so finished the proof of (13.9.1). �

An immediate corollary of this proposition is the following characterization of
the critical point set of A.

Corollary 13.5.2. The set Crit(L0, L1; ℓ0) of critical points of A consists of
the pairs of the type [x̂, w] where x̂ is the constant path with x ∈ L0 ∩L1. And it is
invariant under the action of G(L0, L1; ℓ0) and so forms a G(L0, L1; ℓ0)-principal
bundle (or G(L0, L1; ℓ0)-torsor) over L0 ∩ L1.

For each x ∈ L0 ∩ L1, we denote by

π2(x; ℓ0) = π2(L0, L1;x, ℓ0)

the set of homotopy class of w’s appearing in this corollary.
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13.6. The Maslov-Morse index

In this subsection, we assign an absolute Morse index to each critical point
of A. In general, assigning such an absolute index is a delicate matter because
the obvious Morse index of A at any critical point is infinite. We call this Morse
index the Maslov-Morse index of the critical point. The definition of this index will
somewhat resemble that of A. However to define this, we also need to fix a section
λ0 of ℓ∗0Λ(M) such that

λ0(0) = Tℓ0(0)L0, λ0(1) = Tℓ0(1)L1.

Here we denote Λ(M) to be the bundle of Lagrangian Grassmanians of TM

Λ(M) =
⋃

x∈M
Λ(TxM)

where Λ(TxM) := L(TxM,ωx) is the set of Lagrangian subspaces of the sym-
plectic vector space (TxM,ωx). (Here to avoid the notational confusion with the
Lagrangian chain L in the next section, we change the notation for the Lagrangian
Grassmanian.)

We now associate a (continuous) symplectic bundle pair (Ew , λw) over [0, 1]
2.

Using Proposition 3.2.14, we associate a symplectic bundle pair (Ew, λw) as before
which is defined uniquely up to the homotopy. We first choose Ew = w∗TM . To
define λw, we first choose a vector field ξx along Λ1(TxM,ωx;TxL0) ⊂ Λ(TxM,ωx)
satisfying

ξx ∈ C0(TxL0)

and a path αx : [0, 1]→ Λ(S,Ω) satisfying

αx(0) = TxL0, α
x(1) = TxL1 ⊂ TxM

and (αx)′(0) = ξx(TxL0) as in Proposition 3.2.14. It also follows therefrom that
any two such choices of (ξx, αx) are homotopic to each other.

Then we consider a continuous Lagrangian subbundle λw → ∂[0, 1]2 of E|∂[0,1]2
by the following formula: the fiber at each point of ∂[0, 1]2 is given as

λw(s, 0) = Tw(s,0)L0, λw(1, t) = αx(t),

λw(s, 1) = Tw(s,1)L1, λw(0, t) = λ0(0,t)

Again Proposition 3.2.14 implies that λw is uniquely defined upto homotopy.

Definition 13.6.1. We define the Maslov-Morse index of [x̂, w] by

µ([x̂, w]; (ℓ0, λ
0)) = µ(Ew , λw)

We note that this absolute index depends on the choices of the (ℓ0, λ0) and
[w] ∈ π2(x). The following relative version of the index, called Maslov-Viterbo
index, does not require any such choices but depends only on the homotopy class
B ∈ π2(x, y). Let u : [0, 1]2 → M be a smooth map representing the homotopy
class B.

We pick a trivialization of u∗TM and consider the bundle pair (Eu, λu) where
λu is the Lagrangian subbundle defined by

λu(s, 0) = Tu(s,0)L0, λu(1, t) = αy(t),

λu(s, 1) = Tu(s,1)L1, λu(0, t) = αx(t)
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Definition 13.6.2 (Maslov-Viterbo index). Let B ∈ π2(x, y) and u be as
above. The Maslov-Viterbo index, denoted by µ(L0, L1;B), is defined to be the
Maslov index of the bundle pair (13.6.20).

We would like to point out that the definition of this relative index does not re-
quire any choices in its definition. This definition of the index µ(Eu, λu) is precisely
Viterbo’s in [Vi88].

The following proposition relates the Maslov-Morse index with the Maslov-
Viterbo index, which immediately follows from definition.

Proposition 13.6.3. Let x̂, ŷ ∈ Ω(L0, L1; ℓ0) and B ∈ π2(x, y). Then

µ(L0, L1;B) = µ([ŷ, w#B]; (ℓ0, λ0))− µ([x̂, w]; (ℓ0, λ0)).
In particular, the difference in the right hand side does not depend on the choices
of (ℓ0, λ

0) or w.

Proof. We pick a trivialization of u∗TM and consider the bundle pair (Eu, λu)
where λu is the Lagrangian subbundle defined as in (13.6.20) above. Represent
µ([x̂, w]; (ℓ0, λ

0)) and as µ(Ew, λw) for a bundle pair (Ew, λw) constructed as above.
Then we represent µ([ŷ, w#B]; (ℓ0, λ0)) as µ(Ew#u, λw#u) for the unique (ho-

motopically) bundle pair (Ew#u, λw#u) constructed as the concatenation of the
above two bundle pairs. Then by construction, they satisfy the relation

(Ew#u, λw#u) = (Ew, λw)#(Eu, λu).

Since the Maslov index is additive under concatenation of bundle pairs, we have

µ(Ew#u, λw#u) = µ(Ew , λw) + µ(Eu, λu)

or equivalently
µ(Eu, λu) = µ(Ew#u, λw#u)− µ(Ew, λw)

and hence the proof. �

13.7. Anchored Lagrangian submanifolds

Now we would like to relate µ(L, ~p;B) to the Maslov-Morse index of a critical
point [x̂, w] of the action functional A. Recall that the Maslov-Morse index depends
on the choice of the base path ℓ0 ∈ Ω(L0, L1) and a Lagrangian subbundle λ0 ⊂
ℓ∗0TM . At this point, one might wonder whether Proposition 13.6.3 generalizes to
arbitrary polygonal maps. Because of the dependence of the Maslov-Morse index
on the choice of ℓ0 and λ0, the above proof should be suitably reformulated. This
requires a procedure of choosing the reference pair (ℓ0, λ

0) in the definition of
Maslov-Morse index. To carry out this comparison in a coherent way, we will take
the point of view of pointed Lagrangian submanifolds (L, x), not just L itself.

We also fix a base point y of ambient symplectic manifold (M,ω) once and
for all. Then it is easy to see that any homotopy class of path in Ω(L,L′) can be
realized by a path that passes through the given point y. We call any such path an
anchor of L and the set of anchors {γi} associated to the Lagrangian chain L an
anchor system. When a Lagrangian chain

L = (L0, L1, · · · , Lk)
equipped with a path γi : [0, 1]→M satisfying

γi(0) ∈ L, γi(1) = y
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for each i = 0, · · · , k.
They provide a systematic choice of a base path

ℓij = γi#γj ∈ Ω(Li, Lj),

the concatenation of γi and the time-reversal γj of γj , in the obvious way where γj
is the time reversal of γj .

The upshot of this construction is the following overlapping property

ℓij(t) = ℓiℓ(t) for 0 ≤ t ≤ 1

2

ℓij(t) = ℓℓj(t) for
1

2
≤ t ≤ 1.(13.7.20)

Definition 13.7.1. We say that a homotopy class B ∈ π2(L; ~p) is admissible
to the anchor system if it can be represented by a polygon that is a gluing of k
bounding bands wi(i+1) : [0, 1]× [0, 1]→M satisfying

wi(i+1)(0, t) =

{
γi(2t) 0 ≤ t ≤ 1

2

γi+1(2− 2t) 1
2 ≤ t ≤ 1

wi(i+1)(s, 0) ∈ Li, wi(i+1)(s, 1) ∈ Li+1

wi(i+1)(1, t) = pi(i+1).

When this is the case, we denote the homotopy class B as

B = [w01; ℓ01]#[w12; ℓ12]# · · ·#[wk0; ℓk0]

and by πad2 (L; ~p).
We call such a tuple L an anchored Lagrangian chain. Denote by L a chain

(L0, · · · , Lk) of Lagrangian submanifolds and by E that of anchored Lagrangian
submanifolds.

When the collection E = {(Li, γi)}0≤i≤k is given, we note that not all homotopy
classes in π2(L; ~p) is admissible. But we have the following basic lemma which will
be enough for the construction of higher products in Floer homology, whose proof
is easy and so omitted. This is needed for the construction of Fukaya category in
general [FOOO10a].

Lemma 13.7.2. Let wi(i+1) be given for i = 1, · · · , k and B ∈ π2(L; ~p). Then
they canonically define a class [wk0] ∈ π1(ℓk0, pk0) by

[wk0] := [w01]# · · ·#[w(k−1)k]#B

so that B becomes admissible to the given anchor system {γi}ki=0

In the same spirit, we choose the Lagrangian subbundle λi ⊂ γ∗i TM for each
i = 0, · · · , k and define

λij = λi#λj

in the obvious way. Then it follows that λij also satisfy the overlapping property

λij |[0, 12 ] = λiℓ|[0, 12 ]
λij |[ 12 ,1] = λℓj |[ 12 ,1].

The following basic identity immediately follows from definition.
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Proposition 13.7.3. Suppose B ∈ πad2 (L, ~p) given as Lemma 13.7.1 and B =
[w0; ℓ01] + · · ·+ [wk; ℓk0]. Then we have

µ(L, ~v;B) =

k∑

i=0

µ([pi, wi];λi(i+1))(13.7.21)

ω(B) = −
k∑

i=0

A([pi, wi]).(13.7.22)

Proof. It is clear from the definition of the Maslov index of the bundle pair
that the polygonal Maslov index is additive under the obvious fiber sum of the
bundle pairs over the gluing of the bases. Therefore follows from the definition of
the Lagrangian loop α̃w because the latter implies

α̃w ∼
k∑

i=0

wi(i+1)

∣∣
∂([0,1]×[0,1])

in π2(L, ~p). �

Because these choices play some important role in a coherent organization of
the grading and the filtration problem in Fukaya category, they seem to deserve
name

Definition 13.7.4. Let (M,ω) be an arbitrary symplectic manifold and y ∈M
be a base point. A path ℓ : [0, 1]→M with

ℓ(0) = y, ℓ(1) ∈ L
is called an anchor of L (relative to y). We call a pair (γ, λ) a graded anchor
where λ is a section of γ∗L(M,ω)→ [0, 1]. We call the pair (L, (γ, λ)) an anchored
Lagrangian submanifold.

Remark 13.7.5. It appears that the anchored Lagrangian submanifolds play
some important role in the study of the family version of the Floer homology that
enters in the construction of mirror objects in the homological mirror symmetry
of SYZ-fibrations. It has been well-known that the presence of Lagrangian section
of the torus fibrations is important for the construction mirror. It turns out that
the section also plays the role of base points above in the construction of the Floer
complex [Ab14].

13.8. Abstract Floer complex and its homology

In this section, we provide a purely algebraic context behind the construction
of all the known general Floer homology. We follow the description provided by M.
Usher [Ush08] with some amplification.

Definition 13.8.1. A graded filtered Floer-Novikov complex c over a ring R
consists of the following data:

(1) A groupoid Γ and a principal Γ-bundle (with discrete topology) P → S
where
(a) S is a finite set, and
(b) Γ is a finitely generated abelian groupoid, written multiplicatively,

and P is a G-set (or a G-act) such that
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(2) An “action functional” A : P → R and a “period groupoid homomor-
phism” ω : Γ→ R satisfying

A(g · p) = A(p)− ω(g) (g ∈ Γ, p ∈ P ).
(3) A “grading” gr : P → Z and a “degree homomorphism” d : Γ → Z

satisfying

gr(g · p) = gr(p) + d(g) (g ∈ Γ, p ∈ P ).
(4) A map n : P × P → R satisfying the following conditions:

(a) n(p, p′) = 0 unless both A(p) > A(p′) and gr(p) = gr(p′) + 1.
(b) n(g · p, g · p′) = n(p, p′) for all p, p′ ∈ P, g ∈ Γ
(c) For each formal sum

β =
∑

q∈P
aqq, aq ∈ R

we define its support by

supp(β) = {q ∈ P | aq 6= 0}.
Now we define the Floer chain group by

C∗(c) :=




∑

q∈P
aqq

∣∣∣ aq ∈ R, ∀C#(supp(β)) ∩ A−1((C,∞)) <∞



 .

Then for each p ∈ P , the formal sum

∂p =
∑

p∈P
n(p, q)q

belongs to the Floer chain group C∗(c).
(d) Where the Novikov ring of Γ is defined by

Λ↑Γ,ω =




∑

g∈Γ
bgg
∣∣∣ bg ∈ R, #(supp(β)) ∩ ω−1((−∞, C)) <∞





and where C∗ inherits the structure of a ΛΓ,ω-module in the obvi-
ous way from the Γ-action on P , the operator ∂ : P → C∗ defined
above extends to a ΛΓ,ω-module homomorphism ∂ : C∗ → C∗ which
moreover satisfies ∂ ◦ ∂ = 0.

We call the image of A the action spectrum of the complex c and that of ω the
period group of Γ. We denote them by

Spec(c), Γω ⊂ R

respectively.
Note that the Novikov finite condition implies that each Floer-Novikov chain

β =
∑

q∈P
aqq, aq ∈ R

has a “highest peak” and so we can define its level by

ℓ(β) := max
q∈P
{A(q) | q ∈ supp(β)}.
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We set ℓ(β) = −∞ if β = 0. This defines the level function

ℓ : C∗(c)→ R

and induces a filtration on C∗(c) by

Cλ∗ (c) := {β | ℓ(β) ≤ λ} .
We note that by definition the map ∂ preserves the filtration i.e., ∂(Cλ∗ (c)) ⊂ Cλ∗ (c)
and also induces a topology on C∗(c), which is induced by the non-Archimedean
metric defined by

(13.8.23) d(β1, β2) = eℓ(β1−β2).

Similarly we define the valuation on the Novikov ring ΛΓ,ω by

ν(a) = min
g
{ω(g) | g ∈ supp(a)}

where a =
∑

g∈Γ bgg, which in turn induces a metric on ΛΓ,ω by

d(a1, a2) = e−ν(a1−a2).

We summarize the above discussion in the following proposition.

Proposition 13.8.2. The map ∂ : C∗(c)→ C∗(c) is continuous with respect to
the distance d in (13.8.23). The action of ΛΓ,ω on C∗(c)

ΛΓ,ω × C∗(c)→ C∗(c)

is continuous. Moreover the map ∂ is equivariant under this action and so the
action induces a ΛΓ,ω-module structure on H∗(c, ∂).

The restriction ∂ : Cλ∗ (c) → Cλ∗ (c) and the inclusion-induced chain map ι :
Cλ∗ (c)→ C∗(c) induces the map

ι∗ : H
λ
∗ (c)→ H∗(c).

This enables us to introduce the following definition

Definition 13.8.3. For a ∈ H∗(c), we define the spectral number of a by

ρ(a) = inf{λ ∈ R | a ∈ Im(ι∗ : H
λ
∗ (c)→ H∗(c))}.

Equivalently we can define ρ(a) by the mini-max value

(13.8.24) ρ(a) = inf{ℓ(β) | β ∈ C∗(c), [β] = a}
where [β] the homology class of β. Obviously we have ρ(0) = −∞. But it is not
completely obvious whether ρ(a) > −∞ even when a 6= 0 and whether the value
ρ(a) is realized by a cycle β representing the homology class a when ρ(a) > −∞.
The finiteness of ρ(a) corresponds to some ‘linking’ property of the cycles represent-
ing the given homology class a in the classical critical point theory [BnR79], and
realizability of the spectral number ρ(a) corresponds to some kind of ‘Palais-Smale’
condition for the action functional A. In this general abstract setting, Usher proved
both properties in [Ush08]

Theorem 13.8.4 (Usher [Ush08]). For any 0 6= a ∈ H∗(c), ρ(a) > −∞ and
there exists a cycle α ∈ C∗(c) such that ρ(a) = ℓ(α). In particular

ρ(a) ∈ Spec(c)

for all a ∈ H∗(c).
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This extends a result in [Oh05c, Oh09a] which was proven in the context of
Hamiltonian Floer homology using a more geometric approach. We will give the
proof of this theorem in this geometric context in section 21.3 and refer readers
to [Ush08] for the proof of the theorem in the general abstract context. One
important ingredient entering in the proof is the notion of the boundary depth
formally introduced into the Floer theory by Usher in [Ush11]. (See [FOOO09],
[Oh09a] for some usages of the same concept in the chain level Floer theory.)

Definition 13.8.5. Let (C, ∂) be a R-filtered chain complex. The boundary
depth β(∂) is defined to be

β(∂) = inf{β ∈ R | ∀λ ∈ R, Cλ ∩ ∂C ⊂ ∂(Cλ+β)}.
We now prove a useful structure theorem of ΛΓ,ω which can be derived from

the finiteness condition thereof. First we have the exact sequence

0→ kerω → Γ
ω→ Γω → 0.

Therefore we can rewrite σ =
∑

g∈Γ agg ∈ ΛΓ,ω as

σ =
∑

λ∈Γω


 ∑

g;ω(g)=λ

agg


 .

We note that each summand
∑

g;ω(g)=λ agg is a finite sum.

Proposition 13.8.6. Consider the ring K = R[kerω] and define a ring

Λ↑Γω,K
=

{∑

λ∈Γω

pλT
λ
∣∣∣ pλ ∈ K, ∀C#{λ ∈ Γω ∩ (−∞, C) | pλ 6= 0} <∞

}
.

Then the map

σ =
∑

g∈Γ
agg →

∑

λ∈Γω

pλ(σ)T
λ

is a ring isomorphism.

13.9. Floer chain module

Now we attempt to associate to each pair (L0, L1) of Lagrangian submanifolds
the data required in the abstract definition of graded filtered Floer complex given
in section 13.8.

For a given pair (L0, L1) of compact Lagrangian submanifolds in (M,ω) inter-
secting transversely, we set

S = L̂0 ∩ L1 = {p̂ | x ∈ L0 ∩ L1} ∼= L0 ∩ L1

P = CritA(L0,L1;ℓ0)

Γ = G(L0, L1; ℓ0).(13.9.25)

The period and the degree homomorphisms on Γ are given by the assignments

g 7→ ω(g), µ(g)

respectively where ω(g) is the symplectic area
∫
u∗ω and the Maslov index µ(u) of

a (and so any) the annular map u : S1 × [0, 1]→M satisfying

u(θ, 0) ∈ L0, u(θ, 1) ∈ L1.
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Here µ(u) is the Maslov index of the bundle pair associated to map u as defined
before. Both maps are defined on π1(Ω(L0, L1); ℓ0)) and push down to

G(L0, L1; ℓ0) =
π1(Ω(L0, L1); ℓ0)

ker Iω ∩ ker Iµ

by definition. We emphasize that the group G(L0, L1; ℓ0) does not depend on the
choice of ℓ0 as long as it is chosen from the same connected component. In this
regard, the ring depends only on the connected component of ℓ0.

The action functional A : P → R is nothing but the evaluation of critical values
of A(L0,L1;ℓ0)

A(L0,L1;ℓ0)([p̂, w]) = −
∫
w∗ω

for x ∈ L0 ∩ L1 and w : [0, 1]2 → M satisfying the defining boundary condition of

the Γ-covering space Ω̃(L0, L1; ℓ0)→ Ω(L0, L1; ℓ0).

We recall the action of G(L0, L1; ℓ0) on Ω̃(L0, L1; ℓ0). For any g ∈ G(L0, L1; ℓ0)
and [ℓ, w] we define g · [ℓ, w] by the equivalence class of the map

[ℓ, u#w]

where u : S1 × [0, 1] → M is a representative of g ∈ G(L0, L1; ℓ0) and u#w :
[0, 1]2 →M is defined by the formula

u#w(s, t) =

{
u(2s, t) for 0 ≤ s ≤ 1

2

w(2s− 1, t) for 1
2 ≤ s ≤ 1

.

This action then restricts to one on P = CritA(L0,L1;ℓ0) and induces a structure of
G(L0, L1; ℓ0)-torsor (i.e., of principal G(L0, L1; ℓ0)-bundle) over L0 ∩ L1. We note

A([ℓ, u#w]) = A([ℓ, w])− ω(u)
where ω(u) =

∫
u∗ω. We provide the grading map gr : CritA(L0,L1;ℓ0) → Z by the

Maslov-Morse index. Then a simple Maslov calculation also shows

gr([p̂, u#w]) = gr([p̂, w])− µ(u).
Exercise 13.9.1. Prove this grading formula from the definition of the Maslov-

Morse index.

These give rise to the formulae A(g ·p) = A(p)−ω(g) and gr(g ·p) = gr(p)−d(g)
required in the abstract definition of Floer complex.

Now we can define the Novikov ring and the Floer complex associated to the
given data above as in the abstract definition. We denote them by Λ(L0, L1; ℓ0) and
CF∗(L0, L1; ℓ0) respectively. For the completeness’ sake, we include a discussion
on the grading. For each given k ∈ Z, we define

Λk(L0, L1; ℓ0) = {σ ∈ Λ(L0, L1; ℓ0) | µ(g) = k}.
Then it follows that Λ(L0, L1; ℓ0) is decomposed into

Λ(L0, L1; ℓ0) =
⊕

k∈Z
Λk(L0, L1; ℓ0).

Similarly we define CFk(L0, L1; ℓ0) to be the set of element

β =
∑

[p̂,w]∈CritA
a[p̂,w][p̂, w], a[p̂,w] ∈ R
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with µ([p̂, w]) = k for all [p̂, w] nontrivially contributing in the above sum. Then
we have

CF∗(L0, L1; ℓ0) =
⊕

k∈Z
CFk(L0, L1; ℓ0).

This is the Floer chain module associated to the pair (L0, L1) relative to the anchor
(ℓ0, γ0).

Next we would like to construct a map ∂ : CF∗(L0, L1; ℓ0)→ CF∗−1(L0, L1; ℓ0)
that satisfies ∂2 = 0. For this purpose, we need to construct the map n : P×P → Z
in the abstract definition so that the associated ∂ satisfies ∂2 = 0. In terms of
n(p, q), ∂2 = 0 is equivalent to

(13.9.26)
∑

q∈P
n(p, q)n(q, r) = 0

for all given p, r with µ(p)− µ(r) = 2.
So far, we regard CF∗(L0, L1; ℓ0) as a downward completed Q-vector space

with infinite number of generators [p̂, w]. Using the Γ(L0, L1; ℓ0)-equivariance of
∂, we can also regard CF∗(L0, L1; ℓ0) as a Λ(L0, L1; ℓ0)-module over the free basis
L0 ∩ L1. For this purpose, we need to choose a choice of lifting

L̂0 ∩ L1 → Ω̃0(L0, L1).

Proposition 13.9.2. Let L̂0 ∩ L1 → Ω̃0(L0, L1). be an embedding and denote
by [p̂, wp] its image for p ∈ L0 ∩ L1. Consider the free module

Λ(L0, L1; ℓ0){L0 ∩ L1}.
Then the homomorphism induced by the map of the generators

p 7→ [p̂, wp], p ∈ L0 ∩ L1

induces an isomorphism Λ(L0, L1; ℓ0){L0∩L1} ∼= CF∗(L0, L1; ℓ0) as a Λ(L0, L1; ℓ0).

To make the above isomorphism preserve the filtration, we have only to define
a non-Archimedean norm on the free module Λ(L0, L1; ℓ0){L0 ∩ L1} by assigning
the norm

v(σp) = −ω(σ) +A([p̂, wp])
to the monomial σp with σ ∈ Λ(L0, L1; ℓ0) and p ∈ L0 ∩ L1.

13.9.1. The L2-metrics on Ω(L0, L1). We have shown

dA = π∗α

in (13.9.1) for the action one-form α 13.4.9 defined on the Γ-covering space Ω̃(L0, L1; ℓ0).
As in the finite dimensional Morse theory, we will study the gradient flow of A in

terms of a given “Riemannian metric” on Ω̃(L0, L1).
For each given pair (L0, L1) and a pair (J0, J1) of compatible almost complex

structures on (M,ω), we consider a path of compatible almost complex structure
J = {J(t)}0≤t≤1 on (X,ω) satisfying

(13.9.27) J(0) = J0, J(1) = J1.

We denote by

j(J0,J1)
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the set of such one parameter families. Then for each given J ∈ j(J0,J1), we define

an L2 metric on Ω by the formula

〈ξ1, ξ2〉J :=

∫ 1

0

ω(ξ1(t), Jtξ2(t)) dt,

using the one parameter family of Riemannian metrics

gt := ω(·, Jt·).
From (13.9.1), the push-down of the the negative L2-gradient of the action func-
tional A to Ω(L0, L1; ℓ0) becomes

ℓ 7→ Jℓ̇

and hence the negative L2-gradient trajectory u : R × [0, 1] → M of the action
functional A becomes

(13.9.28)

{
∂u
∂τ + Jt

∂u
∂t = 0

u(τ, 0) ∈ L0, u(τ, 1) ∈ L1,

for a map u : R×[0, 1]→M if one considers u as the path τ → u(τ) in Ω0(L0, L1; ℓ0).
We will study the set of bounded gradient trajectories u : R→ Ω(L0, L1; ℓ0) of

the action functional A : Ω(L0, L1; ℓ0)→ R for each given transversal pair (L0, L1).
Due to the noncompactness of the domain R × [0, 1], one needs to put a certain
decay condition of the derivatives of u to study the compactness property and
the deformation theory of solutions u. This will be achieved by imposing certain
boundedness of the trajectories. The boundedness of the trajectories is measured
in terms of the an L2 integral of the derivatives of the path u. The L2-energy is
in turn defined with respect to Riemannian metrics g := ω(·, J ·) on M where J is
an almost complex structure compatible to ω. When J is t-independent, as a map
u : R × [0, 1] → M , the L2-energy is nothing but the harmonic energy of u with
respect to the metric g, and coincides with the symplectic area

∫
u∗ω. Often we

will also need to consider a time-dependent family of almost complex structures Jt
for t ∈ [0, 1].

It is important to distinguish the following three different form of boundedness
of the trajectory:

(1) In the point of view of analysis, controlling the geometric energy of u
defined by

EJ(u) :=
1

2

∫ (∣∣∣∂u
∂τ

∣∣∣
2

Jt

+
∣∣∣∂u
∂t

∣∣∣
2

Jt

)
dt dτ

is essential for the deformation theory of solutions of (13.9.28).
(2) For general maps u : R× [0, 1]→ M satisfying the Lagrangian boundary

condition, the symplectic area
∫
u∗ω is invariant under the homotopy of

u satisfying the boundary condition

(13.9.29) u(τ, 0) ∈ L0, u(τ, 1) ∈ L1

and the asymptotic condition

(13.9.30) lim
τ→±∞

u(τ) = x±

in a suitable topology. In physics terminology, we have the off-shell bound
for the symplectic area

∫
u∗ω. Such an off-shell bound does not exist for

the geometric energy EJ (u).
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(3) On the other hand, we have the following identity

(13.9.31) EJ (u) =

∫
u∗ω

for the maps satisfying

∂u

∂τ
+ Jt

∂u

∂t
= 0

as long as J = {Jt}0≤t≤1 is a family of compatible almost complex struc-
tures. In physics terminology, the identity (13.9.31) holds on shell.

13.9.2. Floer moduli spaces. We first start with an off-shell description of
the relevant maps u : R × [0, 1] → M . We remind readers that the main purpose
of studying the Floer homology is to develop some tools with which one can study
symplectic topology of a symplectic manifold (M,ω) or its Lagrangian submani-
folds. In that regard, almost complex structure J should be an auxiliary tool and
should not enter in the off-shell set-up of the mapping space where the Cauchy-
Riemann equation (13.9.28) is defined. We fix a Riemannian metric once and for
all that will be used in the various analytic estimates on the studied maps. All the
norms, both the pointwise norm | · | and the the Sobolev norms ‖ · ‖k,p, will be
defined in terms of this fixed metric. We will always assume

k − 2

p
> 0

so that imposing the boundary condition (13.9.29) makes sense, and mostly consider
k = 1 for the getting estimates and the necessary Fredholm theory.

Now let L0, L1 be Lagrangian submanifolds of (M,ω) which do not necessarily
intersect each other transversely. Denote Θ = R × [0, 1] and consider the space of
maps

Ppk:loc(L0, L1 :M) =
{
u ∈ Lpk:loc(Θ,M)

∣∣∣u(R× {0}) ⊂ L0, u(R× {1} ⊂ L1

}

and

Jω = Jω(M) = C∞(Sω)

jω = C∞([0, 1],Jω) = C∞([0, 1]× Sω)

For each given J ∈ jω, we study the equation (13.9.28) and define the space of
bounded solutions thereof by
(13.9.32)

M̃(L0, L1; J) =

{
u ∈ Ppk:loc | u satisfies (13.9.28) and

∫

Θ

EJ (u) <∞
}
.

When L0 is transverse to L1, exponential convergence as τ → ±∞, which will be

proved in Proposition 14.1.5 later, provides a decomposition of M̃(L0, L1; J) into

M̃(L0, L1; J) =
⋃

p,q∈L0∩L1

M̃(p, q; J)

where we define

M̃(p, q; J) =

{
u ∈ M̃(L0, L1; J) | lim

τ→∞
u(τ) = p̂, lim

τ→−∞
u(τ) = q̂

}
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for each give pair p, q ∈ L0 ∩ L1. This M̃(p, q; J) plays a role of the space of
connecting orbits, i.e, the trajectories connecting two critical points of a smooth
function in the finite dimensional Morse theory.

There is a natural R action of τ translations on M(p, q; J) and we denote its
quotient by

M(p, q; J) = M̃(p, q; J)/R.

for each give pair p, q ∈ L0 ∩ L1. In fact, the space M(p, q; J) has a further
decomposition by the homotopy class of the elements. It is important to study this
decomposition to properly encode the quantum contributions in the Floer homology
theory in the non-exact case.

Definition 13.9.3. We denote by π2(p, q) this set of homotopy classes of maps
u : [0, 1]2 →M with the boundary conditions

u(0, t) ≡ p, u(1, t) ≡ q, u(s, 0) ∈ L0, u(s, 1) ∈ L1.

For each given B ∈ π2(p, q), we denote by Map(p, q;B) the set of such u’s in class
B.

Each element B ∈ π2(p, q) induces a map

(·)#B : π2(p; ℓ0)→ π2(q; ℓ0)

given by the obvious gluing map

w 7→ w#u.

More specifically we define the map w#u : [0, 1]2 →M by the formula

(13.9.33) w#u : (s, t) =

{
w(2s, t) for 0 ≤ s ≤ 1

2

u(2s− 1, t) for 1
2 ≤ s ≤ 1

once and for all. There is also the natural gluing map

π2(p, q)× π2(q, r)→ π2(p, r)

(u1, u2) 7→ u1#u2.

We also explicitly represent the map u1#u2 : [0, 1]2 →M in the standard way once
and for all similarly to (13.9.33).

By the Lagrangian property of L0 and L1, the following lemma is immediate
from Stokes’ formula.

Lemma 13.9.4. Let p, q ∈ L0 ∩ L1 be given. Then the symplectic area of
u ∈ Map(p, q;B) is constant. We denote by ω(B) the common area of the elements
from Map(p, q;B).

The Maslov-Viterbo index will govern the dimension of the Floer moduli space
in the transversal case, whose discussion we postpone to later chapters.

We now denote by
M(L0, L1; p, q;B)

the set finite energy solutions of the Cauchy-Riemann equation (13.9.28) with the
asymptotic condition and the homotopy condition

u(−∞) ≡ p̂, u(∞) ≡ q̂; [u] = B.

Here we remark that although u is a priori defined on R × [0, 1], it can be com-
pactified into a continuous map u : [0, 1] × [0, 1] → M with the corresponding
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boundary condition due to the exponential decay property of solutions u of the
Cauchy-Riemann equation when L0 and L1 intersects transversely: Consider the
map

ρ+(τ) =





1 for τ =∞
0 for τ = −∞
1
2

(
1 + τ(1 + τ2)−1/2

)
for τ ∈ R

Thus, we have u : [0, 1]× [0, 1]→M defined by

u(s, t) = u((ρ+)−1(s), t).

Due to the exponential decay property of u at ±∞, this map is continuous on
[0, 1] × [0, 1] and lies in Map(L0, L1; p, q). We call u the compactified map of u.
By some abuse of notation, we also denote by [u] the class [u] ∈ π2(p, q) of the
compactified map u.

13.9.3. Structure of Λ(L0, L1)-module. So far we have associated a Floer
complex CF (L0, L1; ℓ0) to each connected component Ω(L0, L1; ℓ0), which has the
structure of Λ(L0, L1; ℓ0)-module depending on the element [ℓ0] ∈ π0(Ω(L0, L1)). In
this section, we explain how we extend this to the Floer chain module CF (L0, L1)
incorporating all components of Ω(L0, L1) over the Novikov ring Λ(L0, L1).

According to Usher’s abstract framework given in section 13.8, we identify the
corresponding quintuple

c = (π : P → S,A, ω, deg, ∂).
in the abstract definition of graded filtered Floer complex.

Definition 13.9.5. We also define the period group of Ω(L0, L1) by

Gω(L0, L1) = {ω(u) | u : S1 × [0, 1]→M, u(s, 0) ∈ L0, u(s, 1) ∈ L1}.
Similarly as before we define the Novikov ring Λ(L0, L1) associated to G(L0, L1).

For a given pair (L0, L1) of compact Lagrangian submanifolds in (M,ω) in-
tersecting transversely, we set S, Γ, P as in (13.9.25). The period and degree ho-
momorphisms on Γ are given by the assignments g 7→ µ(g) as before and the real
grading by

(13.9.34) A(g · p) = −ω(g).
In other words, we put grading 0 on any generator p. Since the Floer boundary
map is Γ(L0, L1; ℓ0)-equivariant, these assignments provide a graded filtered Floer
complex which we denote by CF (L0, L1; Λ(L0,L1)), whenever we have ∂2 = 0.

We note that this real grading does not come from the value of the action
functional Aℓ0 . Recall that to define a real grading on the Floer complex we have
only to associate a grading on its generators, not on the full path space, so that the
grading becomes G(L0, L1)-equivariant. With these choices made, we can define
Λ(L0, L1)-module structure on CF (L0, L1) by considering the convolution product

Λ(L0, L1)× CF (L0, L1)→ CF (L0, L1).



CHAPTER 14

On-shell analysis of Floer moduli spaces

For the construction of various operators that enter in Lagrangian Floer the-
ory, one needs to study fine structure of the moduli space of solutions for Floer’s
trajectory equations. Two most basic operators are Floer’s (pre)-boundary map
and Floer’s (pre)-chain map. Since the domains of the corresponding pseudo-
holomorphic maps are non-compact, one needs to control the behavior at infinity
of finite energy solutions. This analytic study requires the geometric condition of
transversal intersection of Lagrangian submanifolds and the relevant exponential
convergence property of the solutions. We start with the proof of exponential decay
property of finite energy solutions.

14.1. Exponential decay

In this section, we prove an important exponential decay estimate of the deriv-
ative |du| as τ → +∞, when that L0 intersects L1 transversely. This is the analog
to the similar exponential decay property of bounded gradient trajectories of for a
Morse function on a finite dimensional manifold.

We start with the following a priori estimates on the classical linear ∂-operator.
We denote by W k+1,p(u∗TM) and the set of Lk+1,p-vector fields along a map
u ∈ W k+1,p(Θ,M) satisfying the boundary condition

ξ(τ, 0) ∈ Tu(τ,0)L0, ξ(τ, 1) ∈ Tu(τ,1)L1

while Lk,p(u∗TM) the set of W k,p-vector fields without the boundary condition
imposed. (We refer to section 8.2 and [RS01] for its derivation.)

Lemma 14.1.1. Let Ω, Ω′ be bounded open subsets of the upper-half space H ⊂ C
such that Ω ⊂ Ω′. Then for any k ≥ 0, there exists C = C(k, p; Ω,Ω′) > 0 such
that

(14.1.1) ‖ξ‖Wk+1,p(Ω) ≤ C(‖∂ξ‖Wk,p(Ω′) + ‖ξ‖Lk,p(Ω′))

for every smooth map ξ : Ω′ → Cn satisfying

ξ(τ, 0) ∈ Rn + 0 · i ⊂ Cn.

Denote Θ = R× [0, 1] ⊂ C and

Fk+1,p(Θ,M) := Fk+1,p(Θ, ∂0Θ, ∂1Θ); (M,L0, L1))

= {u ∈ Lk+1,p | u(τ, 0) ∈ L0, u(τ, 1) ∈ L1}.
We regard the assignment u 7→ ∂Ju

∂Ju :=
∂u

∂τ
+ Jt

∂u

∂t

as a map from Fk+1,p(Θ,M) to Lk,p(u∗TM).

353
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By considering ξ = ∂u
∂τ , using the equation ∂u

∂τ + J ∂u∂t = 0 and applying the
interpolation theorem as before starting from Proposition 8.3.4 to the t-dependent
J , which corresponds to k = 1, p = 2 here, we obtain

Proposition 14.1.2. Let J = {Jt}0≤t≤1 be a one-parameter family of com-
patible almost complex structures and Ω, Ω′ ⊂ R × [0, 1] be open subsets. Suppose
‖du‖p ≤ K < ∞. Then for any k ≥ 1, there exists Cj = Cj(J, k,K; Ω,Ω′) for
j = 1, 2 such that

(14.1.2) ‖du‖Wk,p(Ω) ≤ C1(‖∂Ju‖Lk,p(Ω′) + ‖du‖Wk−1,p(Ω′))

where the constant C1 depends continuously on J .

We recall that we have fixed a reference metric on M and do all the estimates
in terms of this metric.

Now we perform the main exponential decay estimates. We start with the
following subsequence convergence result.

Lemma 14.1.3. Suppose that u : R × [0, 1] → M is a finite energy solution of
(13.9.28). Then there exist a sequence τi → ±∞ and p−, p+ ∈ L0 ∩ L1 such that

lim
i→∞

dist(u(τi), p±) = 0

where u(τ) : [0, 1]→M is the path given by u(τ)(t) = u(τ, t).

Proof. We will prove the statement as τ → +∞. The case as τ → −∞ will
be the same. The finite energy condition implies existence of a sequence τi → ∞
such that ‖ut(τi)‖2 → 0 as τi → 0. Since W 1,2([0, 1]) →֒ Cǫ([0, 1]) for 0 < ǫ < 1

2 ,
u(τi) : [0, 1] → M converges uniformly to a continuous path z∞ : [0, 1] → M and

weakly satisfies ∂z∞
∂t = 0. By Fatou’s lemma, we have

∫ 1

0

∣∣∣∣
∂z∞
∂t

∣∣∣∣
2

dt ≤ lim

∫ 1

0

∣∣∣∣
∂u(τi)

∂t

∣∣∣∣
2

dt = 0.

Therefore z∞ ≡ const. Denote this constant point by p+. This finishes the proof.
�

Next we prove the following uniform convergence.

Lemma 14.1.4. We have

(14.1.3) lim
τ→∞

∥∥∥∥
∂u

∂τ

∥∥∥∥
Ck([τ,∞)×[0,1])

= 0.

for all k = 0, 1, · · · . The same holds for (−∞, τ ].
Proof. We first show (14.1.3) for k = 0. Suppose to the contrary that there

exist sequences τj →∞, ti ∈ [0, 1] and a constant δ > 0 such that

(14.1.4)

∣∣∣∣
∂u

∂τ
(τj , ti)

∣∣∣∣ ≥ δ

Finite energy condition implies

(14.1.5)

∫

[τj−1,τj+1]×[0,1]

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

→ 0

as j →∞.
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Now we consider the translated sequence

uj(τ, t) := u(τ + τj , t)

and apply the local convergence argument using the a priori estimates. This pro-
duces a limit u∞ to which uj converges locally uniformly in Ck-topology. Choosing
a subsequence, we may assume tj → t∞ as j →∞. Then we have convergence

∂uj
∂τ

(0, tj)→
∂u∞
∂τ

(0, t∞)

and
∫ 1

−1

∫ 1

0

∣∣∣∣
∂u∞
∂τ

∣∣∣∣
2

dt dτ = lim
j→∞

∫ 1

−1

∫ 1

0

∣∣∣∣
∂uj
∂τ

∣∣∣∣
2

dt dτ

= lim
j→∞

∫ τj+1

τj−1

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

dt dτ = 0.

The latter implies ∂u∞

∂τ = 0 on [−1, 1]× [0, 1], which in turn implies

lim
j→∞

∂u

∂τ
(τj , tj) = lim

j→∞
∂uj
∂τ

(0, tj) = 0.

This contradicts to (14.1.4) which proves (14.1.7) for k = 0. The same kind of
argument applies to k ≥ 1 and will be omitted. �

The following is the main proposition concerning the exponential decay.

Proposition 14.1.5. Suppose that u : R× [0, 1] → M is a finite energy solu-
tion of (13.9.28) and let p+ be the intersection points obtained in Lemma 14.1.3.
Suppose that u(τ, t) = p+ uniformly over t ∈ [0, 1] as τ → ∞. Then there exists a
constant R > 0 and Ck, σ+ > 0 for k = 1, 2, · · · such that

(14.1.6) dist(u(τ, t), p+) ≤ C0e
−σ+τ .

and

(14.1.7) ‖∇ku(τ)‖Ck ≤ Cke−σ+τ

for all τ ≥ R. Similar conclusion applies at −∞.

This exponential decay relies on the transversality of intersection L0∩L1 which
implies the asymptotic operator J d

dt , which is a self-adjoint operator with trivial
kernel on

W 1,2([0, 1], {0, 1};TpM,TpL0, TpL1)

= {ξ ∈ L1,2([0, 1], TpM) | ξ(0) ∈ TpL0, ξ(1) ∈ TpL1}
for p = p±. For the computational purpose, we use the metric g of the type
given in Lemma 8.3.1. Applying this lemma to (L0, J0), (L1, J1) we obtain two
metrics g0, g1 of this type. Now we connect g0 to g1 by a smooth family g =
{gt}0≤t≤1 satisfying gt(Jt·, Jt·) = gt(·, ·). Then we consider the family of Levi-
Civita connections ∇ = {∇t}0≤t≤1 of g. We note that the Levi-Civita connection
∇t of gt satisfies ∇tgt = 0 and has zero torsion but may not preserve Jt. We denote
by K = {Kt}0≤t≤1 the corresponding curvature tensor of gt. With this notation
set up, we will omit the superscript t from the notation of ∇t and Kt, and the
subscript t from Jt, gt, whenever there is no danger of confusion.
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By the condition (2) in Lemma 8.3.1, we have the orthogonality condition

(14.1.8) TpLi ⊥ JiTpLi, i = 0, 1.

We define the L2-norm of a vector field ξ along a path γ : [0, 1]→M by

‖ξ‖2g :=
∫ 1

0

|ξ|2gt dt

and the associated L2 inner product by 〈〈·, ·〉〉g .
Proof of Proposition 14.1.5. Again we will focus on +∞. By the uniform conver-
gence u(τ)→ p as τ →∞, the image u(τ, t) lies in a Darboux neighborhood of p+
and its derivatives converges to 0 as τ →∞.

We denote by ǫ(τ) a function with ǫ(τ) → 0 as τ → ∞ uniformly which may
vary at different places.

Differentiating ∂u
∂τ + J ∂u∂t = 0 in τ , we obtain

∇τ
∂u

∂τ
+ J∇τ

∂u

∂t
+∇J

(
∂u

∂τ

)
∂u

∂t
= 0

where we denote ∇J(∂u∂τ ) := ∇ ∂u
∂τ
J . If we write ξ = ∂u

∂τ , this equation becomes

(14.1.9) ∇τξ + J∇τJξ +∇J(ξ)Jξ = 0

by the equation ∂u
∂t = J ∂u∂τ = Jξ.

We consider the function f(τ) = 1
2‖ξ(τ)‖2g. We will derive a certain second

order differential inequality of f . For this purpose, we will actually need to compute
the full Laplacian ∆e of the function

e(τ, t) := 〈ξ(τ, t), ξ(τ, t)〉gt

where ∆ = ∂2

∂τ2 + ∂2

∂t2 . Computation of ∆e is somewhat similar to what we did for
the derivation of (7.3.25) with three differences:

(1) Here we use the standard flat cylindrical metric for the domain Θ and so
K ≡ 0.

(2) We also use the (t-dependent) Levi-Civita connection here rather than
the canonical metric, mainly to get rid of the boundary contribution that
later arises from the application of Green’s formula to the integral

∫
Θ
∆e.

See Lemma 14.1.6.
(3) Unlike the case of (7.3.25), J depends on the domain parameter t.

Because of these differences, we need to derive ∆e again which is somewhat simpler
than the derivation of (7.3.25) thanks to the presence of the global isothermal
coordinates (τ, t) of the flat metric.

We have

∂2e

∂t2
= 2〈∇2

t ξ, ξ〉g + 2〈∇tξ,∇tξ〉g.
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Substituting (14.1.9) into ∇tξ, we obtain

〈∇2
t ξ, ξ〉g = 〈∇t(J∇τ ξ + J∇J(ξ)Jξ), ξ〉g

= 〈∇t(J∇τ ξ), ξ〉g + 〈∇t(J∇J(ξ)Jξ)), ξ〉g
= 〈∇tJ∇τξ + J∇t∇τξ, ξ〉g + 〈∇t(J∇J(ξ)Jξ)), ξ〉g
= 〈∇J(Jξ)∇τ ξ, ξ〉g + 〈J∇t∇τ ξ, ξ〉g

+〈∇(J∇J)(Jξ)(ξ)Jξ, ξ〉g + 〈J∇J(∇t(ξ))Jξ, ξ〉g
+〈J∇J(ξ)∇J(Jξ)ξ, ξ〉g + 〈J∇J(ξ)J∇tξ, ξ〉g

= 〈J∇t∇τξ, ξ〉g + ǫ(τ)|ξ|2g , ǫ(τ)→ 0 as |τ | → ∞.(14.1.10)

Here the last identity holds since ‖ξ(τ)‖∞, ‖∇ξ(τ)‖∞ → 0 uniformly and

‖J‖∞,M , ‖∇J‖∞,M , ‖∇2J‖∞,M < C

and each term, except the first one, of the sum a line above the last involves at
least 3 factors of ξ or its derivatives and at least two factors of ξ itself. Therefore
we have

(14.1.11)
∂2e

∂t2
= 2〈J∇t∇τξ, ξ〉g + ǫ(τ)|ξ|2g + 2〈∇tξ,∇tξ〉g.

Next we compute

(14.1.12)
∂2e

∂τ2
= 2〈∇τξ,∇τ ξ〉g + 2〈∇2

τξ, ξ〉g.

From (14.1.9), we obtain

∇τ ξ = −J∇τ
∂u

∂t
−∇J(ξ)Jξ = ∇τ

(
∂u

∂τ

)

= −J∇t
∂u

∂τ
−∇J(ξ)Jξ

= −J∇tξ −∇J(ξ)Jξ(14.1.13)

where for the second equality we use the fact that ∇ is the Levi-Civita connection
and so has zero torsion. Using this, we compute

∇2
τ ξ = ∇τ (∇τ ξ) = −∇τ (J(∇tξ +∇J(ξ)Jξ))

= −J (∇τ∇tξ)− (∇τJ)∇tξ +∇τ (∇J(ξ)Jξ).
Here by our notational convention, the second term is

∇τJ∇tξ = ∇J(ξ)∇tξ.
And we have

∇τ∇tξ = ∇t∇τ ξ +K

(
∂u

∂τ
,
∂u

∂t

)
ξ = ∇t∇τ ξ +K(ξ, Jξ)ξ

and

∇τ (J∇J(ξ)Jξ) = ∇J(ξ)Jξ + J∇2J(ξ)(ξ)Jξ + J∇J(ξ)∇τ ξJξ
+J∇J(ξ)∇J(ξ)ξ + J∇J(ξ)J∇τ ξ.

Again by the uniform convergence ‖ξ(τ)‖∞, ‖∇ξ(τ)‖∞ → 0 and

‖J‖∞,M , ‖∇J‖∞,M , ‖∇2J‖∞,M < C

we obtain
〈∇2

τ ξ, ξ〉g = −〈J∇t∇τ ξ, ξ〉g + ǫ(τ)|ξ|2g .
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Therefore we have

(14.1.14)
∂2e

∂τ2
= 2〈∇τξ,∇τ ξ〉g − 2〈J∇t∇τξ, ξ〉g + ǫ(τ)|ξ|2g .

Adding (14.1.11) and (14.1.14), we obtain

∆e = 2|∇τξ|2g + 2|∇tξ|2g + ǫ(τ)e.

On the other hand, it is easy to see, by substituting (14.1.13) into ∇τ ξ,
〈∇τ ξ,∇τ ξ〉g = |J∇tξ|2g + ǫ(τ)|ξ|2g

and |∇tξ|2g = |J∇tξ|2g. This implies

(14.1.15) ∆e = 4|J∇tξ|2g + ǫ(τ)e.

Now we recall

f(τ) :=
1

2
‖ξ(τ)‖2g =

1

2

∫ 1

0

e(τ, t) dt.

Integrating (14.1.15) over t ∈ [0, 1] we obtain

f ′′(τ) +
1

2

∫ 1

0

∂2e

∂t2
(τ, t) dt = 2‖J∇tξ(τ)‖2g + ǫ(τ)f(τ).

Here we derive∫ 1

0

∂2e

∂t2
(τ, t) dt =

∂e

∂t
(τ, 1)− ∂e

∂t
(τ, 0) = 2(〈∇tξ, ξ〉g1(τ, 1)− 〈∇tξ, ξ〉g0(τ, 0)).

Lemma 14.1.6. We have

〈∇tξ(τ, i), ξ(τ, i)〉gi ≡ 0

for both i = 0, 1 and hence
∫ 1

0
∂2e
∂t2 (τ, t) dt = 0.

Proof. Recall ξ(τ, i) = ∂u
∂τ (τ, i) is tangent to Li, and

∂u

∂t
(τ, i) = J(i, u(τ, i))

∂u

∂τ
(τ, i)

is perpendicular to Li respectively. Then by definition of the second fundamental
form Bi of Li with respect to gi, we have

〈∇tξ(τ, i), ξ(τ, i)〉g =

〈
Bi

(
∂u

∂τ
,
∂u

∂τ

)
,
∂u

∂t

〉

g

.

But Bi vanishes by the requirement that Li be totally geodesic with respect to gi.
This finishes the proof. �

Summarizing the above computations, we obtain

(14.1.16) f ′′(τ) = 2‖J∇tξ(τ)‖2g + ǫ(τ)f(τ).

Now we consider the first order linear differential operator

J∇t :W k+1,2(u(τ)∗TM)→ Lk,2(u(τ)∗TM).

This operator has closed range and converges to

J
d

dt
:W 1,2([0, 1]{0, 1};TpM,TpL0, TpL1)→ L2([0, 1], TpM)

as τ →∞. More precisely, under a unitary trivialization of the bundle

Φ : u∗TM |[R,×∞)×[0,1] → [R,∞)× [0, 1]× R2n,
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the push-forward operator

Φτ,∗(J∇t) :W 1,2([0, 1], {0, 1};TpM,TpL0, TpL1)→ L2([0, 1], TpM)

can be shown to have the form

J
d

dt
+A(τ)

where A(τ) is a smooth family of compact operators with A(τ) → 0 uniformly in
the norm topology as τ → ∞ by the uniform C1-convergence of u(τ) → p. In
particular, we derive that Φτ,∗(J∇t) has a closed range and Φ∗τ (J∇t)→ J d

dt in the
norm topology as τ →∞.

Exercise 14.1.7. Prove that kerJ d
dt has one-one correspondence with TpL0 ∩

TpL1.

Since we assume TpL0 ∩ TpL1 = {0}, kerJ d
dt = 0 and so

∥∥∥∥J
dξ

dt

∥∥∥∥
2

g

≥ 2σ‖ξ‖2g

for some σ > 0 by the open mapping theorem. Therefore we have obtained

‖J∇tξ(τ)‖2g ≥
4σ

3
‖ξ(τ)‖2g

for all sufficiently large τ by the exponential convergence of u as |τ | → ∞ by the
convergence of J∇t → J d

dt . Substituting this into (14.1.16), we obtain

f ′′(τ) ≥
(
4σ

3
− ǫ(τ)

)
f(τ) ≥ σf(τ).

From this and the fact f(τ)→ 0 as τ →∞, we prove

(14.1.17) f(τ) ≤ Ce−στ

for all τ sufficiently large by the maximum principle. Integrating this over τ from
R to ∞, we obtain

‖u‖W 1,2([R,∞)×[0,1]) ≤
C

σ
e−σR

Combining (14.1.17) and (14.1.3) (for k = 0), we also have

‖u‖1,p <∞.
Now we apply Proposition 14.1.2 twice to Ω′ = [0, 3]× [0, 1] and Ω = [1, 2]× [0, 1]
to obtain the inequality

‖u‖W 3,2([1,2]×[0,1]) ≤ C2‖u‖W 1,2([0,3]×[0,1])

for any u satisfying ∂Ju = 0, u(τ, 0) ∈ L0, u(τ, 1) ∈ L1. Because C2 does not
depend on u as long as ‖du‖1,p ≤ K with K fixed and also because the translated
sequence u ◦ τ has the same W 1,p norm as u, we obtain

‖u‖W 3,2([τ+1,τ+2]×[0,1]) ≤ C2‖u‖W 1,2([τ,τ+3]×[0,1])

for any τ ∈ R. Therefore by considering τ ≥ R, we obtain

‖u‖W 3,2([τ+1,τ+2]×[0,1]) ≤
CC2

σ
e−στ .
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By the Sobolev embedding W 3,2([τ +1, τ +2]× [0, 1]) →֒ C1([τ +1, τ +2]× [0, 1]),
we obtain the C1-estimate

‖u‖C1([τ+1,τ+2]×[0,1]) ≤ C′e−στ

for all τ ≥ R with C′ independent of τ . This proves

‖u‖C1([τ,∞)×[0,1]) ≤ C′e−στ

which corresponds to (14.1.7) for k = 1. Similar boot-strap argument proves
(14.1.7) for general k ≥ 1. This finishes the proof. �

Remark 14.1.8. In the above proof, a careful treatment will show that we can
choose σ determined by

√
σ = min{|λ| | λ is an eigenvalue of J

d

dt
}.

In particular when Jt ≡ J0 is t-independent, this
√
σ will coincide with the Kähler

angle at p ∈ L0 ∩L1 between TpL0 and TpL1 in the Hermitian inner product space
(TpM,J0,p, gp).

Exercise 14.1.9. Prove the last statement in this remark.

14.2. Splitting ends of M(x, y;B)

In this section, we will give a precise description of the splitting ends of Floer
trajectory moduli spaces M(x, y;B) for a pair (L0, L1) of compact Lagrangian
submanifolds. The other type of ends, the bubbling ends, will be described in the
next section.

Denote by

ei : jω → Jω , for i = 0, 1

the evaluation maps J 7→ J(i) for i = 0, 1. We define

j(J0,J1) = {J ∈ P([0, 1],Jω) | ei(J) = Ji}
i.e., the set of paths in Jω with fixed end points J0, J1 respectively. We associate
the Floer moduli space

M̃(p, q; J ;B) = {u : Θ→M | ∂Ju = 0, u(τ, 0) ∈ L0, u(τ, 1) ∈ L1,

EJ (u) <∞, [u] = B}
and its quotient

M(p, q; J ;B) = M̃(p, q; J ;B)/R

when either p 6= q or p = q and 0 6= B ∈ π2(p, p). We suppress J from our notations

M̃(p, q; J ;B) andM(p, q; J ;B) unless we need to specify it to avoid confusion.
In general, the quotient space M(p, q;B) will not be compact. We first note

that the R-action preserves the homotopy class and so preserves the symplectic

area. We will analyze failures of compactness of a given sequence ui ∈ M̃(p, q;B)
modulo the τ -translations.

We first start with the following lemma.

Lemma 14.2.1. Suppose that L0, L1 intersect transversely. Then there exists a
constant σ = σ(L0,L1;J) > 0 depending only on the pair (L0, L1) and J such that

(14.2.18) EJ(u) ≥ σ
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for any non-stationary solution u of

∂u

∂τ
+ Jt

∂u

∂t
= 0, u(τ, 0) ∈ L0, u(τ, 1) ∈ L1.

Proof. We prove this by contradiction. Suppose there exists a sequence ui of
non-stationary solutions with EJ(ui) → 0 as i → ∞. This in particular rules out
bubbling and so we obtain a uniform derivative bound

|dui|∞ < C.

By the same argument used in the proof of Lemma 14.1.4, we extract a subsequence,
again denoted by ui, such that

(14.2.19) lim
i→∞

|dui|∞ = 0.

We claim that there exists a neighborhood U ⊃ L0 ∩ L1 such that Imageui ⊂ U
for all sufficiently large i’s. Otherwise we can find a subsequence and points (τi, ti)
such that

ui(τi, ti) ∈M \ U.
We may assume τi = 0 by translating ui by τi, ti → t∞ ∈ [0, 1] and ui(0, ti) →
x∞ ∈ M \ U . Using (14.2.19), we prove that ui converges to a Floer trajectory
u∞ with EJ(u∞) = 0 and hence u∞ must be constant map and so its image
must be contained in L0 ∩ L1. On the other hand, the convergence also implies
u∞(0, t∞) = x∞ ∈M \U . These two statements obviously contradict to each other
and hence the proof. �

Next recall that Lemma 14.1.3 implies that as τ → ±∞, u(τ) converges to p±
respectively for some p± ∈ L0 ∩ L1. In particular, we can write u in the form

u(τ, t) = expp±(ξ±(τ, t))

for some maps

ξ+ : (R+,∞)× [0, 1]→ Tp+M(14.2.20)

ξ− : (−∞, R−)× [0, 1]→ Tp−M.(14.2.21)

Here the exponential map expp± are with respect to any Riemannian metric that
has the property that L0 and L1 become totally geodesic near p±. R± depends on
u and may vary as u varies.

Then Lemma 14.1.3 and Proposition 14.1.5 imply

Proposition 14.2.2. Let L0, L1 be transverse and ξ± and R± > 0 be as above.
Then for each k ∈ N, there exist Ck > 0 and δ± = δ± > 0 depending only on p±
respectively such that

|∇kξ+|(τ, t) ≤ Cke
−δ+|τ | for R+ < τ <∞(14.2.22)

|∇kξ−|(τ, t) ≤ Cke
−δ−|τ | for −∞ < τ < R−(14.2.23)

for each given k ≥ 0.

We now define a topology of M̃(p, q;B). The topology onM(p, q;B) will then
defined to be the quotient topology thereof.

To study this convergence more effectively in practice, the following notion of
local energy will be useful.
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Definition 14.2.3 (Local energy). We define the local energy of u on [R1, R2]×
[0, 1] by

EJ,[R1,R2](u) =

∫ R2

R1

∫ 1

0

|du|2J dt dτ

Due to Proposition 14.2.2 and by the boot-strap argument, we have a more
useful version of convergence statement.

Proposition 14.2.4. Let ui ∈ M̃(p, q;B) be a sequence that satisfy

(1) ui ∈ M̃(p, q;B) converges to a map u ∈ M̃(L0, L1; J) in C1-topology
uniformly on compact sets.

(2) the local energy converges to E(ui) = ω(B), i.e.,

lim
R→∞

EJ,[−R,R](ui) = ω(B).

Then the local limit u lies in M̃(p, q;B) and ui converges to u in the fine C∞-
topology.

Exercise 14.2.5. Prove this proposition.

By the definition of quotient topology, a sequence ui or rather its equivalence
classes [ui] converge in M(p, q;B) if there exists a sequence τj ∈ R such that the
translated sequence uj ◦ τj satisfies the above two properties.

This proposition indicates what will cause the failure of convergence of a given
sequence. Motivated by this proposition, we will introduce the notion of cusp-
trajectories and broken cusp-trajectories following Floer [Fl88b], which will be
used to compactifyM(p, q;B).

Since we have shown that the failure of convergence in local topology is due to
the bubbling which has been already studied, we assume that we already have the
uniform bound

(14.2.24) |dui(τ, t)| < C

for all (τ, t) ∈ R × [0, 1] and i ∈ N. We denote by I ⊂ N a subsequence of N in
general.

Proposition 14.2.6. Suppose the sequence ui ∈ M̃(p, q;B) satisfies (14.2.24)
for some C > 0. Then for any given sequence {τi} ⊂ R, there exists a subsequence

I = {ij}j∈N of N and a map u ∈ M̃(L0, L1; J) such that the translated sequence

uij ◦ τij = uij (· − τij , ·)
converges to u locally uniformly on R× [0, 1].

We denote by

τI = {τij}j∈I
the sequence accompanied by I in this proposition, and the corresponding local
limit by u = u(I,τI). We next have the following convergence result of local energy.

Proposition 14.2.7. Let uij be a subsequence chosen as above and u(I,τI) be
its local limit. Then we have

(14.2.25) lim sup
R→∞

lim
j
|EJ,[−R,R](uij )− EJ (u(I,τI))| = 0.
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Proof. By the local convergence, we have

EJ,[−R,R](uij )→ EJ,[−R,R](u(I,τI))

as j → ∞ for all R > 0. Obviously Lebesgue Dominated Convergence Theorem
implies

lim
R→∞

EJ,[−R,R](u(I,τI)) = EJ(u(I,τI))

by the finiteness of EJ (u(I,τI)) < 0. Combining the two, (14.2.25) follows. �

It turns out to be useful to introduce the following definition

Definition 14.2.8. Let {ui}i∈N be a sequence in M̃(p, q;B). We call a pair
(I, τI) given as in Proposition 14.2.6 a recovering pair of {ui}. We say it is non-
stationary if the corresponding local limit u(I,τI) is not stationary. We also call any

such limit u(I,τI) ∈ M̃(L0, L1; J) a local limit of the sequence ui (associated to the
recovering pair (I, τI)).

Now for given sequence {ui}, we collect all the non-stationary recovering pairs
and the local limits of {ui} and denote the set of them by

Rcov({ui}) = {(I, τI) | is a non-stationary recovering pair of {ui}}
L̃oc({ui}) = {u ∈ M̃(L0, L1) | u = u(I,τI) for some (I, τI) ∈ Rcov}.

Definition 14.2.9. Let v, v′ ∈ L̃oc({ui}) be two non-stationary local limits of
{ui}. We say v ∼ v′ if there exists τ0 ∈ R such that

v′ = v ◦ τ0.
We denote by Loc({ui}) the set of equivalence classes

Loc({ui}) = L̃oc({ui})/ ∼ .
and by [v] the equivalence class associated to v ∈ Loc({ui}). We will just call [v]
itself a local limit and denote by v, whenever the meaning is clear.

Next we need the following definition

Definition 14.2.10. Let {ui} ⊂ M̃(p, q;B). A chain of local limits of {ui} is
defined to be a sequence of local limits of

([v1], [v2], · · · , [vn])
such that there exists a subsequence I and sequences

τ1j < · · · < τnj , j ∈ I
such that vℓ = u(I,τℓ

I )
. Denote ~τI = {(τ1j , · · · , τnj )}j∈I .

Denote by C̃h({ui}) the set of chains of local limits of {ui}. If a chain (v1, · · · , vn)
is associated to a subsequence (I, ~τI) as in Definition 14.2.10, then we denote

C(I, ~τI) = (v1, · · · , vn).
Definition 14.2.11. Let C, C′ be chains of local limits of {ui}. A chain C is

called a subchain of C′ if

C = C(I,~τI) = (v1, · · · , vn)
and I has a subsequence I ′ such that

C′ = C(I′,~τI′)
= (v′1, · · · , v′n′)
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and {v1, · · · , vn} ⊂ {v′1, · · · , v′n′}. We say that two chains C, C′ are equivalent if
C is a subchain of C′ and vice versa.

Denote by Ch({ui}) the set of equivalence classes of chains and by [C] the
equivalence class of C. Now we define a partial order [C] ≤ [C′] by C being a
subchain of C′.

Lemma 14.2.12. Let C = (v1, · · · , vn) be a chain of local limits with a finite
length. Then we have

(14.2.26)
n∑

ℓ=1

ω([vℓ]) ≤ ω(B).

In particular, the length of the chain n is bounded by

(14.2.27) n ≤
[
ω(B)

σ

]
+ 1.

Using this lemma, we prove the following existence of a maximal chain.

Proposition 14.2.13. Assume either p 6= q or p = q and B 6= 0. Let ui ∈
M(p, q;B) be a sequence satisfying

‖dui‖∞ < C

for a uniform constant C > 0. Then there exists a maximal chain in Ch({ui})
whose length is ≤

[
ω(B)
σ

]
+ 1.

Proof. Under the given hypothesis, the uniform C1-bound on ui implies that
Rcov({ui} is non-empty. Let (I, τI) be a recovering pair and u(I,τI) be its local
limit. If ω(u(I,τI)) = ω(B), then Proposition 14.2.4 implies that the single element
chain {(I, τI)} is already maximal. Therefore we assume

(14.2.28) ω(u(I,τI)) < ω(B).

Then it follows from (14.2.25) that for any ǫ > 0, there exists Rǫ > 0 such that

(14.2.29) |ω(u(I,τI))− E[−Rǫ,Rǫ](uij (· − τij , ·)| ≤ ǫ
for all R ≥ Rǫ. We fix ǫ > 0 such that

ǫ <
ω(B)− ω(u(I,τI))

3
.

Denote by uij ,τij the map defined by uij ,τij (τ, t) = uij (τ − τij , t). Define µ±,j > R

to be the unique numbers in −∞ < −µ−,j < −R and R < µ+,j <∞ such that

EJ,(−∞,−µ−,j ](uij ,τij ) =
1

2
EJ,(−∞,−R](uij ,τij )

EJ,[µ+,j ,∞)(uij ,τij ) =
1

2
EJ,[R,∞)(uij ,τij )(14.2.30)

respectively.

Lemma 14.2.14.

max{µ+,j −R, µ−,j −R} → ∞
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Proof. Otherwise there exists some subsequence which we again denote by j,

µ±,j ≤ R + C

for some C > 0 for all j. Then on one hand

EJ,(−∞,−R−C](uij ) + EJ,[R+C,∞)(uij ) = E(uij )− E[−R−C,R+C](uij )

≥ ω(B)− ω(u(I,τI))− ǫ.
On the other hand,

EJ,(−∞,−R−C](uij ) + EJ,[R+C,∞)(uij ) ≤ EJ,(−∞,−µ−,j−R](uij ) + EJ,[µ+,j+R,∞)(uij )

=
1

2

(
EJ,(−∞,−R](uij ) + EJ,[R,∞)(uij )

)

≤ 1

2
(ω(B) − E[−R,R](uij ))

≤ 1

2
(ω(B) − ω(u(I,τI)) + ǫ).

Combining the two, we obtain

ω(B)− ω(u(I,τI))− ǫ ≤
1

2
(ω(B)− ω(u(I,τI)) + ǫ)

and so

ω(B)− ω(u(I,τI)) ≤ 3ǫ.

Since we chose ǫ <
ω(B)−ω(u(I,τI ))

3 , we get a contradiction. This finishes the proof.
�

Furthermore using (14.2.30), we derive

1

2
(EJ,(−∞,−R](uij ,τj) + EJ,[R,∞)(uij ,τj ))

= EJ,(−∞,−µ−,j ](uij ,τij ) + EJ,[µ+,j ,∞)(uij ,τij )

= ω(B)− EJ,[−µ−,j ,µ+,j](uij ,τj)

≥ ω(B)− ω(u(I,τI))− ǫ >
2

3
(ω(B)− ω(u(I,τI))),

and hence one of EJ,(−∞,−R](uij ,τ+,j), EJ,[R,∞)(uij ,τj) is greater than or equal to
2
3 (ω(B)− ω(u(I,τI))) > 0, after choosing a subsequence of j’s, if necessary.

It is easy to see from the local convergence of uij ,τj that this must happen
for ∗ = ± for which µ∗,j − R → ∞. We set µj to be one among µ∗,j for which
limj→∞ µ∗,j = ∞. Without loss of any generality, we may assume ∗ = − and so
µj = µ−,j .

Now we consider the translated sequence vk defined by vk = uik ◦ µk. By
definition and again by (14.2.30), we have

EJ,(−∞,0](v
k) >

1

3
(ω(B)− ω(u(I,τI)))

for all k, and so we can choose a sequence (νk, tk) ∈ (−∞, 0] such that

(14.2.31) vk(νk, tk) = uik(νk − µk, tk) ∈M \ U
where U is a sufficiently small neighborhood of L0 ∩ L1. We consider the map

v′k = vk ◦ νk = uik ◦ (−µk + νk)
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on (−∞, µk −R− νk]× [0, 1]. By definition, we have v′k(0, tk) ∈M \ U . Note that
since νk ≤ 0, we still have

µk −R− νk →∞.
Since [0, 1] and M are compact, we may assume that both tk → t∞ and v′(0, tk)→
x for a subsequence I ′ ⊂ {ik}k∈N. Then v′k has a local limit v′∞ that satisfies
v′∞(0, t∞) = x lies in M \ L0 ∩ L1. Since we know v′∞(±∞) ∈ L0 ∩ L1, v

′
∞ cannot

be stationary. We denote by (I ′, τ ′I′) the corresponding recovering pair defined by

τ ′ℓ = µℓ + τℓ, ℓ ∈ I ′.
By construction, we have

[v′∞] < [(v′∞, u(I,τI))].

If ω([v′∞]) + ω([u(I,τI)]) = ω(B), again (v′∞, u(I,τI)) forms a maximal chain. Other-
wise we can repeat the above process to produce a larger chain. By Lemma 14.2.12,
this process must stop at a finite stage and hence the proof. �

Definition 14.2.15. A chain (v1, · · · , vN ) of Floer trajectories is said to be
gluable if vi(∞) = vi+1(−∞) for all i = 1, · · · , N .

Now we state the following basic property on the maximal chain of recovering
sequences and their corresponding local limits.

Proposition 14.2.16. Let ui ∈ M(p, q;B) be a sequence satisfying

‖dui‖∞ < C

for a uniform constant C > 0. For each maximal chain

C(I,~τI) = (u(I,τ1), · · · , u(I,τℓ))
the corresponding local limits (u(I,τ1), · · · , u(I,τℓ)) are consecutively gluable and sat-
isfies

uI1(−∞) = x, · · · , uIN (∞) = y.

Proof. By Proposition 14.2.4, we have only to prove that (Ii, τIi) is gluable
to (Ii+1, τIi+1) for all i. We denote

Ii = {niℓ}ℓ∈N, τIi = {τ iℓ}ℓ∈N
Ii+1 = {ni+1

ℓ }ℓ∈N, τIi+1 = {τ i+1
ℓ }ℓ∈N.

Suppose to the contrary that there exists i0 such that (Ii0 , τIi0 ) is not gluable to

(Ii0+1, τIi0+1). By definition, there exists I ′′ ⊂ I such that

(14.2.32) τ i+1
ℓk
− τ iℓk ր∞ as k →∞

where I ′′ = {ℓk}k∈N. We now consider the subsequence uℓk . We denote the average

(14.2.33) µ′k =
τ i+1
ℓk

+ τ iℓk
2

and consider the translated sequences

u′′k = uℓk ◦ µ′k.
Then we can extract a subsequence of u′′k that has the local limit u′′∞. Now we

denote the corresponding recovering pair by (I(3), τI(3)) which satisfies I(3) ⊂ I ′′.
By the choice of µ′k made in (14.2.32), (14.2.33), we have

(Ii0 , τIi0 ) < (I(3), τI(3)) < (Ii0+1, τIi0+1).
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This implies that unless the local limit u(3) corresponding to (I(3), τI(3)) is station-
ary, we will have a contradiction to the hypothesis that C = C(I,~τI) is a maximal
chain. This proves that {(Ii, τIi)} is consecutively gluable. A similar proof applies
to prove v1(−∞) = x or vN (∞) = y. This finishes the proof. �

Next we prove that any maximal chain recovers the homotopy class.

Theorem 14.2.17. Let ui ∈ M(p, q;B) be any given sequence satisfying

‖dui‖∞ < C

and let
(v1, · · · , vN )

be a chain of local limits of {ui} corresponding to a maximal chain of recovering
sequences. Then we have

(14.2.34) B = [v1]# · · ·#[vN ].

Proof. In the course of proving Lemma 14.2.12 and Proposition 14.2.13, we
have established

ω(B) =

N∑

n=1

∫
(vn)∗ω.

This implies that there exists a sequence

τ1,i < τ2,i < · · · < τN,i

such that

(1) τℓ+1,i − τℓ,i →∞ as i→∞
(2) There exists Rℓ,i > 0 for i = 1, · · · such that Rℓ,i →∞ and

Rℓ,i +Rℓ+1,i < τℓ+1,i − τℓ,i.

(14.2.35)

∫

[−Rℓ,i,Rℓ,i]×[0,1]
(ui ◦ τℓ,i)∗ω → 0 as i→∞.

Once we have (14.2.35), the ǫ-regularity theorem implies that the image of ui
on the region

N⋃

ℓ=1

[τℓ,i + Rℓ,i, τℓ+1,i −Rℓ,i]× [0, 1]

is contained in a small neighborhood of L0 ∩L1. By a simple topological argument
using the isolatedness of L0 ∩ L1, we derive B = [v1]# · · ·#[vN ] which finishes the
proof. �

We consider the set of the equivalence classes of gluable chains starting at x and
ending at y. We will provide a neighborhood basis at each point in this splitting

end ofM(x, y;B). We recall thatM(x, y;B) = M̃(x, y;B)/R is a quotient space.
We represent an element inM(x, y;B) by the unique representative of the map u
in the equivalence class that satisfies the energy normalization

(14.2.36) EJ (u|(−∞,0]×[0,1]) = EJ(u|[0,∞)×[0,1]).

We can always uniquely achieve this normalization condition by translating any

given u along the τ -direction. We denote the subset of M̃ consisting of u’s satisfying

this normalization condition by M̃0, which we call a slice. Then the quotient map

restricted to M̃0 defines a diffeomorphism ontoM. To provide the above mentioned
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neighborhood basis at each point in the splitting end, we generalize the construction
of this slice to the gluable chains.

Definition 14.2.18. Consider a gluable chain of maps vℓ ∈ M̃0(xℓ−1, xℓ;Bℓ)

(v1, . . . , vN ); v1(−∞) = x, vN (∞) = y

with B1# . . . ,#BN = B. We say that a sequence [ui] ∈ M(x, y;B) converges to
[v1]# . . .#[vN ] if there exists a sequence (τ1,i, . . . , τN,i) with

τ1,i < . . . < τN,i

such that (v1, . . . , vN ) = C(N,~τN) for a maximal chain C(N,~τN) of the sequence ui.
Equivalently, the vector ~τN,i = (τ1,i, . . . , τN,i) satisfies the two properties (1) and
(2) stated in the proof of Theorem 14.2.17.

We can also construct a neighborhood basis (at infinity) of M(x, y;B) at of
(v1, . . . , vN ) (from infinity) as follows. Consider a collection

Ṽ ǫδ ((v
1, . . . , vN ))

of open subsets of F(x, y;B) consisting of u’s that satisfies

dW 1,p([τℓ−Rℓ,τℓ+Rℓ])(ui ◦ τℓ,i, vℓ) < ǫ(14.2.37)

EJ (ui ◦ τℓ,i|τℓ+Rℓ≤τ≤τℓ+1−Rℓ+1
) < δ(14.2.38)

for all ℓ = 1, . . . , N . We note that V ǫδ ((v
1, . . . , vN )) is invariant under the transla-

tions of the domain in τ -direction.
Then the following lemma immediately follows from the definition of the above

neighborhood basis and the exponential decay.

Lemma 14.2.19. A sequence [ui] converges to [v1]# . . .#[vN ] in the sense of
Definition 14.2.18 if any only if there exists some ǫ, δ > 0 and N0 ∈ N such that

ui ∈ Ṽ ǫδ ((v1, . . . , vN )) for all i ≥ N0.

Exercise 14.2.20. Prove this lemma.

Therefore the collection

(14.2.39) Ṽ ǫδ ((v
1, . . . , vN )) ∩ M̃(x, y;B)/R =: V ǫδ ((v

1, . . . , vN ))

provides a neighborhood basis ofM(x, y;B) at [v1]# . . .#[vN ] (at infinity).
So far we have assumed the C1-bound for the sequence ui ∈ M(p, q;B). In

general this C1-bound will not hold for a general pair (L0, L1) of Lagrangian sub-
manifolds when there are nontrivial holomorphic discs or spheres around. However
we can still apply the Sachs-Uhlenbeck bubbling argument and prove the same kind
of convergence holds after one takes away bubbles during the convergence.

In the next section, we will provide a precise description of the objects to be
added in the compactfication ofM(p, q;B).

14.3. Broken cusp-trajectory moduli spaces

Let p, q ∈ L0∩L1. As indicated in section 14.2 a compactification ofM(p, q;B)
requires to add an object consisting of the union of Floer trajectories and bubble
components which are either pseudo-holomorphic spheres or discs. We will call
principal components the ones consisting of Floer trajectories among the irreducible
components.
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We start with the case where there exists a unique principal component. Intu-
itively, a (unbroken) Floer cusp-trajectory from x to y in class B is the union of a
Floer trajectory u0 ∈ M(p, q;B0) and a finite number of moduli spaces of sphere
bubble and of disc bubbles attached to a finite number of points in R × [0, 1]. A
precise definition of these objects are in order.

We first note that modulo the Novikov equivalence relation in Definition 13.4.1,
π2(M) acts on π2(p, q) as a monoidal action and the pair (π2(M,L0), π2(M,L1))
act on π2(p, q) as a bi-monoidal action in an obvious way. We denote an element
of π2(M) by α and that of π2(M,Li) by βi for i = 0, 1. We denote the image of
the above mentioned action on a class B0 ∈ π2(p, q) by

B = B0 +
∑

ℓ

αℓ +
∑

j

β0,j +
∑

k

β1,k.

Definition 14.3.1. A configuration on R × [0, 1] is the set of of finite points
consisting of

(τi, ti) ∈ R× (0, 1) for i = 1, · · · ,m
(τj , 0) ∈ R× {0} for j = 1, · · · , n0

(τk, 1) ∈ R× {1} for k = 1, · · · , n1.

We denote by C(m;n0,n1) the set of such configurations.

Denote such a triple by

C = ({(τi, ti)}; {(τj , 0)}, {(τk, 1)})
in general. We note that there is no non-trivial holomorphic automorphisms as
long as C 6= ∅. It is convenient to include the empty configuration C = ∅ in our
discussion. We call a pair

(u,C) ∈ M̃(p, q;B)× C(m;n0,n1)

a marked Floer trajectory, where

u : R× [0, 1]→M, C ∈ C(m;n0,n1).

There is a natural R-action on the productM(p, q;B)× C(m;n0,n1) defined by

(u,C) 7→ (u ◦ τ0, C ◦ τ0)
where τ0 ∈ R and u ◦ τ0 is defined by

u ◦ τ0(τ, t) = u(τ − τ0, t)
and C ◦ τ0 by

({(τi + τ0, ti)}; {(τj + τ0, 0)}, {(τk + τ0, 1)}).
We defineM(m;n0,n1)(p, q;B) to be the quotient

M(m;n0,n1)(p, q;B) = M̃(p, q;B)× C(m;n0,n1)/R,

and
M∅(p, q;B) = M̃(p, q;B)/R

when (m;n0, n1) = (0; 0, 0). We note that when C 6= ∅ we have the natural evalu-
ation maps

ev :M(m;n0,n1)(p, q;B)→Mm × Ln0
0 × Ln1

1

defined by
ev(u,C) = ({u(τi, ti)}, {u(τj, 0)}, {u(τk, 1})
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which respect the above mentioned R-action and so well-defined. As before, we
denote by M1(J0;α) the stable maps of genus 0 with one marked point, and by
M1(L, J0;β) the set of bordered stable maps with one marked point at a boundary
of the disc as in section 9.5. We consider the fiber product

M̃(p, q;B0; {αi}, {β0,j}, {β1,k})
:= M̃(m;n0,n1)(p, q;B0)ev ×ev

∏

i

M(J(τi,ti);αi)×
∏

j

M(L, J0;β0,j)×
∏

k

M(L, J1;β1,k)


(14.3.40)

(14.3.41)

with respect to the obvious evaluation maps. There is the R-action on

M̃ (p, q;B0; {αi}, {β0,j}, {β1,k})

of simultaneous translation of the roots of the bubbles attached to the principal
component.

Definition 14.3.2. We define the set of cusp-trajectories issued at p ending at
q to be

M(p, q;B0; {αi}, {β0,j}, {β1,k}) = M̃(p, q;B0; {αi}, {β0,j}, {β1,k})/R.

We then define

CM(p, q;B) =
∐
M(p, q;B0; {αi}, {β0,j}, {β1,k})

for all choices of B0, {αi}, {β0,j} and {β1,k} satisfying

B = B0 +
∑

i

αi +
∑

j

β0,j +
∑

k

β1,k

and provide it with a topology of stable maps.

We denote the corresponding decomposition of maps by

u = u0#

(∏

i

vi

)
#


∏

j

w0,j


#

(∏

k

w1,k

)

and call u0 the principal component and others bubble components, and call such u
a cusp-trajectory.

Next we introduce the notion of broken configuration. For each given integer
n ∈ N, we denote by

n = {1, · · · , n}
in general.

Definition 14.3.3. We define a broken configuration by a pair

(Θ, o)
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where Θ is a finite connected union of Θℓ ∼= R×[0, 1] and o = (osphere; odisc,0, odisc,1)
and osphere : m→ ∪aℓ=1IntΘℓ is an injective map, and

odisc,0 : n0 →
a⋃

ℓ=1

(∂0Θℓ)

odisc,1 : n1 →
a⋃

ℓ=1

(∂1Θℓ)

are injective maps. Here we denote

Θa = R× [0, 1]

∂iΘℓ = R× {i}, i = 0, 1.

We often denote osphere(i) = (τi, ti), o
disc,0(j) = (τj , 0) and o

disc,1(k) = (τk, 1) and
identify o with its image points.

Definition 14.3.4. Let J = {Jt}0≤t≤1 and x, y,∈ L0 ∩ L1. A stable broken
Floer trajectory from p to q is a triple

u =
(
(u1, · · · , ua); (σ1, · · ·σm), (γ01 , · · · , γ0n0

), (γ11 , · · · , γ1n1
); o
)

that satisfies the following :

(1) For i = 1, · · · , a− 1, ui ∈ M(xi, xi+1) and satisfy

u1(−∞) = p̂, ua(∞) = q

ui(∞) = ui+1(−∞) for i = 1, · · · , a− 1.(14.3.42)

We call (15.4.21) the matching condition and say a pair (u, u′) of Floer
trajectories gluable if it satisfies the matching condition.

(2) σi ∈ M1(Jti ;αi) for i = 1, · · · ,m
(3) γ0j ∈ M1(L0, J0;β

0
j ) for j = 1, · · · , n0 and γ1k ∈ M1(L1, J1;β

1
k) for k =

1, · · · , n1.
(4) For each ℓ = 1, · · · , a, either the map uℓ is non-stationary or Θℓ∩Imo 6= ∅.

We denote the domain of u simply by Θu which is the product of a broken
configuration and the domains of the stable maps σi, γ

0
j and γ1k which are glued to

the image points of o at the given one marked points. This is the union of a finite
copies of

R× [0, 1],

the principal components, and the semi-stable curves of closed or bordered Riemann
surfaces of genus 0 the bubble components with their roots attached to the principal
components of Θu governed by the distribution map o.

Now we denote by I any of the sets

I = (m,n0, n1), I = m
∐

n0

∐
n1

and denote by ρ : I → I a bijective preserving the factors of the coproduct
m
∐
n0

∐
n1.

We identify two stable broken trajectories u and u′ if there exist such a bijection
ρ : I → I such that

u′i = uρ(i), σ
′
j = σρ(j), γ

′
k = γρ(k)

and also denote the corresponding equivalence class by u with an abuse of notation.
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Finally we define

M(p, q;B)

to be the set of such isomorphism classes. Now we define a topology onM(p, q;B)
in a similar way as done before for the study of the stable map moduli spaces
which makesM(p, q;B) a compact Hausdorff space whose induced topology is the
quotient topology on

M(p, q;B) = M̃(p, q;B)/R

of the strong C∞ topology of M̃(p, q;B).
At this stage, we would like to emphasize that this compactification is de-

fined as a topological space for any choice of J = {Jt}0≤t≤1 for a transversal pair

L0, L1 of Lagrangian submanifolds. The topological space M(p, q;B) will not be
a smooth manifold in the standard sense, but only in the sense of Kuranishi struc-
tures [FOn99] even for a generic choice of J for a general pair (L0, L1). However
there is a particular class of Lagrangian submanifolds, that of monotone Lagrangian
submanifolds, for whichM(p, q;B) becomes a smooth orbifold with corners of the
expected dimension for a dense set of J ∈ jreg(L0, L1) ⊂ jω.

14.4. Chain map moduli space and energy estimates

Next we consider an isotopy of J = {Js} and a Hamiltonian isotopy φs(i)(L0)

for 0 ≤ s ≤ 1 and i = 0, 1. The main purpose of this section is to construct a
(pre-)chain map

(14.4.43) h(J,φ(i);ρ) : CF (L0, L1)→ CF (φ1(0)(L0), φ
1
(1)(L1)).

We will first briefly summarize the construction given in [Oh93a, FOOO09] using
the so called ‘moving boundary condition’. However it was noted in [FOOO11d]
that this construction is not optimal as far as the study of filtration change is
concerned. So we will follow the modified construction provided in [FOOO11d]
for this construction to be able to obtain an optimal construction for the study of
filtration changes.

We elongate the isotopy by considering a monotone function ρ : R → [0, 1]
defined by

(14.4.44) ρ(τ) =

{
0 for τ ≤ 0

1 for τ ≥ 1.

For a given pair of Hamiltonian isotopies φH(i) for i = 0, 1, Js = {Jst }, and a given
smooth function ρ as above, we consider the moving Lagrangian boundary value
problem

(14.4.45)

{
∂u
∂τ + Jρ ∂u∂t = 0

u(τ, 0) ∈ φρ(τ)
H(0) (L0), u(τ, 1) ∈ φρ(τ)H(1) (L1)

where Jρ(τ, t) = J
ρ(τ)
t . Let [ℓp, w] ∈ Ω̃(L0, L1; ℓa) and [ℓq′ , w

′] ∈ Ω̃(L′0, L
′
1; ℓ
′
a).

Here we choose

(14.4.46) ℓ′a(t) := φ1H(1) (φ
1−t
H(1) )

−1 ◦ φ1H(0) (φ
t
H(0) )

−1(ℓa(t))

as the base path of Ω(L′0, L
′
1). We denote by

(14.4.47) Mρ((L1, φ
1
H(1) ), (L0, φ

1
H(0) ); [ℓp, w], [ℓq′ , w

′])
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the set of solutions of (14.4.45) with

[ℓq′ , I
ρ
φ1

H(0)
,φ1

H(1)

(w#u)] = [ℓq′ , w
′],

where w#u : [0, 1]× [0, 1]→ X is the concatenation in the τ -direction of w and u
and

Iρ
φ1

H(0)
,φ1

H(1)

v(τ, t) =
(
φ1H(1) (φ

ρ(τ)(1−t)
H(1) )−1 ◦ φ1H(0) (φ

ρ(τ)t

H(0) )
−1
)
v(τ, t).

(see p. 308 in [FOOO09]).
We need to state a topological condition of the trajectory u which is now in

order. We choose a 2-parameter family φ : [0, 1]2 → Ham(M,ω) of Hamiltonian
diffeomorphisms such that

(14.4.48) φ(s, 0) = φs(0), φ(s, t) = φs(1), φ(0, t) ≡ id.

Such a family can be always chosen but the choice is not unique even up to ho-
motopy. Then for each given solution u we consider the map ũ : R × [0, 1] → M
defined

ũ(τ, t) = φ(ρ(τ), t)−1(u(τ, t)).

This map satisfies the fixed Lagrangian boundary condition

ũ(τ, 0) ∈ L0, ũ(τ, 1) ∈ L1.

Then the topological condition we will impose on (13.9.28) is the following

(14.4.49) [φ(1, t)−1(q′), φ−1ρ (w′)] = [φ(1, t)−1(q′), w#ũ].

We denote by π2(p, q
′;φ) the set of homotopy classes of such maps u. The following

explains the dependence of π2(p, q
′;φ) on the φ.

Lemma 14.4.1. Let φ and ψ be 2-parameter families satisfying (14.4.48). Then
the map

ψ−1φ : φ−1ρ (u) 7→ ψ−1ρ (u)

induces one-one correspondence

π2(p, q
′;φ) ∼= π2(p, q

′;ψ).

For each given C ∈ π2(p, q′;φ), we denote byM(p, q′;C) the set of solutions of
(14.4.45) with [u] = C ∈ π2(p, q′;φ).

One major difference between (14.4.45) and (13.9.28) is that the former has no
longer R-translational symmetry and so we consider the moduli spaceM(p, q′;C)
of solutions itself in counting the number of trajectories. In particular the corre-
sponding map will have degree 0.

For the study of compactness property ofM(p, q′;C) it still remains to check
the energy estimate of the solutions. For this energy estimate, we follow the ap-
proach taken in [FOOO11d].

For the simplicity of exposition, we first assume

L′0 = φ1H(L0), L′1 = L1.
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We will construct the chain map (14.4.43) in two stages by introducing another
intermediate chain complex, denoted by CF (L0, L1;H),

(14.4.50) CF (L0, L1) //

(I)

((PP
PP

PP
PP

PP
PP

CF (φ1H(L0), L1)

CF (L0, L1;H)

(II)
66lllllllllllll

14.4.1. The geometric version versus the dynamical version. We start
with construction of the map (II). This map is essentially some kind of coordinate
change similar to the one used in [Oh97b]. (See section 11.2 too.) In particular,
this map is induced by the bijective map

g+H;0 : Ω̃(φ1H(L0), L1; ℓ
′
a)→ Ω̃(L0, L1; ℓa); [ℓ′, w′] 7→ [ℓ, w]

whose explanation is in order. In particular the map (II) preserves the level of the
relevant action values modulo global shift by a constant.

For the given pair (L0, L1) of compact Lagrangian submanifolds and a Hamil-
tonianH , we also consider a family Js = {Jst }0≤t≤1 of ω-compatible almost complex
structures. We would like to compare the geometric version of Floer theory and
the dynamical one.

The geometric version of the Floer complex for (L′0 = φ1H(L0), L
′
1 = L1) is

generated by the intersection points

φ1H(L0) ∩ L1

and its Floer boundary map is constructed by the moduli space of genuine Cauchy-
Riemann equation

(14.4.51)

{
∂u′

∂τ + J ′ ∂u
′

∂t = 0

u′(τ, 0) ∈ φ1H(L0), u′(τ, 1) ∈ L1.

Here J ′ = J ′t = (φ1H(φtH)−1)∗Jt. We denote by M(φ1H(L0), L1; J
′) the moduli

space of finite energy solutions of this equation. Due to the presence of the multi-
valuedness of the associated action functional, we need to consider these equations
on the Novikov covering space of some specified connected component

Ω(φ1H(L0), L1; ℓ
′
a)

with the base path ℓ′a ∈ Ω(φ1H(L0), L1), which is given by

(14.4.52) ℓ′a(t) = φ1H(φtH)−1(ℓa(t)),

and consider the action functional

(14.4.53) Aℓ′a([ℓ′, w′]) =
∫
(w′)∗ω

where [ℓ′, w′] ∈ Ω̃(φ1H(L0), L1; ℓ
′
a) and w′ : [0, 1]2 → X is a map satisfying the

boundary condition

w′(0, t) = ℓ′a(t), w
′(1, t) = ℓ′(t), w′(s, 0) ∈ φ1H(L0), w

′(s, 1) ∈ L1.

On the other hand the dynamical version of the Floer complex is generated by
the solutions of Hamilton’s equation

(14.4.54) ẋ = XH(t, x), x(0) ∈ L0, x(1) ∈ L1
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and its boundary map is constructed by the moduli space of perturbed Cauchy-
Riemann equation

(14.4.55)

{
∂u
∂τ + J

(
∂u
∂t −XH(u)

)
= 0

u(τ, 0) ∈ L0, u(τ, 1) ∈ L1.

We denote by M(L1, L0;H ; J) the moduli space of finite energy solutions of this
equation. The action functional AH,ℓa is defined by

(14.4.56) AH,ℓa([ℓ, w]) =
∫
w∗ω +

∫ 1

0

H(t, ℓ(t)) dt

on Ω̃(L0, L1; ℓa).
These two Floer theories are related by the following transformations of the

bijective map

g+H;0 : Ω̃(φ1H(L0), L1; ℓ
′
a)→ Ω̃(L0, L1; ℓa); [ℓ′, w′] 7→ [ℓ, w]

given by the assignment

(14.4.57) ℓ(t) = φtH(φ1H)−1(ℓ′(t)), w(s, t) = φtH(φ1H)−1(w′(s, t)).

(See Lemma 12.7.1 for a similar coordinate change map.) This provides a bijective
correspondence of the critical points

(14.4.58) CritAℓ′a ←→ CritAH,ℓa ; [p′, w′] 7→ [zHp′ , w]

with p′ ∈ φ1H(L0) ∩ L1, z
H
p′ (t) := φtH(φ1H)−1(p′) and w = φtH(φ1H)−1(w′(s, t)), and

of the moduli spaces

M(φ1H(L0), L1; J
′) 7→ M(L0, L1;H ; J)

with Jt = (φtH(φ1H)−1)∗J ′t where the map is defined by

u(τ, t) = φtH(φ1H)−1(u′(τ, t)).

The map g+H;0 also preserves the action up to a constant in that

Lemma 14.4.2. Denote

c(H ; ℓa) :=

∫ 1

0

H(t, ℓa(t)) dt

which is a constant depending only on H and the base path ℓa of the connected
component Ω(L0, L1; ℓa). Then

(14.4.59) AH,ℓa ◦ g+H;0([ℓ
′, w′]) = Aℓ′a([ℓ′, w′]) + c(H ; ℓa)

on Ω̃(L0, L1; ℓa).

Proof. The proof is by a direct calculation. Let [ℓ′, w′] ∈ Ω̃(φ1H(L0), L1; ℓ
′
a).

Then

AH;ℓa(g
+
H;0([ℓ

′, w′])) =

∫
w∗ω +

∫ 1

0

H(t, ℓ(t)) dt

and

w∗ω = ω

(
∂w

∂s
,
∂w

∂t

)
ds ∧ dt.



376 14. ON-SHELL ANALYSIS OF FLOER MODULI SPACES

We compute

∂w

∂s
= d(φtH(φ1H)−1)

(
∂w′

∂s

)

∂w

∂t
= d(φtH(φ1H)−1)

(
∂w′

∂t

)
+XHt(w(s, t)).

Substituting this into the above, we obtain
∫
w∗ω =

∫ 1

0

∫ 1

0

ω

(
∂w

∂s
,
∂w

∂t

)
ds dt

=

∫ 1

0

∫ 1

0

ω

(
∂w′

∂s
,
∂w′

∂t

)
ds dt

+

∫ 1

0

∫ 1

0

ω

(
d
(
φtH(φ1H)−1

)(∂w′
∂s

)
, XHt(w(s, t))

)
ds dt

=

∫
(w′)∗ω −

∫ 1

0

∫ 1

0

dHt(w(s, t))

(
d(φtH(φ1H)−1)

∂w′

∂s

)
ds dt

=

∫
(w′)∗ω −

∫ 1

0

∫ 1

0

∂

∂s
Ht(w(s, t)) ds dt

=

∫
(w′)∗ω −

∫ 1

0

Ht(w(1, t)) dt +

∫ 1

0

Ht(w(0, t)) dt.

Substituting this into the above definition of AH;ℓa(g
+
H;0([ℓ

′, w′])), the proof is fin-
ished. �

Remark 14.4.3. If we normalize the Hamiltonians so that
∫
X
Htω

n = 0 for
each t, we can take ℓa for each connected component of Ω(L0, L1) in such a way

that c(H ; ℓa) =
∫ 1

0 H(t, ℓa(t))dt = 0. It is not essential to choose ℓa in a way as
above. In fact, if we take a based path so that c(H ; ℓa) 6= 0, it is enough to include
an extra term c(H ; ℓa) in the energy estimate on Ω(L0, L1; ℓa) when we apply
the coordinate change g+H;0 or its inverse. Since one will consider all connected

components of Ω(L0, L1) (see [FOOO09]), we have to add the constant c(H ; ℓa)
for each connected component Ω(L0, L1; ℓa).

We denote by g−H;0 the inverse g−H;0 = (g+H;0)
−1. The outcome of the above

discussion is that the two associated Floer cohomologies are isomorphic to each
other preserving the filtration.

So far we have moved the first argument L0 in the pair (L0, L1). We can also
move the second argument L1 instead. In that case, we define the coordinate change
transformation by

g+
H̃;1

: Ω̃(L0, φ
1
H(L1); ℓ

′
a)→ Ω̃(L0, L1; ℓa); [ℓ′, w′] 7→ [ℓ, w]

given by the assignment

(14.4.60) ℓ(t) = φ1−tH (φ1H)−1(ℓ′(t)), w(s, t) = φ1−tH (φ1H)−1(w′(s, t))

where H̃(t, x) := −H(1− t, x) is the Hamiltonian generating the latter Hamiltonian
path t 7→ φ1−tH (φ1H)−1. This provides a bijective correspondence

CritAℓ′a ←→ CritAH̃,ℓa
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and the moduli spaces

M(φ1H(L1), L0; J
′) 7→ M(H̃ ;L1, L0; J)

with J̃t = (φ1−tH (φ1H)−1)∗J ′t. HereM(H̃ ;L1, L0; J̃) is the moduli space of solutions
of

(14.4.61)

{
∂u
∂τ + J̃

(
∂u
∂t −XH̃(u)

)
= 0

u(τ, 0) ∈ L0, u(τ, 1) ∈ L1.

The action functional AH̃,ℓa is given by

(14.4.62) AH̃,ℓa([ℓ, w]) =
∫
(w̃)∗ω +

∫ 1

0

H̃(t, ℓ(t)) dt.

The explicit formula of the latter correspondence is given by

u(τ, t)) = φ1−tH (φ1H)−1(u′(τ, t)).

Again the following can be proved in a similar way.

Lemma 14.4.4. We have

(14.4.63) AH̃,ℓa ◦ g
+

H̃;1
([ℓ′, w′]) = Aℓ′a([ℓ′, w′]) + c(H̃ ; ℓa)

where c(H̃ ; ℓa) :=
∫ 1

0
H̃(t, ℓa(t)) dt is a constant depending only on H and the base

path ℓa.

We denote by g−
H̃;1

the inverse of g+
H̃;1

. This finishes the description of the map

(II) in the diagram (14.4.50).

14.4.2. Deformation of Hamiltonians. Next we consider construction of
the map (I) in (14.4.50). This map is nothing but the standard Floer continuation
map under the homotopy of Hamiltonians from 0 to the given Hamiltonian H with
the fixed Lagrangian boundaries.

We consider the perturbed Cauchy-Riemann equation

(14.4.64)

{
∂u
∂τ + J

(
∂u
∂t − ρ(τ)XH(u)

)
= 0

u(τ, 0) ∈ L0, u(τ, 1) ∈ L1

with the finite energy E(J,H,ρ)(u) < ∞. The following a priori energy bound is a
key ingredient in relation to the lower bound of displacement energy.

Lemma 14.4.5. Let ρ = ρ+ as in (14.4.44). Let u be any finite energy solution
of (14.4.64). Then we have

E(J,H,ρ)(u) =

∫
u∗ω +

∫ 1

0

H(t, u(∞, t)) dt

−
∫ ∞

−∞
ρ′(τ)

∫ 1

0

(Ht ◦ u) dt dτ.(14.4.65)
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Proof. The proof will be carried out by an explicit calculation, which is some-
what similar to that of Lemma 14.4.2. We compute

E(J,H,ρ)(u) =

∫ ∞

−∞

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

dt dτ =

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
, J
∂u

∂τ

)
dt dτ

=

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
,
∂u

∂t
− ρ(τ)XHt(u)

)
dt dτ

=

∫ ∞

−∞

∫ 1

0

ω

(
∂u

∂τ
,
∂u

∂t

)
dt dτ −

∫ ∞

−∞
ρ(τ)

∫ 1

0

ω

(
∂u

∂τ
,XHt(u)

)
dt dτ

=

∫
u∗ω −

∫ ∞

−∞
ρ(τ)

∫ 1

0

(
−dHt(u)

∂u

∂τ

)
dt dτ

=

∫
u∗ω +

∫ ∞

−∞
ρ(τ)

∫ 1

0

∂

∂τ
(Ht ◦ u) dt dτ

=

∫
u∗ω +

∫ 1

0

H(t, u(∞, t)) dt−
∫ ∞

−∞
ρ′(τ)

∫ 1

0

(Ht ◦ u) dt dτ.

Here at the last equality, we do integration by parts and use the fact ρ(∞) =
1, ρ(−∞) = 0. This finishes the proof of (14.4.65). �

This lemma gives rise to the following key formula of the action difference

AH,ℓa(u(∞))−Aℓa(u(−∞)).

Proposition 14.4.6. Let p ∈ L0 ∩ L1 and q′ ∈ φ1H(L0) ∩ L1. Denote by
zHq′ ∈ Ω(L0, L1; ℓa) the Hamiltonian trajectory defined by

zHq′ (t) = φtH((φ1H)−1(q′))

as before and consider [ℓp, w] ∈ CritAℓa , [zHq′ , w
′] ∈ CritAH,ℓa . Suppose that u

is a finite energy solution of (14.4.64) with ρ = ρ+ as in (14.4.44) satisfying the
asymptotic condition and homotopy condition

u(−∞) = ℓp, u(∞) = zHq′ , w#u ∼ w′.(14.4.66)

Then we have
(14.4.67)

AH,ℓa([zHq′ , w′])−Aℓa([w, ℓp]) = E(J,H,ρ)(u) +

∫ ∞

−∞

∫ 1

0

ρ′(τ)H(t, u(τ, t)) dt dτ.

Proof. By (14.4.66), we obtain
∫
u∗ω =

∫
(w′)∗ω −

∫
w∗ω.

By substituting this into (14.4.65) and rearranging the resulting formula, we obtain
(14.4.67) from the definitions (14.4.53) of Aℓa and (14.4.56) of AH,ℓa . �

An immediate corollary is

Corollary 14.4.7. Let ρ = ρ+ be as in Proposition 20.2.9.

(1) For any solution u of (14.4.64), we have the energy bound

(14.4.68) E(J,H,ρ)(u) ≤ AH,ℓa([zHq′ , w′])−Aℓa([ℓp, w]) +
∫ 1

0

maxHt dt.
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(2) Suppose that there is a solution u of (14.4.64). Then we have the estimate
of the level changes

(14.4.69) AH,ℓa([zHq′ , w′])−Aℓa([ℓp, w]) ≥
∫ 1

0

minHt dt = −E−(H).

Similarly for ρ = ρ− = 1− ρ+,

E(J,H,ρ)(u) ≤ AH,ℓa([zHq′ , w′])−Aℓa([ℓp, w]) +
∫ 1

0

(−minHt) dt.

for any solution u of (14.4.64) for ρ = ρ− = 1− ρ+, and the level change estimate

(14.4.70) Aℓa([ℓq, w]) −AH,ℓa([zHp′ , w′]) ≥
∫ 1

0

(−maxHt) dt = −E+(H)

provided there exists a solution u of (14.4.64).

Next let us concatenate the two equation (14.4.64) for ρ+ as in (14.4.44) and
ρ− = 1−ρ+ by considering one-parameter family of elongation function of the type

ρK =





ρ+(·+K) for τ ≤ −K + 1

ρ−(· −K + 1) for τ ≥ K − 1

1 for |τ | ≤ K − 1

(14.4.71)

for 1 ≤ K ≤ ∞ and further deforming ρK=1 further down to ρK=0 ≡ 0.

Proposition 14.4.8. Let u be a finite energy solution for (14.4.64) of the
elongation ρK with asymptotic condition

u(−∞) = ℓp, u(∞) = ℓq, w−#u ∼ w+.

Then we have

Aℓa([ℓq, w+])−Aℓa([ℓp, w−]) ≥ −
(
E−(H) + E+(H)

)
= −‖H‖(14.4.72)

E(J,H;ρK)(u) ≤
∫
u∗ω + ‖H‖.(14.4.73)

So far we have moved the first argument L0 in the pair (L0, L1). When we
move the second argument L1 instead, the only difference occurring in the above
discussion will be the interchange

−minH ←→ maxH.

14.4.3. Simultaneous Hamiltonian isotopy of (L0, L1). Now we move L0

and L1 simultaneously by Hamiltonian isotopies φt
H(0) and φt

H(1) , respectively.

(L0, L1) 7→ (L′0 = φ1H(0) (L0), L
′
1 = φ1H(1) (L1)).

Then we have the following bijection

g+
H(0),H(1) : (ℓ

′′, w′′) ∈ Ω̃(L′0, L
′
1) 7→ (ℓ, w) ∈ Ω̃(L0, L1),

where
ℓ(t) = φ1−t

H(1) ◦ (φ1H(1) )
−1 ◦ φtH(0) ◦ (φ1H(0) )

−1(ℓ′′(t))

and
w(s, t) = φ1−t

H(1) ◦ (φ1H(1) )
−1 ◦ φtH(0) ◦ (φ1H(0) )

−1(w′′(s, t)).

We write g−
H(0),H(1) = (g+

H(0),H(1))
−1. By an abuse of notation, we also denote by

g±
H(0),H(1) the bijection between the path spaces Ω(L0, L1) and Ω(L′0, L

′
1). Then we
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obtain the following improved energy estimate. Here we take the base path ℓa in
such a way that

(14.4.74) c(Ĥ ; ℓa) =

∫ 1

0

Ĥ(t, ℓa(t))dt = 0

as in Remark 14.4.3. Here Ĥ is the normalized Hamiltonian generating

φ1−t
H(1) ◦ (φ1H(1) )

−1 ◦ φtH(0) .

The Hamiltonian Ĥ is explicitly written as

(14.4.75) Ĥ(t, x) = −H(1)(1 − t, x) +H(0)(t, (φ1−t
H(1) ◦ (φ1H(1) )

−1)−1(x)).

For v : [0, 1]× [0, 1]→ X , we put

(ΦH(0) ,H(1)v)(s, t) = φ1H(0) ◦ (φtH(0) )
−1 ◦ φ1H(1) ◦ (φ1−tH(1) )

−1v(s, t).

By the expression (14.4.75) of Ĥ , we find that

(14.4.76) E−(Ĥ) ≤ E−(H(0)) + E+(H(1)), E+(Ĥ) ≤ E+(H(0)) + E−(H(1)).

Recall that we have chosen ℓa such that (14.4.74) is satisfied and put ℓ′′a = g−
H(0),H(1)(ℓa).

Proposition 14.4.9. Let (L0, L1) be a pair of compact Lagrangian submani-
folds and (L(0)′, L(1)′) another pair with

L(0)′ = φ1H(0) (L0), L(1)′ = φ1H(1) (L1)

and let H(0), H(1) be the normalized Hamiltonians generating φ1
H(0) and φ1

H(1) re-

spectively. Consider a pair [ℓp, w] ∈ Ω̃(L0, L1; ℓa) and [ℓq′′ , w
′′] ∈ Ω̃(L(0)′, L(1)′; ℓ′′a)

for which there exists a solution u of (14.4.64) with ρ = ρ+ as in (14.4.44) such
that

lim
τ→−∞

u(τ, ·) = ℓp, lim
τ→+∞

u(τ, ·) = g+
H(0),H(1) (ℓq′′), ΦH(0),H(1)(w#u) ∼ w′′.

Then we have

(14.4.77) Aℓ′′a ([ℓq′′ , w′′])−Aℓa([ℓp, w]) ≥ −(E−(H(0)) + E+(H(1))).

Similarly, let [ℓp′′ , w
′′] ∈ Ω̃(L(0)′, L(1)′; ℓ′′a) and [ℓq, w] ∈ Ω̃(L0, L1; ℓa). If there exists

a solution u of (14.4.64) with ρ = ρ− = 1− ρ+ such that

lim
τ→−∞

u(τ, ·) = g+
H(0),H(1)(ℓp′′), lim

τ→+∞
u(τ, ·) = ℓq, Φ−1

H(0),H(1)(w
′′)#u ∼ w,

we have

(14.4.78) Aℓa([ℓq, w]) −Aℓ′′a ([ℓp′′ , w′′]) ≥ −(E+(H(0)) + E−(H(1))).

The following proposition is parallel to Proposition 14.4.8

Proposition 14.4.10. Let (L0, L1) be a pair of compact Lagrangian submani-
folds. If there exists a solution u of (14.4.64) with ρ = ρK in (14.4.71) satisfying

lim
τ→−∞

u(τ, ·) = ℓp, lim
τ→+∞

u(τ, ·) = ℓq, w−#u ∼ w+.

Then we have

(14.4.79) Aℓa([ℓq, w+])−Aℓa([ℓp, w−]) ≥ −
(
‖H(0)‖+ ‖H(1)‖

)
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and

(14.4.80) E(J,Ĥ,ρK)(u) ≤
∫
u∗ω + ‖H(0)‖+ ‖H(1)‖.





CHAPTER 15

Off-shell analysis of the Floer moduli space

In this chapter, we will provide the off-shell descriptions of the Floer moduli
space and of its compactification. We compute the dimension of the so called
virtual tangent space at a stable broken Floer trajectory u ∈ M(x, y;B), explain
the orientation of the Floer moduli spaces and other off-shell analysis entering in
the construction of Floer operators.

The virtual tangent space at a stable broken Floer trajectory will be defined
to be a certain deformation complex of the linearization of the trajectory. This
dimension will provide the genuine dimension of the moduli space near u when u
is regular in a suitable sense, which we will explain in later sections.

15.1. Off-shell framework of smooth Floer moduli spaces

Let L0, L1 ⊂ (M,ω) be two compact Lagrangian submanifolds intersecting
transversely. We fix a pair (x, y) ⊂ L0∩L1 and a homotopy class B ∈ π2(x, y). We
will define the Banach manifold F(x, y;B) that hosts the nonlinear ∂J -operator.
We closely follow Floer’s description from [Fl88a] of the weighted Sobolev space
setting.

Remark 15.1.1. For the purpose of studying the cases of transversely intersect-
ing pair L0∩L1, one could mostly work with the standard Lk,p Sobolev space, espe-
cially for the linear analysis. However to set-up the Banach manifold F(x, y;B), one
needs to impose some decay condition at infinity to control the behavior of the map
as τ → ±∞. Such a decay will be automatic on shell, i.e., for the J-holomorphic
map on R× [0, 1] with finite energy (see Proposition 14.1.5 for its proof), but should
be imposed in the off-shell level i.e., for the general map F(x, y;B). We refer to
[Schw93] for another way of imposing such a decay condition.

For k > 2/p and Θ = R× [0, 1], we define

Fk,ploc = {u ∈ Lk,ploc (Θ,M) | u(R, 0) ⊂ L0 and u(R, 1) ⊂ L1}

where Lk,ploc (Θ,M) is the Sobolev space of maps from Θ to M ⊂ RN defined by

Lk,ploc (Θ,M) = {u ∈ Lk,ploc (Θ,RN ) | Im u ⊂M}.
(As before we fix an isometric embedding ofM into RN and regard a map toM as a
RN -valued function.) Because of the Sobolev embedding Lk,p →֒ C0, the constraint
imposed on the image of maps makes sense.

Let ρ : R→ [0, 1] be a smooth function,

(15.1.1) ρ(τ) =

{
0 τ ≤ 0,

1 τ ≥ 1.

383
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For l > 0, q > 1, and σ = (σ−, σ+) ∈ R2, we define the Banach spaces

Ll,qσ (R2n) = {ξ ∈ Ll,qloc(Θ,R2n) | ‖ξ‖l,q;σ <∞}
Here we have used the norms

‖ξ‖l,q;σ = ‖eσξ‖l,q
with eσ(τ, t) = e(ρ(τ)σ++ρ(−τ)σ−)τ .

Assume that M is equipped with a metric and denote the corresponding expo-
nential map by expx : TxM →M . We like to note that we will use the exponential
map with respect to a metric which we allow to vary in a compact family of Rie-
mannian metrics.

For given u ∈ Fk,ploc , we define ũ ∈ Fk,ploc (L1, L0) by ũ(τ, t) = u(−τ, 1 − t). For
x ∈ L0 ∩ L1, k ≥ 1, p ≥ 1, and a ∈ R+ such that k > 2/p, consider the set

Fk,pa (·, x) = {u ∈ Fk,ploc | there exist R > 0 and

ξ ∈ Lpk;(0,a)(TxM) : u(τ, t) = expx ξ(τ, t) for τ > R}.

Moreover, for b ∈ R−, we consider the set

Fk,pb (x, ·) = {u | ũ ∈ Fk,p−b (L1, L0)(·, x)}.
Then for x, y ∈ L0 ∩ L1, we define

Fk,p(b,a)(x, y) = Fk,pa (x, ·) ∩ Fk,pb (·, y).

Clearly, for the definition of Fpk;(b,a)(x, y) to make sense, it is necessary that

a ≥ 0 and b ≤ 0. We shall denote such pairs of numbers by δ, whereas arbitrary
pairs of real numbers will be denoted by σ. We shall also write

F l,p(x, y) = F l,p(0,0)(x, y)

for p > 2. If E is a smooth vector bundle over M and u ∈ Fk,ploc , then the pullback

bundle u∗E has the structure of a Lk,p - bundle , i.e., of a locally trivial bundle
with transition maps contained in Lk,p(U,GL(R, N)) for open subset U ⊂ Θ where
N = rankE. We can therefore define the set of sections of u∗E which are locally
of type Lk,p. If u ∈ Ppk;δ(x, y), then we can also consider weighted Sobolev norms

‖ξ‖l,q;σ for sections, provided that

l ≤ k, q − 2/l ≤ p− 2/k.

Here σ ∈ R2 is arbitrary. We can therefore define

(15.1.2) Ll,qσ (u∗E) = {ξ ∈ Ll,qloc(u∗E) | ‖ξ‖l,q;σ <∞}
In particular, we are interested in the Banach spaces

Ll,qσ (u) = Ll,qσ (u∗TM)

In this case for l > 2/q, any element ξ ∈ Ll,qloc(u∗E) restricts to a continuous section
on ∂Θ = R × {0, 1} by the trace theorem (see pp. 257 - 261[Ev98]). Therefore if
l > 2/q, we can consider the subspace

W l,q
σ (u) := {ξ ∈ Ll,qσ (u) | ∀τ ∈ R, ξ(τ, 0) ∈ Tu(τ,0)L0, ξ(τ, 1) ∈ Tu(τ,1)L1}.
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Furthermore exploiting the presence of global coordinate (τ, t) on Θ we identify
∂Ju with the section ∂Ju(

∂
∂τ ) of L

l,q
σ (u). Then

∂Ju(
∂

∂τ
) =

1

2

(
∂u

∂τ
+ J(u)

∂u

∂t

)

where we denote

du(
∂

∂τ
) =

∂u

∂τ
, du(

∂

∂t
) =

∂u

∂t
.

With these understood, we will just denote by ∂J with the nonlinear operator

u 7→ ∂u

∂τ
+ J(u)

∂u

∂t

in the discussion of this section and the next, ignoring the coefficient 1
2 .

Theorem 15.1.2. Suppose L0 intersect L1 transversely. For any p ≥ 1, k >
2/p, and for any x, y ∈ L0 ∩ L1, there exists a dense set of δ = (a, b) ∈ [0,∞) ×
(−∞, 0], depending only on (x, y) such that

(1) the dense set contains [0, a0)×(b0, 0] for some a0, −b0 > 0 depending only
on x and y respectively.

(2) the set Fk,pδ (x, y) is a smooth Banach manifold with tangent spaces

TuFk,pδ (x, y) =W k,p
δ (u).

(3) For l ∈ [0, k] and q ≥ 1 such that l− 2/q ≤ k− 2/p and for arbitrary δ in

the above mentioned dense subset, the Banach spaces W l,q
δ (u) and Ll,qδ (u)

are fibres of smooth Banach space bundles W l,q
δ and Ll,qδ over Fk,pδ (x, y),

(4) the map

∂J : Fk,pδ (x, y)→ Lk−1,pδ

defined by the assignment u 7→ ∂Ju which is a smooth Fredholm section

of the Banach bundle Lk−1,pδ → Fk,pδ given by the formula

(∂Ju)(τ, t) =
∂u

∂τ
(τ, t) + J(t, u(τ, t))

∂u

∂t
(τ, t).

The statement and its proof of this theorem are variations of the ones given for
the closed curves in Proposition 10.2.3 except the Fredholm property stated in (4):
This Fredholm property can be proved by the arguments used by Lockhart-McOwen
in [LM].

As long as a, b > 0, any element in Fk,pδ can be compactified as before and so
defines a homotopy class B ∈ π2(x, y). From now on, we will always assume

(15.1.3) (a, b) ∈ (0, ax)× (by, 0)

for each given pair (x, y). For a given transversal pair L0, L1, we choose a0 =
a0(L0, L1) > 0 and b0 = b0(L0, L1) < 0 so that

0 < a0 < min
x∈L0∩L1

ax, 0 < −b0 < max
y∈L0∩L1

by.

Then we set σ = (b0, a0) and decompose

Fk,pδ (x, y) =
⋃

B∈π2(x,y)

Fk,pδ (x, y;B)

in an obvious way. Now we can restrict the above Banach bundle and sections to

Fk,pδ (x, y;B).
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Next let us relate this off-shell setting of weighted Sobolev space with the expo-
nential decay result established on-shell moduli spaceM(x, y;B) given in Proposi-
tion 14.1.5. Obviously we have the inclusion

M̃(x, y;B) ⊂ ∂−1J (0)

where 0 is the zero section of the bundle Lk−1,pδ → Fk,pδ (x, y;B). On the other

hand, the elliptic regularity theorem implies any element in (∂J)
−1(0) is smooth

and so indeed

(15.1.4) M(x, y;B) = ∂
−1
J (0) ∩ Fk,pδ (x, y;B)

for any p, k and δ = (a, b) where a, b > 0 are sufficiently small whose smallness
depends only on the pair (L0, L1) and J0, or more precisely the Lagrangian an-
gles of the tangent spaces TxL0 and TxL1 in the Hermitian inner product space
(TxM,ωx, J0,x) for x ∈ L0 ∩ L1.

For every u ∈ M̃(x, y;B) ⊂ Ppk (x, y;B), we can define the linearization of ∂J

Eu = D∂J(u) : TuFk,pδ (x, y)→ Lpk−1;δ(u)

where
(D∂(u)ξ)(τ, t) = (∇τ + J∇t)ξ(τ, t) +B(τ, t)ξ(τ, t).

Here, B is a matrix operator, which depends on the choice of the connection ∇.
Due to the asymptotic conditions, the operator Eu approaches translationally

invariant operators of the form

E∞(ξ) =
∂

∂τ
+A∞,

where A∞ is independent of τ . Moreover,Eu is uniformly elliptic. For such “asymp-
totically constant” elliptic operators, we can apply the scheme of [LM] to D∂(u)
and prove that it is Fredholm for any δ = (a, b) with a, −b ≥ 0 sufficiently small
compared to the above mentioned Lagrangian angles, whenever x and y are trans-
verse intersections in L0

⋂
L1.

Theorem 15.1.3. Suppose L0, L1 are transverse. Let x, y ∈ L0 ∩ L1 and let

δ = (a, b) be as above. Then for any u ∈ M̃(x, y;B), the linearization operator

Eu = D∂(u) : TuFk,pδ (x, y)→ Lpk−1;δ(u)

is a Fredholm operator with its index given by

Index Eu = µ(x, y;B)

independent of u ∈ M̃(x, y;B), where µ(x, y;B) is the Maslov-Viterbo index [Vi88].

We will give a proof of the index formula in section 15.3.
The proof of the following proposition is a variation of that of Theorem 10.4.1

but in the current case the somewhere injectivity assumption will not be imposed
but automatically follows by the following structure theorem whose proof is rather
technical and so referred to the original article for its proof. (See [FHS95] for the
version for the case of Hamiltonian Floer trajectories.)

Lemma 15.1.4 (Theorem 5.1 [Oh97a]). Let u ∈ M̃(x, y). Then the set

Θu :=

{
(τ, t) ∈ Θ

∣∣∣ ∂u
∂τ

(τ, t) 6= 0, u(τ, t) 6∈ u(R \ {τ}, t)
}

is open and dense in Θ.
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We will just briefly indicate difference of the proof of the following proposition
from that of Theorem 10.4.1 leaving details of a complete proof to the readers.

Proposition 15.1.5. Let J0, J1 ∈ Jω be given. Suppose either p 6= q or
p = q and B 6= 0. Then there exists a dense subset jreg(J0,J1)

⊂ j(J0,J1) such that

M̃(p, q;B; J) is Fredholm-regular and so a smooth manifold of dimension µ(B).

Proof. Consider the Cauchy-Riemann section

∂ : (u, J) 7→ ∂Ju

and its linearization D∂(u, J) which has the form

D(u,J)∂(ξ, Y ) = Du∂J(ξ) +
1

2
Y du ◦ j

where ξ ∈W 1,p(u∗TM) with boundary condition

ξ(τ, 0) ∈ Tu(τ,0)L0, ξ(τ, 1) ∈ Tu(τ,1)L1

and Y ∈ C∞(End(TM)) satisfying

Y · J + J · Y = 0.

To prove surjectivity, we will prove CokerD(u,J)∂ = {0}. Using the canonical

pairing between Lp and Lq with 1
p + 1

q = 1, a cokernel element η ∈ Lq(u∗TM) is

characterized by the equations

(15.1.5)

∫

R×[0,1]

〈
D(u,J)∂(ξ, Y ), η

〉
= 0

for all ξ ∈W 1,p(u∗TM) and Y ∈ C∞(End(TM)). Considering the case Y ≡ 0, we
obtain the equation

(15.1.6) (Du∂J)
†η = 0

where (Du∂J)
† : Lq(u∗TM)→ (W 1,p(u∗TM))∗ is the adjoint to Du∂J .

In particular the unique continuation holds for a solution to (15.1.6) and so it
is enough to prove that η vanishes on some open subset of R × [0, 1]. Here enters
the part of (15.1.6) with ξ ≡ 0, which becomes

∫

R×[0,1]
〈Y ◦ j, η〉 = 0

for all Y ∈ C∞(End(TM)). By a structure theorem Lemma 15.1.4 above, we find
an immersed point with multiplicity one u in R × [0, 1]. Then the same argument
as the proof of Theorem 10.4.1 proves that there is an open neighborhood of the
point on which η must vanish. This finishes the proof. �

15.2. Off-shell description of the cusp-trajectory spaces

Next we give an off-shell description of the cusp-trajectory moduli space

M̃ (p, q;B0; {αi}, {β0,j}, {β1,k}) := M̃m;n0,n1(p, q;B0)ev ×ev(
ΠiM1(J(τi,ti);αi)× ΠjM1(L, J0;β0,j)×ΠkM1(L, J1;β1,k)

)
.(15.2.7)

As in section 15.1, we will find the off-shell analog of this fiber product. For the

first factor M̃(m;n0,n1)(p, q;B0), we consider the product

Fk,pδ;(m;n0,n1)
(x, y;B) = Fk,pδ (x, y;B)×Θm × (∂0Θ)n0 × (∂1Θ)n1 .
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Besides the Cauchy-Riemann section ∂J , we also have the evaluation map

evF : Fk,pδ;(m;n0,n1)
(x, y;B)→Mm × Ln0

0 × Ln1
1

defined by

(15.2.8) evF (u, {(τi, ti)}, {τ0,j}, {τ1,k}) = ({u(τi, ti)}, {u(τ0,j , 0)}, {u(τ1,k, 1)}).
For the discussion on the off-shell description, we will consider smooth maps and
smooth sections. Appropriate completion of the corresponding spaces will be left
to the readers.

For the second factor ΠiM1(J(τi,ti);αi), we consider the parameterized moduli
space

M1(J, α; para) :=
⋃

(s,t)∈[0,1]2
M1(J(s,t), α).

The off-shell counterpart of the moduli space M̃1(J, α; para) is

F1(α; para) :=W k,p(Σ,M ;α)× Σ× [0, 1]2.

We have the evaluation map

evS : F1(α; para)→M × [0, 1]2

defined by

(15.2.9) evS(v, z, s, t) = (v(z), s, t)

and the parameterized Cauchy-Riemann section

∂
para

: F1(α; para)→ L
defined by

∂
para

(v, z, s, t) = ∂J(s,t)
(v) ∈W k−1,p(v∗TM).

Here the F (k,p)
1 (α; para) is defined to be

F1(α; para) =W k,p(Σ× [0, 1]2,M ;α)× Σ

and C∞(Σ× [0, 1]2,M ;α) to be the product

W k,p(Σ,M ;α)× [0, 1]2.

For the third and fourth factors of (15.2.7), we consider the moduli space

M̃1(L, J0;β) andM1(L, J0;β). The off-shell counterpart of M̃1(L, J0;β) is given
by

W k,p((D2, ∂D2), (M,L))× ∂D2

and the evaluation map

evD :W k,p((D2, ∂D2), (M,L))× ∂D2 → L; evD(w, θ) = w(θ).

Combining the above evaluation maps altogether we obtain
(15.2.10)
ev : ΠiF1(J, αi)×ΠjF1(L0, J0;β0,j)×ΠkF1(L1, J1;β1,k)→Mm × Ln0

0 × Ln1
1 .

where ev is the combined evaluation map

ev = (Πiev
S
i ,Πjev

D
j ,Πkev

D
k ).
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On the other hand, we have the combined Cauchy-Riemann section

∂J : ΠiF1(J, αi) × ΠjF1(L0, J0;β0,j)×ΠkF1(L1, J1;β1,k)→
L(x, y;B) ⊕

⊕

i

L(αi)⊕
⊕

j

L(L0, β0,j)⊕
⊕

k

L(L1, β(1,k))

(15.2.11)

that is the direct sum

∂J =
(
∂J , ⊕∂

para,J
, ⊕j∂J0 , ⊕k∂J1

)
.

Then we have the following identity
(15.2.12)

M̃(m;n0,n1)(x, y;B0; {αi}, {β0,j}, {β1,k}) = ∂
−1
J (0) ∩ (ev(m;n0,n1), ev)

−1(∆).

Now we describe the virtual tangent space of

M̃(m;n0,n1) (x, y;B0; {αi}, {β0,j}, {β1,k}) .
Let

u = (u, {vi}, {w0,j}, {w1,k}; {(τi, ti)}, {(τj , 0)}, {(τk, 1)})
∈ M̃(m;n0,n1) (x, y;B0; {αi}, {β0,j}, {β1,k}) .

Motivated by the above fiber product description thereof, we consider the lineariza-
tion of the map

(∂J , (ev(m;n0,n1), ev))

at u acting on

Fk,pδ;(m;n0,n1)
(x, y;B)× ΠiF1(J, αi)×ΠjF1(L0, J0;β0,j)×ΠkF1(L1, J1;β1,k).

The corresponding tangent space of the latter at u is the direct sum

W k,p
δ,(m;n0,n1)

(u∗TM ; (∂0u)
∗TL0, (∂1u)

∗TL1))

⊕ ((W k,p
1 (v∗i TM))⊕m ⊕ (W k,p

1 (w∗0TM, (∂w0)
∗TL0))

⊕n0

⊕ (W k,p
1 (w∗1TM, (∂w1)

∗TL1))
⊕n1

Here we have denoted

W k,p
δ,(m;n0,n1)

(u∗TM ; (∂0u)
∗TL0, (∂1u)

∗TL1))

= W k,p
δ (u∗TM ; (∂0u)

∗TL0, (∂1u)
∗TL1))⊕ ((R2)m ⊕ Rn0 ⊕ Rn1)

and

W k,p
1 (w∗0TM, (∂w0)

∗TL0) =W k,p(w∗0TM, (∂w0)
∗TL0)⊕ T∂D2.

and similarly for W k,p
1 (w∗1TM, (∂w1)

∗TL1), and more easily for W k,p
1 (v∗i TM).

Then we have the following linear map

E1
u : W k,p

δ,(m;n0,n1)
(u∗TM ; (∂0u)

∗TL0, (∂1u)
∗TL1))→

Lk,pδ (u∗TM)⊕
(
(u∗TM)⊕m

⊕
((∂0u)

∗TL0)
⊕n0

⊕
((∂1u)

∗TL1)
⊕n1

)

defined by

E1
u(ξ, {ai}, {b(0,j)}, {b(1,k)})

= (D∂J (u)(ξ), {du(τi, ti)ai}, {du(τj, 0)b0,j}, {du(τk, 0)b0,k}).
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We also have

E2
u : (W k,p

1 (v∗i TM))⊕m ⊕ (W k,p
1 (w∗0TM, (∂w0)

∗TL0))
n0

⊕(W k,p
1 (w∗1TM, (∂w1)

∗TL1))
n1

→
⊕

i

(
C∞(v∗i TM)⊕ v∗i TM

)
⊕
⊕

j

(
W k−1,p(w∗0,jTM)⊕ (∂w0,j)

∗TL0

)

⊕
⊕

k

(
W k−1,p(w∗1,kTM)⊕ (∂w1,k)

∗TL1

)

defined by the combined operator

E2
u = ({(D∂J(τ,t)

(vi), dvi(zi))}, {(D∂J0(w0,j), dw0,j(θ0,j)}, {(D∂J1(w1,k), dw1,k(θ1,k)}).

Now we recall that u being as above, we have the matching condition

ev(m;n0,n1)(u, {(τi, ti)}, {(τj , 0)}, {(τk, 1)})
= ev(({(vi, zi)}, {(w0,j , θ0,j)}, {(w1,k, θ1,k)})

which is equivalent to

(15.2.13) u(τi, ti) = v(zi), u(τj , 0) = w0,j(θj), u(τk, 1) = w0,k(θk).

In particular, we have

Tu(τi,ti)M = Tv(zi)M,

Tu(τj ,0)L0 = Tw0,j(θj)L0, Tu(τk,1)L0 = Tw1,k(θk)L1.

Therefore we can define the subspace of

W k,p
δ,(m;n0,n1)

(u∗TM ; (∂0u)
∗TL0, (∂1u)

∗TL1))

⊕ ((W k,p
1 (v∗i TM))⊕m ⊕ (W k,p

1 (w∗0TM, (∂w0)
∗TL0))

⊕n0

⊕ (W k,p
1 (w∗1TM, (∂w1)

∗TL1))
⊕n1

which consists of those satisfying

du(τi, ti)(ξ) − dvi(zi) = 0

du(τj , 0)(ξ)− dw0,j(θj) = 0

du(τk, 1)(ξ)− dw1,k(θk) = 0(15.2.14)

Now we are ready to give the definition of the virtual tangent space of

M(m;n0,n1)(x, y;B0, {αi}, {β0,j}, {β1,k})

at u.

Definition 15.2.1. We define by

IndexEu = kerEu − cokerEu.

the virtual tangent space ofM(m;n0,n1)(x, y;B0, {αi}, {β0,j}, {β1,k}) at u.
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15.3. Index calculation

In this section, we do index calculation for the relevant Riemann-Hilbert prob-
lem.

We recall that we fixed a base path ℓ0 : [0, 1]→M and consider the based path
space Ω(L0, L1; ℓ0). We also take a section of ℓ∗0Λ

ori(TM), t 7→ λ0(t), such that

λ0(0) = Tℓ0(0)L0, λ0(1) = Tℓ0(1)L1.

For p ∈ L0 ∩ L1, we consider a path space of Lagrangian subspaces

P(TpL0, TpL1) = {λ : [0, 1]→ Λ(TpM) | λ(0) = TpL0, λ(1) = TpL1}.
Using the above path λ0 and the pair [ℓp, w] we will define a (homotopy class)

of an element of P(TpL0, TpL1) as follows. Since [0, 1]2 is contractible we have
an isomorphism w∗TM ∼= [0, 1]2 × TpM . Then we define a path λw,λ0 to be the
concatenation of the paths

λ(0, t) = λ0(t), λ(s, i) = Tw(s,i)Li.

We consider semi-strips

Z− = {z ∈ C | Rez ≥ 0, 0 ≤ Imz ≤ 1}
Z+ = {z ∈ C | Rez ≤ 0, 0 ≤ Imz ≤ 1}

with z = τ +
√
−1t. For each path λ ∈ P(TpL0, TpL1), we define a Fredholm

operator as follows. Let W 1,p
λ (Z+;TpM), (resp. W 1,p

λ (Z−;TpM)) be the Banach

space consisting of L1,p
loc maps ζ+ : Z+ → TpM (resp. ζ− : Z− → TpM) such that

(1) ζ+(τ, i) ∈ TpLi, (resp. ζ−(τ, i) ∈ TpLi). Here i = 0, 1.
(2) ζ+(0, t) ∈ λ(t), (resp. ζ−(z−) ∈ λ(t) (i = 0, 1)).

Let Lp(Z±; Λ0,1(Z±) ⊗ TpM) be the Banach space of Lploc sections ζ± of the
bundle Λ0,1(Z±)⊗ TpM The Dolbeault operator induces a bounded linear map

∂λ,Z± :W 1,p
λ (Z±;TpM)→ Lp(Z±; Λ

0,1(Z±)⊗ TpM)

which defines a Fredholm operator.

Proposition 15.3.1. Let µ([p̂, w]; (ℓ0, λ0)) be the Maslov-Morse index given in
Definition 13.6.1. Then

(15.3.15) Index ∂(λw ,Z−) = µ([p̂, w]; (ℓ0, λ0)).

Proof. Let λw be the loop defined in (13.6.20) and consider the bundle pair
(w∗TM, λw). For (s, 0), (s, 1) ∈ ∂[0, 1]2, we denote

λw(s, i) = Tw(s,i)Li, i = 0, 1.

We now complete these Lagrangian paths into a bundle pair. For this purpose, we
need to take a Lagrangian path αp in Λ(TpM) such that

(15.3.16) αp(0) = TpL0, αp(1) = TpL1.

We choose a path αp = αp(t) so that it defines a path of oriented Lagrangian
subspace of TpM that extends the given orientations on the Lagrangian subspaces
(15.3.16). We fix a homotopy class of αp by putting a condition on the path αp.

We note that under the trivialization w∗TM ∼= [0, 1]2 × TpM the Lagrangian
subbundle λw defines a Lagrangian loop, which we still denote by λw. The Maslov
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index of the loop is invariant under the symplectic transformations and under the
homotopy. We consider homotopy of the loop that is fixed on the boundary

{(1, t) | t ∈ [0, 1]} ⊂ ∂[0, 1]2.
We then elongate [0, 1)× [0, 1] ∼= R+× [0, 1] by an elongation function ρ : [0,∞)→
[0, 1]. Under this elongation, the operator ∂(λw ;Z−) becomes cylindrical as τ → ∞
and its index is invariant under the continuous deformations of coefficients and of
the boundary conditions fixing the asymptotic condition, by the homotopy invari-
ance of the Fredholm index. We refer readers to Appendix [?] for the details of
such a deformation argument.

Therefore it suffices to consider the following special case:

TpM = Cn, TpL0 = Rn, TpL1 =
√
−1Rn

and
αp(t) = eπ

√
−1t/2Rn

together with the path λw : ∂[0, 1]2 \ {(1, t)} → Cn given by

λw(s, 0) ≡ Rn,

λw(s, 1) ≡
√
−1Rn

λw(0, t) = e−(l1+1/2)π
√
−1tR⊕ . . .⊕ e−(ln+1/2)π

√
−1tR

with lj ∈ Z. Then we have the Lagrangian loop λw = λw ∪ αp.
Now the index problem splits into one-dimensional problems of the types





∂ζ = 0

ζ(τ, 0) ∈ R, ζ(τ, 1) ∈
√
−1R

ζ(0, t) ∈ e−(l+1/2)π
√−1tR

or the one with the boundary condition ζ(∂[0, 1]2) ⊂ R for the constant Lagrangian
path t 7→ R arising from the Rdh-factor. For the first type, the corresponding
Lagrangian loop λw defined above on ∂[0, 1]2 becomes

(s, 0) 7→ R, (0, t) 7→ e−(l+1/2)π
√
−1tR

(s, 1) 7→
√
−1R, (1, t) 7→ eπ

√−1t/2R.

This loop traveled in the positive direction along ∂[0, 1]2 is homotopic to the con-

catenated Lagrangian path that is t ∈ [0, 1] 7→ e(l+1/2)π
√
−1(1−t)R) followed by

t ∈ [0, 1] 7→ eπ
√−1t/2R. This concatenated path defines a loop which has the

Maslov index l + 1. Summing-up these, we obtain the Maslov index

µ(λw) =

n∑

j=1

(lj + 1).

On the other hand for the corresponding Fredholm index, the one dimensional
problem can be explicitly solved by the complex one variable Fourier analysis.
Again we refer to Proposition B.4.1 in ?? for the details. (See also (A.12) [Oh99].)

This proves

(15.3.17) Index ∂(λw,Z−) =

n−dj∑

j=1

(lj + 1).

This finishes the proof. �
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The following is the main theorem we prove in this section

Theorem 15.3.2. Let Bww′ ∈ π2(p, q) be the homotopy class such that w#Bww′ ∼
w′. Then

(15.3.18) dimM̃(L0, L1; [ℓp, w], [ℓq, w
′]) = µ([ℓp, w]) − µ([ℓq, w′]) = µ(p, q;Bww′).

Proof. The proof is based on the following gluing formula for the Fredholm
index

(15.3.19) Index ∂(λw ,Z−) + IndexDu∂ = Index ∂(λw′ ,Z−)

whose proof we refer to that of Theorem 3.10 [APS75]. Rewrite this into

IndexDu∂ = Index ∂(λw′ ,Z−) − Index ∂(λw ,Z−).

Then Proposition 15.3.1 gives rise to (15.3.18) and hence the proof. �

15.4. Orientation of the moduli space of disc instantons

In this section, we start with the problem of orientation in the tangent space
of the open stratum consisting of smooth pseudo-holomorphic discs with boundary
lying on a Lagrangian submanifold L. The moduli space of holomorphic maps with
Lagrangian boundary in general has no canonical orientation while that of closed
holomorphic maps does. Study of orientation involves a family index theory with
boundary. It turns out that (relative) spin structure of Lagrangian submanifolds is
relevant for the orientation problem.

In section 15.6, we will examine the orientation problem for the smooth Floer
moduli space for a pair (L0, L1) and then the existence of coherent orientations on
the compactified moduli spaces. For the latter purpose, we will see that (relative)
spin structure of Lagrangian submanifolds plays a crucial role in the problem.

The following proposition says that a trivialization of the boundary Lagrangian
determines an orientation of the tangent space.

Proposition 15.4.1. Consider the complex bundle pair (E, λ) over (D2, ∂D2).
Suppose that λ is trivial. Then each trivialization on λ canonically induces an
orientation on Index ∂(E,λ).

Proof. By the general construction, the moduli space M̃(L;β; J) carries the

determinant line bundle det(D∂J )→ M̃(L;β; J) whose fiber at w is given by

Λmax kerDw∂J ⊗ (Λmax cokerDw∂J )
∗.

When M̃(L;β; J) is transversal, i.e., cokerDw∂J = {0}, we have

kerDw∂J ∼= TwM̃(L;β; J)

and so an orientation on this determinant bundle provides an orientation on the
moduli space. (In general orientation of det(D∂J) provides an orientation on the

Kuranishi structure on M̃(L;β; J) in the sense of [FOn99].)
We start with explaining how we associate a fiberwise orientation in terms of

geometry of Lagrangian submanifolds, especially in terms of the spin structure.
Consider the complex bundle pair (E, λ) over a compact Riemann surface Σ

with non-empty boundary ∂Σ. We denote by h the number of connected compo-
nents of ∂Σ and by Si the i-th connected component of ∂Σ for i = 1, · · · , h.
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We fix an annular neighborhood of each Si and denote it by Ai((1− ǫ, 1]) ⊂ Di

for any 0 < ǫ < 1. Denote the subset

Ci = S1(1− ǫ) ⊂ Ai((1 − 2ǫ, 1]).

We consider the contraction along ∪iCi of Σ and the quotient space Σ/ ∼ where ∼
is the identification of Ci to a point. The resulting quotient space carries a structure
of the nodal curve so that the quotient map

cont : Σ→ Σ/ ∼∼= Σ′ ∪
(⋃

i

Di

)

becomes a holomorphic map, where Σ′ be a compact Riemann surface without
boundary. Denote by pi ∈ Σ′ the i-th nodal point at which the center of the disc
Di is attached.

Let S be any one of Si’s. Using the given isomorphism E|S ∼= λ|S ⊗ C, each
trivialization of λ→ S induces a complex trivialization

(15.4.20) Φ : E|T2ǫ → T2ǫ × Cn.

Therefore the bundle E over Σ descends to a bundle pair (E′, λ′) to the nodal
curves

Σ′ ∪
(⋃

Di

)
.

Conversely, we can resolve the nodal point to obtain a family of Riemann surfaces
parameterized by ~r = (r1, · · · , rh) with r ∈ R so that the bundle pair (E′, λ′)
itself can be deformed to a bundle pair (Er , λr) over (Σr, ∂Σr) with a canonical
identification λ′ ∼= λr: This last is possible because we have the bundle E′ is already
trivialized on Di’s and the identification

E′ct,pi
∼= E′endi,0

∼= Rn × C

with λ|∂Di
∼= Rn, and also because we use the real resolution parameters r.

A section of this bundle pair is a pair (ξct, ξend) where ξend = (ξ1, · · · , ξh), each
ξi is a section of E′ → Di satisfying

ξi(z) ∈ λDi,z

and the matching condition

(15.4.21) ξct(pi) = ξi(0).

In other words, the set of W 1,p-section of (E′, λ′) is given by

W 1,p(E′, λ′) := ∆−1(0)

where ∆ :W 1,p(E′ct)⊕W 1,p(E′end, λ
′)→ ⊕hi=1C

n
i is the map defined by

∆(ξct, ξend) = (ξct(p1)− ξ1(0), · · · , ξct(ph)− ξh(0)) .
This induces the exact sequence

0→W 1,p(E′, λ′)→W 1,p(E′ct)⊕W 1,p(E′end, λ
′)

∆→ ⊕hi=1C
n
i → 0.

The associated index for the bundle pair (E′, λ′) over Σ/ ∼ is given by the index
of the operator

∂(E′,λ′) :W
1,p(E′, λ′)→ Lp(Λ(0,1)(E′ct))⊕ Lp(Λ(0,1)(E′end)).

Lemma 15.4.2. Each trivialization of λ → ∂Σ canonically determines an ori-
entation on index ∂(E′,λ′) and hence on det ∂(E′,λ′).
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Proof. We first note that ∂(E′
end|Di

,λ′|Si
) :W

1,p(E′end|Di , λ
′|Si)→ Lp(Λ(0,1)(E′end))

is surjective and each trivialization of λ→ ∂Σ induces an isomorphism

ker∂(E′
end|Di

,λ′|Si
)
∼= ker∂(Di×Cn,Si×Rn)

∼= Rn.

Therefore we can pick a finite dimensional complex subspace

E ⊂ Lp(Λ(0,1)(E′))

so that

(E ⊕ 0) + Range(∂(E′,λ′)) = Lp
(
Λ(0,1)(E′ct)

)
⊕ Lp(Λ(0,1)(E′end)).

We fix an isomorphism Ψ : Ck → E ⊕ 0 and consider the map

∂(E′,λ′);Ψ : Ck ⊕W 1,p(E′, λ′)→ Ck ⊕
(
Lp(Λ(0,1)(E′ct))⊕ Lp(Λ(0,1)(E′end)

)

defined by
∂(E′,λ′);Ψ(h, ξ) = (0,Ψ(h) + ∂(E′,λ′);Ψ).

We have the exact sequence

0→ Ker ∂(E′,λ′) → Ker ∂(E′,λ′);Ψ → Ck → Coker∂(E′,λ′) → 0

where each of the three maps in the middle are given by

d1(ξ) = (0, ξ), d2(h, ξ) = h, d3(h) = Ψ(h) mod Range∂(E′,λ′)

in order. Note also that ∂(E′,λ′);Ψ is homotopic to idCk ⊕∂(E′,λ′) through Fredholm
operators. Hence we obtain

(15.4.22) Index ∂(E′,λ′)
∼= Index ∂(E′,λ′);Ψ

∼= Ker ∂̂(E′,λ′);Ψ − Ck.

We note that Ker ∂̂(E′,λ′);Ψ is the set of pairs (h, ξ) satisfying

0 = Ψ(h) + ∂(E′,λ′)(ξ)

i.e.,

Ker ∂̂(E′,λ′);Ψ
∼=
(
∂(E′,λ′)

)−1
(0 ⊕ E).

Then because E was chosen so that the evaluation map

evp :
(
∂(E′|

CP1 )

)−1
(E)→ E′p ∼= Cn

is surjective, (∂(E′,λ′))
−1(0 ⊕ E) is nothing but the kernel of the surjective homo-

morphism

∆ :
(
∂(E′|

CP1 )

)−1
(E)×Ker ∂(E′|D;λ′|S) → Cn; (ξCP 1 , ξD) 7→ ξCP 1(p)− ξD(0).

Recall that (∂(E′|
CP1))

−1(E) and Cn are complex vector spaces and so are canoni-
cally oriented.

This proves that if each λ is given a trivialization, it will canonically determine
one on Ker ∂(E′|D,λ′) and so on (∂(E′,λ′))

−1(0 ⊕ E). This in turn determines an

orientation on Index ∂(E′,λ′) by the isomorphism (15.4.22). �

Next we will transfer this orientation to (E, λ) by a gluing process. We can
resolve the nodal point to obtain a family of Riemann surfaces parameterized by
r ∈ R+ so that the bundle pair (E′, λ′) itself can be deformed to a bundle pair
(Er, λr) over (Σr, ∂Σr) with a canonical identification λ′ ∼= λr.

More precisely, we choose small coordinate neighborhoods Dδ(0) and D
2
δ(p) of

0 ∈ D and p. Here Dδ(0) is the disc of radius δ with center at 0. For a positive
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real number r > 0 we glue D2 and CP 1 around O and S by identifying z ∈ D2
δ(O)

and w ∈ D2
δ (S) whenever zw = 1/r. We denote the resulting bordered Riemann

surface by Σr, which is biholomorphic to the unit disc. We may identify Σ1 = D2

and Σ∞ = CP 1 ∪D.
We also obtain the vector bundle on Σr from E′ and denote it by Er. The

totally real subbundle λ′ over ∂D induces a totally real subbundle λr on ∂Σr.
Now since we have chosen E consisting of the elements whose supports are away

from the nodal points, it is canonically embedded into Lp(Λ(0,1)Σr ⊗ Er)) and so
the map Ψ can be canonically regarded as a map

Ψ : Ck → Lp(Λ(0,1)(Σr)⊗ Er))
for any sufficiently large r. Then using the surjectivity of ∂(E′,λ′);Ψ and by gluing
[SS88] we have

Range ∂̂(Er,λr);Ψ + E = Lp(Λ(0,1)(Σr)⊗ Er))
and a canonical isomorphism

Index ∂(E′,λ′);Ψ
∼= Index ∂(Er,λr);Ψ.

Therefore an orientation on Index ∂(E′,λ′);Ψ in the limit as r →∞ canonically gives

rise to one on Index ∂(Er,λr);Ψ for sufficiently large r > 0 and hence on Index ∂(Er,λr)

by the first part of the isomorphism (15.4.22). After then we continuously deform
(Er, λr) to the originally given bundle pair (E1, λ1) = (E, λ) as mentioned above
which induces an orientation thereon. This finishes the proof. �

When the moduli space has dimension zero and is regular and orientable, the
set of orientations of each element in the moduli space is isomorphic to Z2. A
choice of orientation on the moduli space then defines an isomorphism between this
orientation space with Z2. In dimension 4, we can explicitly describe this sign of
the element in the moduli space in terms of the geometric intersections of the given
Lagrangian boundary and the pseudoholomorphic discs. (See [Cho08].)

Example 15.4.3 (One-point open GW invariant). Let L ⊂ M be an oriented
Lagrangian submanifold. Suppose TL is trivial (e.g. that L is spin.) and that a
trivialization is given. Proposition 15.4.1 provides an orientation on a moduli space

M1(L, β) ∼= M̃(L;β)× ∂D2/PSL(2,R)

which is nothing but the fiber-product orientations of M̃(L;β) and of ∂D2 followed
by the quotient. More specifically, we define the orientation of M1(L, β) via the
exact sequence

(15.4.23) 0→ psl(2,R) · {(w, z)} → TwM̃(L;β)⊕ Tz∂D2 → T[w,z]M1(L, β)→ 0.

Denote by â the vector field on D2 generated by the linearized action of the Lie
algebra element a ∈ psl(2,R). We recall the linearized action a ∈ ψ(2,R) on (w, z)
is given by

(15.4.24) a 7→ (−dw(â(z)), â(z)).
Let psl(2,R) = h ⊕ p ∼= R ⊕ R2 be the Cartan decomposition i.e., where h is the
Lie subalgebra of diagonal matrices. We fix an orientation on h and p and take the
direct sum orientation on psl(2,R).
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The action (15.4.24) also induces another splitting

psl(2,R) = psl(2,R)z ⊕ R

where psl(2,R)z is the isotropy Lie subalgebra of the point z ∈ ∂D2 which always
contains h. In the upper half space model the action R in the splitting corresponds
to the translation generated by ∂

∂x which induces the counterclockwise rotation on

∂D2. We fix an orientation on R given by ∂
∂x . Then psl(2,R)z carries a canonical

orientation induced by this splitting. The map

psl(2,R) · {(w, z)} → TwM̃(L;β)⊕ Tz∂D2

in (15.4.23) maps this R-factor to Tz∂D2. These orientations together with (15.4.23)
induce an orientation on T[w,z]M1(L, β) at each [w, z] ∈ M1(L, β).

Now we assume dimM1(L, β) = n and consider the evaluation map ev1 :
M1(L, β) → L. By the dimensional restriction, we can assign a sign to each
element [w] of ev−11 (x) for a generic choice of x ∈ L. We denote this by σ([w]).

Assuming the transversality of the compactified moduli space M1(L, β) we can
define the one-point open Gromov-Witten invariant to be the sum

∑

[w]∈M(L,β)

σ([w]).

15.5. Gluing of Floer moduli spaces

In sections 14.2 and 14.3, we gave a precise description of (stable map type)
compactification M(x, y;B; J) of M(x, y;B; J) by describing all possible failures
of convergence of sequences in M(x, y;B; J) and assembling them into the set of
broken cusp-trajectories.

In this section, we describe a neighborhood structure of such a broken cusp-
trajectory in M(x, y;B; J). In general, M(x, y;B; J) will not carry the standard
manifold (or orbifold) structure (with boundary and corners) even if we consider a
generic choice of J = {Jt}0≤t≤1 in its construction. This is due to the presence of
multiple covered pseudoholomorphic spheres or discs. They only carry the structure
of Kuranishi spaces with boundary and corner in the sense of [FOn99], Appendix
A.1 [FOOO09]. To establish the existence of Kuranishi structure at infinity, i.e.,
in a neighborhood of a broken cusp-trajectory, we need to prove a gluing theorem
which establishes construction of the collar and corner. Such a result in the setting
of Kuranishi structure is established in chapter 7 [FOOO09] which however goes
beyond the level of this book. When all the transversality requirements hold for the
maps of all irreducible components and for the relevant evaluation maps of the fiber
products, this construction is reduced to construction of collar and corner neigh-
borhoods in the standard manifold with boundary and corner, whose explanation
is now in order.

We will always assume J satisfies the transversality result stated in Proposition
15.1.5. We emphasize that this generic transversality result holds for any transversal
pair (L0, L1) of any (M,ω).

To make our exposition simple, we will consider only the configurations of the
following three types:

(1) (Splitting) u−#u+ where u− ∈ M(x, z;B1)×M(z, y;B2) with B1#B2 =
B
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(2) (Bubbling-off-disc) u#w where u is a smooth Floer trajectory and w is a
Ji-holomorphic disc with boundary lying on Li with i = 0, 1 with B0#β =
B.

(3) (Bubbling-off-spheres) u#v where u is a smooth Floer trajectory and v is
a Jt0 -holomorphic sphere for some t0 ∈ [0, 1] with B0#α = B.

The general case is an amalgamation of these three cases which does not add
any additional ingredients except that it will involve more complicated notations.
Taubes gluing scheme [Ta82] is a combination of singular perturbation problem,
Lyapunov-Schmit reduction method and the implicit function theorem in solving
nonlinear partial differential equations in general, when an approximate solution
is provided from the degenerate limit of the given equations. Typically the limit-
ing picture carries a singular solution which consists of more than one irreducible
components. Such an approximate solution can be easily guessed from the given
geometric context.

We start with the abstract scheme of the general perturbation scheme.

15.5.1. Outline of the perturbation scheme. Let F : B1 → B2 be a
smooth map between Banach spaces B1, B2. We would like to solve the equation

(15.5.25) F (x) = 0.

The starting point is the presence of an approximate solution x0, i.e., F (x0) is small
in B2, say

(15.5.26) |F (x0)| ≤ ǫ
In applications, an approximate solution is manifest in the given geometric context,
and very often comes from some degenerate configurations. Then we would like to
perturb x0 to x0 + h to a solution of the form x = x0 + h. So we Taylor-expand

F (x0 + h) = F (x0) + dF (x0)h+N(x0, h)

where N satisfies the following two inequalities:

(1)

|N(x0, h)| ≤ o(|h|)|h|
|N(x0, h1)−N(x0, h2)| ≤ o(|h1|+ |h2|)|h1 − h2|.

(2) Assume that there exists a function ε1 = ε1(δ) such that ε1(δ) → 0 as
δ → 0 and

|N(x0, h)|
|h| ≤ ε1(|h|)(15.5.27)

|N(x0, h1)−N(x0, h2)|
|h1 − h2|

≤ ε1(|h1|+ |h2|).(15.5.28)

(3) We also assume that ε1(δ) → 0 uniformly over x0 when we consider a
family of approximate solutions x0.

Now, setting F (x0 + h) = 0, we obtain F (x0) + dF (x0)h+N(x0, h) = 0 or

(15.5.29) dF (x0)h = −F (x0) +N(x0, h).

(4) Now suppose dF (x0) is surjective linear map and let Q(x0) be its right
inverse so that dF (x0) ◦Q(x0) = id.
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(5) When we consider a family of approximate solutions x0, then we assume
that there exists a uniform constant C > 0 with

(15.5.30) ‖Q(x0)‖ ≤ C
for x0.

Then we put an Ansatz h = Q(x0)k for k ∈ B2. Then (15.5.29) is reduced to

(15.5.31) k = −F (x0) +N(x0, Q(x0)k).

Now we regard the right hand side as a map from B2 to B2 and denote this map
by

G(k) = −F (x0) +N(x0, Q(x0)k).

At this point, we note that G(0) = −F (x0) is assumed to be sufficiently small. To
solve the fixed point problem k = G(k) of the map G, we will apply Picard fixed
point theorem. To apply the fixed point theorem, we need to prove existence of
δ > 0 such that

(1) G maps a closed ball B(δ) ⊂ B1 to B(δ) itself.
(2) G is a contraction map, i.e., it satisfies

|G(x1)−G(x2)| ≤ λ|x1 − x2|
for some 0 < λ < 1.

Let us examine what (1) means in terms of the F , x0. We have

| − F (x0) +N(x0, Q(x0)k)| ≤ |F (x0)|+ |N(x0, Q(x0)k)|
≤ ǫ+ ε1(|Q(x0)k|)|Q(x0)k| ≤ ǫ+ Cε1(C|k|)|k|.

If |k| ≤ δ, then we have

| − F (x0) +N(x0, Q(x0)k)| ≤ ǫ+ Cε1(Cδ)δ

Solving ǫ + Cε1(Cδ)δ ≤ δ, we obtain

(1− Cε1(Cδ))δ ≥ ǫ.
Therefore we first choose δ, say, so that

|1− Cε1(Cδ)| ≥
1

2
, (and so δ ≥ 2ǫ).

The first inequality satisfies whenever δ ≤ δ0 for some δ0 > 0 which depends only
on N (in turn on F and x0.) Therefore we need to choose δ so that

(15.5.32) 2ǫ ≤ δ ≤ δ0.
Note that both ǫ and δ0 depends on the equation F and the approximate solution
x0. In applications, it happens that the choice of δ0 can be made uniform on ǫ as
long as ǫ is sufficient small. So by improving the choice of approximate solution x0,
we can always find δ that satisfies (15.5.32).

Next we estimate |G(k1)−G(k2)|,
|G(k1)−G(k2)| = |N(x0, Q(x0)k1)−N(x0, Q(x0)k2)|

≤ ε1(|Q(x0)k1|+ |Q(x0)k2|)|Q(x0)||k1 − k2|
≤ ε1(|Q(x0)k1|+ |Q(x0)k2|)C|k1 − k2|.

We choose δ1 > 0 so that

ε1(2Cδ1)C ≤
1

2
.
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We note that the choice of such δ1 depends only on N (in turn F and x0). This
choice is always possible because we assume that ε1(δ) → 0 as δ → 0, and the
choice of δ1 can be made uniform over x0 as long as ǫ is sufficiently small. We set

δ2 = min{δ0, δ1}.
By construction, it follows that if ǫ is sufficiently small, then we can choose δ2 = 2ǫ.

We summarize the above discussion into

Proposition 15.5.1. Let B1, B2 be Banach spaces and let F : B1 → B2 be a
smooth map. Let x0 ∈ U satisfy

|F (x0)| ≤ ǫ
where U ⊂ B1 be an open subset. Suppose that dF (x0) is surjective and Q(x0) is its
right inverse and assume |Q(x0)| ≤ C uniformly over x0 ∈ U . Choose any δ2 = 2ǫ
as above. Then F (x) has a unique solution of the form x = x0 +Q(x0)k with

|k| ≤ δ2.
In particular, there exists some ǫ0 > 0 such that whenever 0 < ǫ ≤ ǫ0 the perturba-
tion error |Q(x0)k| can be made in the same order of ǫ so that

|Q(x0)k| ≤ Cǫ
i.e., so that the genuine solution x lies in the ball Bx0(Cǫ) ⊂ U uniformly over x0.

In the rest of this section, we will implement this perturbation scheme in con-
structing smooth Floer trajectories nearby each broken trajectories under the suit-
able transversality hypothesis.

15.5.2. Gluing broken trajectories. Let u−#u+ where

(u−, u+) ∈ M(x, z;B1; J)×M(z, y;B2 : J)

with B1#B2 = B. Since we assume J = {Jt} satisfies transversality stated in
Proposition 15.1.5, we know that the linearizations

D∂J(u±) :W
1,p(u∗±M)→ Lp(u∗±M)

are surjective. Since we will not vary such J in the discussion followed, we will omit
J-dependence in our notation of the moduli spaces.

The following is the main result we will prove in this subsection.

Theorem 15.5.2. Let K− ⊂M(x, z;B1), K+ ⊂M(z, y;B2) be given compact
subsets.

(1) There exists some R0 > 0 and a diffeomorphism

Glue : K− ×K+ × (R0,∞)→M(x, y;B)

onto its image.
(2) Furthermore there exists a homeomorphism

ϕ : [R0,∞) ∪ {∞} → (−ǫ0, 0]
such that the reparameterized diffeomorphism

Glueϕ : K− ×K+ × (−ǫ0, 0)→M(x, y;B)

extends to the map

Glueϕ : K− ×K+ × (−ǫ0, 0]→M(x, y;B)
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so that the following diagram commutes:

K− ×K+ × {0}
∼= // K− ×K+

K− ×K+ × (−ǫ0, 0]
��

� _

((RR
RR

RR
RR

RR
RR

R

Glueϕ //

((RR
RR

RR
RR

RR
RR

R
M(x, y;B)

��

oo ? _M(x, z;B1)×M(z, y;B2)
))

� vSSSSSSSSSSSSSSS

��
(−ǫ0, 0] oo ? _{0}

.

Here the statement (1) is Floer’s original form of the gluing theorem [Fl88b],
which is, so called, a gluing theorem ‘at infinity’. This gluing map Glue itself,
however, does not establish construction of a collar neighborhood of the boundary
∂M(x, y;B) when we regardM(x, y;B) as a manifold with boundary diffeomorphic
to

M(x, z;B1)×M(z, y;B2).

The main problem is extending Glue smoothly to infinity

M(x, z;B1)×M(z, y;B2)× {∞}
by adding the broken trajectory to M(x, y;B) according to the convergence de-
scribed in section 14.2.

Statement (2) then is about establishing this collar neighborhood out of state-
ment (1) by a suitable choice of reparamerization function ϕ : [R0,∞)→ [ǫ0, 0).

We start with the gluing theorem of statement (1). The proof consists of 4
steps:

(1) Construction of approximate solutions
(2) Construction of right inverse of the linearization
(3) Construction of genuine solutions and so that of Glue
(4) Establishing the diffeomorphism property of Glue

The scheme used in the first 3 steps is often called Taubes gluing method which
Taubes first used in his construction of self dual connections on positive definite
four-manifolds [Ta82] and greatly employed by Donaldson [Do86] in the study
of differential topology of four-manifolds. Since then this gluing scheme has be-
come a fundamental ingredient in the analysis of pseudoholomorphic curves and its
applications to symplectic geometry as well as in the analysis of Yang-Mills and
Seiberg-Witten moduli spaces and its applications to low dimensional topology.

The last step in turn consists of 4 steps:

(1) Proof of local injectivity
(2) Proof of properness
(3) Proof of surjectivity of Glue onto

V ǫ(K− ×K+, δ) =
⋃

(u−,u+)∈K−×K+

V ǫδ (u−, u+)

for some choice of ǫ, δ, where V ǫδ (u−, u+) is defined in (14.2.39).
(4) Proof of global injectivity of Glue

Now some detail of each step is in order. We will point out all the main
ingredients of the construction, but not attempt to provide complete details of ana-
lytic estimates of the construction which can be filled by a straightforward integral
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estimates mainly using the exponential decay estimates established in Proposi-
tion 14.1.5. Otherwise we refer readers to Floer’s original paper [Fl88b] or to
[FOOO07] for the details.

15.5.2.1. Pre-gluing and error estimates. We recall thatM(x, y;B) = M̃(x, y;B)/R
is a quotient space and the gluing map is supposed to have its domain as

M(x, z;B1)×M(z, y;B2)× (R0,∞)

and have target asM(x, y;B). However the actual gluing construction uses maps,
not their equivalence classes. Therefore we need to take the slices, i.e., good repre-

sentatives ofM(x, z;B1),M(z, y;B2) from M̃(x, z;B), M̃(z, y;B) first. We again
use the normalization condition

(15.5.33) EJ(u|(−∞,0]×[0,1]) = EJ (u|[0,∞)×[0,1])

to represent elements ofM by M̃0 as in the end of section 14.2.

Now let u− ∈ M̃0(x, z;B1) and u+ ∈ M̃0(z, y;B2) a choice of such pair. We fix
a small geodesic neighborhood U of z ∈ L0∩L1 so that U = expz V with V ⊂ TzM
and U does not contain any other intersection points. Then the following lemma is
an immediate consequence of Proposition 14.1.5.

Lemma 15.5.3. For each given compact subset K− ⊂ M̃0(x, z;B1) and K+ ⊂
M̃0(z, y;B2), there exists R0 = R0(z, U ;K−,K+) > 0 such that

(15.5.34) u−([R0,∞)× [0, 1]), u+((−∞,−R0]) ⊂ U.
By this lemma, we can write

u−(τ, t) = expz ξ−(τ, t) for τ ≥ R0

u+(τ, t) = expz ξ+(τ, t) for τ ≤ −R0.

Then we define the pre-gluing u−#(R;ρ)u+ =: uapp by the formula

uapp(τ, t) =





u−(τ + 2R, t) for τ ≤ −R
expz ((1− χ(τ))ξ−(τ + 2R) + χ(τ)ξ+(τ − 2R, t)) for −R ≤ τ ≤ R
u+(τ − 2R, t) for τ ≥ R

for a cut-off function χ : R → [0, 1] such that {1 − χ, χ} form a partition of unity
subordinate to the cover {(−R, 1), (−1, R)}. (To make the construction symmetric
with respect to ±, we may also require χ(−τ) = 1− χ(τ).)

Proposition 15.5.4. The pregluing map

PreG : (u−, u+, R)→ u−#R;χu+;

M̃0(x, z;B1)× M̃0(z, y;B2)× (R0,∞)→ F(x, y;B)

induces a smooth embedding of K− ×K+ × (R0,∞) into F(x, y;B) provided R1 is
sufficiently large. Furthermore we have the error estimate

(15.5.35) ‖∂J(u−#R;χu+)‖p ≤ Ce−δ1R, R ≥ R1

for some C = C(K−,K+), δ1 = δ1(K−,K+).

The proof of this proposition is a consequence of the exponential decay estimate
given in Proposition 14.1.5.
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15.5.2.2. Construction of right inverse. By the assumption on J , D∂J (u±) are
surjective and has a right inverse

Q(u±) : L
p(u∗±TM)→W 1,p(u∗±TM).

The right inverse is not unique and so we need to choose them smoothly depending
on u− ∈M0(x, z;B1), u+ ∈M0(z, y;B2) respectively so that

(15.5.36) ‖Q(u±))‖ ≤ C, D∂J(u±) ◦Q(u±) = id

for some C = C(K±) independent of u± ∈ K±.

Exercise 15.5.5. Prove that such a choice is always possible.

Now we consider the pre-glued map

PreG(u−, u+, R) := u−#χ;Ru+ = uapp

and its covariant linearization D = D∂J(uapp). Similarly to the construction of
approximate solutions, we first explicitly construct an approximate right inverse of
D as follows:

Let η ∈ Lp(u∗appTM). We define the families of the elements in Lp(u∗±TM) by

η−,R(τ, t) =

{
η(τ − 2R) for τ ≤ 2R

0 for τ ≥ 2R

η+,R(τ, t) =

{
0 for τ ≤ −2R
η(τ + 2R) for τ ≥ −2R

for each R ≥ R0, respectively. We note

η−,R(τ, t) ∈ Tu−(τ,t)M, η+,R(τ, t) ∈ Tu+(τ,t)M

by construction and so η±,R really define sections of Lp(u∗±TM) respectively. By
construction, we have

supp η−,R ⊂ (−∞, 2R]× [0, 1]

supp η+,R ⊂ [−2R,∞)× [0, 1].(15.5.37)

Recall from the definition of uapp that

uapp([−2R, 2R]× [0, 1]) ⊂ U.

We denote by

Πqp : TpM → TqM

the parallel transport along the short geodesic from p to q whenever d(p, q) ≤
ι(g)=injectivity radius of g. Obviously we have (Πqp)

−1 = Πpq .
We denote

(15.5.38) ξ±,R = Q±(u±)(η±,R) ∈W 1,p(u∗±TM).

Now we define

Qapp(u±, R) : L
p(u∗appTM)→ W 1,p(u∗appTM)
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by the following formula: for ξapp := Qapp(u±, R)(η)
(15.5.39)

ξapp(τ, t) =





ξ−,R(τ + 2R, t) for τ ≤ −R
ξ+,R(τ − 2R, t) for τ ≥ R
Π
uapp(τ,t)
z

(
(1− χ(τ))Πzu−(τ,t)(ξ−,R(τ, t)) + χ(τ)Πzu+(τ,t)(ξ+,R(τ, t))

)

for −R ≤ τ ≤ R.
By construction of this approximate inverse, we easily obtain

Proposition 15.5.6. We have

‖Qapp(u±, R)‖ ≤ C, ‖D∂(uapp) ◦Qapp(u±, R)− id‖ ≤
1

2
.

In particular, D∂(uapp) ◦Qapp(u±, R) is invertible.

Once we have this proposition, we can construct a genuine right inverse by

Q(u±, R) = Qapp(u±, R) ◦ (D∂(uapp) ◦Qapp(u±, R))−1

that satisfies (15.5.36) and varies smoothly on the gluing parameters (u±, R).
At this stage, we apply the Picard contraction mapping theorem as in Proposi-

tion 15.5.1 to construct the genuine solution associated to PreG(u−, u+;R) which
we denote by Glue(u−, u+;R) = u−#̂Ru+. This defines a smooth map

Glue : K− ×K+ × [R0,∞)→M(x, y;B).

15.5.3. Wrap-up of the proof of Theorem 15.5.2. In this subsection, we
prove various properties of the gluing map Glue and wrap-up the proof of Theorem
15.5.2.

15.5.3.1. Local injectivity. We fix the compact subsetsK1 ⊂M(x, z;B1), K2 ⊂
M(z, y;B2). Consider B = B1#B2 andM(x, y;B).

We start with the local injectivity

Proposition 15.5.7. Glue : K− × K+ × [R0,∞) → M(x, y;B) is locally in-
jective.

Proof. This follows from the local injectivity of the pre-gluing map preG and
the uniqueness of the fixed point in the application of Picard fixed point theorem.

�

15.5.3.2. Properness. Let K ⊂M(x, y;B) be any compact subset.

Proposition 15.5.8. Glue−1(K) ⊂ M(x, z;B1) × M(z, y;B2) × [R0,∞) is
compact.

Proof. Suppose ui = Glue(u−i , u
+
i , Ri) with

(15.5.40) EJ,(−∞,0](u
±
i ) = EJ,[0,∞)(u

±
i )

and [ui] ∈ K. Since K is compact, there exists a subsequence, still denoted by i’s,

and τi such that ui ◦ τi converges to u∞ ∈ M̃(x, y;B). Without loss of generality,
we assume τi = 0. By the convergence, we have the uniform derivative bound
|dui| ≤ C for some C > 0 and in particular there does not occur bubbling. It also
follows from Proposition 14.2.4 that

(15.5.41) lim
R→∞

EJ,[−R,R](ui) = ω(B).
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It is easy to see from (15.5.40), the definition of Glue and (15.5.41) that Ri < C
for some C > 0.

It remains to show that there exists a subsequence ij ’s such that u−ij , u
+
ij

con-

verge. By the definition of ui = Glue(u−i , u
+
i , Ri) and derivative bound |dui| ≤ C,

we have the bounds |du±ij | ≤ C′. Therefore if u
−
ij
(or u+ij ) fails to converge, (15.5.41)

implies that there exists a subsequence of ij, still denoted by ij, such that

lim
j→∞

EJ,[−Rij
,Rij

](u
−
ij
) < ω(B1) ≤ ω(B).

Again the definition of Glue(u−i , u
+
i , Ri) and (15.5.41) prevents this from happen-

ing. This proves properness. �

15.5.3.3. Surjectivity. Consider the neighborhood

V ǫ(K− ×K+, δ) =
⋃

(u−,u+)∈K−×K+

V ǫδ (u−, u+)

where we recall V ǫδ (u−, u+) is defined in (14.2.39).

Proposition 15.5.9. Suppose Glue is defined on

K− ×K+ × [R0,∞) ⊂M(x, z;B1)×M(z, y;B2)× [R0,∞)

for some R0 > 0. Then there exist ǫ, δ > 0 such that

V ǫ(K− ×K+, δ) ∩M(x, y;B) ⊂ ImageGlue.

Proof. Suppose to the contrary that there exist ǫi, δi → 0 and

ui ∈ V ǫ(K− ×K+, δ) ∩M(x, y;B) \ ImageGlue.

By (14.2.37) and compactness of K±, u
±
i converge to u± locally for some u± ∈ K±.

Furthermore since δi → 0, (14.2.38) and Proposition 14.2.4 imply u±i → u± globally
in K±. Therefore we can write

u±i (τ, t) = expu±(τ,t) ξ
±
i (τ, t)

for some ξ±i : R× [0, 1]→ Tp±M . Then there exists Ri → 0 such that

dist(ui, preG(u+, u−, Ri))→ 0.

But we have ∂Jui = 0 and so the uniqueness part of Proposition 15.5.1 implies
ui = Glue(u+, u−, Ri) if i is sufficiently large. This contradicts to the standing
hypothesis ui 6∈ ImageGlue. This finishes the proof. �

15.5.3.4. Global injectivity. By now, we have proved that Glue : K− ×K+ ×
[R0,∞)→M(x, y;B) is a covering map onto a subset ofM(x, y;B). We now show
that

Proposition 15.5.10. Glue is one-one if R0 is sufficiently large.

Proof. We may assume that K± are path-connected and K± = U± for some
open subsets U±.

Suppose to the contrary that

(15.5.42) Glue(u−i , u
+
i , Ri) = Glue(u−′i , u

+′
i , R

′
i) =: ui

for some (u−i , u
+
i , Ri) 6= (u−′i , u

+′
i , R

′
i) ∈ U− × U+ × R with Ri, R

′
i → ∞. By

construction, we have
lim
i→∞

u±i = lim
i→∞

u±′i =: u±∞
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after choosing a subsequence, if necessary. Then again by the uniqueness of the
gluing construction we have

Glue(u−i , u
+
i , Ri) = Glue(u−∞, u

+
∞, R∞,i) = Glue(u−′i , u

+′
i , R

′
i)

for some R∞,i →∞ as i→∞. As Ri, R
′
i →∞ u±i , u

±′
i → u±′∞ , it follows that

(u−i , u
+
i , Ri), (u

−′
i , u

+′
i , R

′
i) ∈ V ǫδ (u−∞, u+∞)

for all sufficiently large i for some ǫ, δ > 0. Then by the same argument as in the
surjectivity proof, it follows

dist
(
(u−i , u

+
i , Ri), (u+, u−, R∞,i)

)
, dist

(
(u−i , u

+
i , Ri), (u+, u−, R∞,i)

)
→ 0.

Since we assumed [u−i , u
+
i , Ri] 6= [u−′i , u

+′
i , R

′
i], this violates the local injectivity at

[u+, u−, R∞,i] for any R∞,i > R0 given in Proposition 15.5.7 and hence follows the
proposition. �

15.5.3.5. Construction of boundary chart. By now, we have proved Theorem
15.5.2 (1). It remains to prove Theorem 15.5.2 (2) which is in order. For this
purpose, we need to choose a smooth function ϕ : [R0,∞) → (−ǫ0, 0) such that
limT→∞ ϕ(T ) = 0. We define ϕ by

ϕ(T ) = e−
δ
T =: s

for some suitable constant δ > 0. The choice of this δ is related to the rate σ± of
exponential decay established in Proposition 14.1.5.

We define the map Glueϕ : K− ×K+ × (−ǫ0, 0)→M(x, y;B) and

Glueϕ(u−, u+, s) = Glue(u−, u+, ϕ
−1(s)).

Then the map Glueϕ continuously extends to a one-one map

Glueϕ : K− ×K+ × (−ǫ0, 0]→M(x, y;B)

and so defines a homeomorphism onto its image. This provides a boundary chart
ofM(x, y;B).

Exercise 15.5.11. Prove compatibility of the above constructed coordinate
charts.

15.6. Coherent orientations of Floer moduli spaces

We start with the discussion of orientation for the case of classical Morse theory
in the point of view of Witten and Floer’s Morse homology approach.

15.6.1. Coherent orientations in Morse homology. It is well-known in
the classical Morse theory that the negative gradient flow ẋ = − gradf(x) pro-
vides the homology and the positive gradient flow provides the cohomology. (See
[Mil65].) Considering the (downward) Morse complexes CM(f) and CM(−f), we
have the natural isomorphism

CM(−f) ∼= Hom(CM(f),Q)

induced by the one-one correspondence

(15.6.43) x̃→ x∗
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where x∗ is the element Hom(CM(f),Q) defined by x∗(x) = 1 and x∗(y) = 0 for
x 6= y ∈ Crit(f). Then this induces a (strongly) nondegenerate pairing

CMk(f)× CMn−k(−f)→ Q

in the chain level of Morse homology (or more accurately Morse-Smale-Witten-Floer
homology).

Following the standard scheme of assigning the coherent orientation [Mil65],
we

(1) first, choose orientations of unstable manifolds Wu
f (x) at each x ∈ Crit f ,

(2) then, choose coorientations of stable manifolds W s
f (x) so that

NxW
s
f (x) = TxW

u
f (x)

as an oriented vector space.

Denote this orientation of Wu
f (x) by o(x).

For a generic metric g, the stable and unstable manifolds intersect transversally,
i.e., the pair (f, g) becomes a Morse-Smale pair . Assuming this transversality, we
can assign orientations of SWu

f (x) by requiring the equality

span{∇f(p)} ⊕ TpSWu
f (x) = TpW

u
f (x)

as an oriented vector space. And the normal bundles of W s
f (y) ⊂ M and of

SW s
f (y) ⊂ f−1(y) at p are canonically isomorphic, we give a coorientation on

SW s
f (y) in f

−1(y) as that of W s
f (y) in M . Therefore the intersection

SWu
f (x) ∩ SW s

f (y) ⊂ f−1(y)
carries natural orientation. We have a natural diffeomorphism

SWu
f (x) ∩ SW s

f (y)
∼= M̃g(f ;x, y)/R

where M̃g(f ;x, y) is the moduli space of negative gradient trajectories, i.e., the
solutions of

χ̇+ gradf(χ) = 0, χ(−∞) = x, χ(∞) = y.

We denote this orientation by o(x, y).
This way of assigning orientations enjoys the following compatibility or coher-

ence properties under the gluing construction.
Note that the product Mg(f ;x, z) ×Mg(f ; z, y) carries the natural product

orientation coming from o(x, z) and o(z, y). Now consider the gluing map

Glue :Mg(f ;x, z)×Mg(f ; z, y)× [R,∞)→Mg(f ;x, y)

which extends to

Glue :Mg(f ;x, z)×Mg(f ; z, y)× [R,∞) ∪ {∞} →Mg(f ;x, y)

smoothly. We denote by

o(x, z)#o(z, y)

the pushforward of the product orientation ofMg(f ;x, z)×Mg(f ; z, y) on

Mg(f ;x, z)#Mg(f ; z, y)

under the map Glue, which we call the glued orientation.



408 15. OFF-SHELL ANALYSIS OF THE FLOER MODULI SPACE

On the other handMg(f ;x, z)#Mg(f ; z, y) carries another orientation as the

boundary component of the manifold with boundaryMg(f ;x, y), which we call the
boundary orientation. We denote this orientation by

∂o(x, y)

Proposition 15.6.1. Denote by Mg(f ;x, y) the compactified moduli space of
Mg(f ;x, y) and assume

Mg(f ;x, z)×Mg(f ; z, y) →֒ ∂Mg(f ;x, y)

as a boundary component via the gluing map Glue restricted to R = ∞. Then we
have

(15.6.44) o(x) = o(x, y)#o(y)

for all x, y ∈ Crit f such that M(x, y; f) 6= ∅. In particular we have

(15.6.45) o(x, z)#o(z, y) = ∂o(x, y).

Instead of proving this proposition, we heuristically explain how (15.6.45) fol-
lows from (15.6.44). The latter can be formally written as o(x, y) = o(x) − o(y).
Then the former just follows by adding o(x, z) and o(z, y).

We call the system {o(x, y)} of orientations satisfying (15.6.45) coherent ori-

entations on the Morse moduli spaces M̃(x, y; f) for all x, y ∈ Crit(f) in general.
The above construction then provides a way of providing such a coherent system
geometrically. We denote by σ the system of coherent orientations by the procedure
starting with orienting unstable manifolds.

When µf (x) − µf (y) = 1, we consider the corresponding stable and unstable
spheres at a level c

SWu
f (x) := f−1(c) ∩Wu

f (x), SW
s
f (y) := f−1(c) ∩W s

f (y)

with f(y) < c < f(x). In general for a submanifold T ⊂M intersecting transversely
with f−1(c), the intersection K ∩ f−1(c) is oriented by the equation

(15.6.46) TpK = {−∇f(p)} ⊕ Tp(K ∩ f−1(c)) =
{
∂

∂τ

}
⊕ Tp(K ∩ f−1(c)).

By comparing the two orientations on Tp(SW
u
f (x)) and Np(SW

s
f (y) at each p ∈

SWu
f (x)∩SW s

f (y), we can define the intersection number #(SWu
f (x)∩SW s

f (y)) in

f−1(c). This enables one to define the matrix element n(f ;x, y) = #(Mg(f ;x, y))
of the Morse homology boundary map

∂(g,f) : CM∗(f)→ CF∗(f)

as an integer and satisfies the boundary property ∂2(g,f) = 0. The coherence property

of the system σ is crucial to establish this boundary property. We define the Morse
homology of the pair (g, f) by

HMσ
∗ (g, f ;M)

with respect to the coherent system σ of orientations.
Obviously we can replace unstable manifolds by stable manifolds in the above

construction and obtain another coherent system of orientations which we denote
by σ̃. For this system, one should note that

(1) first orient stable manifolds,
(2) require N σ̃Wu

f (x) = T σ̃W s
f (x),
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(3) and any oriented submanifold S ⊂ M intersecting M c = f−1(c) trans-
versely, we give the orientation S ∩M c by the relation

{
− ∂

∂τ

}
⊕ T S∩Mc

p = TpS.

One may regard this construction of σ̃ for f as the construction of σ for −f using
the time reversal involution

M(x, y; f)→M(y, x;−f).

In general

HM σ̃
k (g, f ;M) 6∼= HMσ

k (g, f ;M)

but we will show later in section 19.7.2 the following isomorphism

HM σ̃
(n−k)(g,−f ;M) ∼= HMk

σ (g, f ;M)

holds whether or not M is orientable. When M is orientable, one can also prove

HM σ̃
k (g, f ;M) ∼= HMσ

k (g, f ;M).

15.6.2. Orientation data on smooth Floer moduli spaces. In this sec-
tion, we study the orientability of each smooth Floer moduli spaces for the given
pair (L0, L1). It turns out that the geometric discussion of orientation on the Morse
moduli spaces can be replaced by the corresponding analytical study of family index
of Fredholm operators of linearizations of the nonlinear map

(15.6.47) χ 7→ χ̇+ gradg f(χ)

even in the Morse homology context. This analytical study can be directly repeated
in the Floer theory context by replacing (15.6.47) by the ∂-type nonlinear map.

Recall that the Floer homology theory is often regarded as an infinite dimen-
sional Morse theory on the loop spaces (in the case of closed strings) or on the
path spaces (in the case of open strings) with Lagrangian boundary conditions.
Equipping an orientation of Floer moduli spaces can be regarded as equipping one
on a subset of this loop or path space. It is a folklore that spin structure on the
space M can be regarded as an orientation of the loop space of M . It turns out
that a spin structure of Lagrangian submanifold M is what is necessary to be able
to provide the coherent orientations on the associated compactified moduli spaces.
More generally we need

Definition 15.6.2. A submanifold L ⊂ M is called relatively spin if it is
orientable and there exists a class st ∈ H2(M,Z2) such that st|L = w2(TL) for the
Stiefel-Whitney class w2(TL) of TL.

A chain (L0, L1, · · · , Lk) or a pair (L0, L1) of Lagrangian submanifolds is said
to be relatively spin if there exists a class st ∈ H2(M,Z2) satisfying st|Li = w2(TLi)
for each i = 0, 1, · · · , k.

If N is a spin manifold, then any Lagrangian submanifold L = ϕ(N) ⊂ (M,ω)
given by the embedding ϕ : N → M is relatively spin since we can take st = 0 in
H2(M,Z2).
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15.6.3. Coherent orientations in Floer homology. We now explain con-
struction of a system of coherent orientations, a counterpart of the coherent ori-
entations of the Morse homology explained in the previous section. We restrict
ourselves to the case of spin pair (L0, L1) for the simplicity of exposition. (We refer
to Section 8.1 [FOOO09] for details in the more general setting of relative spin
structure.)

We assume that all Lagrangian submanifolds appearing in the discussion of
this section are equipped with orientation and spin structure. We also assume L0

intersects L1 transversely.
In this subsection, we prove the following theorem

Theorem 15.6.3. If (L0, L1) is a spin pair, then M(p, q;B) is orientable.
When L0, L1 are spin and a choice of spin structures is made, it provides a natural
orientation on M(p, q;B) for each pair p, q ∈ L0 ∩ L1 and B ∈ π2(p, q).

15.6.3.1. Orientation o[p,w]. Let [p̂, w] ⊂ Ω(L0, L1; ℓ01), i.e., an element such
that p ∈ L0 ∩ L1 and w satisfies

w(0, t) = ℓ01(t), w(1, t) ≡ p, w(s, 0) ∈ L0, w(s, 1) ∈ L1.

We denote by Map(ℓ01; p;L0, L1;α) the set of such maps w : [0, 1]2 →M in homo-
topy class [w] = α of π2(ℓ01; p). Let w ∈ Map(ℓ01; p;L0, L1;α). Let Φ : w∗TM →
[0, 1]2 × TpM be a (homotopically unique) symplectic trivialization as before. The
trivialization Φ, together with the boundary condition, w(0, t) = ℓ01(t) and the
Lagrangian path λ01 along ℓ01, defines a Lagrangian path

λΦ = λΦ([p,w];λ01)
: [0, 1]→ Λori(TpM)

satisfying λΦ(0) = TpL0, λ
Φ(1) = TpL1. The homotopy class of this path does not

depend on the trivialization Φ but depends only on [p, w] and the homotopy class
of λ01 along ℓ01. Unlike the case of Morse homology, each intersection p ∈ L0 ∩ L1

carries the set π2(ℓ01; p) of homotopy classes of maps defined above. We need to find
a systematic way of simultaneously choosing orientations of (15.6.49) for various
choice of α ∈ π2(ℓ01; p).

For this purpose, we extend the given orientations on Tℓ01(0)L0 and Tℓ01(1)L1

to a frame on the Lagrangian path λ01 along ℓ01. Then we consider the following
boundary value problem for the section ξ of w∗TM on R≥0 × [0, 1] of W 1,p class
such that

(15.6.48)

{
Dw∂(ξ) = 0

ξ(0, t) ∈ λ01(t), ξ(τ, 0) ∈ TpL0, ξ(τ, 1) ∈ TpL1.

Here Dw∂ is the linearization operator of the Cauchy-Riemann equation.
We denote Z− = R≥0× [0, 1] and define W 1,p(Z−;λ01) to be the set of sections

ξ of w∗TM on Z− of W 1,p class satisfying the above boundary conditions. Then
we obtain a Fredholm operator

Dw∂ :W 1,p(Z−, TpM ;λ)→ Lp(Z−, TpM ⊗ Λ0,1)

which we denote by ∂([p,w];λ01). Its index, IndexDw∂, as a virtual vector space is
given by

kerDw∂ − cokerDw∂
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and its numerical index is given by the Maslov-Morse index. We denote the deter-
minant line by

det ∂([p,w];λ01).

By varying w in its homotopy class α ∈ π2(ℓ01; p) = π2(ℓ01; p;L0, L1), these lines
define a line bundle

(15.6.49) det ∂([p,w];λ01) →Map(ℓ01; p;L0, L1;α).

The following proposition is implicitly proved in the proof of Proposition 15.4.1.

Proposition 15.6.4. Let (L0, L1) be a pair of oriented spin Lagrangian sub-
manifolds. Then for each fixed α the bundle (15.6.49) is trivial.

Exercise 15.6.5. Extract a proof of this proposition from that of Proposition
15.4.1.

We denote by o[p,w] an orientation of the bundle (15.6.49).
The orientation o[p,w] of the bundle (15.6.49) may be regarded as the analog

to an orientation of unstable manifolds of critical points in Morse homology. As
we mentioned before, the unstable manifolds have many connected components
parameterized by π2(p; ℓ01).

Let Φ and λΦ be as above. Recall that what really enters in the construction
of the orientation o[p,w] are the data

(1) the path λΦ : [0, 1]→ TpM connecting TpL0 and TpL1. (For the definition
of o[p,w], the path is the concatenation

(
TpL0 → Tℓ01(0)L0

)
#λ01#

(
Tℓ01(1)L1 → TpL1

)

in the trivialization Φ : w∗TM → [0, 1]2 × TpM , and the associated La-
grangian subbundle of w∗TM over it.)

(2) the Riemann-Hilbert problem (15.6.48) on the semi-strip R[0,∞) × [0, 1]
with this path as the boundary condition.

Therefore we need to handle this choice of trivialization Φ over w in a canonical
way. This is the first place where the presence of spin structures on L0, L1 enters.
Recall that a choice of orientations of L0 and L1 determines one on TpL0 = λ01(0)
and one TpL1 = λ01(1) respectively.

15.6.3.2. Orientation op. We consider the pull-back bundle pr∗ TM → [0, 1]×
M of the projection pr : [0, 1]×M → M . For p ∈ L0 ∩ L1, we consider a path of
oriented Lagrangian subspaces λp : [0, 1]→ Λori(TpM) so that

λp(0) = TpL0, λp(1) = TpL1.

We denote by λp to be a path connecting TpL0 and TpL1 in Λori(TpM) and regard
it as the bundle

λp =
⋃

t∈[0,1]
{t} × λp(t)→ [0, 1]

by an abuse of notation. This bundle, together with [0, 1]×TpLi for i = 0, 1, defines
a Lagrangian subbundle L → K(L0, L1) of pr

∗ TM |K(L0,L1) for the subset

K(L0, L1) = (L0 × {0}) ∪ ((L0 ∩ L1)× [0, 1]) ∪ (L1 × {1}) ⊂ [0, 1]×M
which extends the subbundle

{0} × TL0 ∪ {1} × TL1 ⊂ pr∗ TM |∂[0,1].
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Denote by Pspin(Li) the principal spin bundle of TLi, which is a fiberwise
double cover of its oriented frame bundle PSO(Li). We may assume that L0 ∩
L1 is contained in the 3-skeleton of M . In order to specify the spin structure
on L|K(L0,L1)[2] , where K(L0, L1)[2] is the 2-skeleton of K(L0, L1), we proceed as
follows.

Let σ be a section of PSO(n)(L), i.e., an oriented frame bundle of the vector
bundle L → K(L0, L1). Then we consider its restriction to [0, 1]×{p} ⊂ K(L0, L1)
which we denote by σ[0,1]×{p}. We assume that the associated orientation restricts
to the given orientation of TpLi for each i = 0, 1. Recalling that PSpin(n)(L) →
PSO(n)(L) is a double cover, we let

ισi (p) ∈ Pspin(Li)|p,
be a lifting of the value σ(1 × {p}) for each i = 0, 1. We consider the triple
(σ[0,1]×{p}, ι

σ
0 (p), ι

σ
1 (p)). Since the bundle

PSpin(n)(L)|[0,1]×{p} ∼= [0, 1]× Spin(n)
is a trivial double cover of PSO(n)(L)|[0,1]×{p} ∼= [0, 1]×SO(n), we can pick a lifting
ι[0,1]×{p} : [0, 1]× {p} → PSpin(n)(L)|[0,1]×{p} of σ[0,1]×{p} that satisfies
(15.6.50) ι[0,1]×{p}(i) = ισi (p), i = 0, 1.

This provides a spin structure of L covering the section σ of PSO(n)(L)|[0,1]×{p}
along [0, 1]× {p}. Due to the consistency condition (15.6.50), we can glue the spin
bundles Pspin(L⊕V )|[0,1]×{p} and Pspin({i}×Li), i = 0, 1 to obtain a spin structure
of the bundle L → K(L0, L1)[2].

Then repeating the same construction as o[p,w] for this canonical path αp us-
ing the above fixed spin structure on the Lagrangian subbundle L → K(L0, L1)
pr∗TM → K(L0, L1), we obtain an orientation for the determinant line bundle

det ∂([p,w];αp).

We denote this orientation by op for each p ∈ L0 ∩ L1.
15.6.3.3. Coherent orientations on M(p, q;B). Recall that the boundary of

∂M(p, r;B) consists of the union of the connected components of the type

M(p, q;B1)#M(q, r;B2), B = B1#B2.

Let ∂o(p, r;B) be the induced boundary orientation of the boundary ∂M(p, r;B).
On the other hand, we denote by

o(p, q;B1)#o(q, r;B2)

the natural orientation on the product M(p, q;B1)#M(q, r;B2) arising naturally
by gluing the virtual tangent spaces.

Definition 15.6.6 (Coherent system of orientations). We call a collection
{o(p, q;B)} for p, q ∈ L0 ∩L1 and B ∈ π2(p, q) a coherent system of orientations if
it satisfies the gluing rule

(15.6.51) ∂o(p, r;B) = o(p, q;B1)#o(q, r;B2)

whenever M(p, q;B1)#M(q, r;B2) ⊂ ∂M(p, r, ;B) and whenever the virtual di-
mension ofM(p, r;B) is 1.

The following is the counterpart of Proposition 15.6.1 in Floer homology.
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Theorem 15.6.7. Let (L0, L1) be a pair of oriented spin Lagrangian subman-
ifolds intersecting transversely. Let αp be the Lagrangian path in TpM given by

(15.3.16) for each p ∈ L0 ∩L1. Fix a choice of orientations op on Index ∂αp for all
p.

(1) It determines orientations on (15.6.49), which we denote by o[p,w].
(2) Moreover op, o[p,w] determine the orientations of M(p, q;B) denoted by

o(p, q;B) by the gluing rule

(15.6.52) o[q,w#B] = o[p,w]#o(p, q;B)

for all p, q ∈ L0 ∩ L1 and B ∈ π2(p, q).
(3) The system {o(p, q;B)} defined as above is coherent.

Proof. From Proposition 15.6.4, the bundle (15.6.49) is trivial. For each p,
we are given the elliptic operators

∂αp,Z+ :W 1,p
αp

(Z+;TpM)→ Lp(Z+;TpM ⊗ Λ0,1(Z+)).

For R > 0, we define the space (R× [0, 1])#RZ+ as follows. We consider

Z+,R = {z ∈ Z− | Re z ≥ −R}.
We glue the two spaces, [0, , R] × [0, 1] and Z+,R, by identifying (R, t) ∈ Z−,R
with (−R, t) ∈ [−R,R] × [0, 1] and (R, t) ∈ [−R,R] × [0, 1] with (−R, t) ∈ Z+,R,
respectively.

For (1), we ‘glue’ operators

Dw∂(R≥0×[0,1])

and (15.6.48) in an obvious way to obtain an operatorDw∂(R≥0×[0,1])#Z+
on (R≥0×

[0, 1])#Z+. We have an isomorphism of (family of) virtual vector spaces:

(15.6.53) Index (Dw∂(R≥0×[0,1])#Z+
) ∼= Index ∂([p,w];λ01) ⊕ Index ∂αp :

We would like to remark that the space R≥0×[0, 1]#RZ+ is conformally a 2-disc over
which the pull-back tangent bundle is given together with Lagrangian subbundle
with spin structure along its boundary.

We fixed positively oriented frames of αp and λ01, which extend the frames (or
trivializations) of TL0, TL1 provided on the two skeletons of L0 and L1 respectively
by the spin structures thereon. This trivialization induces a canonical orientation
of the index bundle Index (Dw∂(R≥0×[0,1])#Z+

) by Proposition 15.6.4. Therefore

the orientation of Index ∂αp (together with this canonical orientation) induces an

orientation of Index ∂([p,w];λ01) in a canonical way. This implies statement (1).
Next we prove statement (2). For this, we glue Z− with R× [0, 1] similarly as

above and derive the statement whose details we omit.
Finally statement (3) is a consequence of (15.6.52). This finishes the proof. �

Incidentally, Theorem 15.6.7 also implies Theorem 15.6.3.





CHAPTER 16

Floer homology of monotone Lagrangian

submanifolds

Unlike the case of π2(M,L) = {e}, the moduli space Mreg([ℓp, w], [ℓq, w
′]; J)

will not satisfy the properties required in Definition 13.8.1 in general because of the
bubbling phenomenon. There are two different aspects of what bubbling affects on
the Floer homology theory:

(1) One comes from the phenomenon of bubbling-off multiple covers of nega-
tive holomorphic spheres or discs. This is the phenomenon which already
exists in the Floer homology theory of Hamiltonian periodic orbits (or in
the Gromov-Witten theory).

(2) The other is the phenomenon of anomaly appearance ∂◦∂ 6= 0 in the Floer
homology of Lagrangian submanifolds.

The second phenomenon is closely related to the fact that bubbling-off-disc is a
phenomenon of codimension one, while bubbling-off-sphere is that of codimension
two in general. When ∂ does not satisfy ∂ ◦∂ 6= 0, we call it a (Floer) pre-boundary
map.

The problem of bubblings of negative Chern number or of negative Maslov
indices can be treated in general by considering the Kuranishi structure and the
perturbation theory of multi-valued sections [FOn99]. Even when we consider the
case where the problem (1) is removed as in the semi-positive case, the anomaly
appearance (2) cannot be avoided. This is largely responsible for the appearance
of A∞ structure in the Floer theory of Lagrangian intersections [Fu93].

16.1. Primary obstruction and holomorphic discs

In this section, we attempt to extract the structure of abstract Floer complex
formulated in section 13.8 from the pair (L0, L1) of compact Lagrangian submani-
folds with L0 ⋔ L1, and explain how anomaly occurs in this open string case unlike
the case of closed strings.

Let (L0, L1) be a transversal pair. We denote

Int(L0, L1; ℓ0) = {x ∈ L0 ∩ L1 | ℓx lies in Ω(L0, L1; ℓ0)}
CF (L0, L1; ℓ0) = the Λ(L0, L1; ℓ0)-free module over Int(L0, L1; ℓ0).

Definition 16.1.1. We say (L0, L1) is anomaly-free or unobstructed if it carries
J = {Jt} that satisfies the following conditions:

(1) For any pair {x, y} ⊂ Int(L0, L1; ℓ0) satisfying

µ(x, y;B) = 0,

415
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M̃(x, y;B) = ∅ unless x = y and B = 0 in π2(x, y). When x = y and
B = 0, the only solutions are the stationary solution, i.e., u(τ) ≡ x = y
for all τ ∈ R.

(2) For any pair {x, y} ⊂ Int(L0, L1; ℓ0) and a homotopy class B ∈ π2(x, y)
satisfying

µ(x, y;B) = 1,

M(x, y;B) = M̃(x, y;B)/R is Fredholm-regular and compact, and so a
finite set. We denote

n(x, y;B) = #M(x, y;B)

the algebraic count of the elements of the space M(x, y;B). We set
n(x, y;B) = 0 otherwise.

(3) For any pair {x, y} ⊂ Int(L0, L1; ℓ0) and B ∈ π2(x, y) satisfying
µ(x, y;B) = 2,

M(x, y;B) can be compactified into a smooth one-manifold either with-
out boundary or with boundary comprising the collection of the broken
trajectories

u1#∞u2

where u1 ∈ M(x, y : B1) and u2 ∈ M(y, z;B2) for all possible y ∈
Int(L0, L1; ℓ0) and B1 ∈ π2(x, y), B2 ∈ π2(y, z) satisfying

B1#B2 = B; u1 ∈ M(x, y;B1), [u2] ∈ M(y, z;B2)

and

µ(x, y;B1) = µ(y, z;B2) = 1.

We say any such J ∈ jω = C∞([0, 1],Jω) is (L0, L1)-regular and any such triple
(L0, L1; J) Floer-regular.

The main hypotheses in this definition concern certain compactness properties
of the zero (for (2)) and the one dimensional (for (3)) components ofM(L0, L1; J).
Another important point to define a complex over the ring Λ(L0, L1; ℓ0) is the
existence of coherent orientations on the moduli spaces. For this purpose, we want
the pair (L0, L1) to be relatively spin in the sense of [FOOO09]. We denote by

jreg(L0,L1)
⊂ jω

the set of (L0, L1)-regular J ’s. For any given pair (L0, L1) intersecting transversely,
jreg(L0,L1)

is dense in jω.

At this stage, we mention that beyond the exact case unobstructed pairs in
this strong sense are rather rare. However there is one distinguished class of un-
obstructed pairs which was singled out in [Oh93a]. This is the case of pairs of
monotone lagrangian submanifolds L which plays a significant role in the develop-
ment of general Lagrangian Floer theory.

We start with a simple example we borrow from [Oh93b], [FOOO09] which
illustrates the “instanton effects” that cause an anomaly on the boundary property
of Floer boundary map.

Example 16.1.2. Consider (M,ω) = (C, ω0) and

L0 = R+
√
−1 · 0, L1 = S1 = ∂D2(1).
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Both L0 and M are not compact. However one can conformally compactify C to
P1 ∼= S2 so that both R and S1 become equators. L0 and L1 intersect at two points
which we denote

p = (−1, 0), q = (1, 0).

We now look at the moduli spaces M(p, q), M(q, p) and M(p, p) respectively. It
is easy to see that π2(p, q) = π2(L0, L1; p, q) is a principal homogeneous space of
π2(C, S1) ∼= π1(S

1). Denote by B1 ∈ π2(p, q) the homotopy class represented by the
obvious upper semi-disc. Similarly we denote by B2 ∈ π2(q, p) the class represented
by the lower semi-disc. Then we denote by B ∈ π2(p, p) the homotopy class given
by

B = B1#B2.

By a Maslov index calculation, we derive

µ(p, q;B1) = µ(q, p;B2) = 1

and so µ(p, p;B) = 2.
By a simple application of the Riemann mapping theorem with boundary, we

prove that M(p, q;B1) has the unique element which is represented by u1 : R ×
[0, 1] → C whose image is the obvious upper semi-disc. Similarly M(q, p;B2) has
the unique element whose image is the lower semi-disc. And by a simple linear
analysis of Riemann-Hilbert problem, one can also prove that these maps are also
regular in that its linearization map is surjective. By a dimensional consideration,
we derive the formula

∂([ℓp, w]) = [q, w#B1], ∂([ℓq, w
′]) = [p, w′#B2]

for all bounding discs w of ℓp and w′ of ℓq.

Exercise 16.1.3. Prove this claim.

Now we analyze the moduli space M(p, p;B). Considering each element of

M(p, p;B) as the unparameterized curve corresponding to an element of M̃(p, p;B),
we can prove by the Riemann mapping theorem that it consists of the holomorphic
maps uℓ : R× [0, 1]→ C for −1 < ℓ < 1 that satisfy

u(R× {0}) ⊂ R× {0}, u(R× {1}) ⊂ ∂D2, [uℓ] = B

uℓ(−∞, ·) = uℓ(∞, ·) = ℓp, uℓ(0, 0) = (ℓ, 0).

By the symmetry consideration, we derive that uℓ must also satisfy

uℓ(0, 1) = (1, 0).

One can show that the above family indeed comprise all the elements ofM(p, p;B)
and all of these maps are Fredholm regular. From this description, a natural com-
pactification ofM(p, p;B) is the one obtained by adding the broken trajectory

u1#u2

which corresponds to the limit as ℓ→ 1, and the other end in the limit as ℓ→ −1.
We note that the map uℓ satisfies

(1) uℓ(R × {0}) ⊂ {(t, 0) | −1 < t ≤ ℓ} and in particular as ℓ → −1 the
uℓ|R×{0} converges to the constant map (−1, 0).

(2) The image of uℓ|R×{1} wraps around the boundary ∂D2 exactly once.
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One can also check that on any compact subset K ⊂ R × [0, 1] \ {(0, 1)}, we
have

‖duℓ‖∞,K → 0 as ℓ→ −1,
and

|duℓ(0, 1)| ր ∞.
From this analysis, we conclude that the real scenario behind the above picture
as ℓ → −1 is appearance of the stable trajectory corresponding to the following
singular curve

(u∞,R× [0, 1], {(0, 1)})∪ (w,D2, {pt})
where (u∞,R × [0, 1], (0, 1)) is the principal component u∞ : R × [0, 1]→ C is the

constant map p = (−1, 0) with its domain given by

(R× [0, 1], {(0, 1)}) ∼= (D2 \ {±1}, {i}),
and w : (D2, ∂D2) → (C, L1) is the obvious inclusion map with its domain being
the disc D2 with one marked point on the boundary ∂D2.

We note that this configuration is an admissible stable trajectory: u∞ is stable
because its domain has 3 special points on the boundary, and w is stable because it
is a non-constant map and so both maps have trivial automorphism groups. This
analysis ofM(p, p;B) computes the matrix element

〈(∂ ◦ ∂)([ℓp, w]), [ℓp, w#B]〉 = 1,

and

〈(∂ ◦ ∂)([ℓp, w]), [ℓp, w#B′]〉 = 0

for any other B′ ∈ π2(p, p) with B′ 6= B. This clearly shows

∂ ◦ ∂ 6= 0.

This example illustrates that the boundary ofM(p, p;B) with µ(B) = 2 can have a
boundary component which is not of the type of broken trajectories. And we note
that the Maslov index of the disc w above is two. We will see later that this latter
fact is not coincidental.

In fact, the obstruction described in this example is the only obstruction to
defining the Floer homology for embedded Lagrangian submanifolds on a compact
Riemann surfaces without boundary. On surfaces, any one-dimensional submani-
fold is Lagrangian and so a compact embedded Lagrangian submanifold is a finite
disjoint union of embedded circles. We summarize this discussion into the following
general theorem on surfaces

Theorem 16.1.4. Let Σ be an oriented compact surface with an area form.
Denote by EadΣ be the collection of embedded Lagrangian submanifolds none of whose
connected components are null-homotopic. Then for any L1, L2 ∈ EadΣ , the Floer
homology HF (L1, L2; Λ) with a suitably chosen Novikov ring is well-defined.

In this regard, we give the following definition

Definition 16.1.5. Let Σ be an oriented compact surface with an area form.
An embedded curve γ ⊂ Σ (not necessarily connected) is called unobstructed if no
connected component is null-homotopic.
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This definition is a special case of the one introduced in [FOOO09] restricted
to the Lagrangian submanifolds on two dimensional surfaces. We refer readers to
[Ab08] for a detailed study of Fukaya category of higher genus surfaces, in which
Abouzaid computed the Grothendieck group of the derived Fukaya category on Σ.

16.2. Definition and examples of monotone Lagrangian submanifolds

As we indicated by two dimensional examples, Floer homology for the general
pair of Lagrangian submanifolds (L0, L1) meets an obstruction. A full study of this
obstruction and its deformation theory requires mathematics of those beyond the
level of the current book which has been thoroughly carried out in [FOOO09]. We
refer to this book those who would like to learn more about the details.

Floer introduced the notion of monotone symplectic manifolds in [Fl89b] to
overcome the transversality difficulty in his study of Hamiltonian Floer homology.
(This transversality issue is by now well-established on general symplectic man-
ifolds via the machinery of Kuranishi structures and the associated multi-valued
perturbation scheme e.g., in [FOn99].)

Motivated by this, the current author singled out the class of monotone La-
grangian submanifolds in [Oh93a] in relation to extending Floer’s construction of
homology theory for the pair (L0, L1) beyond the exact cases. This class of La-
grangian submanifolds avoids most of sophisticated transversality issue of compacti-
fied moduli space of open Riemann surfaces (of genus zero) and allows one to extend
Floer’s definition seamlessly and define the map ∂ : CF (L0, L1)→ CF (L0, L1) fol-
lowing Floer’s original definition as given in Definition 16.1.1.

However it was already noted in [Oh93a] and later further highlighted in
[Oh95a] that even in this good case, anomaly can occur, i.e.,

(16.2.1) ∂2 6= 0

unless the pair (L0, L1) satisfy certain compatibility condition which is closely re-
lated to the geometry of holomorphic discs with Maslov index 2.

Remark 16.2.1. The class of monotone Lagrangian submanifolds does not seem
to have particular importance in the point of view of general symplectic topology.
It is neither a natural nor a flexible condition in the point of view of intrinsic sym-
plectic topology. However it is rich enough to illustrate how the holomorphic discs
creates anomaly and obstruction in Floer homology, and to test various Floer the-
oretic constructions in non-exact context. It also nicely generalizes the discussion
on Floer homology of Lagrangian submanifolds on surfaces when this obstruction
is taken care of one way or the other. It is a good testing ground of various alge-
braic, geometric structures before making an attempt to fully implement them in
the context of general Lagrangian submanifolds using the obstruction-deformation
theory and technology of Kuranishi structures.

The following is the analog to the definition of G(L0, L1; ℓ0) for single La-
grangian submanifold, which is also an analogue to the group

Γω = Γ(M,ω) =
π2(M)

kerω ∩ ker c1

of the ambient symplectic manifold (M,ω). Denote by Iω : π2(M,L)→ R the eval-
uations of symplectic area. We also define another integer-valued homomorphism



420 16. FLOER HOMOLOGY OF MONOTONE LAGRANGIAN SUBMANIFOLDS

Iµ : π2(M,L)→ Z by

Iµ(β) = µ (w∗TM, (∂w)∗TL)

which is the Maslov index of the bundle pair (w∗TM, (∂w)∗TL) for a (and so any)
representative w : (D2, ∂D2)→ (M,L) of β.

Definition 16.2.2. We define

G(L;ω) =
π2(M,L)

ker Iω ∩ ker Iµ
.

and Λ(L;ω) to be the associated Novikov ring.

We briefly recall the basic properties on the Novikov ring Λ(ω,L)(R) and its
subring Λ0,(ω,L)(R) where R is a commutative ring where R could be Z2, Z or Q
for example. We put

qβ = Tω(β)eµL(β),

and

deg(qβ) = µL(β), E(qβ) = ω(β)

which makes Λ(ω,L) and Λ0,(ω,L) become a graded ring in general. We have the
canonical valuation ν : Λ(ω,L) → R defined by

ν


∑

β

aβT
ω(β)eµL(β)


 = min{ω(β) | aβ 6= 0}

It induces a valuation on the subring Λ0,(ω,L) ⊂ Λ(ω,L) which induces a natural
filtration on it. This makes Λ(ω,L) a filtered graded ring. For a general Lagrangian
submanifold, this ring may not even be Noetherian.

Here is the definition of monotone Lagrangian submanifolds.

Definition 16.2.3. A compact Lagrangian submanifold L ⊂ (M,ω) is called
monotone if

Iω = λIµ for some λ ≥ 0.

We define the minimal Maslov number ΣL to be the positive generator of the image
of Iµ.

Exercise 16.2.4. Prove that monotone Lagrangian submanifolds exist only on
monotone symplectic manifolds.

Note that this case includes the so called weakly exact case i.e., the case of
Iω = 0 in a trivial way. This case can be studied in the exactly same way as in
the exact case π2(M,L) = {0}, if one ignores the grading problem. Therefore we
assume that L ⊂ M is monotone with λ > 0 and Iµ 6= 0 in our discussion in this
subsection.

The following proposition illustrates some special symplectic topology of this
class of Lagrangian submanifolds against the general ones.

Proposition 16.2.5. Let L ⊂ (M,ω) be a monotone Lagrangian submanifold.
Then G(L;M,ω) is a free abelian group of rank 1 and Λ0,(ω,L) becomes a discrete
valuation ring whose residue field is Λ(ω,L).

The RPn ⊂ CPn or the Clifford torus considered in Example 5.19 are examples
of monotone Lagrangian submanifolds.
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Proposition 16.2.6. Consider the Clifford torus T n ⊂ Pn

T n = {[z0 : z1 : · · · : zn] ∈ Pn | |zi| = 1}.
This torus is monotone and its associated group G(T n;Pn) is isomorphic to Z.

Proof. It is easy to check that π2(Pn, T n) splits

π2(Pn, T n) ∼= π1(T
n)⊕ π2(Pn).

If we denote by βi the class of the disc

Di = {[z0 : z1 : · · · : zn] ∈ Pn | zj ≡ e
√
−1θ0i fixed except for j = i},

then we have the relation

β0 + · · ·+ βn = α in π2(Pn, T n)

where α is the (positive) generator of π2(Pn). Furthermore it follows that

µ(βi) = 2 =
c1(α)

n+ 1
,

ω(βi) =
ω(α)

n+ 1
= 2π.(16.2.2)

This finishes the proof of monotonicity.
In addition (16.2.2), also implies that all βi define the same element, which we

denote by β, in G(T n;Pn) and α = (n+ 1)β. Hence we have proved

G(T n;Pn) = Z · [β] ∼= Z.

�

Next we consider other standard tori given by

T(c0,··· ,cn) = {[z0 : · · · : zn] ∈ Pn | |zi| = ci > 0}.
These are not monotone. If we denote by βi and α the classes defined similarly as
in the above case where c0 = · · · = cn. Depending on the rational dependence of
the numbers

{ω(β0), · · · , ω(βn), ω(α) = 2π}
the ranks of G(T(c0,··· ,cn);P

n) are changing between 1 and n + 1. This example
further generalized to the Lagrangian torus fibers of toric manifolds which was
carefully analyzed in [CO06].

We remark that the monotonicity condition is devised mainly for the purpose
of finding a condition with which the simple-minded Floer homology as defined
in [Oh93a] can be constructed. However the condition is preserved under the
Lagrangian suspension construction explained in subsection 3.7.2.

Proposition 16.2.7. For any compact monotone Lagrangian embedding L ⊂
(M,ω) and its exact Lagrangian loop (h, ψ) in the sense of subsection 3.7.2, their
associated suspension

ι(h,ψ) : S
1 × L→ T ∗S1 ×M.

is a monotone Lagrangian embedding with respect to the direct sum symplectic form
ω0 ⊕ w on T ∗S1 ×M with the same monotonicity constant.

Exercise 16.2.8. Prove this proposition.

We also recall from Proposition 3.7.7 that ι(h,ψ) is Hamiltonian isotopic to the

product embedding oS1 × L in T ∗S1 ×M .
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Corollary 16.2.9. Suppose ΣL ≥ 2 in addition so that its Floer homology
HF∗(L,L; Λ(ω,L)) is well-defined. Denote by L(h,ψ) ⊂ T ∗S1 ×M the image of the
suspension ι(h,ψ). Then we have

HF∗(L(h,ψ), L(h,ψ); Λ(ω,L)) ∼= HF∗(L,L; Λ(ω,L))⊗H∗(S1).

In particular if HF∗(L,L; Λ(ω,L)) 6= {0}, then HF∗(L(h,ψ), L(h,ψ); Λ(ω,L)) 6= 0.

Proof. The isomorphism follows from the facts that L(h,ψ) is Hamiltonian
isotopic to oS1 × L and the Floer homology of the direct product is isomorphic to
the product, i.e., we have

HF∗(oS1 × L, oS1 ⊗ L) ∼= HF∗(oS1 , oS1)⊗HF∗(L,L)
∼= H∗(S

1)⊗HF∗(L,L).
The last statement immediately follows from this. �

In his study of the Hofer’s diameter of Ham(S2), Polterovich exploited this
corollary and applied to the equator of S2 and gave an ingenious proof of the
following theorem whose proof will be given in section 17.6 following the original
article [Po98b].

Theorem 16.2.10 (Polterovich). The Hofer’s diameter of Ham(S2) is infinite.

Next we explain a variant of Chekanov’s tori [Che96b] described in section
3.7.3

Example 16.2.11 (Chekanov torus in S2 × S2). Originally Chekanov’s torus
was constructed in C2 using a suspension construction as described in section 3.7.3
applied to the standard circle S1 ⊂ C. With a suitable choice of parameters appear-
ing in Chekanov’s suspension, this torus can be embedded into S2×S2 as an exotic
monotone Lagrangian torus in that it is not Hamiltonian isotopic to the product
S1
eq × S1

eq ⊂ S2 × S2 (see [EP], [FOOO11a] for its proof.) Its construction can be

described as follows (see [AF08] for this description). Identify S2×S2 \∆ with the
unit disc bundle D1(TS2). The Lagrangian torus studied in [AF08] is the union of
simple closed oriented geodesics lying on ∂Dr(TS2) with passing through a given
point, say the north pole N . With a suitable choice of r > 0, this torus can be
shown to be monotone in S2 × S2 ⊃ D1(TS2). Denote this torus by T (r).

Exercise 16.2.12. Prove that there exists a unique choice of 0 < r < 1 in the
above example with respect to which the torus T (r) becomes monotone, and find
the value r.

Chekanov and Schlenk [CS10] made a systematic approach to classify mono-
tone Lagrangian tori contained in symplectic vector space or in complex projective
spaces.

16.3. One-point open Gromov-Witten invariant

One of the nice property of monotone Lagrangian submanifolds is the absence of
the negative multiple cover problem mentioned in section 10.6. This is because any
non-constant pseudo-holomorphic disc has positive Maslov index. This enables one
to define an open Gromov-Witten invariant independent of the choice of compatible
almost complex structures.



16.3. ONE-POINT OPEN GROMOV-WITTEN INVARIANT 423

In this section, we give construction of this one-point invariant and prove its
symplectic invariance following the explanation provided in [Oh95a].

For a compatible almost complex structure J0, we define

M̃(L;β; J0) = {w : (D2, ∂D2)→ (M,L) | ∂Jw = 0, w(∂D2) ⊂ L, [w] = β}
and its quotient

M(L;β; J0) = M̃(L;β; J0)/PSL(2,R).

Recall the index formula

(16.3.3) vir. dimM̃(L;β; J0) = n+ µL(β)

where µL(β) is the Maslov index µ(w∗TM, (∂w)∗L) for the bundle pair (w∗TM, (∂w)∗L)

for an (and so any) element w ∈ M̃(L;β; J0). We also consider the moduli space
M1(L;β; J0) of J0-holomorphic disc with one marked point.

For a given smooth path J : [0, 1] → Jω, we define the parameterized moduli
spaces

Mpara(L;β; J) =
⋃

t∈[0,1]
{t} ×M(L;β; J(t))

Mpara
1 (L;β; J) =

⋃

t∈[0,1]
{t} ×M1(L;β; J(t))

as a fibration over [0, 1]. We state the following compactness result

Proposition 16.3.1. Suppose L ⊂ (M,ω) is monotone with its minimal Maslov
number ΣL ≥ 2. Let β ∈ π2(M,L) satisfy µ(β) = 2. Then the followings hold:

(1) For any compatible almost complex structure J0, both M(L;β; J0) and
M1(L;β; J0) are compact.

(2) For a path J : [0, 1]→ Jω, the parameterized moduli spaces

Mpara(L;β; J), Mpara
1 (L;β; J)

are compact.

Proof. This is an immediate consequence of the open version of stable map

compactness theorem. We will just prove the first statement. Let wi ∈ M̃(L;β; J0).
We need to prove that wi is pre-compact modulo the action of PSL(2,R).

Since [wi] = β is fixed, we have

EJ0(wi) =

∫
w∗i ω = ω(β)

and hence we have the uniform energy bound for the sequence wi. Then stable map
compactness theorem says that we can choose a subsequence, still denoted by wi,
converging to a stable map

w∞ =
N∑

ℓ=1

vℓ

where each vℓ is either J0-holomorphic disc or a sphere. We denote by µ(vℓ) either
2c1(vℓ) for a sphere vℓ or the Maslov index µ(vℓ) for a disc with boundary lying on
L.

Since µ(β) = 2 is minimal and 2 = µ(w∞) =
∑N

ℓ=1 µ(vℓ), monotonicity implies
that there cannot be more than one non-constant component in the above sum. On
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the other hand, stability of w∞ implies that there cannot be any constant compo-
nent either. Therefore we must haveN = 1 and hence a suitable reparameterization
of wi indeed converges. This finishes the proof.

Similar argument proves compactness ofM1(L;β; J0) and that of parameter-
ized spaces. �

Next we recall a transversality result in terms of the perturbation of almost
complex structures. Let L ⊂ (M,ω) be any compact monotone Lagrangian sub-
manifold. Denote by

M̃inj(L;β; J0) ⊂ M̃(L;β; J0)

the subset consisting of somewhere injective J0-holomorphic discs.

Lemma 16.3.2. Let J0 be any compatible almost complex structure, not neces-
sarily regular. Let L ⊂ (M,ω) be monotone with ΣL ≥ 2. Consider β ∈ π2(M,L)
with µ(β) = 2. Then we have

M̃inj(L;β; J0) = M̃(L;β; J0)

i.e., all J0-holomorphic disc in M̃(L;β; J0) are somewhere injective for any J0 ∈
Jω. In particular, the above proposition holds for the full moduli spaces.

Proof. The first statement follows from the hypothesis ΣL ≥ 2 which implies
any J0-holomorphic disc, whether J0 is regular or not, must be simple by the
structure theorem of the image, Theorem ?? for the spheres, and [Laz00], [KO00]
for the discs.

Then the second is immediate from the monotonicity hypothesis and ΣL ≥ 2,
which prevents bubbling from happening. �

We recall the following basic transverality result from sections 10.4, 10.5.

Proposition 16.3.3. Let x ∈ L. There exists a dense subset Jω(L, x) ⊂ Jω
such that for all β ∈ π2(M,L),

(1) M̃inj(L;β; J0) is transverse

(2) evβ :Minj
1 (L, β; J0)→ L is transverse to x.

The same holds for the parameterized moduli spaces for J = {J(t)}0≤t≤1.

We call such a pair (J0, x0) a transverse pair. For such a pair (J0, x0), Propo-
sition 16.3.1 and 16.3.3 imply ev−1β (x0) is a compact zero-dimensional manifold (if

nonempty) for any β with µ(β) = 2. We denote

ΦJ0(L;x0) =
∑

β;µ(β)=2

#(ev−1β (x0)).

Here and henceforth, without further mentioning, the counting will be done with
Z2-coefficients for general L while the integer will be used for the case of (relative)
spin Lagrangian submanifold L.

Lemma 16.3.4. Let L ⊂ (M,ω) be monotone with ΣL ≥ 2. Let (J0, x0) and
(J1, x1) be transverse pairs with [x0] = [x1] in π0(L). Then

ΦJ0(L;x0) = ΦJ1(L;x1).
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Proof. We fix an embedded path γ : [0, 1] → L with γ(0) = x0, γ(1) = x1.
By the parameterized version of the evaluation transversality and the transversality

extension theorems, we can choose a path J : [0, 1]→ Jω such that M̃para(L;β; J)
is transverse for all β with µ(β) = 2 and the evaluation map

Evβ :Mpara
1 (L;β; J)→ [0, 1]× L; (t, (w, z)) 7→ (t, w(z))

is transverse to Λ = id× γ : [0, 1]→ [0, 1]× L. The index formula gives

dimMpara
1 (L;β; J) = n+ 1

and hence Ev−1β (Λ) is a compact one-dimensional manifold with boundary given
by

{0} × ev−1β (x0)
∐
{1} × ev−1β (x1).

Hence we have
#(ev−1β (x0)) = #(ev−1β (x1))

by the classification theorem of compact one-manifolds. By definition, this finishes
the proof. �

This lemma enables us to define the one-point GW-invariant as follows :

Definition 16.3.5. Let L ⊂ (M,ω) be a compact monotone Lagrangian sub-
manifold with ΣL ≥ 2, and denote by π an element of π0(L), i.e., a connected
component of L. Then the one-point GW-invariant relative to π is given by

Φ(L;π) = ΦJ0(L;x0)

for a transversal pair (J0, x0) with [x0] = π in π0(L). When L is connected, we
just denote Φ(L; {pt}) = ΦJ0(L;x0) which we call the one-point GW-invariant of
L ⊂ (M,ω).

Now we will examine a few examples

Example 16.3.6. (1) (Standard torus) Consider the standard torus

T n =

n-times︷ ︸︸ ︷
S1(1)× · · · × S1(1) ⊂ Cn ∼= R2n.

We have π2(Cn, T n) ∼= π1(T
n) ∼= Zn. Denote by βi, i = 1, · · · , n the

obvious generators of π2(Cn, T n) represented by the map

wi : (D
2, ∂D2)→ (Cn, T n); wi(z) = (1, · · · , z︸ ︷︷ ︸

i-th

, · · · , 1).

By computing their Maslov index and symplectic areas, we derive that
this torus is monotone with monotonicity constant λ = π. Obviously
these maps are holomorphic passing through the point x0 = (1, · · · , 1) and
hence we have at least n-distinct holomorphic discs with Maslov index 2.

(2) (Clifford torus) This time we consider Clifford torus T n ⊂ CPn. This
torus is defined by the quotient T n+1/S1 ⊂ S2n+1/S1 ∼= CPn of the
product circle action on Cn+1. In projective coordinates we have the
following holomorphic discs

wj : (D
2, ∂D2)→ (CPn, T n); z 7→ [1; · · · ; z︸ ︷︷ ︸

j-th

; · · · ; 1]

for j = 1, · · · , n+ 1.
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(3) (Chekanov torus) We apply Chekanov’s suspension to the standard
circle S1(1) ⊂ R2 ∼= C and obtain the Chekanov torus

Θ0(S
1(1)) ⊂ R2; Θ0(S

1(1)) = I1(N0 × S1(1)) :

Here N0 is the zero section of T ∗S1 and I1 = (i∗1)
−1 is the symplectic

embedding

I1 = (i∗1)
−1 : T ∗(R× S1)→ T ∗R2

where i1 : S1 × R→ R2 is the map defined by

i1(θ, q) = (eq cos 2πθ, eq sin 2πθ).

In [EP97], Eliashberg and Polterovich proved

Φ(Θ0(S
1(1)); {pt}) = 1.

Quite recently, Chekanov and Schlenk attempted to completely classify
the set of monotone Lagrangian submanifolds on various explicit classes
of symplectic manifolds [CS10].

Exercise 16.3.7. Prove that the discs above given in for the standard torus
in Cn and the Clifford torus in CPn are all transverse and comprise all possible
holomorphic discs of Maslov index 2 through a given point x0 in the torus. In
particular we have Φ(T n,Cn; pt) = n and Φ(T n,CPn; {pt}) = n+ 1.

An immediate consequence of this computation of one-point invariant gives rise
to the following Chekanov’s theorem [Che96b].

Theorem 16.3.8 (Chekanov). The standard torus T 2 = S1(1) × S1(1) is not
symplectically equivalent to the Chekanov torus Θ0(S

1(1)).

Chekanov originally proved this theorem by examining the behavior of the
sequence of Ekeland-Hofer capacities.

We would like to point out that both standard torus and Chekanov torus sat-
isfies

(1) the minimal Maslov number is 2
(2) the monotonicity constant is π
(3) the first Ekeland-Hofer capacity is 2π.

Because of this, there is no simple classical way of distinguishing the standard torus
and the Chekanov torus.

16.4. Anomaly of the Floer boundary operator

In this section, we examine constructions of Floer boundary for pairs (L0, L1)
of monotone Lagrangian submanifolds.

We analyze structure of Floer moduli spaces of (13.9.28) of low virtual dimen-
sion i.e., those with the Maslov-Viterbo indices 0, 1, 2, in particular.

Denote byM([ℓp, w], [ℓq, w
′]) the set of smooth Floer trajectories, i.e., the union

M([ℓp, w], [ℓq, w
′]) :=

⋃

w#B∼w′

M(p, q;B)

whereM(p, q;B) is the set of smooth Floer trajectories connecting p, q ∈ L0 ∩ L1

with [u] = B in π2(p, q) defined before.
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16.4.1. Definition of Floer pre-boundary map. We first note that µ(β) >
0 whenever β allows a non-constant pseudo-holomorphic disc, provided the mono-
tonicity constant is positive.

We start with the following lemma.

Lemma 16.4.1. Assume L is compact and consider any finite subset F ⊂ L.
Then there exists a dense subset JL(F ) of Jω such that for any J0 ∈ JL(F ), the
evaluation chains evβ : M1(L, J0;β) → L do not intersect F for any β ∈ π2(L)
with µ(β) = 1.

Proof. By the index formula we have

dimM1(L, J0;β) = n+ µ(β) + 1− 3 = n− 1 < n.

Since F is a subset of finite points, in particular of 0 dimension, a dimension count-
ing argument based on the boundary version of evaluation transversality, Theorem
16.3.3, implies the evaluation chain evβ : M1(L, J0;β) → L does not intersect F
for a generic choice of J0. We denote by JL(F ) the subset consisting of such J0’s.
This finishes the proof. �

We then prove the following theorem.

Theorem 16.4.2. Assume that L0, L1 are monotone with non-zero minimal
Maslov number and Ji ∈ JLi(L0 ∩ L1), i = 0, 1 where JLi(L0 ∩ L1) is as in
Lemma 16.4.1. Then there exists a subset jreg(L0,L1)

(J0, J1) ⊂ jω such that for any

J ∈ jreg(L0,L1)
(J0, J1) the following hold:

(1) For all p, q ∈ L0 ∩ L1 and B ∈ π2(p, q) with µ(p, q;B) < 0, the moduli
space M(p, q;B; J) is empty.

(2) For all p, q ∈ L0 ∩ L1 and B ∈ π2(p, q) with µ(p, q;B) = 0, the moduli
space M(p, q;B; J) is empty unless p = q and B = 0 in π2(p, q).

(3) For all p, q ∈ L0 ∩ L1 and B ∈ π2(p, q) with µ(p, q;B) = 1, the moduli
spaceM(p, q;B; J) is a compact manifold of dimension 0 and so is a finite
set.

Proof. The proof is given by the dimension counting and intersection argu-
ment based on the index formula (16.3.3), Proposition 15.1.5 and 16.3.3.

Recall that R acts freely on any non-constant trajectory u. In particular,

whenever M̃(p, q;B; J) 6= ∅,
dimM̃(p, q;B; J) ≥ 1

for any Fredholm-regular J , for any p 6= q, or p = q and B 6= 0. (We note that when
p = q, we may identify each element of π2(p, p) with one from π2(L0) or π2(L1).)
Therefore (1) and (2) immediately follow for J ∈ Preg(L0,L1)

(J0, J1).

When µ(p, q;B) = 1, M(p, q;B; J) has dimension 0 for any (L0, L1)-regular
J . It remains to prove M(p, q;B; J) is compact. If not, there is a sequence ui ∈
M(p, q;B; J) which either develops splitting or bubbling as i→∞.

If ui splits (u∞,1, u∞,2) in the limit for u∞,1 ∈ M(p, r;B1), u∞,2 ∈ M(r, q;B2),
we have

1 = µ(p, r;B1) + µ(r, q;B2)

and so µ(p, r;B1) = 1, µ(r, q;B2) = 0 or the other way around. But µ(r, q;B2) = 0

implies dimM̃(r, q;B2) = 0. This is impossible unless r = q and B2 = 0 which is
out of consideration. This provesM(p, q;B; J) cannot have splitting ends.
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If ui bubbles off, monotonicity implies that any bubble has positive index.
Therefore a sphere bubble carries at least index 2 > 1 and so the dimension counting
eliminates this bubbling. Then the only remaining possibility is the limit of the
type (u0, w) where u0 ∈ M(p, q;B′; J) and w a non-constant disc bubble for one of
(L0, J0) or (L1, J1). We have

1 = µ(p, q;B′) + µ(w).

Again monotonicity implies µ(w) > 0 and so we must have µ(w) = 1 and µ(p, q;B′) =
0. The latter implies p = q and B′ = 0 and so u0 is the constant trajectory u0 ≡ p.
Then connectivity of the image of Gromov-Floer limit implies w passes through
p ∈ L0 ∩ L1. However by the choice of Ji from JLi(L0 ∩ L1), this case has been
also be ruled out by Lemma 16.4.1. �

Besides this compactness issue, another important issue is that of coherent
orientation on our moduli spaceM([ℓp, w], [ℓq, w

′]; J). It was proven in section 15.6
(see [FOOO09]) that if the pair (L0, L1) is relatively spin and is given a relative
spin structure, then there exists a canonical way to put a coherent orientation on
the collectionsM([ℓp, w], [ℓq, w

′]; J). Therefore if the pair (L0, L1) is also relatively
spin, the integer

n([ℓp, w], [ℓq, w
′]; J) = #(M([ℓp, w], [ℓq, w

′]; J)) for µ[ℓq, w
′] = µ([ℓp, w]) + 1

is well-defined. We define this as the matrix element of the standard Floer pre-
boundary map ∂ : CF kR(L1, L0; ℓ0)→ CF k+1

R (L1, L0; ℓ0) as follows.

∂([ℓp, w]) =
∑

µ(ℓq,w′)=µ(ℓp,w)+1

n([ℓp, w], [ℓq, w
′]) · [ℓq, w′].

Here R = Z in case (L0, L1) is a relatively spin pair and R = Z2 in general.
Gromov-Floer compactness implies that the right hand side defines an element in
CF ∗R(L1, L0; ℓ0), i.e., satisfies the Novikov finiteness condition.

Because this map ∂ defined by Floer may not satisfy ∂2 = 0, we will call ∂ the
Floer pre-boundary map.

16.4.2. Anomaly and obstruction. Now we study the boundary property
of the Floer per-boundary map ∂. For this purpose, we need to analyze the moduli
spaces M(p, q;B) with virtual dimension 1, and describe singular strata of ‘codi-
mension one’ inM(p, q;B) for each given such B.

Consider the moduli space of marked Floer trajectories

M(0;1,0)(p, q;B
′; J), M(0;0,1)(p, q;B

′; J)

and consider the evaluation maps

ev : M(0;1,0)(p, q;B
′; J)→ L0; (u, τ) 7→ u(τ, 0)

ev : M(0;0,1)(p, q;B
′; J)→ L1; (u, τ) 7→ u(τ, 1).

Next we considerM1(L0;β(0); J0),M1(L1;β(1); J1) and the evaluation maps

ev0 :M1(L0;β(0); J0)→ L0, ev1 :M1(L1;β(1); J1)→ L1.

Definition 16.4.3. Let p, q ∈ L0 ∩ L1 and B′ ∈ π2(p, q) and β(0) ∈ G(L0;ω)
and β(1) ∈ G(L1;ω). For each i = 0, 1, we put

IntN (p, q;B′ : L1, β(1); J) = M̃(0;0,1)(p, q;B
′; J)ev ×evM1(L1;β(1); J1)/R

IntN (p, q;B′ : L0, β(0); J) = M̃(0;1,0)(p, q;B
′; J)ev ×evM1(L0;β(0); J0)/R
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We define the moduli space N (p, q;B′ : L1, β(1); J) as the closure of the moduli

space IntN (p, q;B′ : L1, β(1)) in M(p, q;B; J) with B = B′#β(1). The definition
of N (p, q;B′ : L0, β(0); J) is similar and so omitted.

Then we define
(16.4.4)

N ([ℓp, w], [ℓq, w
′] : L1; J) :=

⋃

(B′,β(1));[ℓp,w]#(B′#β(1))=[ℓq,w′]

N (p, q;B′ : L1, β(1); J)

and similarly for N ([ℓp, w], [ℓq, w
′] : L0; J).

We would like to say that N (p, q, B′ : Li, β(i); J) with B = B′#β(i) is of
‘codimension one’ inM(p, q;B; J). This statement will not make sense for general
Lagrangian pair (L0, L1) even for a generic choice of J = {Jt}. However this is
really the case for a generic choice of J if (L0, L1) is monotone (or more generally
if they are semi-positive and µL(β(i)) 6= 0).

Theorem 16.4.4. Suppose that L0, L1 are monotone, J0, J1 ∈ J 0
ω (L0, L1) and

J ∈ jreg(L0,L1)
(J0, J1) are as before. Let p, q ∈ L0 ∩ L1 and B ∈ π2(p, q) such that

(16.4.5) µ(p, q;B) = 2.

Then the following holds :

(1) Either N (p, q;B′ : Li, β(i); J) is empty or N (p, q;B′ : Li, β(i); J) is a
compact 0 dimensional manifold of the type

p = q, B′ = 0, µ(β(i)) = 2

which consists of the configurations u#w where u ≡ p and w is a Ji-
holomorphic disc passing through p.

(2) M(p, q;B; J) is a smooth manifold of dimension 1 with boundary given by
the union

⋃

r∈L0∩L1;B1#B2=B

M(p, r;B1; J)#M(r, q;B2; J) ∪

⋃

(B′,β(1));[ℓp,w]#(B′#β(0))=[ℓq,w′]

N (p, q;B′ : L0, β(0); J) ∪

⋃

(B′,β(1));[ℓp,w]#(B′#β(1))=[ℓq,w′]

N (p, q;B : L1, β(1); J)(16.4.6)

where µ(p, r;B1) = µ(r, q;B2) = 1 and µ(β(i)) = 2, i = 0, 1.

Proof. This will again follow from a dimension counting based on the transver-
sality of the moduli spaces and the evaluation maps.

We start with the proof of (1). We consider only the case i = 1 since the case
for i = 0 will be the same. By definition, N (p, q;B′ : L1, β(1); J) is the fiber product

M(0;0,1)(p, q;B
′; J)ev ×evM1(L1;β(1); J1)

R
=

(ev × ev)−1(∆)

R
.

Here ∆ ⊂ L1 × L1 is the diagonal. We recall :

vir dimM(0;0,1)(p, q;B
′) = µ(p, q;B′)− 1,

vir dimM1(L1, J1;β(1)) = n+ µ(β(1))− 2
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and

µ(p, q;B) = µ(p, q;B′) + µ(β(1)).

By the assumption µ(B) = 2, this implies

µ(p, q;B′) = 2− µ(β(1))

and by the transversality of M̃(p, q;B′; J), we have µ(p, q;B′) ≥ 0.
At this stage, if ΣL1 ≥ 3, this already provides a contradiction and soN (p, q;B′ :

L1, β(1)) = ∅. Similar argument applies to i = 0. Therefore if we assume ΣLi ≥ 3,
M(p, q;B; J) is a compact one-manifold with boundary only of the type of split
trajectories.

Now we consider the case ΣL1 = 2. In this case, it is possible that we have

µ(p, q;B′) = 0 and µ(β(1)) = 2. Again by the transversality of M̃(p, q;B′; J) this
happens only when

p = q and B′ = 0.

We like to point out that up until now we have not used any transversality statement
ofM(Li;β(i)) in the above argument but only the transversality of Floer trajectory
moduli spaces.

It follows from the assumption ΣL1 = 2 that every element ofM(L1;β(1); J1)
must be somewhere injective. In fact if v ∈ M(L1;β(1); J1) is not somewhere
injective, then the structure theorem of the image of pseudoholomorphic discs from
[KwOh00], [Lazz00] implies that there exists vi (i = 1, · · · , a, a ≥ 2) such that∑

[vi] = [v] andM(L1; [vi]; J1) is nonempty. This is impossible since µL1(vi) > 0.
HenceM1(L1;β(1); J1) is smooth and of dimension n− 1 for J1 ∈ JL1(L0 ∩ L1).

We recall that for a generic choice of J the evaluation map

ev × ev : M̃(0;0,1)([ℓp, w], [ℓq, w
′′
1 ])×M1(L1;β(1); J1)→ L1 × L1

is transverse to the diagonal ∆ ⊂ L1×L1 at any pair (u,w) for somewhere-injective
J1-holomorphic w. Then by the gluing theorem in section 15.5, the moduli space
M(p, q;B; J) becomes a compact smooth one-manifold with boundary given by
(16.4.6). This finishes the proof. �

By the cobordism argument, Theorem 16.4.4 implies the identity

0 = 〈(∂ ◦ ∂)([ℓp, w]), [ℓq , w′]〉+#N ([ℓp, w], [ℓq, w
′] : L0)

+#N ([ℓp, w], [ℓq, w
′] : L1)(16.4.7)

where 〈(∂ ◦ ∂)([ℓp, w]), [ℓq, w′]〉 denotes the coefficient of [ℓq, w
′] in (∂ ◦ ∂)([ℓp, w]).

Here # is the order with sign.

Now we derive the consequence of (16.4.7). We divide the case into the following
two:

(1) the case where L0, L1 have ΣLi > 2,
(2) the case where one or both of L0, L1 have the minimal Maslov number 2.

We start with the case (1). Based on the observation that if β(i) ∈ π2(M ;Li)
satisfies µ(β(i)) > 2, then N ([ℓp, w], [ℓq, w

′] : Li) = ∅ for a generic choice of {Jt}t
when µ([ℓq, w

′]) − µ([ℓp, w]) = 2, contribution arising from N in (16.4.7) become
zero by a dimension counting argument. This proves
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Theorem 16.4.5. Let L0, L1 be monotone Lagrangian submanifolds with ΣLi ≥
3 for i = 0, 1. Then the Floer per-boundary map

∂ : CF ∗R(L1, L0; ℓ0)→ CF ∗+1
R (L1, L0; ℓ0)

is a boundary map, i.e., satisfies

∂ ◦ ∂ = 0.

In particular we can define Floer homology

HF (L1, L0; ℓ0) = Ker ∂/ Im∂.

Here we put the underlying coefficient ring R = Z if L0, L1 is a relatively spin, and
R = Z2 in general.

Now we study the case (2) where the minimal Maslov number of L1 or of L0

is 2. In this case, again dimension counting argument we conclude that the only
non-zero matrix elements are

〈(∂ ◦ ∂)([ℓp, w]), [ℓq , w′]〉 = −#N ([ℓp, w], [ℓq, w
′] : L0)

−#N ([ℓp, w], [ℓq, w
′] : L1) .

Here we recall that the pairs (B′, β(0)) or (B′, β(1)) nontrivially contribute to the
right hand side sum only when

p = q, B′ = 0, dµ(β(0)) = 2 = µ(β(1))

and the disc components of whose associated configurations pass through p.

Lemma 16.4.6. Let i = 0, 1 and [ℓp, w] be given as above. Then we have

(16.4.8) #N ([ℓp, w], [ℓp, w
′] : Li) = Φ(Li; {pt}).

In particular, it does not depend on p ∈ L0 ∩ L1 but depends on Li, i = 0, 1. We
also have

(16.4.9) ω(w′)− ω(w) = ω(β(i))

if [q, w′] = [p, w]#B and #N (p, q;B′ : Li, β(i); J) 6= 0 for B = B′#β(i).

Proof. We recall the definition (16.4.4) of N ([ℓp, w], [ℓp, w
′] : Li). By defini-

tion, we have

N (p, q;B′ : Li, β(i); J) =M(0;1;0)(p, p; 0; J)ev ×evM1(Li;β(i); Ji)/R

Since the map component of each element of M(0;1;0)(p, p; 0; J) is constant, the
moduli spaceM(0;1;0)(p, p; 0; J)/R coincides with

{p} × {(τ, 1) ∈ R× [0, 1] | τ ∈ R}/R ∼=M0;(0,3)

where M0;(0,3) is the Deligne-Mumford moduli space of genus 0 with 3 marked
points on the boundary and so is a single point. Furthermore R acts trivially on
the factorM1(Li;β(i); Ji) and so

M(0;1;0)(p, p; 0; J)ev ×evM1(Li;β(i); Ji)/R ∼= {p} ×evβ M1(Li;β(i); Ji).

But by definition of Φ(Li; {pt}), we have

Φ(Li; {pt}) =
∑

β(i)∈π2(Li)

#M1(Li;β(i); Ji)evβ × {p}

which finishes the proof of (16.4.8).
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For the proof of (16.4.9), we first have

ω(B) = ω(w′)− ω(w)
from the homotopy condition w#u ∼= w′ for any element u ∈ M([ℓp, w], [ℓp, w

′]; J).
Since the symplectic area is preserved under the Gromov-Floer limit, (16.4.9) fol-
lows. This finishes the proof. �

This lemma concludes
∑

[w′]∈π2(p;ℓ0)

〈(∂ ◦ ∂)([ℓp, w]), [ℓp, w′]〉 = Φ(L1; {pt})− Φ(L0; {pt})

for all p ∈ L0 ∩ L1. Furthermore we have [ℓp, w
′] = gi · [ℓp, w] for an element

gi ∈ G(Li;ω) depending on for which i = 0, 1 when N (p, p, B′ : Li, β(i)) 6= ∅ holds
with B = B′#β(i)).

Therefore we obtain

∂ ◦ ∂([ℓp, w]) = Φ(L1; {pt})g1 · [ℓp, w] − Φ(L0; {pt})g0 · [ℓp, w].
We recall from Proposition 16.2.5 that for any monotone L, G(L;ω) is a free abelian
group of rank 1. Writing the group G(L;ω) multiplicatively, we can write the
associated Novikov ring as the Laurent polynomial

Λ(L; ℓ0) ∼= R[T a]]

with T is a formal parameter and a > 0 is the positive generator of the period group
Γ(L;ω) = Iω(G(L;ω)). Furthermore all the element β ∈ π2(M,L) with µ(β) = 2
projects down to the same element T a ∈ G(L;ω).

With this notation, we can write

[ℓp, w
′] = Tω(gi)[ℓp, w]

if N (p, p, B′ : Li, β(i)) 6= ∅ holds with B = B′#β(i)) for i = 0 or i = 1. Since
µ(β(i)) = 2, any such gi must be a generator of the group G(Li;ω).

Summarizing the above discussion, we have proved

Theorem 16.4.7. Let Li be monotone with ΣLi = 2. Denote by ai = ω(β(i)),
i = 0, 1 the above mentioned generator of the group {ω(β) | β ∈ π(M,Li)}. Then
we have

(16.4.10) ∂ ◦ ∂[p, w] = (Φ(L0; {pt})T a0 − Φ(L1; {pt})T a1) [p, w]
where ai = ω(gi) for a generator gi of G(Li;ω). In particular ∂◦∂ is a multiplication
operator by a scalar element in Λnov.

Proof. It remains to prove the last statement. But this immediately follows
from the fact that the quantity

Φ(L0; {pt})T a0 − Φ(L1; {pt})T a1

does not depend on the generator [p, w] but depends only on the geometry of the
pair (L0, L1). �

From this, we see that unless the equality

Φ(L0; {pt})T a0 = Φ(L1; {pt})T a1

holds, ∂ ◦ ∂ 6= 0.
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Corollary 16.4.8. Let (L0, L1) be a pair of monotone Lagrangian submani-
folds on (M,ω) and let ai be as above. Then ∂ ◦ ∂ = 0 if and only if Φ(L0; {pt}) =
Φ(L1; {pt}) and a0 = a1.

This result is a slight refinement of the result [Oh95a] and a special case of
Proposition 3.7.17 [FOOO09] in which a similar criterion was stated in terms of
the potential function PO in a much greater generality for the deformed Floer
(co)homology: The current case corresponds to the undeformed monotone case
(i.e., the case where the deformation parameters b0 = 0 = b1 in Proposition 3.7.17
[FOOO09]).

This corollary together with the symplectic invariance of the one-point GW-
invariants implies the following result of the present author [Oh93a].

Theorem 16.4.9. Let L be a compact monotone Lagrangian submanifold with
ΣL ≥ 2. Consider the pair (L0, L1) with L0 = L, L1 = φ(L) for a Hamiltonian
diffeomorphism with φ(L) intersecting L transversely. Then the Floer homology
HF (L, φ(L)) is well-defined which is invariant under the change of φ.

The latter invariance property can be proved by constructing a chain map via
the non-autonomous Cauchy-Riemann equation (14.4.45). It turns out that because
this equation does not carry translational symmetry, similar analysis proves the
following theorem.

Theorem 16.4.10. Let (L0, L1) be a monotone pair. Then the moduli space of
(14.4.45) is compact whenever its dimension is 0 or 1. In particular whenever the
Floer pre-boundary map is a boundary, i.e., satisfies ∂2 = 0 for the pair (L0, L1),
there exists a chain isomorphism

hφ(0)φ(1)
: CF∗(L0, L1)→ CF∗(φ

1
(0)(L0), φ

1
(1)(L1)).

In particular we have

HF∗(L0, L1) ∼= HF∗(φ
1
(0)(L0), φ

1
(1)(L1)).

Exercise 16.4.11. Prove the statement of this theorem. (See [Oh93a, Oh96c]
for its proof.)

16.5. Product structure; triangle product

We first recall the definition of the pants product described in [Oh99], [FOh97]
and put it into a more modern context of the general Lagrangian Floer theory such
as in [FOOO09, FOOO10a] and in other more recent literatures.

Consider the triple L0, L1, L2 of compact (monotone) Lagrangian submanifolds
in (M,ω), and consider the Floer complex

CF ∗(L1, L0), CF ∗(L2, L1), CF ∗(L2, L0).

To define a product structure which respects the filtrations on the CF ∗, we need
to use the framework of anchored Lagrangian submanifolds introduced in section
13.7.

We fix a base point y of ambient symplectic manifold (M,ω) once and for all.
Equip an anchor γi of Li to y in the sense of section13.7 with γi : [0, 1] → M
satisfying

γi(0) = pi, γi(1) = y
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for each i = 0, · · · , 2. Then we equip a base path ℓij ∈ Ω(Li, Lj) by concatenating
γi and γj as

ℓij = γi#γj

as in section 13.7. In the same spirit, we choose the Lagrangian subbundle λi ⊂
γ∗i TM for each i = 0, · · · , k and define

λij = λi#λj

in the obvious way.
We consider the anchored Lagrangian submanifolds (Li, (γi, λi)) for i = 0, 1, 2.

For the simplicity of notation, we just denote the associated filtered Floer complex
by CF ∗(Li, Lj) suppressing the given anchors from the notations. We also denote
the submodule

CF ∗λ (Li, Lj) = {x ∈ CF ∗(Li, Lj) | v(x) ≥ λ}
Now we are ready to define the triangle product in the chain level, which we

denote by

(16.5.11) m2 : CF ∗(L1, L0)⊗ CF ∗(L2, L1)→ CF ∗(L2, L0)

following the general notation from [FOOO09], [Se03a]. This product is defined
by considering all triples

p1 ∈ L1 ∩ L0, p2 ∈ L2 ∩ L1, p0 ∈ L2 ∩ L0

with the polygonal Maslov index µ(β; p1, p2; p0) whose associated analytical index,
or the virtual dimension of the moduli space

M3(β; p1, p2; p0)

of J-holomorphic triangles in class [w] ∈ π2(p1, p2; p0), becomes zero and by count-
ing the number of elements thereof.

We now give the precise definition of the moduli space M3(β; p1, p2; p0). Fix

t-dependent family J
(i)
t which are used to define the Floer boundary map ∂ for

(Li, Li+1) respectively for each i = 0, 1, 2 (counted mod 3). This will then deter-
mine a domain-dependent family J on a given neighborhood of z0, z1, z2 in

Σ̇ = D2 \ {z0, z1, z2}
in terms of the given analytic coordinate z = τ +

√
−1t near the (boundary) punc-

tures zi. We then extend this to the whole Σ̇ so that the choice becomes consistent

with the already chosen t-dependent family J
(i)
t for i = 0, 1, 2 at zi via the given

analytic coordinates.
More precisely, let ϕ(i) : [0,∞) × [0, 1] → Σ̇ be the given analytic coordinate

of a punctured neighborhood at each i. We assume that their images are disjoint
from one another. We denote U (i) \{zi} = Image(ϕ(i)|(1,∞)×[0,1]) and (ϕ(i))−1(z) =

(τ(z), t(z)) for z ∈ U (i). Then we first set

(16.5.12) J(z) = J
(i)
t(z), for z ∈

2⋃

i=0

U (i).

Using the fact that Jω is contractible, we extend this definition to the whole Σ̇ and
still denote by J the extension. We then consider the nonlinear operator w 7→ ∂Jw
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by

(16.5.13) ∂Jw(z) :=
1

2
(dw(z) + J(z)dw(z)j(z)).

This enables us to define the following finite energy moduli space

Definition 16.5.1. Define byM3(J ;L0, L1, L2) to be the set of pairs (w, {z0, z1, z2})
consisting of a triple {z0, z1, z2} ⊂ ∂D2 and a J-holomorphic map

w : D2 \ {z0, z1, z3} →M

that satisfy the following:

(1) w extends to a continuous map to D2,
(2) the map w satisfies the Lagrangian boundary condition

w(∂1D
2) ⊂ L0, w(∂2D

2) ⊂ L1, w(∂3D
2) ⊂ L2

where ∂iD
2 ⊂ ∂D2 is the arc segment in between pi and pi+1 (i mod 3),

(3) w has finite energy EJ (w) =
1
2

∫
|dw|2J =

∫
w∗ω <∞.

We apply the exponential convergence established in Proposition 14.1.5 to w
in any analytic coordinates (τ, t) ∈ [0,∞) × [0, 1] on a neighborhood Ui ⊂ Σ̇ near
the puncture zi and obtain

Lemma 16.5.2. For any element w ∈M3(J0;L0, L1, L3), the following holds:

(1) w extends to D2 continuously and
(2) there exists a triple {p0, p1, p2} with pi ∈ Li−1 ∩Li for i = 1, 2, 3 mod 3

such that w(zi) = pi.

In particular any such w carries a natural homotopy class [w] ∈ π2(p1, p2; p0).
We summarize the above discussion into

Proposition 16.5.3. We have the decomposition

M3(J0;L0, L1, L3) =
⋃

(p0,p1,p2)

⋃

β∈π2(p1,p2;p0)

M(β; p1, p2; p0)

whereM(β; p1, p2; p0) is the subset

M(β; p1, p2; p0) = {(w, (z0, z1, z2)) | ∂Jw = 0, [w] = β,w(zi) = pi, i = 0, 1, 2}.
Similar decomposition holds for M3(J0;L0, L1, L3).

The following proposition is a consequence of the way how the action functionals
are associated to the anchored Lagrangian submanifolds in section 13.7

Proposition 16.5.4. Suppose w : Σ̇ = D2 \ {z0, z1, z2} → M be any smooth
map which extends continuously to D2 in class [w] ∈ π2(p1, p2; p0) that satisfy all
the conditions given in Definition 16.5.1, but not necessarily J-holomorphic. We
denote by p̂ : [0, 1]→M the constant path with its value p ∈M . Then we have

(16.5.14)

∫
w∗ω = AL0L1([p̂1, w0]) +AL1L2([p̂2, w2])−AL0L2([p̂0, w0])

An immediate corollary of this identity is the bound for the energy EJ(w) for
any w ∈M3(β; p1, p2; p0) since EJ(w) =

∫
w∗ω for such w. Then this energy bound

together with the monotonicity of L0, L1 and L2 is the following compactness. We
indicate how the prescription of J given in (16.5.13) enters in the compactness
argument used in its proof. This argument is one of the important points in relation
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to further development of the recent Floer theory, especially in relation to the
Hamiltonian fibration setting of the Floer theory where one really needs to use the
domain-dependent family J .

Corollary 16.5.5. Whenever dimM3(β; p1, p2; p0) = 0, M3(β; p1, p2; p0) is
compact.

Proof. Suppose wk be a sequence inM3(β; p1, p2; p0). We first claim that for
any given open neighborhoods V (i) of zi, there exists some C > 0 depending only
on the neighborhoods such that

max
z∈Σ̇\∪iV (i)

|dwk| ≤ C.

Otherwise there is a subsequence kl and zl ∈ Σ̇ \ ∪iU (i) such that |dw(zl)| → ∞
and so creates a bubble on Σ̇ \∪iV (i). But the dimension counting argument using
the monotonicity of Li’s prevents this bubbling from happening. Therefore we have
proved the claim.

Therefore the only possible failure of convergence is loss of positive energy
through the punctures which corresponds to splitting-off a J-holomorphic strip
from a punctures zi in terms of the analytic cylindrical coordinates (τ, t): This is
because if there is no energy loss, then the same reason as that of Proposition 14.2.4
will imply precompactness of the sequence.

Then, due to the prescription of J as in (16.5.13), the split-off strip will be a non-
constant map u : R× [0, 1]→M contained inM(Li, Li+1). In particular, its index
must be at least 1 which contradicts to the hypothesis dimM3(β; p1, p2; p0) = 0.
This finishes the proof. �

Therefore we can define

n(β; p1, p2; p0) = #(M3(β; p1, p2; p0))

and

(16.5.15) m2(p1, p2) =
∑

β

n(β; p1, p2; p0)T
ω(β)eµ(β;p1,p2;p0)p0

extending linearly over the complex CF ∗ over the universal Novikov ring. Here,
strictly speaking, this definition should be applied to [p̂i, wi] with

[w0] = [w1]#[w2]#β

in the sense of Lemma 13.7.2, but the matrix coefficient n(J0, β; p1, p2; p0) does not
depend on the homotopy classes [wi] but depends only on β ∈ π(p1, p2; p0), as long
as they satisfy the last gluing identity. So the precise form of the above formula is

(16.5.16) m2([p̂1, w1], [p̂2, w2]) =
∑

β

n(β; p1, p2; p0)[p̂0, w1#w2#β]

extending linearly over the complex CF ∗ over the universal Novikov ring. To write

this into (16.5.15), one has to choose a lifting p̂i ∈ Ω̃0(Li−1, Li) and then regard
CF ∗(Li−1, Li) as the free module over Li−1 ∩ Li with the Novikov ring as its
coefficient, instead of Q-vector space. (See section 13.9 for the explanation.) The
product (16.5.11) is nothing but the product whose matrix coefficients are given by
n(J0, β; p1, p2; p0).
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Another immediate corollary of Proposition 16.5.4 from the definition of m2 is
that the map (16.5.11) restricts to

m2 : CF ∗λ (L1, L0)⊗ CF ∗µ (L2, L1)→ CF ∗λ+µ(L2, L0).

This is because if w is J-holomorphic
∫
w∗ω ≥ 0. It is straightforward to check

Proposition 16.5.6. The product m2 satisfies

(16.5.17) ∂(m2(x, y)) = m2(∂(x), y)±m2(x, ∂(y))

modulo signs and in turn induces the product map

(16.5.18) ∗F : HF ∗(L1, L0)⊗HF ∗µ (L2, L1)→ HF ∗λ+µ(L2, L0)

in homology.

Proof. For the proof this proposition, we examine the boundary of the com-
pactified moduli spaceM3(β; p1, p2; p0) for the quadruple (β; p1, p2; p0) with

dimM3(β; p1, p2; p0) = 1.

Then monotonicity of L0, L1 and L2 rules out the bubbling. Again by the prescrip-
tion of J as in (16.5.13) enables us to conclude that the boundaryM3(β; p1, p2; p0)
consists of the following three types of fiber products

M3(β0; p1, p2; p
′
0)#M(B0; p

′
0, p0),

M3(B1; p1, p
′
1)#M3(β1; p

′
1, p2; p0),

M3(B2; p2, p
′
2)#M3(β2; p1, p

′
2; p0),

with β = β0#B0, β = Bi#β(i) for i = 1, 2 such that the triangle parts have
dimension 0 and the strip parts dimension 1. By the classification theorem of the
compact one-manifold with boundary, we obtain

0 =
∑

p′0∈L0∩L2

∑

β0+B0=β

n(β0; p1, p2; p
′
0)n(B0; p

′
0, p0)

±
∑

p′1∈L0∩L1

∑

β1+B1=β

n(β1; p
′
1, p2; p0)n(B1; p1, p

′
1)

±
∑

p′2∈L1∩L2

∑

β2+B2=β

n(β0; p1, p
′
2; p0)n(B2; p2, p

′
2).

This is nothing but the equation for the matrix coefficients of (16.5.17) (modulo
the signs). We leave the precise sign consideration to Chapter 8 of [FOOO09].
This finishes the proof. �





CHAPTER 17

Applications to symplectic topology

The full power of Lagrangian Floer homology theory can be mustered only after
the A∞ machinery introduced by Fukaya [Fu93] and fully developed in the book
[FOOO09]. This theory is necessary to deal with general Lagrangian submanifolds
when the structure of disc-bubbles is not very simple as in the case of exact or
monotone Lagrangian submanifolds. Since the A∞ machinery goes beyond the
scope of this book, we will focus on the following two special cases and use them
to illustrate the usage of Floer homology in the study of symplectic topology

(1) Exact Lagrangian submanifolds in (noncompact) exact symplectic mani-
folds

(2) Monotone Lagrangian submanifolds in (monotone) symplectic manifolds.

However even when the Floer homology HF (L0, L1;M) is defined it is a highly
nontrivial task to explicitly compute this homology as soon as we go beyond the
exact case and L1 = φ(L0) for a Hamiltonian diffeomorphism φ.

Theorem 16.4.9 or its cousins is the basic starting point of application of Floer
homology to the study of symplectic topology. And majority of applications so far
are also combined with a study of displacing Lagrangian submanifolds. It is also
crucial to analyze structure of the Floer moduli spaces when φ→ id, more precisely
under the adiabatic limit of φ(L)→ L, which gives rise to thick-thin decomposition
of Floer trajectories.

17.1. Nearby Lagrangian pairs: thick-thin dichotomy

In this section, we study some degeneration result ofM(L, φ(L); p, q) as φ→ id
in C1. We will also explain how this study of degeneration gives rise to a spectral
sequence introduced in [Oh96b]. This spectral sequence in this form has been
further explored in [Bu06], [BCo09], [D09]. More general version of spectral
sequence of this kind is presented in [FOOO09], which also handles non-monotone
Lagrangian submanifolds with some additional unobstructedness hypothesis.

Here is the precise setting of the study of this degeneration. Let L be a given
compact Lagrangian submanifold. The following notion was introduced in [Oh05d,
Spa08].

Definition 17.1.1. Let V be a given Darboux neighborhood of L. A Hamil-
tonian isotopy Lt = φtH(L) is called V -engulfed if φtH(L) ⊂ V for all t ∈ [0, 1].

We fix a Darboux neighborhood U of L and cotangent chart of U

Φ : U → V ⊂ T ∗L
where V is a neighborhood of the zero section of T ∗L. If φ is C1-close to id, then
we can write Φ(φ(L)) = Graphdf for a smooth function f : L → R. We assume
‖df‖C1 is sufficiently small.

439
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When ‖df‖C1 becomes small, there occurs the thick and thin dichotomy of
the moduli space of Floer trajectories. This dichotomy was analyzed in detail
in [Oh96b] which turns out to be a crucial ingredient in the later applications of
Lagrangian Floer homology in symplectic topology. Such a dichotomy arises largely
because there is an ‘energy gap’ between the trajectories without thin trajectories
and the thick (or non-thin) trajectories.

To give the precise definition of this gap, we use the geometric invariantA(ω,L; J0)
introduced in (8.4.31) for each time-independent compatible almost complex struc-
ture J0 ∈ Jω. Recall

A(ω, J0 : L) = min{AS(ω, J0), AD(ω, J0;L)} > 0

where

AS(ω, J0) := inf

{∫
v∗ω > 0 | v : S2 →M, ∂J0v = 0

}

and for a given Lagrangian submanifold L ⊂ (M,ω)

AD(ω, J0;L) := inf

{∫
w∗ω > 0 | w : (D2, ∂D2)→ (M,L), ∂J0w = 0

}
.

One can generalize this invariant for any compact family K ⊂ Jω of compatible
almost complex structures. We start with AS(ω;L) for

K : [0, 1]k → Jω
which is a continuous k-parameter family in the C1-topology, and define AS(ω;K)
be the constant

AS(ω;K) = inf
κ∈[0,1]k

{AS(ω, J(κ))} .

This is also positive and enjoys the following lower semi-continuity property.

Proposition 17.1.2. The constant AS(ω;K) is lower semi-continuous in K.
In other words, for any given K and 0 < ǫ < AS(ω;K), there exists some δ =
δ(K, ǫ) > 0 such that for any K ′ with ‖K ′ −K‖C1 ≤ δ we have

AS(ω;K
′) ≥ AS(ω;K)− ǫ.

Proof. We prove this by contradiction. Suppose to the contrary that there
exists ǫ > 0 and a sequence Ki → K as i→∞ such that

(17.1.1) A(ω;Ki) ≤ AS(ω;K)− ǫ
for all i. For each i, let vi be a non-constant Jti -holomorphic sphere for ti ∈ [0, 1]n

such that

A(ω;Ki) ≤ ω([vi]) ≤ AS(ω;K)− ǫ

3
which exists by the definition of A(ω;Ki) and (17.1.1). By the Gromov compact-
ness, vi converges to a Jt∞ -cusp curve

v∞ =
∑

a

v∞,a

where Jt∞ ∈ K and each v∞,a is a non-constant Jt∞ -holomorphic sphere with

ω([v∞,a]) ≤ AS(ω;K)− ǫ

3
.

But this contradicts to the definition of AS(ω;K). This finishes the proof. �
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A similar argument proves the semi-continuity of the invariants A(ω,K;L).
Now let U be a Darboux neighborhood of L in (M,ω) and H be a Hamiltonian

such that

(17.1.2) φ1H(L) ⊂ U
and J = {Jt}t∈[0,1] be a t-dependent family of almost complex structures. We study

the moduli space, denoted byM(J ;L, φ1H(L)), of solutions of

∂u

∂τ
+ Jt

∂u

∂t
= 0, u(τ, 0) ∈ L, u(τ, 1) ∈ φ1H(L), EJ (u) <∞

Proposition 17.1.3. For any given 0 < α < A(ω,L; J0) and for any given
time-independent J0, there exists a constant ǫ > 0 such that if dC1(φ1H(L), L) < ǫ
and maxt∈[0,1] |Jt − J0|C0 < ǫ, the following hold:

(1) we have

(17.1.3)

∫
u∗ω < A(ω,L; J0)− α

for all u ∈ M(J ;L, φ1H(L)) satisfying Imu ⊂ U , and vice versa.
(2) All other u ∈M(J ;L, φ1H(L)) are not contained in U and satisfy

(17.1.4)

∫
u∗ω > A(ω,L; J0)− δ

for a sufficiently small δ depending on ǫ > 0 but not on α.

Proof. We start with the following simple lemma.

Lemma 17.1.4. Let L0 be the zero section of T ∗L and L1 = Graphdf for
some function f on L. Suppose that L0 intersects L1 transversely and that x, y ∈
L0 ∩ L1 = Crit(f). Suppose u : [0, 1]× [0, 1]→ T ∗L is a C1-map with

u(s, 0) ⊂ L0, u(s, 1) ⊂ L, u(0, t) ≡ y, u(1, t) ≡ x.
Then we have

∫
u∗ω = f(y)− f(x).

Proof. Denote u(1, t) = (q(1, t), p(1, t)) and then p(1, t) = df(q(1, t)) since
u(1, t) ∈ Graphdf by hypothesis. Then we define a map uf : [0, 1]2 → T ∗L by

uf(s, t) = (q(1, t), s df(q(1, t))).

We join u with the map uf and obtain a map w := u#uf whose boundary is
contained in L0. Therefore we obtain

0 =

∫
w∗(−dθ) =

∫
w∗ω0 =

∫
u∗ω −

∫
u∗fω.

But we evaluate∫
u∗fω = −

∫

∂uf

θ = −
∫

uf |t=1

θ = −
∫
(uf |t=1)

∗θ = −
∫

s7→q(s,1)
df = f(y)− f(x).

This finishes the proof. �

Applying u ∈ MJ(L, φ
1
H(L);U) when φ1H(L) is C1-close to L, we can write

Φ(φ1H(L)) = Graph df for some f . Therefore we obtain
∫
u∗ω =

∫
(Φ ◦ u)∗ω0 = f(y)− f(x)
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since Φ is symplectic, i.e., Φ∗ω0 = ω. Furthermore we have

1

C
|df |C0 ≤ dC1(L, φ1H(L)) ≤ C|df |C0

for C > 0 independent of H as long as dC1(L, φ1H(L)) is small enough, say, less
than ǫ. Obviously we have

|f(y)− f(x)| ≤ max f −min f ≤ |df |C0 diam(L).

Now let 0 < α < A(ω,L; J0) be given. We first prove statement (1). By the
above discussion, if dC1(L, φ1H(L)) < ǫ with ǫ small enough, we will have

|df |C0 < Cǫ ≤ A(ω,L; J0)− α
diam(L)

.

Then we have∫
u∗ω = f(y)− f(x) ≤ max f −min f ≤ |df |C0 diam(L)

≤ A(ω,L; J0)− α
diam(L)

× diam(L)

= A(ω,L; J0)− α.
We now prove the converse statement. Suppose to the contrary that there ex-
ists 0 < α < A(ω,L; J0) such that we have sequences (J i, Hi) that satisfies
dC1(φ1Hi (L), L) → 0 and maxt∈[0,1] |J it − J0|C1 → 0 as i → ∞ and carries an

element ui ∈M(φ1H(L), L; J i) satisfying

(17.1.5) Imui 6⊂ U,
∫
u∗iω ≤ A(ω,L; J0)− α

for all i. By definition of A(ω,L; J0), this sequence ui can bubble off neither a
J0-holomorphic sphere or a disc. Since φ1Hi (L) → L in C1-topology and L is
compact, we may assume by choosing a subsequence so that there exists pairs of
xi, yi ∈ φ1Hi (L) ∩ L with xi → x∞ and yi → y∞, x∞, y∞ ∈ L and

ui ∈M(φ1Hi (L), L;xi, yi; J
i).

Moreover by (17.1.5), we may assume, by translating ui in the τ -direction if neces-
sary, that

ui(0, ti)→ p∞ ∈M \ U
as i→∞. Since the sequence ui does not bubble off, we can apply local convergence
and we may find a J0-holomorphic map u∞ : R× [0, 1]→ M as a local limit of ui
that satisfies

u∞(0, t∞) = p∞ 6∈ U, u∞(τ, 0), u∞(τ, 1) ⊂ L,∫
u∗ω ≤ A(ω,L; J0)− α.

By the conformal equivalence between R× i[0, 1] and D2 \{−1, 1}, we may consider
u∞ as a non-constant map from D2 \ {−1, 1} with

∂J0u∞ = 0 , u∞(∂D2 \ {−1, 1}) ⊂ L,
∫
u∗∞ω < A(ω,L; J0)− α.
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By the removal of singularity, we can extend u∞ to a non-constant J0-holomorphic
map u∞ : (D2, ∂D2)→ (M,L) with

0 <

∫
u∗∞ω ≤ A(ω,L; J0)− α.

This contradicts to the definition of A(ω,L; J0) and finishes the proof of statement
(1).

For the proof of statement (2), again suppose the contrary that there ex-
ists δ > 0 and sequences Hk with φHk (L) → L and Jk → J0 in C1 and uk ∈
M(Jk;φ

1
Hk (L), L) whose image is not contained in U but

(17.1.6)

∫
u∗kω < A(ω,L; J0)− δ.

By expressing φ1Hk(L) as Graph(dfk) in a Darboux chart, it will be enough to

consider those Hk’s such that Hk = fk ◦ π in the Darboux neighborhood U where
f is a smooth function on L with |dfk|C0 → 0 as k →∞. By refining the argument
above in the proof of the first statement, under the uniform area bound (17.1.6), we
derive a subsequence, again denoted by uk, that locally converges to u∞ the image
of which passes through a point in M \ U , because we assume that the image of
uk is not contained in U . Then by the removable singularity, u∞ produces a non-
constant disc with boundary lying on L or a sphere. Therefore by the definition of
A(ω,L; J0), ∫

u∗∞ω ≥ A(ω,L; J0)

and hence

lim inf
k→∞

∫
u∗kω ≥

∫
u∗∞ω ≥ A(ω,L; J0).

However this gives rise to a contradiction to (17.1.6) if k is sufficiently large. This
finishes the proof. �

17.2. Local Floer homology

In this section, following the idea in [Fl89b], [Oh96b], we define a local version
of the Floer cohomology HF (L,L) which singles out the contribution from the
Floer trajectories whose images are contained in a given Darboux neighborhood
U of L in M . We denote this local Floer homology by HF (L,L;U). We show
that this local contribution depends only on the pair (L,U) which enables us to
perform its computation for the pair (oL, V ) where V ⊂ T ∗L is a neighborhood of
the zero section oL ∼= L. Furthermore by definition, HF (L,L;U) is always well-
defined without any unobstructedness assumption of L ⊂M like exactness of ω or
monotonicity of the pair (L,M).

17.2.1. Definition of local Floer homology. We start with the following
flexible notion that Floer introduced in [Fl89b] in the Hamiltonian setting. This
is in turn the Floer theoretic analog of the notion of isolating block introduced by
Conley [Co78] in dynamical system. The definition can be formulated in a more
general abstract setting but we will focus on the current geometric context.

Let U ⊂ M be a Darboux neighborhood of L. We introduce the following
definition.
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Definition 17.2.1. Let L′ ⊂ U be any compact Lagrangian submanifold and
J ∈ jω. Consider the setM1(L,L

′; J) of Floer trajectories with one marked point
and its evaluation mapM1(L,L

′; J)→M . Define the subset

M(L,L′; J ;U) := {u ∈ M(L,L′; J) | Imageu ⊂ U}
and its evaluation image

S(L,L′; J ;U) = ev(M1(L,L
′; J ;U)).

We call S(L,L′; J ;U) an invariant set in U and say that S(L,L′; J ;U) is isolated in
U (under the Cauchy-Riemann flow) if S(L,L′; J ;U) ⊂ U where S(L,L′; J ;U) is the
closure of S(L,L′; J ;U) inM . When S(L,L′; J ;U) is isolated, we call S(L,L′; J ;U)
the maximal invariant set in U , if S(L,L′; J ;U) is maximally invariant in U

Now we define the notion of continuation of maximal invariant sets.

Definition 17.2.2. Consider

(J,H) ∈ P([0, 1]2,Jω)× C∞([0, 1]2 ×M,R)

and an open subset U ⊂ [0, 1]×M . We call (J,H,U) a continuation between the
maximal invariant sets S0 ⊂ U0 and S1 ⊂ U1 if it satisfies the following:

(1) For each s ∈ [0, 1] and all t ∈ [0, 1],

Ls ⊂ Us := {x ∈ P | (x, s) ∈ U}.
(2)

Ss := S(Js, (L,Ls);Us)
is isolated in Us for all s ∈ [0, 1].

Now we consider a family of Lagrangian submanifolds which are close to L in
the following sense.

Definition 17.2.3. We call a Lagrangian submanifold L′ ⊂ (M,ω) exact rel-
ative to L if there is a Darboux neighborhood U ⊃ L such that L′ is exact in
U ∼= V ⊂ T ∗L.

Once we have set up these definitions, the following is easy to prove.

Lemma 17.2.4. Let L ⊂ M . Let L′ be exact relative to L and intersect
L transversally. Suppose that S(L,L′; J ;U) is isolated in U . Then there exists
a C∞ perturbation J ′ of J for which M(J ′, L, L′;U) is Fredholm regular and
S(J ′, L, L′;U) remains isolated in U . In particular, for any pair x, y ∈ L ∩ L′
with µ(x;U)− µ(y;U) = 1,M(x, y; J ′;U) ⊂M(L,L′; J ′;U) has finite cardinality.

Proof. The isolatedness is stable under C∞-perturbation by definition. Then
the existence of such a perturbation J ′ follows immediately. The finiteness follows
from the compactness since bubbling cannot occur for (L,L′) in U . �

Now suppose (L,L′; J ;U) and J ′ are as in Lemma 17.2.4. We define nU (x, y; J
′)

by

nU (x, y : J ′) := #of isolated trajectories inM((x, y); J ;U)( mod 2).

If L′ = φ1H(L), then we can define an integer nU (x, y : J ′) using the coherent
orientation established in section 15.6.



17.2. LOCAL FLOER HOMOLOGY 445

Theorem 17.2.5. Suppose (L,L′; J ;U) is as in Lemma 17.2.4. Then for any
small perturbation J ′ of J for which M(L,L′; J ′;U) is Fredholm regular, The ho-
momorphism

∂U : CF (L,L′; J ′;U)→ CF (L,L′; J ′;U), ∂Ux =
∑

y∈L∩φ1
H(L)

〈∂Ux, y〉y

satisfies ∂U ◦ ∂U = 0. And the corresponding quotients

HF ∗(L,L′; J ′;U) = ker ∂U/ im∂U

are isomorphic under the continuation (S, J,H,U) as long as the continuation is
Floer-regular at the ends s = 0, 1.

Proof. The statement on the boundary follows from the isolatedness hypoth-
esis since the triple (L,L′;U) does not carry any bubble. For the statement on the
continuation invariance, we construct a chain map between the two ends by taking
the composition of an ‘adiabatic sequence’ of chain maps associated to a partition
0 = t0 < t1 < . . . < tN = 1 of the unit interval [0, 1]. Therefore we assume that the
C1-distance between the two ends is as small as we want in the remaining proof.

Consider the ‘non-autonomous’ Floer trajectory equation

(17.2.7)

{
∂u
∂τ + J

ρ(τ)
t

∂u
∂t = 0,

u(τ, 0) ∈ Lρ(τ) u(τ, 1) ∈ L

where J = {Js} is a homotopy between two Fredholm regular J0, J1 and L = {Ls}
is a Hamiltonian isotopy between L0 and L1. We denote by M(L,Lρ; Jρ) the
moduli space of solutions of 17.2.7 andM(L,Lρ; Jρ) its closure consisting of stable
broken Fleor trajectories as defined in section 14.3.

Define

(17.2.8) dC1(L′,L) := max
s∈[0,1]

dC1(L′, Ls), dC0(J0, J) := max
(s,t)∈[0,1]

|J0 − Jst |C0 .

We have only to show that the following

Lemma 17.2.6. Consider the evaluation map evρ :M(L,Lρ; Jρ) → M. There
exists some ǫ > 0 such that if dC1(L′,L) < ǫ and dC0(J0, J) < ǫ, then we have

Image evρ ⊂ U.

Proof. We know

M(L,Lρ; Jρ) =
⋃

x∈L∩L0;y′∈L∩L1
M(x, y′; Jρ).

Suppose to the contrary that there exists a sequence J i = {Jsi } and Hi with
Ls = φsHi

(L′) and dC1(L, φHi(L
′)) → 0 and |Jsi − J0|C0 → 0 as i → ∞ such that

there exists ui ∈ M(x, y;L,Lρ; Jρ) a point (τi, ti) with

(17.2.9) ui(τi, ti) ∈M \ U.
By choosing a subsequence, we may assume ρ(τi)→ s0, ti → t0. Using the energy
bound and the condition

dC1(L,L)→ 0, dC0(J0, J)→ 0
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and suitably translating the sequence in τ -direction, we can extract a local limit
u∞ which satisfies (17.2.7) for J ′

u∞(−∞)→ x0, u∞(∞)→ y0, u∞(0, t0) ∈M \ U
for some x0, y0 ∈ L ∩ L′. This contradicts to the hypothesis that

S(L,L′; J ′;U)

is isolated in U . This finishes the proof. �

For such a homotopy (J, {Ls}) as in this lemma, we can define the number

nU (p, q
′; Jρ) = #M(p, q′; Jρ;U).

Then the homomorphism

h(Jρ,Lρ;U);CF (L,L
0;U)→ CF (L,L1;U)

is well-defined and satisfies

h(Jρ,Lρ;U)∂(L,L0;J0;U) + ∂(L,L1;J1;U)h(Jρ,Lρ;U) = 0

for any Floer regular J . This finishes the chain property of h(Jρ,Lρ;U). By the
same argument as in section 12.5.2, we can prove that it induces an isomorphism
in homology and hence the proof of Theorem 17.2.7. �

This finishes construction of local Floer cohomology HF (L,L′;U) for any L′

which is exact relative to L.

17.2.2. Engulfed Hamiltonian isotopy. In the remaining section, we con-
sider the natural context in which the local Floer homology of a given compact
Lagrangian submanifold L ⊂ (M,ω) is defined. Let V ⊂ V ⊂ U be a pair of given
Darboux neighborhoods of L.

We first deform the maximal invariant set of (L, φ1H(L); J ;U) to the pair
(L, φ1H(L); J0;U) by an isolated continuation in U where J0 is a time-independent
almost complex structure which restricts to the canonical almost complex structure
Jg on U ⊂ T ∗L associated to the Riemannian metric g on L. Such a deformation
is possible by what we established in Lemma 17.2.6.

This completes the following computation by the arguments used in [Fl89a].

Theorem 17.2.7. Let L ⊂M be as above and U be a Darboux neighborhood of
L. Then if dC1(L, φH(L)) ≤ ǫ3 and dC0(J0, J) < ǫ3 for some time independent J0
and if J is (L, φ1H(L))-regular, then

HF ((L, φ1H(L)); J ;U) ∼= H∗(L;Z2).

Proof. We will choose a special regular pair (J, φH) for which we can carry out
HF (J, (L, φ1H(L);U) explicitly. For this purpose, we implant the graph Graphdf ⊂
T ∗L of C2-small Morse function f into U using the fact that U is symplectomorphic
to a neighborhood of zero section of T ∗L.

Let V be a neighborhood of the zero section with

V ⊂ V ⊂ U.
We consider canonical almost complex structure Jg associated to g and the Hamil-
tonian isotopy φf◦π : T ∗L → T ∗L induced by the autonomous Hamiltonian H =
f ◦π where f is a Morse function on L and π : T ∗L→ L is the canonical projection.
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In general φf◦π does not necessarily map U to U , but if f is sufficiently C1-small
then

φtf◦π(V ) ⊂ U
for all t ∈ [0, 1]. Now for each smooth map χ : R → L, we define a map uχ :
R× [0, 1]→ P by

uχ(τ, t) = φtf◦π(χ(τ))

for τ ∈ R and t ∈ [0, 1]. Again if f is C1-small, then

φtf◦π(L) ⊂ V for all t ∈ [0, 1]

and so
Imuχ ⊂ V ⊂ U.

We define a family Jf = {Jft } of almost complex structures on T ∗L by

Jft = (φtf◦π)∗Jg(φ
t
f◦π)

−1
∗

which can be made arbitrarily close to the time independent Jg if we make f C1-
small.

Now we apply Corollary 12.5.7 for L = oN in the cotangent bundle T ∗N to
finish the proof. �

We would like to remark that A(ω, J ;L) = ∞ if L is a compact exact La-
grangian submanifold in an exact (M,ω). This latter holds even for non-compact
exact symplectic manifolds M which is tame or bounded at infinity. This immedi-
ately implies

Theorem 17.2.8. Let (M,ω) be a tame exact symplectic manifold. Let L ⊂
(M,ω) be an compact exact Lagrangian submanifold. Then we have

HF∗(L,L) ∼= H∗(L).

Proof. We fix a Darboux-Weinstein neighborhood U of L. Then consider a
Morse function f : L → R and let ǫ > 0 be a sufficiently small constant. Since
A(ω, J ;L) = ∞, only the first case (1) holds in Proposition 17.1.3, i.e., all the
trajectories inM(L, φǫf (L); J) are contained in U if ǫ > 0 is sufficiently small and
|J − J0|C0 ≤ ǫ. Therefore we have proven HF∗(L, φǫf(L)) ∼= HF∗(L, φǫf (L);U) ∼=
H∗(L). �

This theorem immediately gives rise to the following two theorems of Gromov
[Gr85] as demonstrated in [Oh96b], which reveals two different characteristics of
the ambient symplectic manifolds.

Theorem 17.2.9 (Gromov). There exists no exact Lagrangian embedding in
Cn.

Proof. If there were such an embedding L ⊂ Cn, its Floer homology, say, over
Z2 coefficients, is isomorphic to H∗(L;Z2). Since L is compact, we know that at
least H0(L;Z2) 6= 0 and so HF∗(L, φ1H(L); J ;Z2) 6= 0 for any Hamiltonian isotopy
φH . In particular we conclude

L ∩ φ1H(L) 6= ∅
for any, not necessarily transversal, Hamiltonian diffeomorphism φ1H .

On the other hand, obviously we can displace L away from itself by a translation
which is a Hamiltonian isotopy, a contradiction. This finishes the proof. �
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This time we consider cotangent bundle T ∗N of any compact manifold N .

Theorem 17.2.10 (Gromov). Let L ⊂ T ∗N be any compact exact Lagrangian
embedding. Then L ∩ oN 6= ∅.

Proof. Again we prove this by contradiction. Suppose L ∩ oN = ∅. We
consider the radial multiplication map Rλ : T ∗N → T ∗N , (q, p) 7→ (q, λp) for
λ > 0. Since L ∩ oN = ∅, it follows that
(17.2.10) Rλ(L) ∩ L = ∅
for sufficiently large λ > 0. The map Rλ is not quite symplectic but only confor-
mally sympelctic, i.e., R∗λω0 = λω0.

However combining this conformally symplectic property of Rλ and exactness
of L, it follows that the isotopy

λ 7→ Rλ(L)

is an exact Lagrangian isotopy. Then by Theorem 3.6.7 we can find a Hamiltonian
H such that

φλH(L) = Rλ(L)

and hence Rλ(L) ∩ L 6= ∅ for any λ, again a contradiction. �

Recently, Theorem 17.2.10 has been greatly strengthened by Nadler [Na09] and
Fukaya-Seidel-Smith [FSS08] by the homological machinery of Fukaya category.

Remark 17.2.11. In relation to the study of spectral invariants of topological
Hamiltonian paths in [Oh11b], it is important to understand the localization of
Floer complex of V -engulfed Hamiltonian H whose time-one map is sufficiently C0-
small. For such a Hamiltonian, the way how the thick-thin dichotomy established in
section 17.1 by considering the areas and actions is not appropriate because we have
no control of the areas or the actions for the pair (φ1H(L), L) when φ1H is only C0-
small. It turns out that the correct way of obtaining the thick-thin decomposition of
the Floer moduli space is by exploiting maximum principle for the almost complex
structure Jg. When H is C2-small, this decomposition coincides with the one given
17.1. We refer to [Oh11b] for more details.

17.3. Spectral sequence

In this section, we present an important tool, a spectral sequence, useful for
the computation of Floer homology or for the application of Floer homology in the
practical problems. This particular spectral sequence, which relates the intrinsic
topology of a Lagrangian submanifold L and its extrinsic symplectic topology of
the Lagrangian embedding L ⊂ (M,ω), was formulated by the author [Oh96b] in
terms of the Floer complex

CF (φ1−ǫf (L), L)

for small ǫ > 0. (over Z2 coefficients.) The construction then has been further
strengthened by Buhovsky [Bu06], Biran-Cornea [BCo09], and Damian [D09]
still in its original form in terms of Morse homology of small Morse functions.
However the optimal setting of this spectral sequence is the one in the Bott-Morse
setting presented in [FOOO09] by directly considering the clean pair (L,L). The
mathematics involved in the latter construction goes beyond the framework of this
book and so we ourselves will still restrict to the setting of [Oh96b] but we at least
explain an important ingredient, compatibility of product structure of the spectral
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sequence, borrowing the exposition from Theorem D [FOOO09] with simplification
adapted to the monotone context.

Because of the usage of product structure in Floer homology, we will use the
cohomological version of Floer homology in this section, which means the switch of
−ǫf to ǫf .

Based on the analysis of thick-thin decomposition and analysis of local Floer
cohomology, we fix a Morse function f : L → R and a sufficiently small ǫ > 0
such that the dichotomy in Proposition 17.1.3, Theorem 17.2.7 hold for the pair
(L, φ1ǫf(L)). We denote ΣL ≥ 2 the minimal positive Maslov number of L.

We put NL = [n+1
ΣL

] and a formal parameter

qβ = Tω(β)eµL(β),

and

deg(qβ) = µL(β), E(qβ) = ω(β)

as before and consider the Novikov ring Λ(ω,L) and its subring Λ0,(ω,L).

Consider the Floer complex CF (L, φ1ǫf (L)) with the structure of a Λ(L,ω)-

module as formulated in section 13.9.3. Recall that CF ∗(L1, L0) ∼= CF∗(L0, L1)
∗

was associated to the full path space Ω(L0, L1) as a Λ(L0, L1)-module in subsection
13.9.3.

In the current context of (L, φ1ǫf(L)), we provide the filtration level and grading

of qβ · [p] by

ℓ(qβ · [p]) = ω(β) + f(p)(17.3.11)

deg(qβ · [p]) = n− µf (p)− µL(β).(17.3.12)

The way how these are set-up is motivated by our wish that the ∂(0) coincides
with the Morse boundary operator of −f (or the Morse coboundary operator of
f). In other words, we provide the Λ(ω,L)-module structure on CF (L, φ1ǫf (L)) by
extending the relation

(17.3.13) [β] · [p] = T−ω(β)e−µL(β)) · [p]
in Λ(ω,L). By definition, we have

CF (L, φ1ǫf (L)) = Λω,L{Crit f}.
Then the coboundary map

δ : CF (L, φ1ǫf (L)))→ CF (L, φ1ǫf (L)))

respects this Λ(ω,L)-module structure.

17.3.1. Construction of spectral sequence. By the thick-thin decomposi-
tion, the boundary operator δ : C∗ → C∗ has the form

δ = δ(0) + δ′

where δ(0) comes from the coboundary operator associated to the local Floer com-
plex and δ′ is the contribution of thick trajectories.

To analyze δ′ further, let u ∈ M(L, φ1ǫf (L);x, y) be any thick trajectory and

w : ([0, 1]2, δ[0, 1]2) → (M,L) the associated map used in the proof of Lemma
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17.1.4. If we choose ǫ > 0 sufficiently small, then we have
∫
w∗ω ≥ ΣL −

1

4
ΣL =

3

4
ΣL > 0

µL(w) = 1− µf (x) + µf (y)) ≤ n+ 1.

By the monotonicity of L and
∫
w∗ω > 0, we have µL(w) > 0.

It follows from this that

µf (x) − µf (y) = 1− µL(w)

and

µL(w) = lΣ for 1 ≤ l ≤
[
n+ 1

ΣL

]
.

Therefore each thick trajectory changes the Morse grading by −lΣL + 1 for some
1 ≤ l ≤ [n+1

ΣL
] and so δ is decomposed into

(17.3.14) δ′ = δ(0) + δ(1) ⊗ q + · · ·+ δ(NL) ⊗ qL

where δ(ℓ) : C
(∗)(f)→ C(∗−1+ΣL)(f) is the linear map induced from the trajectories

connecting critical points of f with indices ∗ and ∗ − lΣ+ 1. Recall that δ(0) maps

C∗ to C∗+1.

Theorem 17.3.1. There exists a spectral sequence with the following properties:

(1) Ep,q2 =
⊕

kH
k(L;Q)⊗

(
T qλΛ0,nov/T

(q+1)λΛ0,nov

)(p−k)
. Here λ > 0.

(2) There exists a filtration F∗HF ((L, φ−ǫf (L); Λ0,nov) on the Floer cohomol-
ogy HF ((L, φ−ǫf(L); Λ0,nov) such that

Ep,q∞ ∼=
FqHF p(L, φ−ǫf (L); Λ0;ω,L)

Fq+1HF p((L, φ−ǫf (L); Λ0,nov)
.

(We refer to Theorem D [FOOO09] for more precise and general statement of
this theorem, especially in relation to the deformed version by bulk deformations
or by ambient cohomology classes of M .)

The rest of this subsection will be occupied by the proof of this theorem.
Since we have Σ ≥ 2, δ(l) has degree less than or equal to −1. By comparing

degrees of each summand of the equation

0 = δ ◦ δ = (δ(0) + δ′)2,

we immediately obtain

δ(0) ◦ δ(0) = 0,

δ(0) ◦ δ′ + δ′ ◦ δ(0) + δ′ ◦ δ′ = 0

Now the first equation implies that δ′ descends to H(C∗, δ(0)) = H∗(L; f) and the
second implies that it defines a differential there.

The filtration on C(L, φ−ǫf (L)) induces the spectral sequence we are defining.
We first note that there is an isomorphism

gr∗(FC(Lφ
1
ǫf (L)))

∼= C(L; ǫf)⊗ gr∗(F ∗Λ(ω,L))
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as gr∗(F ∗Λ(ω,L)) modules. Then we obtain the spectral sequence Ep,qr where E2-
term is given by

(17.3.15) Ep,q2 =

n⊕

k=0

Hk(L;R)⊗ grq
(
FΛ

(p−k)
(ω,L)

)
.

Here Λ
(p−k)
(ω,L) denotes the degree p − k part. We can also show that there exists a

filtration on HF p(L, φ1ǫf (L)); Λ(ω,L)) such that

Ep,q∞ ∼= F qHF p(L, φ1ǫf(L); Λ(ω,L))/ F
q+1HF p(L, φ1ǫf (L); Λ(ω,L)).

We remark that the proof of convergence of the above spectral sequence works for
an arbitrary commutative ring R.

Note that multiplications by TA(ω,L) and e give the following isomorphisms
respectively:

TA(ω,L) · : F qHF p(L, φ1ǫf (L); Λ(ω,L)) −→ F q+1HF p(L, φ1ǫf (L); Λ(ω,L))

e· : F qHF p(L, φ1ǫf (L); Λ(ω,L)) −→ F qHF p+2(L, φ1ǫf (L); Λ(ω,L)).

Now consider a graded Λ(ω,L) module D that has a filtration F ∗D compatible with
that on Λ(ω,L) in that

F ℓΛ(ω,L) · F kD ⊆ F k+ℓD.
Let Λ

(0)
(ω,L) be the degree 0 part of Λ(ω,L). We have

Λ
(0)
(ω,L)

∼= R[[TA(ω,L) ]][T−A(ω,L) ]

which shows that, if R is a field, then Λ
(0)
(ω,L) is a field and so the degree p part

Dp of D is a vector space over Λ
(0)
(ω,L). We use this filtration to define our spectral

sequence following the standard procedure applied to filtered complex [McC85].

We denote by Ĉ the Λ(0;(ω,L))-module over Crit f and define

Zp,qr (Ĉ) = {x ∈ F qĈp | δx ∈ F q+r−1Ĉp+1}+ F q+1Ĉp,

Bp,qr (Ĉ) = (δ(F q−r+2Ĉp−1) ∩ F qĈp) + F q+1Ĉp,

Ep,qr (Ĉ) = Zp,qr (Ĉ)/Bp,qr (Ĉ).

Denote
Λ(0)(λ) = Λ

(0)
(ω,L)/F

λΛ
(0)
(ω,L).

We define a filtration of Λ
(0)
(ω,L) by F

nΛ
(0)
(ω,L) = FnA(ω,L)Λ

(0)
(ω,L). Then its associated

graded module is given by

gr∗
(
FΛ

(0)
(ω,L)

)
=
⊕

n∈Z≥0

grn

(
FΛ

(0)
(ω,L)

)
,

where each grn

(
FΛ

(0)
(ω,L)

)
is naturally isomorphic to Λ(0)(A(ω,L)). We also have

gr∗
(
FΛ(ω,L)

)
= gr∗

(
FΛ

(0)
(ω,L)

)
[e, e−1] =

⊕

n∈Z≥0

grn

(
FΛ

(0)
(ω,L)

)
[e, e−1].

Recall that Ep,qr has a natural structure of Λ(0)(A(ω,L)) module. The multiplication

by e±1 ∈ Λ(ω,L) defines a map

e±1 : Ep,qr (Ĉ)→ Ep±2,qr (Ĉ),
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which turns Er(Ĉ) :=
⊕

p,q E
p,q
r (Ĉ) into a gr∗(FΛ(ω,L))-module and

⊕

p,q

δp,qr :
⊕

p,q

Ep,qr (Ĉ)→
⊕

p,q

Ep+1,q+r−1
r (Ĉ)

is a gr(F ∗Λ(ω,L))-module homomorphism.

Lemma 17.3.2. There exists a Λ(0)(A(ω,L))-module homomorphism

δp,qr : Ep,qr (Ĉ)→ Ep+1,q+r−1
r (Ĉ)

such that

(1) δp+1,q+r−1
r ◦ δp,qr = 0,

(2) Ker(δp,qr )/ Im(δp−1,q−r+1
r ) ∼= Ep,qr+1(Ĉ),

(3) e±1 ◦ δp,qr = δp±2,qr ◦ e±1.
Proof. We define δp,qr [x] = [δx] ∈ Ep+1,q+r−1

r (Ĉ). Once we have this, the
proof immediately follows. �

The following lemma reflects the fact that we are working with the monotone
case.

Lemma 17.3.3. The spectral sequence collapses always at EN -page for

N = NL =

[
n+ 1

ΣL

]
.

In particular the spectral sequence stabilizes after at most N step.

Proof. This is an immediate consequence of the structure of δ given in (17.3.14).
�

This lemma enables us to define

Ep,q∞ (Ĉ) = Ep,qN (Ĉ).

Remark 17.3.4. The corresponding spectral sequence in the generality of
[FOOO09] does not collapse in the finite stage, but it was proved that the projec-
tive limit

lim
←−

Ep,qr (Ĉ)

exists and so the spectral sequence still converges. We refer to [FOOO09] for the
proof of this convergence.

Now let (C, δ) be the local Floer cohomology complex of (L, φ1ǫf (L)) which is

isomorphic to the Morse complex (C∗(f), δǫf) by definition. Then we have

Lemma 17.3.5. There exists an isomorphism

E∗,∗2 (Ĉ) ∼= H(C; δ)⊗R gr∗(FΛ(ω,L))

as gr∗(FΛ(ω,L)) modules.

Proof. By definition,

E∗,∗1 (Ĉ) ∼= C ⊗R gr∗
(
FΛ(ω,L)

)
.

It follows from Proposition 17.1.3 that δ(1) = δ. Hence it finishes the proof. �

Definition 17.3.6. We define F qH(Ĉ, δ) to be the image of H(F qĈ, δ) in

H(Ĉ, δ).
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Then by the general result on the spectral sequence or by an explicit identifi-
cation in the current case which stabilizes in a finite page we obtain

Theorem 17.3.7.

Ep,qN (Ĉ) ∼= F qHp(Ĉ, δ)/F q+1H(Ĉ, δ)

as a Λ(0)(λ0) := Λ
(0)
0;(ω,L)/F

λ0Λ
(0)
0;(ω,L) module.

By definition

Hp(Ĉ, δ) = HF p(L, φ1ǫf (L); Λ0;(ω,L)).

Recall that Λ0;(ω,L) is a discrete valuation ring in the monotone case and its residue
field is Λ(ω,L). Therefore we have the isomorphism

(17.3.16) HF ((L, φ1ǫf (L); Λ(ω,L)) ∼= HF ((L, φ1ǫf(L); Λ0;(ω,L))⊗Λ0;(ω,L)
Λ(ω,L).

Remark 17.3.8. The Floer complex over Λ0;(ω,L) can be always constructed

in the same way as we did over for the pair (L, φ1ǫf (L)) but HF (L,L′; Λ0;(ω,L))
may not be invariant under the Hamiltonian isotopy, while we have shown that
HF (L,L′; Λ(ω,L)) is invariant under the Hamiltonian isotopy of HF (L,L′; Λ0;(ω,L))
for the monotone pair (L,L′) for the cases:

(1) where both L, L′ has minimal Maslov number greater than 2 or
(2) where L′ is a Hamiltonian deformation of L and L has minimal Maslov

number is greater than or equal to 2.

Consideration of δ for the complex CF (L, φ1ǫf (L)) and its associated spectral
sequence constructed here give rise to the following theorem proved by the author
in [Oh96b]. In the statement of the theorem, we will just denote HF ∗(L, φ1ǫf (L))

as HF ∗(L,L) or HF
(
L; ΛZ2

(ω,L)

)
over the coefficient ring Z2.

Theorem 17.3.9 (Compare with [Oh96b]). Let L ⊂ (M,ω) be monotone with

ΣL ≥ n + 1. Consider the Novikov ring over Z2, Λ
Z2

(ω,L) and the associated Floer

cohomology HF ∗(L,L). Then the following hold:

(1) If ΣL > n+ 1, then HF ∗(L,L) ∼= H∗(L;Z2).
(2) If ΣL = n + 1, then HF ℓ(L,L) ∼= Hℓ(L;Z2) for 1 < ℓ < n and either

HF 0(L,L) = HFn(L,L) = {0} or
HFn(L,L) = Hn(L;Z2)

HF 0(L,L) = H0(L;Z2).(17.3.17)

Proof. Since n ≥ 1, we have ΣL ≥ 2 and so HF (L, φ(L)) is well-defined and
invariant under the Hamiltonian of φ. From now on, we will just denote this as
HF (L,L).

If ΣL > n+1, we have NL = 0, i.e., δ = δ(0) and so Lemma 17.3.3 and Theorem
17.3.7 imply

HF ∗
(
L,L; ΛZ2

(ω,L)

)
∼= E∗,∗2 (Ĉ) ∼= H(C(f); δf )⊗Z2 gr∗(FΛ

Z2

(ω,L))

∼= H∗(L;Z2)⊗Z2 Λ
Z2

(ω,L)

as a ΛZ2

(ω,L)-module. Regarding the latter as a Z2-module, we have finished the

proof.
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On the other hand, if ΣL = n+1, then NL = 1 and so δ = δ(0)+ δ(1)⊗ q where
δ(1) : C

∗(f)→ C∗+n. Therefore the only nontrivial contribution occurs on C0(f).
In E2-page, it induces a coboundary map

(17.3.18) δ(1) ⊗ Λ
(0);Z2

(ω,L) : H0(f ;Z2)⊗ Λ
(0);Z2

(ω,L) → H0(f ;Z2)⊗ Λ
(0);Z2

(ω,L)

and zero in all other degrees. Therefore the first statement of (2) holds. For the
second statement, there are two cases to consider depending on whether δ(1) is zero
or not.

When it is not zero, it induces an isomorphism and so

HF 0(L,L) = HFn(L,L) = {0}.
On the other hand, if it is zero, then (17.3.17) follows. This finishes the proof. �

Finally we briefly mention the product structure

m2 : HF (L,L; Λ(ω,L))⊗HF (L,L; Λ(ω,L))→ HF (L,L; Λ(ω,L))

on the Floer cohomology defined in [FOOO09]: One may regard the Morse-Bott
version HF (L,L; Λ(ω,L)) of the Floer cohomology as HF (L, φ1ǫf (L)) when ǫ > 0 is
sufficiently small. Then the triangle product

m2 : HF (L, φ1ǫf (L))×HF (φ1ǫf (L), L)×HF (L,L)

constructed in 16.5 gives rise to a product m2 : Ĉ(L) ⊗ Ĉ(L) → Ĉ(L) by letting
ǫ→ 0. It is easy to see from the construction that

m2(F
q1Ĉ(L)⊗ F q2Ĉ(L)) ⊆ F q1+q2Ĉ(L).

This implies that the filtration defined above on HF (L,L; Λ(ω,L)) is preserved by
m2. The following theorem was proved in section 6.4.5 [FOOO09]. We refer readers
thereto for its proof.

Theorem 17.3.10. The spectral sequence constructed in Theorem 17.3.1 is
compatible with the ring structure. In other words we have the following: Each
page Er of the above constructed spectral sequence has a ring structure m2 which
satisfies:

δr(m2(x, y)) = −m2(δr(x), y) + (−1)degxm2(x, δr(y)).

The filtration F is compatible with the ring structure induced by m2. The isomor-
phisms present in Theorem 17.3.1 are ring isomorphisms.

17.4. Biran-Cieliebak’s theorem

One geometrically obvious fact from its definition, which plays a crucial role in
application of the Floer homology invariants, is the following vanishing result.

Theorem 17.4.1. Suppose that L ⊂ (M,ω) carries a ‘Floer homology’ HF (L;M)
that is invariant under the Hamiltonian isotopy. If L is displaceable, i.e, if there
exists a Hamiltonian diffeomorphism φ with φ(L) ∩ L = ∅, then HF (L;M) = {0}.

Proof. Choose any Hamiltonian diffeomorphism φ such that L ∩ φ(L) = ∅.
Then by definition of CF (L, φ(L)), CF (L, φ(L)) = {0} and hence HF (L, φ(L)) =
{0}. On the other hand since HF (L, φ(L)) is isomorphic under the Hamiltonian
isotopy, we also have HF (L, φ(L)) ∼= HF (L;M). This finishes the proof. �



17.4. BIRAN-CIELIEBAK’S THEOREM 455

Recall that we have shown in Chapter 16 that if one of the following condition
holds, then the Floer homology is well-defined and invariant under the Hamiltonian
isotopy:

(1) the case where L0, L1 satisfy ΣLi > 2,
(2) the case where L1 is Hamiltonian isotopic to L0 = L and L satisfies

ΣLi ≥ 2.

In particular for the case (2), the following holds:

(1) HF (L, φ(L)) is well-defined for any Hamiltonian diffeomorphism φ with
L ⋔ φ(L).

(2) there exists a canonical isomorphism betweenHF (L, φ(L)) andHF (L, φ′(L)),
provided a Hamiltonian isotopy between them is given, and the isomor-
phism depends only on the (Hamiltonian) isotopy class thereof.

Corollary 17.4.2. For any compact monotone Lagrangian submanifold of R2n

with ΣL ≥ 2, HF (L, φ(L)) satisfies the above properties and hence HF (L, φ(L)) =
{0}.

In [BCi02], Biran and Cieliebak observed that similar automatic displacement
property of compact Lagrangian embedding holds on any symplectic manifold of
the type

(17.4.19) V ×M
where V is sub-critical Weinstein manifold andM is any compact symplectic mani-
fold. In particular, they applied this observation with Theorem 17.3.9 and Corollary
17.4.2 in an interesting way to the study of some topological property of compact
Lagrangian submanifolds L ⊂ V ×CPn. In the remaining section, we describe their
theorem closely following the arguments from [BCi02].

We first introduce a few standard notions in the study of noncompact symplec-
tic manifolds from [EG91].

Definition 17.4.3. A symplectic manifold (M,ω) is called convex at infinity
if it carries a vector field X which is complete symplectically dilating at infinity: A
vector field X is complete symplectically dilating if the flow {φt} of X is complete
and satisfies (φt)∗ω = etω. We assume that (M,ω) allows an exhausting pluri-
subharmonic function at infinity.

Let (Q, ξ) be a contact manifold and λ a contact form thereof, i.e., one form
with kerλ = ξ. The Reeb vector field Xλ associated to the contact form λ is the
unique vector field that satisfies

(17.4.20) X⌋λ = 1, X⌋dλ = 0.

Therefore the contact form naturally provides a splitting

TQ = R{Xλ} ⊕ ξ.
We denote by Π = Πλ : TQ → TQ the idempotent satisfying ImagaΠ = ξ,
kerΠ = R{Xλ}, and by π = πλ : TQ→ ξ the corresponding projection.

Definition 17.4.4 (Contact triad and triad metric). We call an endomorphism
J : TQ → TQ satisfying J2 = −Π a λ-compatible CR-almost complex structure,
if the bilinear form dλ(·,Π·) is nondegnerate on ξ. We call the triple (Q, λ, J) a
contact triad. We call a triad metric the metric on Q defined by

gQ(h, k) = g(λ,Jξ) := λ(h)λ(k) + dλ(h, Jk)
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for h, k ∈ TQ.

The following is a standard definition in the study of contact manifold.

Definition 17.4.5. We call a compact contact manifold (Q, ξ) is strongly sym-
plectically fillable if it carries its filling, i.e., a compact symplectic manifold (W,ω)
such that

(a) ∂W = Q
(b) ω = dλ for some one-form λ near the boundary and and ξ = kerλ on ∂W
(c) the orientation of Q defined by λ ∧ (dλ)n−1 coincides with the boundary

orientation of Q = ∂W .

By the symplectic neighborhood theorem, one can choose a function r in a
collar neighborhood Uδ of ∂W = Q in W such that

Uδ ∼= (1− δ, 1]×Q
ω = d(rπ∗λ) on Uδ(17.4.21)

for the projection π :M≥R → Q. We then consider the cylinder (1− δ,∞)×Q and
form the union

(17.4.22) Ŵ =W#((1 − δ,∞)×Q)

along the strip (1 − δ, 1] × Q ∼= Uδ. The symplectic form ω naturally extends

to Ŵ := M by gluing it with d(rπ∗λ) on (1 − δ,∞) × Q. By definition, every
symplectic manifold convex at infinity has this decomposition by identifying ϕ =
log r, or equivalently r = eϕ in terms of the identificationM≥R =M r≥R ∼= [0,∞)×
ϕ−1(lnR). In terms of the chosen contact form λ on Q and the projection π :
M≥R → Q, the symplectic form ω has the expression

ω = d(rπ∗λ) = d(es π∗λ).

We call (s, y) the cylindrical coordinates and (r = es, y) the cone coordinates.

Remark 17.4.6. In the case of M = Cn \ {0} ∼= (0,∞) × S2n−1, (
√
r, y) with

y ∈ S2n−1 is nothing but the standard polar coordinates of Cn \ {0}. On the other
hand if we write

T ∗N \ {0} ∼= S1(T ∗N)× R+

then r = |p| for the canonical coordinates (q, p) of T ∗N \ {0} ⊂ T ∗N .

On the cylinder (−∞, 0]×Q ⊂ (−∞,∞)×Q, we have the natural splitting

TxM ∼= R
{
1

r

∂

∂r

}
⊕ TqQ ∼= span

{
∂

∂s
,Xλ(q)

}
⊕ ξq ∼= R2 ⊕ ξq.

We denote by X̃λ the unique vector field on M which is invariant under the trans-
lation, tangent to the level sets of r and projected to Xλ. When there is no danger
of confusion, we sometimes just denote it by Xλ.

Now we describe a special family of almost complex structure adapted to the
given cylindrical structure of M .

Definition 17.4.7. An almost complex structure J on (M,ω) is called λ-
contact type if it is split into

J = j ⊕ Jξ : TM ∼= R2 ⊕ ξ → TM ∼= R2 ⊕ ξ
where Jξ is compatible to dλ|ξ and j : R2 → R2 maps ∂

∂s to Xλ.
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For our purpose, we will need to consider the symplectic form ω̂ to which the
given J is compatible and their associated metric g(ω̂,J) = ω̂(·, J ·). We choose an
exhausting pluri-subharmonic function ϕ with respect to a tame almost complex
structure J on M . We also assume that J is invariant under the flow of X outside
a compact set. Then the level set ϕ−1(S) for sufficiently large S carries the induced
contact structure (in fact a CR-structure) on it, and the flow map

φ : (0,∞)× ϕ−1(S)→M ∩ ϕ−1([S,∞); (s, y) 7→ φs(y)

defines a diffeomorphism. In this coordinates, we have ϕ = s and φs is nothing
but the translation maps φs(S, y) = (S + s, y). With this said, the definition of a
symplectic manifold convex at infinity can be given in terms of this contact manifold
N = ϕ−1(S) which is now in order.

Exercise 17.4.8. Prove that the Morse index of any critical point of pluri-
subharmonic function is less than equal to n = 1

2 dimV .

Exercise 17.4.9. Prove that any unstable manifold of p ∈ Critϕ is isotropic.

Definition 17.4.10. A noncompact symplectic manifold (V, ω) is called We-
instein if there exists an exhausting Morse function ϕ : V → R and a complete
Liouville vector field X (i.e., one satisfying LXω = ω) that is gradient-like. We say
V is sub-critical if the Morse index of ϕ at any critical point is strictly less than
n = 1

2 dimV and critical otherwise.

We start with the following general property of sub-critical Weinstein manifold.

Proposition 17.4.11 (Lemma 3.2 [BCi02]). Let (V, ω,X, ϕ) be a complete
sub-critical Weinstein manifold. Let A ⊂ V be any compact subset. Then there
exists a compactly supported Hamiltonian H such that φ1H(A) ∩A = ∅.

Proof. Consider the (positively) invariant set, denoted by ∆X , of the flow of
X , which is compact and is a finite union of smooth manifold of dimension less
than or equal to n−1. Therefore we can find a Hamiltonian K that is supported in
a small neighborhood of ∆X such that φ1K(∆X) ∩∆X = ∅. Since ∆X is compact,

we can find a small neighborhood U ⊂ ∆X such that φ1K(U) ∩ U = ∅.
Denote by ψt the flow of X . Since LXω = ω, ψt is conformally symplectic and

so the conjugation ψt ◦φ1K ◦ (ψt)−1 is symplectic. Denote ht = ψt ◦φ1K ◦ (ψt)−1. We
fix T > 0 so large that ψ−T (A) ⊂ U . Then since φ1K moves U away from itself we
derive hT (A) ∩ A = ∅. Finally we check that hT is generated by the Hamiltonian
H = H(t, x) defined by

H(t, x) = etT (ψ−tT )∗(Kt +Gt)

where Gt is the unique compactly supported Hamiltonian determined by the equa-
tion

dGt = λV − (φtK)∗λV

which can be explicitly written as

G(t, x) =

∫ t

0

(Ks − dKs(X))((φsK)−1(x)) ds.

From this, it follows that H has compact support since K does. �
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Lemma 17.4.12. Let (V, ωV ) be a sub-critical Weinstein manifold with ωV =
dλV and (M,ωM ) a closed symplectic manifold. Then any compact Lagrangian
submanifold L ⊂ V × M is displaceable by a compactly supported Hamiltonian
isotopy.

Proof. We will displace L by a Hamiltonian vector field that is parallel to
TV ⊕ {0}. Since L is compact, its projection π1(L) is also compact. Therefore the
proof is an immediate consequence of Proposition 17.4.11. �

The following homological sphericality result is then proved by Biran and
Cieliebak [BCi02].

Theorem 17.4.13 (Biran-Cieliebak). Suppose that V is connected sub-critical
Weinstein manifold of 2 ≤ dim V ≤ 2n and with c1(V ) = 0. Consider any compact
Lagrangian L ⊂ V ×CPn with H1(L,Z) = {0}. Then L is cohomologically spherical
in that

Hℓ(L,Z2) = {0}
for all 1 ≤ ℓ ≤ dimL− 1.

Proof. First we note that V ×CPn is monotone with the same monotonicity
constant as CPn by the hypothesis that c1(V ) = 0 and V is Weinstein, in particular
it is exact. We know that CPn is a monotone symplectic manifold i.e., Iω = λ0Ic1
on π2(M) ∼= H2(M ;Z) with λ0 = ω(L)/c1(L) > 0.

Next we prove that any compact Lagrangian embedding L ⊂ V × CPn =: M
with H1(L,Z) = {0} is monotone with ΣL ≥ dim V = 2n+1 > 2. Since H1(L,Z) =
{0}, the natural map

H2(V × CPn,Z)→ H2(V × CPn, L;Z)

is surjective and so any element in H2(V ×CPn, L;Z) comes from H2(V ×CPn,Z).
Now consider the homomorphisms I(ω;L), I(µ;L) on π2(M,L). Note that both

homomorphisms are factored through H2(M,L;Z) and vanish on torsion elements
thereof. On the other hand, we have

H2(V × CPn,Z) ∼= H2(V,Z)⊕H2(CPn,Z) mod torsion.

Therefore it is enough to show

(17.4.23) I(ω,L) =
λ0
2
I(µ;L)

holds for the generators of H2(V,Z) and H2(CPn,Z). For H2(V,Z), this trivially
holds since ω is exact and c1(V ) = 0 by assumption.

Let [C0] ⊂ CPn be the homology class of complex line [C0] ∈ H2(M,Z) which
is a generator of H2(M,Z) and denote by i∗[C0] its push-forward to H2(M,L;Z).
Obviously we have

I(ω,L)(i∗[C0]) = ω([C0]) = Iω([C0])

I(µ,L)(i∗[C0]) = 2c1([C0]) = 2Ic1([C0]).

Recall 2c1([C0]) = 2(n+ 1) > 2. Furthermore we have ΣL = 2(n+ 1) = dimL+ 1
and so L satisfies the hypothesis of Theorem 17.3.9 (2). This implies

Hℓ(L; Λ(ω,L)) ∼= HF ℓ(L,L; Λ(ω,L))

for 1 ≤ ℓ ≤ dimL− 1.
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On the other hand, since V is subcritical, there is a compactly supported Hamil-
tonian diffeomorphism φ on V ×CPn such that L∩φ(L) = ∅, i.e., L is displaceable.
Combining Theorem 17.3.9 (2) and Corollary 17.4.2, we have finished the proof of
Theorem 17.4.13. �

In the next section, we will derive various consequence of Theorem 17.4.1 com-
bined with the spectral sequence constructed in section 17.3.

17.5. Audin’s question for monotone Lagrangian submanifolds

One of the very first insightful questions on the symplectic topology of com-
pact Lagrangian embedding in Cn next to Gromov’s non-exactness theorem is the
following question posed by Audin [Au88].

Question 17.5.1. Is the minimal Maslov number 2 for any compact Lagrangian
tori?

The first positive answer was obtained by Viterbo [Vi90] in general and by
Polterovich [Po91a] in R4. Viterbo used the classical critical point theory of the
action functional and Polterovich uses the method of pseudo-holomorphic curves.
For the case of monotone Lagrangian tori L ⊂ Cn, the author exploited the well-
definedness of Lagrangian Floer homology and the idea of thick-thin decomposition
and answered affirmatively to the question when n ≤ 24 [Oh96b]. The same
theorem holds for any displaceable monotone Lagrangian tori in general (M,ω).

This dimensional restriction n ≤ 24 has been removed by Fukaya-Oh-Ohta-Ono
[FOOO09] and by L. Buhovsky [Bu06] independently using the compatibility
of the spectral sequence with the product induced m2. The idea of using this
compatibility of spectral sequence is due to Seidel [Se02]. The outcome is the
following whose proof here is borrowed from [FOOO09].

Theorem 17.5.2. Suppose that L ⊂ (M,ω) is a displaceable monotone La-
grangian torus. Then its minimal Maslov number ΣL satisfies

ΣL = 2.

Proof. We first remark that T n is orientable and spin, and the monotonicity
implies ΣL > 0 by definition.

We will prove the theorem by contradiction. Suppose to the contrary that
ΣL ≥ 3. (Since T n is orientable, this in fact implies ΣL ≥ 4. This fact will not be
used in the proof.) The monotonicity then implies HF (L,L; Λ(ω,L)) is well-defined
and invariant under the Hamiltonian isotopy.

We have the decomposition of the boundary map into

δ = δ(0) + δ(1) + · · ·+ δ(N) =: δ(0) + δ′

where N ≤
[
n+1
ΣL

]
and δ(k) has the form

(17.5.24) δ(k) = δ(k) ⊗ T kλ0ekΣL .

Here δ(k) : Ek → Ek has the degree 1 − kΣL. Since ΣL ≥ 3, this degree of δ(k) is
smaller than equal to −2 for k ≥ 1.

Now we consider the action of δ on the E2-term

E2 = H∗(T n;Q)⊗ Λ0,nov.
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We recall that the cohomology ring H∗(T n;Q) is generated by the one-dimensional
cohomology classes α1, · · · , αn ∈ H1(L;Q). By a simple degree counting, we derive

δ2(αk) = δ(k)(αk) · T kλ0ekΣL = 0 for k = 1, · · · , n.
We have

δ2(m2(αi, αj)) = −m2(δ2(αi), αj)−m2(αi, δ2(αj)) = 0.

On the other hand, from the energy consideration, we have

m2(αi, αj) ≡ αi ∪ αj mod T λ0 .

Therefore δ2(αi ∪ αj) = 0 for all i, j = 1, · · ·n. Inductively applying the above
arguments to all possible products of αi’s, we derive that the spectral sequence
degenerates in the E2-term and hence we conclude

HF ∗(L; Λ0,nov) ∼= H∗(T n;Q)⊗ Λ0,nov

which is in particular a free module over Λ0,nov. Therefore

(17.5.25) HF ∗(L; Λnov) ∼= H∗(T n;Q)⊗ Λnov 6= 0.

(So far we have not used the assumption that L ⊂M is displaceable, which enters
in the following last stage of the proof.) On the other hand, it follows from the
invariance of HF ∗(L; Λnov) and the existence of a Hamiltonian diffeomorphism φ
with φ(L) ∩ L = ∅ implies HF ∗(L; Λnov) = {0}. This contradicts to (17.5.25) and
hence the proof of ΣL ≤ 2. Now the theorem follows since T n is orientable and so
the non-zero integer ΣL must be even. �

Remark 17.5.3. In the modern perspective of Floer theory, Viterbo’s proof
in [Vi90] can be recast as an application of Hamiltonian Floer homology on the
loop space of symplectic manifolds [Vi99], while Polterovich’s as one of Lagrangian
Floer homology. It had been quite a mystery how these two versions of Floer
homology give rise to the same kind of results, until Fukaya [Fu06] involved Chas-
Sullivan’s bracket on the loop space of Lagrangian submanifolds and reconstructed
A∞-algebra of L ⊂ (M,ω) as a deformation of the DGA of the de Rham complex,
and answers to Audin’s question affirmatively in complete generality. There is also
an symplectic field theory approach advocated by Eliashberg [El01]. As far as the
author knows, the details of these proofs have not appeared yet.

17.6. Polterovich’s theorem on Ham(S2)

In relation to the Hofer distance, it is a natural question to ask whether the
diameter ofHam(M,ω) for a given compact symplectic manifold is finite or infinite.

Definition 17.6.1 (Hofer’s diameter). Let (M,ω) be any symplectic manifold
and Ham(M,ω) be its Hamiltonian diffeomorphism group. (If (M,ω) is open, we
take Hamc(M,ω) instead.) Define

diam(Ham(M,ω)) = sup
φ∈Ham(M,ω)

‖φ‖.

In this regard, it is proved by Ostrover [Os03] and Polterovich [Po98b] respec-
tively that the Hofer diameter is infinite for the case with π2(M) = {0}, i.e., the
aspherical case, and for S2.

Theorem 17.6.2 (Ostrover). Let (M,ω) be a closed symplectic manifold with
π2(M) = 0. Then the Hofer diameter of Ham(M,ω) is infinite.
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Usher has obtained various generalizations of this result in [Ush09]. On the
other hand, Polterovich proved the following

Theorem 17.6.3 (Polterovich). The Hofer diameter of Ham(S2) is infinite.

Ostrover’s theorem is proved using the Hamiltonian Floer homology while
Polterovich uses the Lagrangian intersection Floer homology in their proofs re-
spectively. We will come back to Ostrover’s proof later in part IV. In this section,
we will present Polterovich’s proof closely following his original argument.

We start with Lagrangian suspension construction applied to Hamiltonian loops.
Consider Hamiltonian H : [0, 1]×M → R satisfying

φ1H = id.

Consider an arbitrary closed symplectic manifold (M,ω). Let φ ∈ Ham(M,ω)
and F be a normalized Hamiltonian with F 7→ φ. Denote by Hloop the set of
Hamiltonians H generating a Hamiltonian loop, i.e., φH satisfying φ1H = id. To
make H one-periodic, we reparameterize the loop so that φtH ≡ id near t = 0, 1.
In particular H ≡ c on [0, δ] ∪ [1− δ, 1]×M for some constant c.

We associate the suspension of the equator L ⊂ (M,ω) by the Hamiltonian
isotopy φH defined in Definition 3.7.6. We denote the suspension by

N(L, φH) ⊂ T ∗L×M
andN0 = N(L, id). Note that N0 is nothing but the product oL×L and Proposition
3.7.7 implies L = N(L, φH) is Hamiltonian isotopic to N0. Furthermore N0 is
monotone with its minimal Maslov number is 2 if so is L ⊂ (M,ω) and hence the
Floer homology HF (N0, N(L, φH)) over the Novikov ring ΛZ2 is well-defined and
isomorphic to HF (N0, N0).

Lemma 17.6.4. Suppose L ⊂ (M,ω) is monotone with ΣL ≥ 2. Then we have

HF (N0, N0) ∼= HF (oL, oL)⊗HF (L,L;M).

Proof. Since N0 is monotone and has minimal Maslov number 2, the associate
Floer homology of N0 and its Hamiltonian deformation does not depend on the
choice of isotopy and of almost complex structures (Theorem 16.4.9).

For the first isomorphism, we observe that the Lagrangian submanifold N0 =
oL × L is a direct product in the product symplectic manifold T ∗L ×M . Using
the invariance property of HF under the Hamiltonian isotopy (Theorem 16.4.9
again), we can consider the product almost complex structure J0 on T ∗L×M and
a generic product Hamiltonian isotopy φH′ = φH′

1
× φH′

2
of N0 therein. Then the

associated Floer trajectory equation splits and so the corresponding Floer complex
(CF (N0, φ

1
H′ (N0)), ∂) becomes

CF (N0, L
′) = CF (oL, φ

1
H′

1
(oL))⊗ CF (L, φ1H′

2
(L))

with its boundary map

∂(x⊗ y) = ∂(x)⊗ y + x⊗ ∂(y).
The isomorphism HF (N0, N0) ∼= HF (oL, oL)⊕HF (L,L;M) immediately follows.

�

An immediate corollary is the following stable intersection property of L ⊂ M
with HF (L,L;M) 6= 0.
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Corollary 17.6.5. Suppose L ⊂ (M,ω) is monotone with ΣL ≥ 2 so that the
Floer homology HF (L,L;M) is defined in particular. Assume HF (L,L;M) 6= 0.
Then for any Hamiltonian loop φH of (M,ω), we have

(oL × L) ∩N(L, φH) 6= ∅.
In the point of view of the following definition, such a Lagrangian submanifold

L has stable Lagrangian intersection property.

Definition 17.6.6. We say that a Lagrangian submanifold L ⊂ (M,ω) has sta-
ble Lagrangian intersection property if (oL×L)∩N(L, φH) 6= ∅ for any Hamiltonian
loop φH , i.e., φH with φ1H = id.

The following non-vanishing result of Floer homology is essentially proved in
[Oh93b]

Theorem 17.6.7. Consider S1
eq ⊂ S2. Then we have

HF (S1
eq , S

1
eq;S

2) ∼= H(S1,ΛZ2).

In particular S1
eq has stable Lagrangian intersection property.

Proof. Take a C2-small Morse function f on S1
eq with exactly two critical

points at the south and the north poles that generates a small rotation of the
given equator. Applying Riemann mapping theorem, one checks that the thick-
thin decomposition explicitly provides

∂ = ∂Morse
f + ∂′

in this case where ∂′ is contributed by two Floer trajectories obtained by slicing
away the ‘thin’ trajectories between S1

eq and φ1f (S
1
eq) from the upper and lower

hemi-spheres. There are exactly two such ‘thick’ trajectory. Therefore the matrix
coefficient is given by

Tω(u1) + Tω(u2)

where ω(ui) is the area of the corresponding Floer trajectory u. On the other hand,
it follows from the monotonicity of S1

eq that the areas of them are the same and

hence the matrix coefficient becomes 2T λ where λ is the common area. Therefore
becomes zero in ΛZ2 . This shows ∂ = ∂Morse

f which finishes the proof. �

Next we recall the explicit definition of Lagrangian suspension

ιφH ,L : (t, x) 7→ (t,−H(t, φtH(x)), φtH (x))

whose image is nothing but N(L, φH). An intersection point

(t, a, y) ∈ N0 ∩N(L, φH)

is characterized by the equation

(17.6.26) 0 = −H(t, y) = a, y ∈ FixφtH ∩ L.
We also recall that H ≡ c on [−δ, δ] ×M where we regard [−δ, δ] as a subset of
S1 = R/Z. To remove the trivial intersections, we choose c 6= 0 which can be made
arbitrarily small and renormalizeHt so that it satisfies the normalization condition.
This last process can be done with the norm ‖H‖ as small as we want.

With these preparations, we are ready to complete proof of Theorem 17.6.3.

Proof of Theorem 17.6.3. We start with the following description of the
Hofer norm ‖φ‖ for φ ∈ Ham(M,ω) in general.
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Lemma 17.6.8. Let φ ∈ Ham(M,ω) and F 7→ φ. Then we have

‖φ‖ = inf
H∈Hloop

‖F −H‖.

Proof. Exercise. �

We associate the suspension of the equator L = S1
eq ⊂ S2 by the Hamiltonian

isotopy φH . We denote the suspension

N(S1
eq, φH) ⊂ T ∗S1 × S2

where S1 = S1(2) = R/ ⊂ 2Z andN0 = N(S1
eq, id). Note thatN0 is nothing but the

product oT∗S1
eq
×S1

eq and Proposition 3.7.7 implies L = N(S1
eq, φH) is Hamiltonian

isotopic to N0 as long as the Hamiltonian loop is contractible in Ham(S2, ω).
On the other hand, we know π1(Ham(S2)) ∼= Z2 and the full rotation along

the axis orthogonal to the given equator S1
eq generates a non-trivial loop. Note

that this loop maps S1
eq to itself and the associated Hamiltonian vanishes thereon.

Therefore the associated suspension is again given by N0. Therefore the suspension
N(S1

eq, φH) is Hamiltonian isotopic to N0 for all Hamiltonian loop φH .
Furthermore N0 is monotone with its minimal Maslov number being 2 since so

is S1
eq ⊂ S2. Therefore the Floer homology HF (N0, N(S1, φH)) over the Novikov

ring ΛZ2 is well-defined and isomorphic to HF (N0, N0) by Theorem 16.4.10. Then
we apply the cotangent bundle isomorphism for HF (oT∗S1 , oT∗S1) ∼= H(S1) ∼= ΛZ2

and Theorem 17.6.7 for HF (S1
eq, S

1
eq;S

2) ∼= H(S1
eq)
∼= ΛZ2 6= 0. By Corollary , we

conclude that S1
eq has stable Lagrangian intersection property.

Then by the characterization (17.6.26), we derive that there exists a point
(t, y) ∈ S1×L such that H(t, y) = 0. We note that the above proof is based on the
fact that Ham(S2) has finite fundamental group.

An immediate corollary of this and Lemma 17.6.8 is the following

Corollary 17.6.9. Consider any normalized Hamiltonian F such that F |S1
eq
≡

c > 0, and its time one map φ = φ1F . Then we have ‖φ‖ ≥ c.
Finally we note that we can choose a normalized Hamiltonian F in this corollary

so that c can be arbitrarily large which finishes the proof. � �

Indeed the above proof applies to any closed (M,ω) as long as it contains a
compact Lagrangian submanifold that has stable intersection property.

Theorem 17.6.10. Suppose that (M,ω) contains a compact Lagrangian sub-
manifold that has stable Lagrangian intersection property. Then diamHam(M,ω)
is infinite.

In this regard, we have shown in the above proof that S1
eq ⊂ S2 has stable

Lagrangian intersection property. By the same argument, one can conclude that
RPn and the Clifford torus T n in CPn have stable Lagrangian intersection property.

Remark 17.6.11. Theorem 17.6.3 is quite a contrast to the finiteness theorem
of the spectral diameter which we shall introduce in section 22.3. We will show

diamρ(Ham(S2)) ≤ 4π(= area of S2)

in section 22.5.
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CHAPTER 18

Action functional and Conley-Zehnder index

A popular folklore on the Hamiltonian Floer homology is that it is a (∞/2)-
dimensional homology theory on the infinite dimensional space L(M), the free loop
space of symplectic manifold (M,ω): The symplectic form ω naturally induces a
differential form Ω on L(M) by taking the average over the loop. The natural S1-
action on L(M) induced by the domain rotation defines an iterated integral X⌋Ω
where X(γ) = γ̇ is the vector field which generates this action. By the S1-invariance
of Ω, this form X⌋Ω is closed in the sense of iterated integrals of Chen [Chen73],
[GJP91]. This closed one-form is called the action one-form in symplectic geom-
etry, which we denote by α.

When a one-periodic Hamiltonian H : S1 ×M → R is turned on, its differ-
entials {dHt}t∈S1 induces an exact one-form on L(M) whose anti-derivative is the
averaging function H : L(M)→ R defined by

H(γ) :=

∫ 1

0

H(t, γ(t)) dt

on L(M). The sum α+ dH is again a closed one-form (in the sense of [Chen73]).
While α is S1-invariant dH is not unless H is an autonomous Hamiltonian. Novikov
[No81, No82] developed a Mores theory of such closed one-forms in the finite
dimensional context. In this sense, one may regard Floer homology as the Novikov
homology of the one-form α+dH. Replacing the critical point theory of the classical
action functional on Cn developed e.g., in [Bn82, BnR79] by the elliptic approach
of Novikov-Floer theory has been a powerful locomotive in the development of
symplectic topology and Hamiltonian dynamics for the last three decades.

18.1. Free loop space and its S1-action

Let M be a general smooth manifold, not necessarily symplectic. We denote
by L(M) :=Map(S1,M) the free loop space, i.e., the set of smooth maps

γ : S1 = R/Z→M.

We emphasize the loops have a marked point 0 ∈ R/Z and often parameterize them
by the unit interval [0, 1] with the periodic boundary condition γ(0) = γ(1). L(M)
has the distinguished connected component of contractible loops, which we denote

by L0(M). The universal covering space of L0(M), denoted by L̃0(M), can be

expressed as the bundle π : L̃0(M)→ L0(M) with its fiber at γ ∈ L0(M) given by

{[γ, w] | w : D2 →M ∂w =: w|∂D2 = γ}
where [γ, w] is the set of homotopy classes of the disc w : D2 → M relative to
∂w =: w|∂D2 = γ. Here we identify ∂D2 with S1 under the multiplication by 2π.

467
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We call such w a bounding disc of γ. We derive

π1(L(M)) ∼= π1(L0(M))× π1(M)

from the fibration L0(M) → L(M) → M where L0(M) is the based loop space,
say, based at the constant loop ŷ0 ∈ L0(M) with y0 ∈ M . Recalling π1(L0(M)) =
π1(L0(M), ŷ0) ∼= π2(M), we obtain the description of π1(L0(M)) as

(18.1.1) π1(L0(M), ŷ0) ∼= π2(M, y0)× π1(M, y0).

The deck transformation of the universal covering space L̃0(M) associated to an
element (A, a) ∈ π2(M) × π1(M) can be realized as follows: Represent A by a

sphere v : S2 →M with v(N) = y0. Let [γ, w] ∈ L̃0(M). Regard the interval [0, 1]
as the subset [0, 1]× i · {0} ⊂ D2 and denote 0 the origin of D2. We connect w(0)
to y0 by any path ℓ1 : [0, 1] → M with ℓ1(0) = y0, ℓ1(1) = w(0). Then we choose
another path ℓ2 : [0, 1]→M with

ℓ2(0) = y0, ℓ2(1) = γ(1)

and consider the concatenation

ℓ1#w|[0,1]#ℓ̃2
which defines a loop based at y0. We require the homotopy class of this loop to be
the given a ∈ π1(M). In particular the action of A ∈ π2(M) on [γ, w] is realized by
the operation of “gluing a sphere”

(18.1.2) (γ, w) 7→ (γ, w#v)

(modulo the action of π1(M) described as above) by a (and so any) sphere v : S2 →
M representing A ∈ π2(M).

There is a natural circle action on L(M) induced by the domain translation

(18.1.3) γ 7→ γ ◦Rϕ = γ(·+ ϕ)

where Rϕ : S1 → S1 is the map given by

Rϕ(t) = t+ ϕ, ϕ ∈ S1.

The infinitesimal generator of this action is the vector field X on L(M) provided by

(18.1.4) X(γ) = γ̇.

The fixed point set of this S1 action is the set of constant loops

M →֒ L0(M).

This action lifts to an action on the set of pairs

(18.1.5) (γ, w) 7→ (γ ◦Rϕ, w ◦Rϕ)
induced by the complex multiplication, which we again denote by

Rϕ : z ∈ D2 ⊂ C 7→ e2πiϕz.

Lemma 18.1.1. The fixed point set of the induced S1 action on L̃0(M) consists
of the pairs [γx, wx] where γx and wx are the constant loop and the constant disc
with image at x respectively.

Proof. The domain rotation Rϕ acts trivially on the constant loops γ ≡ x ∈
M . On the other hand, it acts trivially on the homotopy class of the pairs (γx, wx)
because the pair (γx, wx) and (γx ◦Rϕ, wx ◦Rϕ) are homotopic to each other since
Rϕ is homotopic to the identity. �
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18.2. The free loop space of symplectic manifold

We specialize the discussion of the previous section to the case of symplectic
manifolds (M,ω).

18.2.1. S1-action and its moment map. In this case, L(M) carries a
canonical (weak) symplectic form Ω defined by

(18.2.6) Ω(ξ1, ξ2) :=

∫ 1

0

ω(ξ1(t), ξ2(t)) dt.

We summarize the basic folklore properties of this two form without attempting to
give completely rigorous proof. We refer e.g., [Chen73], [GJP91] for the precise
exposition on the differential forms on the loop space in general.

Proposition 18.2.1. (1) The form Ω is weakly nondegenerate. In other
words, at any γ ∈ L(M), Ω(ξ, η) = 0 for all η ∈ TγL(M) if and only if
ξ = 0.

(2) Ω is closed.
(3) The S1 action (18.1.5) is symplectic, or preserves Ω, i.e., LXΩ = 0.

The (weak) nondegeneracy follows from the nondegeneracy of ω and the closed-
ness of Ω is a consequence of the closedness of ω together with the fact that S1 has
no boundary. We leave the relevant calculations to the readers or to [Wn78] for
the verification of these statements.

Then the form Ω induces a symplectic form on the covering space L̃0(M) by

the pull-back under the projection L̃0(M)→ L0(M), which we denote by Ω̃.
To explain the meaning of the statement (3) above, we first recall a useful

notion of canonical thin cylinder between two nearby loops. We denote by exp the
exponential map of the metric

g := ω(·, Jref ·)
where Jref is any given fixed reference compatible almost complex structure. Let
ι(g) be the injectivity radius of the metric g. As long as d(x, y) < ι(g) for the given
two points of M , we can write

y = expx(E(x, y))

for a unique vector

E(x, y) := (expx)
−1(y).

Therefore if the C0 distance dC0(γ, γ′) between the two loops

γ, γ′ : S1 →M

is smaller than ι(g), we can define the canonical map

ucanγγ′ : [0, 1]× S1 →M

by

(18.2.7) ucanγγ′ (s, t) = expγ(t)(sE(γ, γ′)(t))

where E(γ, γ′)(t) := (expγ(t))
−1(γ′(t)).
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Lemma 18.2.2. Let X be the vector field given in (18.1.4). The form X⌋Ω
is a closed one form on L(M) in that there is a function A = A0 defined on a
C1-neighborhood of any given loop γ0 that satisfies

(18.2.8) dA = X⌋Ω.
Proof. For any path γ sufficiently C∞ close to a given γ0, we consider

ucanγ0γ : s ∈ [0, 1] 7→ expγ0(sE(γ0, γ)),

which defines a distinguished homotopy class of paths [uγ0γ ] with fixed ends,

u(0) = γ0, u(1) = γ.

We also denote the associated parameterized cylinder in M

[0, 1]× S1 →M ; (s, t) 7→ expγ0(sE(γ0(t), γ(t)))

also by ucanγ0γ . It follows from the explicit expression ucanγ0γ(s, t) = expγ0(sE(γ0(t), γ(t)))
that we can define a function A by the formula

(18.2.9) A(γ; γ0) = 0−
∫
u∗γ0γω

in a C1-small neighborhood of γ0 ∈ L(M). Here ‘0’ should be regarded as the value
A(γ0; γ0), which can be chosen arbitrarily.

Now we verify (18.2.8). Let γ be a loop in a given C1-small neighborhood of
γ0 and and consider a tangent vector ξ ∈ TγL(M). Represent ξ by a germ of path
{γs}−ǫ<s<ǫ. Then we consider the family of pairs (γs, us) for

us := ucanγ0γ#{γs}[0,s]
for −ǫ < s < ǫ. We compute

dA(γ)(ξ) =
d

ds

∣∣∣
s=0

(
−
∫
u∗sω

)

=
d

ds

∣∣∣
s=0
−
(∫

(ucanγ0γ)
∗ω +

∫ s

0

∫ 1

0

ω
(∂γu(t)

∂u
,
∂γu(t)

∂t

)
dt du

)

=

∫ 1

0

−ω(ξ(t), γ̇(t)) dt = (X(γ)⌋Ω)(ξ).(18.2.10)

This combined with (18.2.10) proves of (18.2.8) and hence the lemma. �

Remark 18.2.3. In the point of view of de Rham theory of the loop space
[Chen73], [GJP91], a symplectic form ω on M induces a canonical cohomology
class of degree one induced by the closed one form X⌋Ω. This cohomology class is

obtained by the iterated integrals P̃1(ω) in the notation of p.344 [GJP91]. This one
form is not exact in general. Exactness of this one form is precisely the so called
the weakly exactness of the symplectic form ω.

If we restrict this closed one-form to L0(M) and consider its lifting to the

universal covering space L̃0(M), the formula (18.2.9) can be extended to a global
lifting induced by the function of the pairs (γ, w), again denoted by A = A0

A0(γ, w) = −
∫
w∗ω

if we regard w as a path from a constant path w(0) to γ = ∂w. Here we put the
negative sign in front of the integral to be consistent with the conventions taken in
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the authors’ series of papers on spectral invariants (e.g., in [Oh06a]). We call A0

the unperturbed action functional. It satisfies

(18.2.11) dA0 = X⌋Ω
on L̃0(M). In other words, the S1-action on L̃0(M) is Hamiltonian and its associ-

ated moment map is nothing but the function A0 : L̃0(M) → R (see [Wn78]) for
more detailed discussions).

18.2.2. The Novikov covering. Although the universal covering space pro-
vides a model on which the lifting of the action one-form becomes exact, it is too
big to carry out a meaningful critical point theory in that the symmetry group
π1(L0(M)) ∼= π2(M) × π1(M) of the corresponding function could be highly non-
commutative unlessM is simply connected. This leads one to find a smaller covering
space for which the deck transformation group is small and abelian. It is Novikov
[No81] who first developed a Morse theory of closed one-form on a compact mani-
fold by considering a cyclic covering space on which the form pulls back to an exact
one-form, and estimated the number of zeros of a closed one-form in terms of the
topological data of M .

Following [Fl89b], [HS95], we now introduce the notion of the Novikov cover-
ing space of L0(M). This is an abelian covering space of L0(M) that is an analog
to the cyclic covering in Novikov Morse theory.

Following the terminology used by Seidel [Se97], we introduce

Definition 18.2.4. Let (γ, w) be a pair of γ ∈ L0(M) and w be a disc bounding
γ. We say that (γ, w) is Γ-equivalent to (γ, w′) if and only if

ω([w′#w]) = 0 and c1([w
′#w]) = 0

where w is the map with opposite orientation on the domain and w′#w is the
obvious glued sphere. Here Γ stands for the group

Γ =
π2(M)

ker (ω|π2(M)) ∩ ker (c1|π2(M))
.

We denote

Γω := ω(Γ) = ω(π2(M)) ⊂ R

and call it the (spherical) period group of (M,ω).

Definition 18.2.5. We call (M,ω) rational if Γω ⊂ R is a discrete subgroup,
and irrational otherwise.

Example 18.2.6. The product S2(r1) × S2(r2) with the product symplectic
form ω1 ⊕ ω2 is rational if and only if the ratio r22/r

2
1 is rational.

Remark 18.2.7. Note that for an irrational (M,ω), the period group is a count-
able dense subset of R. In general, the dynamical behavior of the Hamiltonian flow
on an irrational symplectic manifold is expected to become much more complicated
than on the rational one. The period group Γω is the simplest indicator of this
distinct dynamical behavior between them.

From now on, we will exclusively denote by [γ, w] the Γ-equivalence class of

(γ, w) by L̃0(M). We denote the canonical projection by π : L̃0(M)→ L0(M) and

call L̃0(M) the Γ-covering space of L0(M). We denote by A or qA the image of
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A ∈ π2(M) under the projection π2(M) → Γ. There are two natural invariants
associated to A: the valuation ν(A)

(18.2.12) ν : Γ→ R; ν(A) = ω(A)

and the degree d(A)

(18.2.13) d : Γ→ Z; d(A) = 2c1(A).

In general these two invariants are independent (see [Gom98]) and so qA is a formal
parameter depending on two variables. In that sense, we may also denote

qA = Tω(A)ec1(A)/2

with two different formal parameters T and e. We put the degree of T to be 0 and
the degree of e to be 2.

The (unperturbed) action functional A0 defined above obviously projects down
to the Γ-covering space by the same formula

A0([γ, w]) = −
∫
w∗ω

as in section 18.2. This functional provides a natural increasing filtration on the

space L̃0(M): for each λ ∈ R, we define

L̃λ0 (M) := {[z, w] ∈ L̃0(M) | A0([z, w]) ≤ λ}.
We note that

L̃λ0 (M) ⊂ L̃λ′

0 (M) if λ ≤ λ′.
It follows from (18.2.11) that the critical set, denoted by CritA0, ofA0 : L̃0(M)→ R
is the disjoint union of copies of M

CritA0 =
⋃

g∈Γ
g ·M

where M →֒ L0(M);x 7→ [x, x̂] is the canonical inclusion, where [x, x̂] is the pair of
constant loop x and constant disc x̂. We have the natural commutative diagram

CritA0
� � //

π

��

L̃0(M)

π

��
M

� � // L0(M)

with the common fiber isomorphic to Γ.

18.2.3. Second Variation. We now compute the second variation d2A0 of
A0 at each critical point [x, x̂#A]. Here we use the canonical identification

(18.2.14) T[x,x̂]L̃(M) ∼= TxL(M)

induced by the tangent map of the covering projection, and regard d2A0([x, x̂#A])
as a quadratic form defined on TxL(M).

Proposition 18.2.8. At each [x, x̂#A] ∈ CritA0, the Hessian d2A0 defines a
bilinear form on

T[x,x̂#A]L̃0(M) ∼= TxL0(M)

which is (weakly) nondegenerate in the direction normal to CritA0 on L0(M).
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Proof. For the convenience of notations, we denote

[x, x̂] = x̂, [x, x̂#A] = x̂⊗ qA.
Since the action #A is the deck transformation of the covering space L̃0(M) →
L0(M), we will just consider the point [x, x̂]. Let V : (−ǫ, ǫ)× (−ǫ, ǫ)→ L(M) be
a 2-parameter family of loops such that

{
V (0, 0, t) ≡ x
∂V
∂s |s=u=0 (t) = ξ1(t),

∂V
∂u |s=u=0 (t) = ξ2(t).

Denote by γu,s : S
1 →M the loop defined by

γu,s(t) := V (u, s, t)

and let wu,s : D2 → M be the “small” disc with wu,s |∂D2 = γu,s . Such a disc is
homotopically unique.

Then by definition of the second variation, we have

d2A0([x, x̂])(ξ1, ξ2) =
∂2

∂u∂s

∣∣∣
s=u=0

A0([γu,s, wu,s]).

Here we regard ξi as tangent vectors in TxL(M) via the identification (18.2.14).
From (18.2.11), we have

∂

∂s
A0([γu,s, wu,s]) = −

∫
ω

(
∂V

∂t
,
∂V

∂s

)
dt.

Therefore using any torsion free connection ∇, we obtain

∂2

∂u∂s

∣∣∣
s=u=0

A0([γu,s, wu,s])

= −
∫ 1

0

∇ω(x)
(
∂V

∂t
,
∂V

∂s

) ∣∣∣
u=s=0

dt−
∫ 1

0

ω

(
∇u

∂V

∂t

∣∣∣
u=s=0

,
∂V

∂s

∣∣∣
u=s=0

)
dt

−
∫ 1

0

ω

(
∂V

∂t

∣∣∣
u=s=0

,∇u
∂V

∂s

∣∣∣
u=s=0

)
dt

Since V (0, 0, t) ≡ x, ∂V∂t

∣∣∣
u=s=0

≡ 0, both the first and the third terms vanish.

For the second term, since ∇ is torsion free, we have

∇u
∂V

∂t
= ∇t

∂V

∂u
.

Therefore we obtain

∇u
∂V

∂t

∣∣∣
u=s=0

= ∇t
∂V

∂u

∣∣∣∣
u=s=0

= ∇tξ2|u=s=0 =
dξ2
dt

(t)

∣∣∣∣
u=s=0

where the last identity follows since ξ2 is a variation along the constant loop x.
Altogether we derive the formula

d2A0([x, x̂])(ξ1, ξ2) = −
∫ 1

0

ω

(
dξ2
dt

(t), ξ1(t)

)
dt

In particular the kernel of d2A0([x, x̂]) consists of vector fields along the constant
path x̂ {

ξ2 ∈ C∞(S1, TxM)
∣∣∣ dξ2
dt

= 0

}
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We note that via the embedding M →֒ C∞(S1,M), we can identify TxM with the
image TxM in C∞(S1, TxM). Then this implies

ker d2A0([x, x̂]) ∼= TxM

i.e., the kernel coincides with the tangent space of the critical manifold CritA0 of
A0 at any point [x, x̂] ∈ CritA0. The same holds at other critical points [x, x̂#A]
for any A ∈ Γ. This finishes the proof. �

According to this proposition, A0 can be regarded as a Bott-Morse function
[Bo54]. We will see that by adding a generic time-dependent Hamiltonian function
H : [0, 1]×M → R, one can kill most of these critical points except a finite number
of nondegenerate one-periodic Hamiltonian orbits of H . The celebrated Aronld’s
conjecture [Ar65] states that there are at least SB(M) (= the rank of H∗(M))
(contractible) one-periodic orbits of the associated Hamiltonian flow.

18.3. Perturbed action functional and their action spectrum

When a one-periodic Hamiltonian H : (R/Z) ×M → R is given, we consider

the perturbed functional AH : L̃(M)→ R defined by

(18.3.15) AH([γ, w]) = A0([γ, w]) −
∫
H(t, γ(t))dt = −

∫
w∗ω −

∫
H(t, γ(t))dt.

Unless otherwise stated, we will always consider one-periodic mean-normalized
Hamiltonian functions, i.e., those that satisfy

(18.3.16)

∫

M

Ht ω
n = 0 for all t ∈ S1.

We denote by H0(M) = C∞0 (S1 ×M) the set of such mean-normalized Hamiltoni-
ans.

Lemma 18.3.1. The set of critical points of AH is given by

Crit(AH) = {[z, w] | z ∈ Per(H), ∂w = z}
to which the Γ action on L̃0(M) canonically restricts.

Definition 18.3.2. We define the action spectrum of H by

Spec(H) := {AH([z, w]) ∈ R | [z, w] ∈ L̃0(M), z ∈ Per(H)},
i.e., the set of critical values of AH : L̃(M) → R. For each given z ∈ Per(H), we
denote

Spec(H ; z) = {AH([z, w]) ∈ R | [z, w] ∈ π−1(z)}.
Note that Spec(H ; z) is a Γω-torsor, i.e., a Γω principal bundle. It follows

Spec(H) =
⋃

z∈Per(H)

Spec(H ; z).

Since Γω = ω(π2(M)) is a countable subgroup of R, it is either a discrete or a
dense subgroup of R. The following is an important ingredient in the study of the
behavior of critical values of AH under the change of Hamiltonian H . The proof
here is taken from [Oh02].

Lemma 18.3.3. Let H be any periodic Hamiltonian. Spec(H) is a measure zero
subset of R for any H.



18.3. PERTURBED ACTION FUNCTIONAL AND THEIR ACTION SPECTRUM 475

Proof. First note that Spec(H ; z) ⊂ R is a countable subset ofR for each given
periodic orbit z since Γω is so. We consider the Poincaré return map in a tubular
neighborhood of each z ∈ Per(H). More precisely, we choose a small neighborhood
V ⊂ M of z(0). We identify V with the 2n-ball B2n(δ) with the point z(0) at the
center of the ball. Choose another ball neighborhood V ′ = B2n(δ′) with V ⊂ V ′

such that the (first) Poincaré return map denoted by

Rz : V → V ′; p 7→ φ1H(p)

is well-defined. We now define a continuous map from V to the space of piecewise
smooth maps from S1 ∼= R/Z to M as follows: for each p ∈ V , we first follow
the flow of XH and then follow from Rz(p) to p by the straight line under the
identification of V ′ with B2n(δ′). We reparameterize the domain of the loop by
re-scaling it to be [0, 1].

Denote by zp the loop corresponding to p ∈ V constructed as above, and by
Vz ⊂ L0(M) the image of the assignment p 7→ zp. Obviously zp is homotopic to z
and so any given disc w bounding z can be naturally continued to bound the loop
zp. We denote by wp the disc continued from w and corresponding to p ∈ V . It
can be easily checked that the function

h : π−1(Vz)→ R; h([zp, wp]) := AH([zp, wp])

defines a smooth function on π−1(Vz) and its critical values comprise those of AH
near Spec(H ; z). This can be proved by writing AH([zp, wp]) explicitly and by a
simple local calculation. Noting that π−1(Vz) is a finite dimensional (in fact, 2n
dimensional) manifold, Sard’s theorem implies that the set of critical values is a
measure zero subset in R. Note that the set of initial points z(0) with z ∈ Per(H)
is compact. Therefore a finite number of such tubular neighborhoods together with
their complement cover M and hence Spec(H) ⊂ R is contained in a finite union
of measure zero subsets of R and so itself has measure zero. �

Exercise 18.3.4. Give the proof of the claim that the function h defined in
the above proof is indeed smooth.

Note that when H = 0, we have

Spec(H) = Γω.

Definition 18.3.5. We say that two Hamiltonians H and F are homotopic if
φ1H = φ1F and their associated Hamiltonian paths φH , φK ∈ P(Ham(M,ω), id) are
path-homotopic relative to the ends. In this case we denote H ∼ F and denote the

set of equivalence classes by H̃am(M,ω).

The following lemma is another important ingredient in the study of critical val-
ues of the action functional under the deformation of Hamiltonians. It was proven
in the aspherical case in [Schw00], [Po01] and in the general case in [Oh05a].

Proposition 18.3.6. Suppose that F, G are mean-normalized. If F ∼ G, we
have

Spec F = Spec G

as a subset of R.

Before giving its proof, we need some preparation. Let φ be a given Hamiltonian
diffeomorphism. Let {F s}s∈[0,1] be a path of Hamiltonians such that F 0 = G and
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F 1 = F and φ1F s = φ for all s ∈ [0, 1]. We consider the 2-parameter family of
Hamiltonian diffeomorphisms φ(s, t) = φtF s ◦ (φtG)−1. Denote F (s, t, x) = F s(t, x)
and K = K(s, t, x) is the Hamiltonian function in s-direction, i.e., the Hamiltonian
associated to the vector fields

∂φtF s

∂s
◦ (φtF s)−1.

This K is unique if we require K(s, t, ·) is normalized which can be always achieved.
Furthermore we have

∂XF

∂s
− ∂XK

∂t
+ [XK , XF ] = 0

from (2.4.26), which in turn implies

∂F

∂s
− ∂K

∂t
− {K,F} = c(s, t)

for some function c depending only on (s, t). Since both F and K are assumed
to be normalized and the Poisson bracket {K,F} is automatically normalized by
Liouville’s lemma, we conclude c ≡ 0 i.e., we F, K satisfies

(18.3.17)
∂F

∂s
− ∂K

∂t
− {K,F} = 0.

The following equivalent identity is worthwhile to separately state.

Lemma 18.3.7. The equality (18.3.17) is equivalent to

(18.3.18)
∂F

∂s
(s, t, φtF s(p)) =

∂

∂t
(K(s, t, φtF s(p)))

Proof. Assume (18.3.17). Then We just compute

∂F

∂s
(s, t, φtF s(p)) =

∂K

∂t
(s, t, φtF s(p)) + {K,F}(s, t, φtF s(p))

=
∂K

∂t
(s, t, φtF s(p))) + dK(XF )(φ

t
F s (p))

=
∂

∂t
(K(s, t, φtF s(p)))

which proves (18.3.18). For the converse, we just read the above computations from
the bottom to the first line of the right hand side. This finishes the proof. �

Now we are ready to give the proof of Proposition 18.3.6.

Proof of Proposition 18.3.6. Let φ be a given Hamiltonian diffeomorphism.
Let {F s}s∈[0,1] be a path of Hamiltonians such that F 0 = G and F 1 = F and

φ1F s = φ for all s ∈ [0, 1]. Consider the 2-parameter family of Hamiltonian dif-
feomorphisms φ(s, t) = φtF s ◦ (φtG)−1. Denote F (s, t, x) = F s(t, x), and denote by
K = K(s, t, x) the Hamiltonian function in the s-direction mentioned as above.
Note that for each s ∈ [0, 1] t 7→ φ(s, t) defines a Hamiltonian loop which is con-
tractible with φ(s, 0) ≡ id by the hypothesis on {F s}. We denote this loop by hs

and by h̃s the lifted loop satisfying h̃s(0) = id on H̃am(M,ω). The loop h̃s defines
a one-one correspondence

(h̃s)∗ : CritAG → CritAF
by the formula

h̃s · [z, w] = [hs · z, h̃s · w]
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for [z, w] ∈ CritAG. Therefore it is enough to prove that the function χ : [0, 1]→ R
defined by

χ(s) = AF s(h̃s · [z, w])
is constant.

Since φ1F s ≡ φ1G and φ0F s ≡ id for all s ∈ [0, 1], K(s, 1, x) and K(s, 0, x) must
be constant for each s and in turn

(18.3.19) K(s, 1, ·) = K(s, 0, ·) ≡ 0

by the normalization condition. We now differentiate χ(s)

χ′(s) = dAF s(h̃s · [z, w])
( ∂
∂s

(h̃s · [z, w])
)
−
∫ 1

0

∂F

∂s
(s, t, (hs · z)(t)) dt.

The first term vanishes since h̃s · [z, w] is a critical point of AF s . For the second
term we note z(t) = φtG(p) for a fixed point p ∈ M of φ1G since z is a periodic
solution of ẋ = XG(t, x). Therefore

(hs · z)(t) = hst (z(t)) = (φtF s ◦ (φtG)−1) ◦ φtG(p) = φtF s(p).

Hence we obtain
∫ 1

0

∂F

∂s
(s, t, (hs · z)(t)) dt =

∫ 1

0

∂F

∂s
(s, t, φtF s(p)) dt.

Substituting (18.3.18) into here and integrating the total derivative over [0, 1] and
using (18.3.19), we derive

∫ 1

0

∂F

∂s
(s, t, (hs · z)(t)) dt = K(s, 1, f s1 (p))−K(s, 0, f s0 (p)) = 0

This proves that χ must be constant which finishes the proof. �

This lemma shows that the action spectrum SpecH of normalized Hamiltonian
H depends only on its homotopy class.

Definition 18.3.8. Let h ∈ H̃am(M,ω). We define the spectrum of h by

Spec(h) := Spec F

for a (and so any) normalized Hamiltonian F with h = [φ, F ].

Obviously the action functional AH can be defined whether H is normalized
or not and so is its action spectrum. If we denote the corresponding normalized
Hamiltonian by H , i.e.,

(18.3.20) H(t, x) = H(t, x)− 1

volω(M)

∫

M

Ht(x) dµω ,

then

(18.3.21) Spec(H) = Spec(H)− Cal(H)

where

Cal(H) :=
1

volω(M)

∫ 1

0

∫

M

Ht(x) dµω dt.
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18.4. Conley-Zehnder index of [z, w]

First, we note that the symplectic group Sp(S,Ω) ∼= Sp(R2n) has maximal com-
pact subgroup U(n) to which Sp(S, ω) deformation retracts, and so the determinant
map det : U(n)→ S1 induces a natural homomorphism

µ : π1(Sp(S,Ω), id)→ Z.

Next, we further amplify the discussion on the structure of Sp(S,Ω) in subsec-
tion 2.2.2. Following the notation from [SZ92], we denote

Sp(S,Ω)∗ = {A ∈ Sp(S,Ω) | det(I −A) 6= 0}.
Note that when p ∈ Fixφ1H is nondegenerate, we have dφ1H(p) ∈ Sp(TpM,ωp).

The following lemma proved in [CZ84] is an important one in our further
discussion. We leave its proof to the original article or to [SZ92].

Lemma 18.4.1. Sp(S,Ω)∗ has two connected components

Sp±(S,Ω) = {A ∈ Sp(S,Ω)∗ | ± det(I −A) > 0}.
Moreover every loop in Sp(S,Ω)∗ is contractible in Sp(S,Ω).

It follows that Sp(S,Ω)∗ and Sp(S,Ω)± are preserved under the conjugate
action of Sp(S, ω). We consider the set of paths

(18.4.22) SP ∗(1) = {α : [0, 1]→ Sp(S,Ω) | α(0) = id, α(1) ∈ Sp∗(S,Ω)}.
Without loss of generality, we assume α(1) ∈ Sp+(2n;R). The case with Sp−(2n;R)
is the same. It follows from Lemma 18.4.1 that we can choose a (homotopically)
unique path αcan+ : [0, 1]→ Sp(2n;R) such that

αcan+ (1) = α(1), αcan+ (2) =W+

αcan+ (t) ∈ Sp+(2n;R)∀t ∈ [1, 2](18.4.23)

where W+ = −id. For the path with α(1) ∈ Sp−(2n), we consider the matrix

W− = diag(2,−1, . . . ,−1, 1/2, . . . ,−1) ∈ Sp−(2n)
and define αcan− similarly. Then the following continuous map ρ : Sp(V, ω) → S1

was constructed in [CZ84]. (See also Theorem 3.1 [SZ92] for its proof.)

Theorem 18.4.2. Let (V, ω) be a symplectic vector space. Then there is a
unique collection of continuous mappings

ρ : Sp(V, ω)→ S1

(one for every (V, ω)) satisfying the following conditions:

(1) (Naturality) If T : (V1, ω1)→ (V2, ω2) is a symplectic isomorphism, then
ρ(TAT−1) = ρ(A) for all A ∈ Sp(V1, ω1).

(2) (Product) If (V, ω) = (V1 × V2, ω1 × ω2), then ρ(A) = ρ(A1)ρ(A2) for
A ∈ Sp(V, ω) with A = A1 ⊕ A2.

(3) (Determinant) If A ∈ Sp(2n,R)∩O(2n) = UR(n), then ρ(A) = det(X+

iY ) where A =

(
X −Y
Y X

)
with X + iY ∈ U(n).

(4) (Normalization) If A has no eigenvalue on the unit circle, then ρ(A) =
±1.
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By concatenating α and αcan+ and considering the composition

ρ ◦ (α#αcan+ ) : [0, 2]→ S1,

we get a map such that ρ ◦ (α#αcan+ )(2) = ±1 and so carries the winding number

induced from the map det2 : U(n)→ S1.

Definition 18.4.3. Let α ∈ SP ∗(1). We define the Conley-Zehnder index of
α, denoted by µCZ(α) by

µCZ(α) = deg
(
det2(ρ ◦ (α#αcan+ ))

)
.

Our definition of µCZ in Definition 18.4.3 coincides with that of [SZ92].
On the other hand, for a given Lie group G, denote by

Ω(G) = {g : S1 → G | g(0) = id}
the group of based loops inG. Then we have the obvious index map µ : Ω(Sp(2n,R))→
Z defined by the degree of the composition map

π1(Ω(Sp(2n,R)), id) ∼= π1(Ω(U(n)), id) ∼= Z

where the first map is the isomorphism arising from the deformation retraction of
Sp(2n,R) to U(n) and the second is induced by the map

g 7→ 1

2π

∫

S1

(det ◦g)∗dθ

for g ∈ Ω(U(n)). The Conley-Zehnder index µCZ is then characterized by the
following properties

Proposition 18.4.4 (Proposition 5 [FH93]). There exists a unique map

µCZ : SP ∗(1)→ Z

satisfying

(1) (Normalization)

µCZ(τ 7→ {e−τ + ieτ} ⊕ {eπiτ} ⊕ · · · ⊕ {eπiτ}) = n− 1

µCZ(τ 7→ eπiτ Id) = n

(2) (Action by based loops) Under the action of the group Ω(Sp(2n,R), id)
of based loops on SP ∗(1),

µCZ(gα) = 2µ(g) + µCZ(α)

for every loop g : S1 → Sp(2n,R).

Let [z, w] ∈ CritAH . We choose a trivialization

Ψ : w∗TM → D2 × R2n

Recalling z(t) = φtH(p) for some fixed point p ∈ Fixφ1H , we can write

Ψ ◦ dφtH ◦Ψ−1(t, v) = (t, αΨ(t)v).

By definition, we have

αΨ(0) = id, αΨ(1) ∈ Sp∗(2n;R).
Definition 18.4.5. We define the Conley-Zehnder index of [z, w], denoted by

µH([z, w]), to be
µH([z, w]) = µCZ(αΨ).
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We state an important identity relating the Conley-Zehnder index and the first
Chern number c1(A) under the action by ‘gluing a sphere’ [z, w] 7→ [z, w#A].

We follow the exposition of [Oh06a] in the proof of the following index formula.

Theorem 18.4.6. Let z : S1 = R/Z → M be a given one-periodic solution of
ẋ = XH(x) and w, w′ two given bounding discs. Then we have the identity

(18.4.24) µH([z, w′]) = µH([z, w])− 2c1([w
′#w]).

In particular we have

(18.4.25) µH([z, w#A]) = µH([z, w])− 2c1(A).

Remark 18.4.7. We like to emphasize that in our convention, the sign in front
of the first Chern number term in the formula is ‘−′. The difference of the sign from
the formula in [HS95] is due to the different convention of the canonical symplectic
form on Cn: when we identify R2n ∼= T ∗Rn and denote by (q1, · · · , qn, p1, · · · , pn)
the corresponding canonical coordinates, then the canonical symplectic form is
given by

(18.4.26) ω0 =
∑

dqi ∧ dpi
in our convention, while it is given by

ω′0 = −ω0 =
∑

dpi ∧ dqi.

according to the convention of [HS95], [SZ92], or [Po01].

Proof. We give the proof of the index formula in several steps.

1. (Canonical symplectic form) Our convention of the canonical symplectic
form of on T ∗Rn = R2n ∼= Cn in the coordinates zj = qj + ipj is given by (18.4.26).

2. (Canonical complex structure) Let J0 be the standard complex struc-
ture on R2n ∼= Cn with zj = qj + ipj obtained by multiplication by the complex
number i. In our convention of the canonical symplectic form ω0 on Cn, the asso-
ciated Hermitian structure

〈·, ·〉 : Cn × Cn → C

becomes complex linear in the first argument, but anti-linear in the second argu-
ment. In other words, the Hermitian inner product is given by

(18.4.27) 〈u, v〉 = g(u, v)− iω0(u, v)

where g is the standard Euclidean inner product on R2n. We like to note that this
Hermitian structure on Cn is the conjugate to that of [HS95], [SZ92], [Po01],
which corresponds to

(18.4.28) 〈u, v〉 = g(u, v) + iω0(u, v).

(See the remark right before Lemma 5.1 [SZ92].) Equivalently, the latter Hermitian
structure is associated to the almost Kähler structure

(g, ω′0, J
′
0)

where J ′0 is the almost complex structure conjugate to J0. This change of complex
structure on Cn affects the sign of the first Chern number of general complex vector
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bundles E : we recall the following general formula for the Chern classes of the
complex vector bundle E

ck(E) = (−1)kck(E).

3. (The Conley Zehnder index on SP ∗(1)) Note that the definitions of
Sp(2n,R) in the two conventions are the same in both of the above conventions.

4. When we are given two maps

w, w′ : D2 →M

with w|∂D2 = w′|∂D2 , we define the glued map u = w#w′ : S2 →M in the following
way:

u(z) =

{
w(z) z ∈ D+

w′(1/z) z ∈ D−.
Here D+ is D2 with the same orientation, and D− with the opposite orientation.
This is a priori only continuous but we can deform to a smooth one without changing
its homotopy class by ‘flattening’ the maps near the boundary: In other words, we
may assume

w(z) = w(z/|z|) for |z| ≥ 1− ǫ
for sufficiently small ǫ > 0. We assume that the bounding disc will be assumed to
be flat in this sense. With this adjustment, u defines a smooth map from S2.

5. (The marking condition) For the given [z, w], [z, w′] with a periodic orbit
z(t) = φtH(z(0)), we impose the additional marking condition

(18.4.29) Φw(z(0)) = Φw′(z(0))

as a map from Tz(0)M to R2n for the trivialization

Φw,Φw′ : w∗TM → D2 × (R2n, ω0)

which is always possible. With this additional condition, we can write

(18.4.30) α[z,w′](t) = Sw′w(t) · α[z,w](t)

where Sw′w : S1 = R/Z → Sp(2n,R) is the loop defined by the relation (18.4.30).
Note that this really defines a loop because we have

α[z,w′](0) = α[z,w](0) (= id)(18.4.31)

α[z,w′](1) = α[z,w](1).(18.4.32)

In fact, it follows from the definition of (18.4.30) and (18.4.29) that we have the
identity

Sw′w(t) =
(
Φw′(z(t)) ◦ dφtH(z(0)) ◦ Φw′(z(0))−1

)

◦
(
Φw(z(t)) ◦ dφtH(z(0)) ◦ Φw(z(0))−1

)−1

= Φw′(z(t)) ◦(
dφtH(z(0)) ◦ Φw′(z(0))−1 ◦ Φw(z(0)) ◦ (dφtH)−1(z(0))

)

◦(Φw(z(t)))−1.(18.4.33)
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Then the marking condition (18.4.29) implies the middle terms in (18.4.33) are
canceled away and hence we have proved

(18.4.34) Sw′w(t) = Φw′(z(t)) ◦ Φw(z(t))−1

Then the formula

(18.4.35) indCZ(α[z,w′]) = 2 wind(Ŝw′w) + indCZ(α[z,w])

follows from Proposition 18.4.4 µCZ in [CZ84] and from (18.4.34). Here Ŝw′w :
S1 → U(n) is a loop in U(n) that is homotopic to Sw′w inside Sp(2n,R). Such a
homotopy always exists and is unique upto homotopy because U(n) is a deformation
retract to Sp(2n,R).

6. (Normalization of c1) Finally, we recall the definition of the first Chern
class c1 of the symplectic vector bundle E → S2. We normalize the Chern class
so that the tangent bundle of S2 ∼= CP 1 has the first Chern number 2, which also
coincides with the standard convention in the literature. We like to note that this
normalization is compatible with the Hermitian structure on Cn given by (18.4.27)
in our convention. (See p 167 [Mil65].)

We decompose S2 = D+ ∪D− and consider the symplectic trivializations Φ+ :
E|D+ → D2 × (R2n, ω0) and Φ− : E|D− → D2 × (R2n, ω0). Note that under the
Hermitian structure on Cn in our convention, these are homotopic to a unitary
trivialization, while in other convention they are homotopic to a conjugate unitary
trivialization. Denote by the transition matrix loop

φ+− : S1 → Sp(2n,R)

which is the loop determined by the equation

Φ+|S1 ◦ (Φ−|S1)−1(t, ξ) = (t, φ+−(t)ξ)

for (t, ξ) ∈ E|S1 , where S1 = ∂D+ = ∂D−. Then, by definition,

(18.4.36) c1(E) = µ(φ̂+−)

in our convention. Equivalently, we have

(18.4.37) c1(E) = −µ(φ̂+−).

Now we apply this to u∗(TM) where u = w#w′ and Φw and Φw′ are the trivializa-
tions given in Step 4. It follows from (18.4.34) that Sw′w is the transition matrix
loop between Φw and Φw′ . Then by definition, the first Chern number c1(u

∗TM)

is provided by the winding number µ(Ŝw′w) of the loop of unitary matrices

Ŝw′w : t 7→ Ŝw′w(t); S1 → U(n)

in the Hermitian structure of Cn in our convention. One can easily check that
this winding number is indeed 2 when applied to the tangent bundle of S2 and so
consistent with the convention of the Chern class that we are adopting.

7. (Wrap-up of the proof) These steps, in particular, Step 2 and Step 7
and 8 combined, (18.4.35) and (18.4.37) turn into the index formula we want to
prove. �
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18.4.1. Perturbed Cauchy-Riemann equation. To do the Morse theory

of AH , we need to provide a metric on L̃0(M). We do this by first defining a metric

on L0(M) and then pulling it back to L̃0(M). Note that any S1-family {gt}t∈S1 of
Riemannian metrics on M induces an L2-type metric on L(M) by the formula

(18.4.38) 〈〈ξ1, ξ2〉〉 =
∫ 1

0

gt(ξ1(t), ξ2(t)) dt

for ξ1, ξ2 ∈ TγL(M). On the symplectic manifold (M,ω), we will particularly
consider the family of almost Kähler metrics induced by one-parameter family J of
almost complex structures compatible to the symplectic form ω

gJ = ω(·, J ·)
and its associated norm by | · |J . For given J = {Jt}t∈S1 , it induces the associated
L2-metric on L(M) by 〈〈·, ·〉〉J . This can be also written as

(18.4.39) 〈〈ξ1, ξ2〉〉J =

∫ 1

0

ω(ξ1(t), Jt ξ2(t)) dt

for ξ1, ξ2 ∈ TγL(M). From now on, we will always denote by J an S1-family of
compatible almost complex structures unless otherwise stated, and denote

jω := C∞(S1,Jω).
If we denote by gradJAH the associated L2-gradient vector field, a straightforward
computation using (18.2.11) and (18.4.39) gives rise to

(18.4.40) gradJAH([γ, w])(t) = Jt(γ̇(t)−XH(t, γ(t)))

which we will simply write J(γ̇ −XH(γ)).

Exercise 18.4.8. Prove this formula.

It follows from this formula that the gradient is projectable to L0(M). There-

fore when we project the negative gradient flow equation of a path u : R→ L̃0(M)
to L0(M), it has the form

(18.4.41)
∂u

∂τ
+ J

(∂u
∂t
−XH(u)

)
= 0

if we regard u as a map u : R × S1 → M . We call this equation Floer’s perturbed
Cauchy-Riemann equation or simply the perturbed Cauchy-Riemann equation as-
sociated to the pair (H, J).

The Floer theory largely relies on the study of the moduli spaces of finite energy
solutions u : R × S1 → M of the kind (18.4.41) of perturbed Cauchy-Riemann
equations. The relevant off-shell energy function is given by

Definition 18.4.9. [Energy] For a given smooth map u : R × S1 → M , we
define the energy, denoted by E(H,J)(u), of u by

E(H,J)(u) =
1

2

∫ (∣∣∣∂u
∂τ

∣∣∣
2

Jt

+
∣∣∣∂u
∂t
−XH(u)

∣∣∣
2

Jt

)
dt dτ.

The following proposition is the closed analog to Lemma 12.2.4 whose proof is
the same as before and so omitted.
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Proposition 18.4.10. Let (M,ω) be any symplectic manifold, not necessarily
compact. Let H : S1 ×M → R be any Hamiltonian. Suppose that u : R× S1 →M
is a finite energy solution of (18.4.41) with its image having compact closure in
intM . Then there exists a sequence τk →∞ (respectively τk → −∞) such that the
loop zk := u(τk) = u(τk, ·) converges in C∞ to a one-periodic solution z : S1 →M
of the Hamilton equation ẋ = XH(x).

We denote by

M(H, J) =M(H, J ;ω)

the set of finite energy solutions of (18.4.41) for general H not necessarily nonde-
generate.

Similar discussion can be carried out for the non-autonomous version of (18.4.41),
which we now describe. We first recall

H0(M) = {H : S1 ×M → R | H is mean-normalized}.
Consider the R-family

HR : R→ H0; τ 7→ H(τ)

jR : R→ Jω; τ 7→ J(τ)

that are asymptotically constant, i.e.,

H(τ) = H±∞, J(τ) = j±∞

for some H±∞ ∈ H0 and j±∞ ∈ jω if |τ | > R for a sufficiently large constant R.
To any such pair is associated the following non-autonomous version of (18.4.41)

(18.4.42)
∂u

∂τ
+ J(τ)

(∂u
∂t
−XH(τ)(u)

)
= 0.

The associated energy function is given by

E(HR,jR)(u) =
1

2

∫ ∞

−∞

∫ 1

0

(∣∣∣∂u
∂τ

∣∣∣
2

J(τ)
+
∣∣∣∂u
∂t
−XH(τ)(u)

∣∣∣
2

J(τ)

)
dt dτ.

We denote by

M(HR, jR) =M(HR, jR;ω)

the set of finite energy solutions of (18.4.42).
Here is the analog to Proposition 18.4.10, whose proof is essentially the same

as Proposition 18.4.10 due to the asymptotically constant condition on (H, j).
Proposition 18.4.11. Let HR and jR be as above. Suppose that u : R×S1 →M

is a finite energy solution of (18.4.42). Then there exists a sequence τk → ∞
(respectively τk → −∞) such that the loop zk := u(τk) = u(τk, ·) C∞ converges
to a one-periodic solution z : S1 → M of the Hamilton equation ẋ = XH±∞(x)
respectively.

A typical way how such an asymptotically constant family appears is through
an elongation of a given smooth one-parameter family over [0, 1].

Definition 18.4.12. A continuous map f : [0, 1]→ T for any topological space
T is said to be boundary flat if the map is constant near the boundary ∂[0, 1] =
{0, 1}.



18.4. CONLEY-ZEHNDER INDEX OF [z, w] 485

Let H : [0, 1]→ H0(M) be a homotopy connecting two Hamiltonians Hα, Hβ ∈
H0(M), and j : [0, 1]→ Jω connecting Jα, Jβ ∈ Jω. We denote

P(jω) := C∞([0, 1], jω)

P(H0(M)) := C∞([0, 1],H0(M)).

Define a function ρ : R→ [0, 1] of the type

(18.4.43) ρ(τ) =

{
0 for τ ≤ 0
1 for τ ≥ 1

and ρ′(τ) ≥ 0. We call ρ an elongation function.
Each such pair (H, j), combined with an elongation function ρ, defines a pair

(Hρ, jρ) of asymptotically constant R-families

HR = Hρ, jR = jρ

where Hρ = {Hρ(τ)}τ∈R is the reparameterized homotopy defined by

τ 7→ Hρ(τ, t, x) = H(ρ(τ), t, x).

We call Hρ the ρ-elongation of H or the ρ-elongated homotopy of H. The same
definition applies to j. Therefore such a triple (H, j; ρ) gives rise to the non-
autonomous equation

(18.4.44)
∂u

∂τ
+ Jρ

(∂u
∂t
−XHρ(u)

)
= 0.

We denote by
M(H, j; ρ)

the set of finite energy solutions of (18.4.44).





CHAPTER 19

Hamiltonian Floer homology

Floer [Fl89b] introduced Hamiltonian Floer homology in his attempt to prove
Arnold’s conjecture. To handle the transversality issue, he restricted to the case of
monotone symplectic manifolds the notion of which he also introduced in the same
paper. This construction was subsequently generalized by Hofer-Salamon [HS95]
and Ono [On95] to the semi-positive case.

Construction of Floer complex in complete generality using the idea of obstruc-
tion bundles was first indicated by Kontsevich [Kon95]. This idea was materialized
by Fukaya-Ono [FOn99], Liu-Tian [LT98] and Ruan [Ru99]. In Fukaya-Ono’s ter-
minology, Kuranishi structure and usage of multi-valued sections play crucial role
in achieving the above mentioned transversality to prove existence of fundamental
moduli cycle.

In this section we closely follow the exposition given in [Oh05c] restricting to
the semi-positive case. We will briefly indicate how the construction is generalized
using the Kuranishi structure at the end of the section.

Although one can work with the Z coefficients for the semi-positive case, we
will use the Q coefficients instead since that is needed in the general context using
the Kuranishi structure.

19.1. Novikov Floer chains and the Novikov ring

Suppose that φ = φ1H ∈ Ham(M,ω) is nondegenerate. For each such H :
S1 ×M → R, we know that the cardinality of Per(H) is finite. We consider the
free Q vector space generated by the critical set of AH

CritAH = {[z, w] ∈ L̃0(M) | z ∈ Per(H)}.
To be able to define the Floer boundary operator correctly, we need to complete
this vector space downward with respect to the real filtration provided by the action
AH([z, w]) of the element [z, w].

Definition 19.1.1. Consider the formal sum

(19.1.1) β =
∑

[z,w]∈CritAH

a[z,w][z, w], a[z,w] ∈ Q

(1) We define the support of β by

supp(β) := {[z, w] ∈ CritAH | a[z,w] 6= 0 in the sum (20.3.31)}.
(2) We call those [z, w] with a[z,w] 6= 0 generators of the sum β and write

[z, w] ∈ suppβ.

We also say that [z, w] contributes to β in that case.

487
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(3) We call the formal sum β a Novikov Floer chain (or simply a Floer chain)
if it satisfies

(19.1.2) #
(
supp(β) ∩ {[z, w] | AH([z, w]) ≥ λ}

)
<∞

for any λ ∈ R. We call this the Novikov finiteness condition and denote
by CF∗(H) the set of Floer chains.

Note that according to this definition CF∗(H) is a Q-vector space which is
always infinite dimensional in general. Only in the case where (M,ω) is symplecti-
cally aspherical, this becomes finite dimensional. We associate the Conley-Zehnder
index µH([z, w]) to each generator [z, w] ∈ CritAH , which provides the structure
of graded vector space with CF∗(H).

Now consider a Floer chain

β =
∑

a[z,w][z, w], a[z,w] ∈ Q.

The following notion is a crucial concept for the mini-max critical point theory via
Floer homology.

Definition 19.1.2. Let β 6= 0 be a Floer chain in CF∗(H). We define the level
of the chain β and denote it by

λH(β) = max
[z,w]
{AH([z, w]) | [z, w] ∈ supp(β)},

and set λH(0) = −∞. We call a generator [z, w] ∈ β satisfying AH([z, w]) = λH(β)
a peak of β, and denote it by peak(β).

We emphasize that it is the Novikov finiteness condition (19.1.2) of Definition
19.1.1 that guarantees that λH(β) is well-defined. The following lemma illustrates
optimality of the definition of the Novikov covering space.

Lemma 19.1.3. Let β 6= 0 be a homogeneous Floer chain. Then the peak of β
over a fixed periodic orbit is unique.

Proof. Let [z, w] and [z, w′] be two such peaks of β. Then we have

AH([z, w]) = λH(β) = AH([z, w′])

which in turn implies ω([w]) = ω([w′]). By the homogeneity assumption, we also
have

µH([z, w]) = µH([z, w′]).

It follows from the definition of Γ-equivalence classes that [z, w] = [z, w′], which
finishes the proof. �

So far we have defined CF∗(H) as a Z-graded Q-vector space with CritAH as
its generating set. We now explain the description of CF (H) as a module over the
Novikov ring as in [Fl89b], [HS95].

Recalling that Γ is an abelian group, we consider the group ring Q[Γ] consisting
of the finite sum

R =

k∑

i=1

riq
Ai ∈ Q[Γ]

and define its support by

supp R = {A ∈ Γ | A = Ai in this sum with ri 6= 0}.
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We recall the valuation ν : Γ → R and the degree map d : Γ → R. The valuation
ν : Q[Γ]→ R is given by

ν(R) = ν

(
k∑

i=1

riq
Ai

)
:= min{ω(A) | A ∈ supp R}.

This satisfies the following Non-Archimedean triangle inequality

(19.1.3) ν(R1 +R2) ≥ min{ν(R1), ν(R2)}
and so induces a natural metric topology on Q[Γ] induced by the metric

d(R1, R2) := eν(R1−R2).

Definition 19.1.4. The Novikov ring is the upward completion Q[Γ]] of Q[Γ]
with respect to the valuation ν : Q[Γ]→ R. We denote it by Λω = Λ↑ω.

More concretely we have

Λω =

{∑

A∈Γ
rAq

A | ∀λ ∈ R,#{A ∈ Γ | rA 6= 0, ω(A) < λ} <∞
}
.

We define a Γ action on CritAH by ‘gluing a sphere’

[z, w] 7→ [z, w#(−A)]
which in turn induces the Λω-module structure on CF (H) by the convolution prod-
uct with Λω by (∑

A∈Γ
rAq

A

)
·
(∑

a[z,w][z, w]
)

:=
∑

[z,w′]


 ∑

A,[z,w];[z,(−A)#w]=[z,w′]

rAa[z,(−A)#w]


 [z, w′].(19.1.4)

We note qA[z, w] = [z, (−A)#w] according to this definition, i.e., we change the
sign because we look at homology, not the cohomology.

We will try to consistently denote by CF (H) as a Λω-module, and by CF∗(H)
as a graded Q vector space.

The action functional provides a natural filtration on CF∗(H): for any given
λ ∈ R \ Spec(H), we define

CFλ∗ (H) = {α ∈ CF∗(H) | λH(α) ≤ λ}
and denote the natural inclusion homomorphism by

iλ : CFλ∗ (H)→ CF∗(H).

We will see later that it is sometimes useful to separate the formal variable T and

e in the expression qA = Tω(A)ec1(A). Denote by Λ
(0)
ω the degree zero part of Λω,

i.e., the set of formal series
∑

A∈Γ;c1(A)=0

aAq
A =

∑

A∈Γ;c1(A)=0

aAT
ω(A)

with the Novikov finiteness condition. The following is immediate to check.

Proposition 19.1.5. Λ
(0)
ω is a field and Λω = Λ

(0)
ω [e, e−1] which is the ring of

polynomials of e and e−1 over the field Λ
(0)
ω .
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Exercise 19.1.6. Prove this proposition.

19.2. Definition of the Floer boundary map

Suppose H is a nondegenerate one-periodic Hamiltonian and J a one-periodic
family of compatible almost complex structures. We first give the definition of the
Floer boundary map, and point out the transversality conditions needed to define
the Floer homology HF∗(H, J) of the pair. We will fully discuss this transversality
issue under the semi-positivity hypothesis of (M,ω).

Definition 19.2.1. Let z, z′ ∈ Per(H). We denote by π2(z, z
′) the set of

homotopy classes of smooth maps u : [0, 1]×S1 := T →M relative to the boundary

u(0, t) = z(t), u(1, t) = z′(t).

We denote by [u] ∈ π2(z, z′) its homotopy class.

Similarly we define by π2(z) the set of relative homotopy classes of the maps

w : D2 →M ; w|∂D2 = z.

Note that there is a natural operation of π2(M) on π2(z) and π2(z, z
′) (modulo

the action of π1(M)) by ‘gluing a sphere’. Furthermore there is a natural map of
C ∈ π2(z, z′)

(·)#C : π2(z)→ π2(z
′)

induced by the gluing map

w 7→ w#u.

More specifically we will define the map w#u : D2 → M in the polar coordinates
(r, θ) of D2 by the formula

(19.2.5) w#u : (r, θ) =

{
w(2r, θ) for 0 ≤ r ≤ 1

2

u(2r − 1, θ) for 1
2 ≤ r ≤ 1

once and for all. There is also the natural gluing map

π2(z0, z1)× π2(z1, z2)→ π2(z0, z2)

(u1, u2) 7→ u1#u2.

Now we define the Conley-Zehnder index µH : π2(z, z
′) → Z. This can be

defined without assuming z0, z1 being contractible, as long as z0 and z1 lie in the
same component of Ω(M).

Let T = [0, 1] × S1. For any given map u : T → M , choose a symplectic
trivialization

Φ : u∗TM → T × R2n.

We require the marking condition

(19.2.6) Φ ◦ Φ−1|[0,1]×{1} = id.

We know that z0(t) = φtH(p0) and z1(t) = φtH(p1) for some p0, p1 ∈ Fixφ1H . Then
we have two maps

αΦ,i : [0, 1]→ Sp(2n), i = 0, 1

such that

Φ ◦ dφtH(pi) ◦ Φ−1(i, t, v) = (i, t, αΦ,i(t)v)
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for v ∈ R2n and t ∈ [0, 1]. Due to the condition (19.2.6) and nondegeneracy of H ,
we have

αΦ,i(0) = id, αΦ,i(1) ∈ Sp∗(2n)
for both i = 0, 1 and so the Conley-Zehnder indices µCZ(αΦ,i) for i = 0, 1 are
defined.

Definition 19.2.2. For each C ∈ π2(z, z
′), we define the relative Conley-

Zehnder index of C ∈ π2(z, z′) by
(19.2.7) µH(z, z′;C) := µCZ(αΦ,0)− µCZ(αΦ,1).

We will also write µH(C), when there is no danger of confusion on the boundary
condition.

Exercise 19.2.3. Prove that the definition does not depend on the trivializa-
tion Φ satisfying (19.2.6).

The following proposition relates this relative index with the absolute Conley-
Zehnder index µH([z, w]) for [z, w] ∈ CritAH .

Proposition 19.2.4. We have

(19.2.8) µH(z, z′;C) = µH([z, w])− µH([z′, w#u])

for a (and so any) representative u : [0, 1]× S1 ×M of the class C ∈ π2(z, z′).
Proof. We choose a trivialization

Ψw : w∗TM → D2 × R2n

and a trivialization Φ : u∗TM → T × R2n that satisfies (19.2.6) and

(19.2.9) Ψw|∂D2 = Φ|{0}×S1

after identifying ∂D2 ∼= {0}×S1. The gluing Ψw#Φ then induces a natural trivial-
ization of (w#u)∗TM . We now compute the index µH(αΦw#Φ). But by construc-
tion and the requirement (19.2.9), we have

µH(αΨw#Φ) = µH(αΦ,1)

µH(αΨw ) = µH(αΦ,0).

Therefore we have

µH([z′, w#u] = µH(αΨw#Φ) = µH(αΦ,1)− µH(αΦ,0) + µH(αΦ,0)

= −µH(z, z′; [u]) + µH([z, w])

which finishes the proof. �

We now denote by

M̃(H, J ; z, z′;C)

the set of finite energy solutions of (18.4.41) with the asymptotic condition and the
homotopy condition

(19.2.10) u(−∞) = z, u(∞) = z′; [u] = C

and set

M(H, J ; z, z′;C) = M̃(H, J ; z, z′;C)/R.
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Here we remark that although u is a map defined on R×S1, it can be compactified
into a continuous map u : [0, 1] × S1 → M with the corresponding boundary
condition

u(0) = z, u(1) = z′

due to the exponential decay property of solutions u of (18.4.41), recalling that we
assume H is nondegenerate. We will call u the compactified map of u. By an abuse
of notation, we will also denote by [u] the class [u] ∈ π2(z, z′) of the compactified
map u.

We have the following basic formula for the Fredholm index. (See [Schw95]
for the proof.)

Proposition 19.2.5. Let u ∈M(H, J ; z, z′;C). Then

(19.2.11) Index u = µH(z, z′;C).

In particular if J is H-regular, then dimM̃(H, J ; z, z′;C) = µH(z, z′;C).

Exercise 19.2.6. Translate the proof of Proposition 15.3.1 into the close string
context and prove this proposition.

The Floer boundary map

∂(H,J);CFk+1(H)→ CFk(H)

is defined by counting the number of elements in M(H, J ; z, z′;C) for the triple
(z, z′;C) with µH(z, z′;C) = 1 under the following conditions.

Definition 19.2.7. [The boundary map] Let H be nondegenerate. Suppose
that J satisfies the following conditions:

(1) For any pair (z0, z1) ⊂ Per(H) satisfying

µH(z0, z1;C) = µH([z0, w0])− µH([z1, w0#C]) ≤ 0,

M̃(H, J ; z0, z1;C) = ∅ unless z0 = z1 and C = 0. When z0 = z1 and
C = 0, the only solutions are the stationary solution, i.e., u(τ) ≡ z0 = z1
for all τ ∈ R.

(2) For any pair (z0, z1) ⊂ Per(H) and a homotopy class C ∈ π2(z0, z1)
satisfying

µH(z0, z1;C) = 1,

M̃(H, J ; z0, z1;C) is transverse and the quotient

M(H, J ; z0, z1;C) = M̃(H, J ; z0, z1;C)/R

is compact and so a finite set. We denote

n(H, J ; z0, z1;C) = #(M(H, J ; z0, z1;C))

the algebraic count of the elements of the space M(H, J ; z0, z1;C). We
set n(H, J ; z0, z1 : C) = 0 if the triple (z, z′;C) does not satisfy the index
requirement.

(3) For any pair (z0, z2) ⊂ Per(H) and C ∈ π2(z0, z2) satisfying
µH(z0, z2;C) = 2,

M(H, J ; z0, z2;C) can be compactified into a smooth one-manifold with
boundary comprising the collection of the broken trajectories

[u1]#∞[u2]
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where u1 ∈ M̃(H, J ; z0, y : C1) and u2 ∈ M̃(H, J ; y, z2 : C2) for all
possible y ∈ Per(H) and C1 ∈ π2(z0, y), C2 ∈ π2(y, z2) satisfying

C1#C2 = C; [u1] = C1, [u2] = C2

and
µH(z0, y;C1) = µH(y, z2;C2) = 1.

Here we denote by [u] the equivalence class represented by u.

We call any such J H-regular and call such a pair (H, J) Floer regular.

The upshot of this definition is that for a Floer regular pair (H, J) the Floer
boundary map

∂ = ∂(H,J) : CF∗(H)→ CF∗(H)

is defined and satisfies ∂∂ = 0, which enables one to take its homology.
Since CF∗(H) is generated by the pairs [z, w] ∈ CritAH , we need to explain

this construction in more detail.
Let [z, w] be given. For each given [z′, w′] ∈ CritAH , we consider all C ∈

π2(z, z
′) that satisfy

(19.2.12) [z′, w#C] = [z′, w′], µH(z, z′;C) = 1,

and define the moduli space

M(H, J ; [z, w], [z′, w′]) :=
⋃

C

{M(H, J ; z, z′;C) | C satisfies (19.2.12)}.

We like to note that there could be more than one C ∈ π2(z
−, z+) that satis-

fies (19.2.12) according to the definition of the Γ-covering space L̃0(M). However
we have the following finiteness property which is a consequence of Gromov-Floer
compactness.

Lemma 19.2.8. This union is a finite union. In other words, for any given
pair ([z, w], [z′, w′]), there are only a finite number of C ∈ π2(z, z

′) that satisfies
(19.2.12) and M(H, J ; z, z′;C) 6= ∅.

Proof. Suppose to the contrary that there exists an infinite sequence ui ∈
M(H, J ; [z, w], [z′, w′]) such that [ui] ∈ π2(z, z′) are all distinct. We first note

E(H,J)(ui) = AH([z, w])−AH([z′, w′])

which are independent of i’s. By the Gromov-Floer compactness, there exists a
subsequence, again denoted by ui, such that ui converges to

u∞ = u1#u2# · · ·#uN

where each uk has the form

uk = uk,0 +

Lk∑

ℓ=1

vkℓ

where {uk,0}k defines a connected chain of Floer trajectories starting from z and
ending at z′, and vkℓ are sphere bubbles attached to uk,0. Here each uk,0 is a smooth
Floer trajectory connecting a pair of periodic orbits zk−1, zk with z0 = z, zN = z′.

Furthermore Gromov-Floer compactness also implies the equality

[ui] = [u∞] +

Lk∑

ℓ=1

vkℓ



494 19. HAMILTONIAN FLOER HOMOLOGY

independent of i for all sufficiently large i, a contradiction to the hypothesis that
all [ui] ∈ π2(z, z′)’s are all distinct. �

Now considering u as a path in the covering space L̃0(M), we write the asymp-
totic condition of u ∈M(H, J ; [z, w], [z′, w′]) as

(19.2.13) u(−∞) = [z, w], u(∞) = [z′, w′].

The Floer boundary map ∂ = ∂(H,J) : CF∗(H)→ CF∗(H) is defined by its matrix
coefficient

〈∂([z, w]), [z′, w′]〉 :=
∑

C

n(H,J)(z, z
′;C),

where C is as in (19.2.12) and the Conley-Zehnder indices of [z, w] and [z′, w′]
satisfy

µH([z, w])− µH([z′, w′]) = µ(z, z′;C) = 1,

By definition and the hypotheses given in Definition 19.2.7, ∂ = ∂(H,J) has degree
−1 and satisfies ∂ ◦ ∂ = 0.

Definition 19.2.9. We say that a Floer chain β ∈ CF (H) is a Floer cycle of
(H, J) if ∂β = 0, i.e., if β ∈ ker ∂(H,J), and a Floer boundary if β ∈ Image∂(H,J).
Two Floer chains β, β′ are said to be homologous if β′ − β is a boundary.

We define the Floer homology of (H, J) by

HF∗(H, J) := ker∂(H,J)/ Image∂(H,J).

One may regard this either as a graded Q-vector space or as a Λω-module.

19.3. Definition of Floer chain map

Suppose we are given a family (H, j) with H = {Hs}0≤s≤1 and j = {Js}0≤s≤1
and a elongation function ρ : R → [0, 1]. For each such pair (H, j) and ρ, (H, j; ρ)
carries the non-autonomous equation (18.4.42) with the asymptotic condition

(19.3.14) u(−∞) = z0, u(∞) = z1

and the homotopy condition [u] = C ∈ π2(z0, z1) for a fixed C. We denote by

M((H, j; ρ); z0, z1;C)
the set of finite energy solutions of (18.4.44) with these asymptotic boundary and
homotopy conditions.

The chain homomorphism

hH = h(H,j;ρ) : CF∗(H
0)→ CF∗(H

1)

is defined by considering these moduli spacesM((H, j; ρ); z0, z1;C) over the set of
pairs of periodic orbits z0, z1 and the homotopy classes C. One can easily adapt the
definition of Conley-Zehnedr index, Definition 19.2.2, to define the relevant index
for the chain map.

Exercise 19.3.1. Adapt Definition 19.2.2 to define the Conley-Zender index
for the triple (z0, z1;C) with z0 ∈ Per(H0), z1 ⊂ Per(H1) and C ∈ π2(z0, z1) for
the homotopy H connecting H0 and H1.

Definition 19.3.2. [The chain map] We say that (Hρ, jρ) is Floer regular if
the following holds:

(1) M(HR, jR; z0, z1;C) = ∅ if µHρ(z0, z1;C) ≤ −1.
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(2) For any pair z0 ∈ Per(H0) and z1 ⊂ Per(H1) satisfying

µHρ(z0, z1;C) = 0,

M(HR, jR; z0, z1;C) is transverse and compact, and so a finite set. We
denote

n(Hρ, jρ; z0, z1;C) := #(M(Hρ, jρ; z0, z1;C))
the algebraic count of the elements inM(Hρ, jρ; z0, z1;C). Otherwise, we
set

n(Hρ, jρ; z0, z1 : C) = 0.

(3) For any pair z0 ∈ Per(H0) and z2 ∈ Per(H1) satisfying

µHρ(z0, z2;C) = 1,

M(H, J ; z0, z2;C) is transverse and can be compactified into a smooth
one-manifold with boundary comprising the collection of the broken tra-
jectories

u1#∞u2

where

(u1, u2) ∈ M(Hρ, jρ; z0, y : C1)×M(H1, J1; y, z2 : C
2);

µHρ(z0, y;C1) = 0, µH(y, z2;C2) = 1

or

(u1, u2) ∈ M(H0, J0; z0, y : C1)×M(Hρ, jρ; y, z2 : C1);

µHρ(z0, y;C1) = 1, µH(y, z2;C2) = 0

and C1#C2 = C for all possible such y ∈ Per(H) and C1 ∈ π2(z0, y), C2 ∈
π2(y, z2).

Now for each given pair of [z0, w0] ∈ CritAH0 and [z1, w1] ∈ CritAH1 , we
define

M((H, j; ρ); [z0, w0], [z1, w1]) :=
⋃

C

M((H, j; ρ); z0, z1;C)

where C ∈ π2(z0, z1) are the elements satisfying

(19.3.15) [z1, w1] = [z1, w0#C]

similarly as in (19.2.12). We say that (H, j; ρ) is Floer regular if the ρ-elongation
(Hρ, jρ) is Floer regular in the sense of Definition 19.3.2.

Under the condition in Definition 19.3.2, we can define a map of degree zero

h(H,j;ρ) : CF (H0)→ CF (H1)

by the matrix element n(H,j;ρ)([z0, w0], [z1, w1]) similarly as for the boundary map.
The conditions in Definition 19.3.2 then also imply that h(H,j) has degree 0 and
satisfies the identity

h(H,j;ρ) ◦ ∂(H0,J0) = ∂(H1,J1) ◦ h(H,j;ρ).
Two such chain maps h(j1,H1), h(j2,H2) are also chain homotopic whose proof is in
order.
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19.4. Construction of chain homotopy map

Although the above isomorphism in homology depends only on the end Hamil-
tonians Hα and Hβ , the corresponding chain map depends on the homotopy H =
{H(η)}0≤η≤1 between Hα and Hβ , and also on the homotopy j = {J(η)}0≤η≤1.
Let us fix nondegenerate Hamiltonians Hα, Hβ and a homotopy H between them.
We then fix a homotopy j = {J(η)}0≤η≤1 of compatible almost complex structures
and a cut-off function ρ : R→ [0, 1].

We recall that the homotopy condition

(19.4.16) [z+, w+] = [z+, w−#u]; [u] = C in π2(z
−, z+)

was imposed when the definitions of the moduli spaces,M(H, J ; [z−, w−], [z+, w+])
andM((H, j; ρ); [z−, w−], [z+, w+]), were given in the previous sections. One con-
sequence of (19.4.16) is

[z+, w+] = [z+, w−#u] in Γ

but the latter is a weaker condition than the former. In other words, there could
be more than one distinct elements C1, C2 ∈ π2(z−, z+) such that

µ(z−, z+;C1) = µ(z−, z+;C2), ω(C1) = ω(C2).

When we are given a homotopy (H, j) of homotopies with j = {jκ}, H = {Hκ}, we
also define the elongations Hρ consisting of Hρκ: we have

Hρ = {Hρκ}0≤κ≤1.
We consider the parameterized version of (18.4.44) by solving

(19.4.17)

{
∂u
∂τ + Jρκ

(
∂u
∂t −XHρ

κ
(u)
)
= 0

u(−∞) = [z−, w−], u(∞) = [z+, w+]

for each 0 ≤ κ ≤ 1, and define the parameterized moduli space

Mpara((H, j; ρ); [z−, w−], [z+, w+]) =
⋃

κ∈[0,1]
{κ}×M((Hκ, jκ; ρ); [z−, w−], [z+, w+]).

We would like to emphasize in this consideration of parameterized modulis space
that the asymptotic conditions are fixed independent of the parameter κ ∈ [0, 1].

Consideration of the pairs [z−, w−], [z+, w+] whose associated moduli spaces
M((Hκ, jκ; ρ); [z−, w−], [z+, w+]) has (virtual) dimension 0 defines the chain ho-
motopy map

ΥHρ : CF∗(Hα)→ CF∗(Hβ)

by its matrix element given by #(M((Hκ, jκ; ρ); [z−, w−], [z+, w+])). (Here we
again use the transversality-compactness argument using the dimension counting
under the semi-positivity hypothesis as before.)

Due to the additional dimension arising from the parameter space, we derive

µHα([z
−, w−])− µHβ

([z+, w+]) = −1
which implies that the map ΥHρ has degree 1.

The following structure theorem of the boundary of Mpara
(H, j; ρ) can be

derived again by Gromov-Floer compactness result.
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Proposition 19.4.1. Assume (H0, j0) and (H1, j1) are Floer-regular in the
sense of Definition 19.3.2 and (H, j) is Floer-regular in the parameterized sense
thereof. Let [z−, w−] ∈ CritAHα and [z+, w+] ∈ CritAβ be a pair satisfying

µHα([z
−, w−])− µHβ

([z+, w+]) = 0

and so the associated moduli space Mpara((H, j; ρ); [z−, w−], [z+, w+]) has dimen-
sion 1. Then there are a finite number of points 0 < κ1, · · · , κℓ < 1 for some integer
ℓ ≥ 0 such that

∂Mpara
((H, j; ρ); [z−, w−], [z+, w+])

=
⋃

[z′−,w′−]

(
{0} ×M(Hα, Jα; [z

−, w−], [z
′−, w

′−])
)

×Mpara((H, j; ρ); [z′−, w
′−], [z+, w+])

∪
⋃

[z′+,w′+]

Mpara((H, j; ρ); [z−, w−], [z′+, w
′+])

×
(
{1} ×M(Hβ , Jβ; [z

′+, w
′+], [z+, w+])

)

∪
ℓ⋃

i=1

{κj} ×M((Hκi , jκi ; ρ); [z
−, w−], [z+, w+]).

This proposition then immediately gives rise to the identity (modulo the sign)

(19.4.18) h(j1,H1;ρ1) − h(j0,H0:ρ0) = ∂(J1,H1) ◦ΥHρ +ΥHρ ◦ ∂(J0,H0).

Again the map ΥHρ depends on the choice of a homotopy j and ρ. Therefore we
will denote

ΥHρ = Υ(H,j;ρ)
as well. Equation (19.4.18) in particular proves that two chain maps for different
homotopies (j0,H0; ρ) and (j1,H1; ρ) connecting the same end points are chain
homotopic and so proves that the chain map (19.5.19) induces the same map in
homology independent of the homotopies (H, j) or of ρ.

Remark 19.4.2. In the above discussion, we do not vary the elongation function
ρ over κ. This is just for the simplicity of the notation. It would be most natural
to vary the elongation function depending on κ.

19.5. Composition law of Floer chain maps

In this section, we examine the composition raw

hαγ = hβγ ◦ hαβ
of the Floer’s chain map

(19.5.19) hαβ : HF∗(Hα)→ HF∗(Hβ).

Now we re-examine the equation (18.4.42). One key analytic fact in the study of
the Floer moduli spaces is an a priori upper bound of the energy, which we will
explain in the next section.

Next, we consider the triple

(Hα, Hβ , Hγ)
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of Hamiltonians and homotopies H1 = {H1(s)}0≤s≤1, H2 = {H2(s)}0≤s≤1 satisfy-
ing

H1(0) = Hα, H1(1) = Hβ = H2(0), H2(1) = Hγ .

We define their concatenation H1#H2 = {H3(s)}0≤s≤1 by

H3(s) =

{
H1(2s) 0 ≤ s ≤ 1

2

H2(2s− 1) 1
2 ≤ s ≤ 1.

We note that due to the choice of the cut-off function ρ, the continuity equation
(18.4.42) is autonomous for the region |τ | > R i.e., is invariant under the translation
by τ . When we are given a triple (Hα, Hβ , Hγ), this fact enables one to glue
solutions of two such equations corresponding to the pairs (Hα, Hβ) and (Hβ , Hγ)
respectively.

Now a more precise explanation is in order. For a given pair of elongation
functions

ρ = (ρ1, ρ2)

and a positive number R > 0, we define an elongated homotopy of H1#H2

H1#(ρ;R)H2 = {H(ρ;R)(τ)}−∞<τ<∞
by

H(ρ;R)(τ, t, x) =

{
H1(ρ1(τ + 2R), t, x) τ ≤ 0

H2(ρ2(τ − 2R), t, x) τ ≥ 0.

Note that

H(ρ;R) ≡





Hα for τ ≤ −(R1 + 2R)

Hβ for −R ≤ τ ≤ R
Hγ for τ ≥ R2 + 2R

for some sufficiently large R1, R2 > 0 depending on the elongation functions ρ1, ρ2
and the homotopies H1, H2 respectively. In particular this elongated homotopy is
always smooth, even when the usual glued homotopy H1#H2 may not be so. We
define the elongated homotopy j1#(ρ;R)j2 of j1#j2 in a similar way.

For an elongated homotopy (j1#(ρ;R)j2,H1#(ρ,R)H2), we consider the associ-
ated perturbed Cauchy-Riemann equation

{
∂u
∂τ + J

ρ(τ)
3

(
∂u
∂t −XH

ρ(τ)
3

(u)
)
= 0

limτ→−∞ u(τ) = z−, limτ→∞ u(τ) = z+

with the condition (19.4.16).
Let u1 and u2 be given solutions of (18.4.44) associated to ρ1 and ρ2 respectively.

If we define the pre-gluing map u1#Ru2 by the formula

u1#Ru2(τ, t) =

{
u1(τ + 2R, t) for τ ≤ −R
u2(τ − 2R, t) for τ ≥ R

and a suitable fixed interpolation between them by a partition of unity on the region
−R ≤ τ ≤ R, the assignment defines a diffeomorphism

(u1, u2, R)→ u1#Ru2

from

M
(
j1,H1; [z1, w1], [z2, w2]

)
×M

(
j2,H2; [z2, w2], [z3, w3]

)
× (R0,∞)
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onto its image, provided R0 is sufficiently large. Denote by ∂(H,j;ρ) the correspond-
ing perturbed Cauchy-Riemann operator

u 7→ ∂u

∂τ
+ J

ρ(τ)
3

(∂u
∂t
−X

H
ρ(τ)
3

(u)
)

acting on the maps u satisfying the asymptotic condition u(±∞) = z± and fixed
homotopy condition [u] = C ∈ π2(z−, z+). By perturbing u1#Ru2 by the amount
that is smaller than the error for u1#Ru2 to be a genuine solution, i.e., less than a
weighted Lp-norm, for p > 2,

‖∂(H,j;ρ)(u1#(ρ;R)u2)‖p
in a suitable W 1,p space of u’s, one constructs a unique genuine solution near
u1#Ru2. By an abuse of notation, we will denote this genuine solution by u1#Ru2
by the gluing theorem in section 15.5. Then the corresponding map defines an
embedding

M
(
j1,H1; [z1, w1], [z2, w2]

)
×M

(
j2,H2; [z2, w2], [z3, w3]

)
× (R0,∞)→

→M
(
j1#(ρ;R)j2,H1#(ρ;R)H2; [z1, w1], [z3, w3]

)
.

Especially when we have

µHβ
([z2, w2])− µHα([z1, w1]) = µHγ ([z3, w3])− µHβ

([z2, w2]) = 0

both M(j1,H1; [z1, w1], [z2, w2]) and M(j2,H2; [z2, w2], [z3, w3]) are compact, and
so consist of a finite number of points. Furthermore the image of the above men-
tioned embedding exhausts the ‘end’ of the moduli space

M
(
j1#(ρ;R)j2,H1#(ρ;R)H2; [z1, w1], [z3, w3]

)

and the boundary of its compactification consists of the broken trajectories

u1#(ρ;∞)u2 = u1#∞u2.

This then proves the following gluing identity

Proposition 19.5.1. There exists R0 > 0 such that for any R ≥ R0 we have

h(H1,j1)#(ρ;R)(H2,j2) = h(H1,j1;ρ1) ◦ h(H2,j2;ρ2)

as a chain map from CF∗(Hα) to CF∗(Hγ).

Here we remind the readers that the homotopy H1#(ρ;R)H2 itself is an elon-
gated homotopy of the glued homotopy H1#H2. This proposition then gives rise
to the composition law hαγ = hβγ ◦ hαβ in homology.

19.6. Transversality

In general, we can always achieve the transversality for the smooth Floer moduli
space for a generic choice of Hamiltonians H or J . However this is not possible for
the compactified Floer moduli space because of the bubbling of negative multiple
cover spheres. In general, one shall need to use the technique of virtual fundamental
chains and multi-valued perturbation in the abstract setting of Kuranishi structures
to achieve this general transversality that is used to define the various Floer maps.

We will restrict ourselves to the semi-positive and explain how the hypotheses
imposed in Definition 19.2.7 and 19.3.2 can be achieved for the semi-positive case
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following the exposition by Hofer and Salamon [HS95]. . We leave the general case
via the Kuranishi structures to [FOn99].

We start with the definition of semi-positive symplectic manifolds from [HS95],
[On95].

Definition 19.6.1. A symplectic manifold (M,ω) is called semi-positive if
there is no A ∈ π2(M) such that

ω(A) > 0 and 3− n ≤ c1(A) < 0.

For the case of the boundary map ∂(H,J), we have

Theorem 19.6.2. Suppose that there is no A ∈ π2(M) such that

ω(A) > 0 and 3− n ≤ c1(A) < 0.

Consider a nondegenerate H : S1 ×M → R. Then the hypotheses stated in Defini-
tion 19.2.7 hold for H-regular J .

Proof. The matrix elements of ∂(H,J) are determined by the moduli space

M̃(H, J ; [z−, w−], [z+, w+]) with the relative Conley-Zehnder index

(19.6.20) µH([z−, w−], [z+, w+]) = 1.

We have shown that M̃(H, J ; [z−, w−], [z+, w+]) is a union of M̃(H, J ; z−, z+;C)
over a finite number of C ∈ π2(z−, z+).

Our goal is then to prove that there is a dense subset of H-regular J ’s in

jω = C∞([0, 1],Jω). We first choose a generic such J so that M̃(H, J ; z−, z+;C) is
empty if µ(H,J)(C) ≤ 0 and it has the expected dimension if µ(H,J)(C) > 0. This
follows from the generic transversality whose proof follows the same line as the one
given in section 10.4.

Exercise 19.6.3. Prove this transversality.

For such a generic choice of J , M̃(H, J ; z−, z+;C) is a smooth manifold of 1
dimension. The index condition (19.6.20) and the index formula (18.4.25) imply

µH([z, w#A]) = µH([z, w])− 2c1(A)

that z− 6= z+ and hence R acts on M̃(H, J ; z−, z+;C) freely for each such C.
Therefore the quotient

M(H, J ; z−, z+;C) = M̃(H, J ; z−, z+;C)/R

is a zero dimensional manifold. The matrix element n(H,J)([z
−, w−], [z+, w+]) is

supposed to be given by the sum of the cardinality #M(H, J ; z−, z+;C) over such

C. To be able to define this number, we need to prove M̃(H, J ; z−, z+;C)/R is
compact.

Proposition 19.6.4. Suppose µH([z−, w−], [z+, w+]) = 1. Then for a generic
choice of J ,M(H, J ; [z−, w−], [z+, w+]) is compact.

Proof. According to the Gromov-Floer compactness, any divergent subse-

quence in M̃(H, J ; z−, z+;C)/R in general has a subsequence that converges to

u∞ = u1# · · ·#uN ; u1(−∞) = z−, uN(∞) = z+

which is a connected chain of cusp Floer trajectories uℓ such that

u0ℓ(−∞) = z−ℓ , u
0
ℓ(∞) = z+ℓ ; z+ℓ = z−ℓ+1
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for 1 ≤ ℓ ≤ N where each uℓ is of the form

(19.6.21) uℓ = u0ℓ +

L∑

k=1

vkℓ ,

and {vkℓ }k is a finite set of sphere bubbles vkℓ . Denote Cℓ = [uℓ] ∈ π2(z−ℓ , z+ℓ ).
To show that M(H, J ; z−, z+;C) is compact, we would like to show that for

a generic choice of J it holds that N = 1 and {vkℓ } = ∅ for any (z−, z+) and a
homotopy class C ∈ π2(z−, z+) with µ(H,J)(C) = 1.

We recall that each vkℓ is a Jtk -holomorphic sphere attached to uℓ at (τk, tk)
for some point (τk, tk) where τk =∞ is also a priori allowed. We examine the case
τk = ∞. This is the case where the bubble is attached to the locus of a periodic
orbit.

Consider the parameterized moduli space

Mpara(J ;α) =
⋃

t∈[0,1]
{t} ×M(Jt;α).

The virtual dimension ofMpara(J ;α) is given by

2c1(α) + 2n− 6 + 1 = 2c1(α) + 2n− 5.

For a generic J , the open subset of somewhere injective curves inMpara(J ;α) are
smooth manifolds of dimension 2c1(α) + 2n− 5. Therefore we must have 2c1(α) +
2n− 5 ≥ 0 i.e.,

(19.6.22) c1(α) ≥ 3− n
whenever Mpara(J ;α) 6= ∅. We now assume that J satisfies this property for all
somewhere injective curves.

On the other hand, for the bubble of multiple covers, especially those with nega-
tive Chern numbers 3−n ≤ c1(α) < 0, we cannot achieve the required transversality
by a perturbation of J ’s in general. Here does the semi-positivity play a crucial role.
Under the semipositivity assumption, (19.6.22) automatically implies c1(α) ≥ 0. So
if we choose a generic J so that (19.6.22) holds for all somewhere injective curves,
any other not somewhere injective curves u will also have nonnegative c1 since the
structure theorem, Theorem 8.7.3, implies that u must be a multiple cover, i.e.,
u = ũ ◦ φ where φ : S2 → S2 is a branched covering of S2 of degree d greater than
1 and ũ is somewhere injective. In particular

c1(u) = d c1(ũ) ≥ c1(ũ)
for some positive integer d (and equality holds only when c1(ũ) = 0). Therefore

vir.dimM(J ; [u]) ≥ vir.dimM(J ; [ũ]).

Obviously the locus of the image of ũ is the same as that of u and hence if ũ does
not intersect Per(H), neither does the locus of the image of u. Here with slight
notational abuse, Per(H) ⊂M denotes the image locus of the periodic orbits of H .
This enables us to focus only on the bubbles that are somewhere injective.

We now consider the evaluation map ev0 : Mpara
1 (J ;α) → M defined by

ev0(v, z) = v(z). The virtual dimension of Mpara
1 (J ;α) is two bigger than that

ofMpara(J ;α), which is 2c1(α) + 2n− 3.
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This evaluation map ev restricted to the open subset of somewhere injective
curves is transversal to the given 1-dimensional submanifold Per(H) ⊂M after we
further perturb J if necessary. Therefore if 3− 2c1(α) > 1 or if

(19.6.23) c1(α) < 1,

the image of ev0 :Mpara
1 (J ;α) → M will not intersect Per(H). More bubbles are

harder to happen the justification of which is left to the readers .
Combining (19.6.22) and (19.6.23), we have concluded that if 3−n ≤ c1(α) ≤ 0,

bubbling cannot occur on the image of any periodic orbit of XH .
Because each uk should have index at least 1, we have µ(H,J)([uk]) ≥ 1. Since

bubbling cannot occur at (±∞, ∗), it can occur only at some point (zkℓ , t
k
ℓ ) ∈ R ×

R/Z. Then we consider the evaluation map

evC :ML(H, J ; z
−, z+;C)→M

where L is the number of marked points and ML(H, J ; z
−, z+;C) is the moduli

space of Floer trajectories with L marked points. More precisely it is defined by

ML(H, J ; z
−, z+;C) = M̃(H, J ; z−, z+;C)× (R× S1)L/ ∼

where the equivalence relation ∼ is given by

(u; (z1, · · · , zL)) ∼ (u′; (z′1, · · · , z′L)) if and only if

u′(τ, t) = u(τ − τ0, t), (τ ′i , t′i) = (τi + τ0, ti) for some τ0.

By definition of ∼, the map evC is well-defined. Then each bubble configuration in
(19.6.21) is an element of the fiber product

ML(H, J ; z
−, z+;C0)evC ×(evα1 ,...,evαL

) (Mpara
1 (α1), · · · ,Mpara

1 (αL)).

This has the virtual dimension given by

(19.6.24) (µH(C0) + 2L)− (N − 1) +

N∑

j=1

Lj∑

k=1

(2c1(α
j
k) + 2n− 3)− 2nL

where Lj ≥ 0, L :=
∑N
j=1 Lj and µH(C0) =

∑N
j µH(Cj), if N ≥ 1. (If N = 0, we

must have z− = z+ and so there cannot be any bubble attached by the choice of
J . In this case, we must have

[z+, w+] = [z−, w−#A], C = C0 = −A
for some A ∈ π2(M). Then by the index formula µH(z−, z+;C0) = 2c1(A) which
cannot be 1 as required.)

Furthermore we have C = C0#
∑N
j=1

∑Lj

k=1 α
j
k and hence

(19.6.25) µH(C) = µH(C0) +

N∑

j=1

Lj∑

k=1

2c1(α
j
k).

Lemma 19.6.5. Suppose µH(C) = 1. Then the above virtual dimension is given
by 1− L− (N − 1) with N ≥ 1.

Proof. Substituting µH(C) = 1 into (19.6.25), we obtain

µH(C0) = 1−
N∑

j=1

Lj∑

k=1

2c1(α
j
k).
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We substitute this into (19.6.24) which then becomes

1 + 2L− (N − 1) +

N∑

j=1

Lj(2n− 3)− 2nL = 1 + 2L− (N − 1) + L(2n− 3)− 2nL

= 1− L− (N − 1)

where we use the identity L =
∑N
j=1 Lj for the second equality. This finishes the

proof. �

Now this dimension must be non-negative if the moduli space is transversal.
Therefore L+N ≤ 2. Since N ≥ 1, this implies L is either 0 or 1.

When L = 0, we have 1 =
∑N

j=1 µH(Cj). But since µH(Cj) ≥ 0, this implies

all µH(Cj) = 0 except one j, say j = 1. Then except j = 1, we have z−j = z+j for

all j, and at least one bubble must be attached to z−j = z+j for j = 2, · · · , N which
cannot happen by the choice of J . It also implies N = 1 in this case.

If it were L = 1, we should have N = 1. This would mean that the bubble is
attached to a periodic orbit, which was however ruled out by the choice of J we
made above. Therefore we must have N = 1 and L = 0, i.e., the sequence cannot
produce a non-trivial bubble or splits into broken trajectory. This finishes the proof
of compactness of eachM(H, J ; z−, z+;C) whenever µH(z−, z+;C) = 1. �

By this proposition, the matrix element of the boundary map ∂(H,J) is well-

defined and hence the boundary map ∂(H,J). By a similar consideration, one proves

that M(H, J ; z−, z+;C) is compact modulo the splitting of N = 2 with L = 0 in
the above discussion when µH(z−, z+;C) = 2. This then finishes the proof of
the hypotheses given in Definition 19.2.7, and hence follows the proof of Theorem
19.6.2. �

Exercise 19.6.6. Fill the details of the proof of the claim on the case of
µH(z−, z+;C) = 2 in the last paragraph of above proof.

Next we consider the case of the chain map h(H,j;ρ) for which the only difference
is that we do not consider any quotient by R but just consider the moduli space

M((H, j; ρ); [z0, w0], [z1, w1]) =
⋃

C

M((H, j; ρ); z0, z1;C)

itself. This one has its dimension µ(H,j;ρ)(C) and the case with µ(H,j;ρ)(C) = 0 is
relevant for the definition of the chain map.

By the similar proof, we prove

Theorem 19.6.7. Suppose (M,ω) satisfies that there is no A ∈ π2(M) such
that

ω(A) > 0 and 3− n ≤ c1(A) < 0.

Then the hypotheses stated in Definition 19.3.2 hold.

Proof. By the same kind of reasoning, we will obtain the virtual dimension

(µH(C0) + 2ℓ)− (N − 1) +

N∑

j=1

Lj∑

k=1

(2c1(α
j
k) + 2n− 3)− 2nL
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for the limit configuration with N ≥ 1 and

µH(C) =
N∑

j=1

µH(Cj) +
N∑

j=1

Lj∑

k=1

2c1(α
j
k).

If N = 0, we must have

[z−, w−] = [z+, w+], C0 = 0

since there cannot be any bubbles attached in the limit configurations. Therefore
the corresponding moduli spaceM(H,j;ρ)([z

−, w−], [z+, w+]) is compact.
So assume N ≥ 1. This time we consider µH(C) = 0 and so we obtain 0 =

0− (N−1)−L which implies L = 0 and N = 1 and soM(H,j;ρ)([z
−, w−], [z+, w+])

is again compact. This finishes the proof. �

Next we study the chain property of h(H,j;ρ) i.e., the identity

(19.6.26) h(H,j;ρ) ◦ ∂(H0,J0) = ∂(H1,J1) ◦ h(H,j;ρ).
For this purpose, we consider the pairs [z−, w−], [z+, w+] for which the chain map
moduli spaceM(H,j;ρ)([z

−, w−], [z+, w+]) has virtual dimension 1, and analyze the
boundary of its compactification.

For the chain homotopy map, we consider the parameterized moduli space

Mpara(H, j; ρ; [z−, w−], [z+, w+]) :

Here H = {Hκ}0≤κ≤1 and j = {jκ}0≤κ≤1 are one parameter families with

Hκ = {Hs,κ}, jκ = {Js,κ}; H0,κ = Hα, H1,κ = Hβ for all 0 ≤ κ ≤ 1

and consider the family of perturbed Cauchy-Riemann equation

∂u

∂τ
+ J

ρ(τ),κ
t

(
∂u

∂t
−X

H
ρ(τ),κ
t

)
= 0

for 0 ≤ κ ≤ 1. We consider the pairs of ([z−, w−], [z+, w+]) such that

Mpara((H, j; ρ); [z−, w−], [z+, w+])

has virtual dimension 0 and 1, i.e.,

µHα([z−, w−])− µHβ ([z+, w+]) + 1 = 0, or 1.

For the case where the dimension is 0, we have

µHα([z−, w−])− µHβ ([z+, w+]) = −1.
Lemma 19.6.8. For a generic family of (H, j),Mpara(H, j; ρ; [z−, w−], [z+, w+])

is compact whenever µHα([z−, w−])− µHβ ([z+, w+]) = −1.
Exercise 19.6.9. Formulate the correct Fredholm set-up and prove this lemma.

By considering the family j and H associated to this homotopy, the chain
homotopy map

Υ(j,H;ρ) : CF∗(J
0, H0)→ CF∗+1(J

1, H1)

is constructed by counting the elements of

Mpara(H, j; ρ; [z−, w−], [z+, w+])

for

µHα([z−, w−])− µHβ ([z+, w+]) = −1.
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In particular the map Υ(j,H;ρ) has degree -1.

Now we considerMpara
(H, j; ρ; [z−, w−], [z+, w+]) for the pair ([z−, w−], [z+, w+])

with

µHα([z−, w−])− µHβ ([z+, w+]) = 0.

In this case, Mpara
(H, j; ρ; [z−, w−], [z+, w+]) has dimension 1. The boundary of

this moduli space is as described in Proposition 19.4.1.

Remark 19.6.10. For the general symplectic manifolds, one needs to use the
concept of virtual moduli cycle and abstract multivalued perturbations in the con-
text of the Kuranishi structure [FOn99].

19.7. Time-reversal flow and duality

In this section, we study certain duality pairings present in the Floer complex,
one induced from the time-reversal of the flows which does not use the orientation
of the ambient manifold, and the other induced from the Poincaré duality which
essentially uses the orientation of the ambient manifold.

19.7.1. Time-reversal duality. In this section, we compare two different
systems of coherent orientations on the classical Morse complex by explicitly ex-
amining the dependence on the Morse function and on the system of orientations.
Here we do not use the orientability of M .

Let σ(f) = {oσ(x; f); oσ(x, y; f)}x,y∈Crit f be a system of coherent orientations
of the Morse complex of f defined in section 15.6.1 starting with orienting unstable
manifolds and then then associating coorientations on unstable manifolds. This
induces the Morse boundary map ∂σf : CMk(f)→ CMk−1(f). We denote by

δf : CM∗(f)→ CM∗+1(f)

the associated coboundary map for the dual complex

CM ℓ(f) = Hom(CMℓ(f),Z).

Recall that we have Crit f = Crit(−f) as a set and stable and unstable mani-
folds of f and −f are switched. So at each y ∈ Crit(−f), we σ assigns an orientation
on TyW

u
f (y) = TyW

s
−f (y). Note W

s
−f (y) =Wu

f (y) as a set.

Next we denote by σ̃(g) the system of orientations, which start with orienting
stable manifolds of g and then associating coorientations on unstable manifolds.

Lemma 19.7.1. The system of orientations

σ̃(−f) = {oσ̃(y;−f)}y∈Crit(−f)

is coherent if σ(f) is.

Exercise 19.7.2. Prove this lemma.

Using this system it also induces an orientation onMg(y, x;−f) for each pair
y, x ⊂ Crit(−f) and hence the associated boundary map

∂σ̃−f : CMℓ(−f)→ CMℓ−1(−f).
By definition, we have canonical one-one correspondence

Mg(x, y; f)↔Mg(y, x;−f)
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of ‘reversing the flow’. In particular, it follows that dimMg(x, y; f) = 0 if and only
if dimMg(y, x;−f) = 0. In this case, we can compare 2 integers nσ(x, y; f) and

nσ̃(y, x;−f). We recall that we have a canonical isomorphism

CM ℓ(f)→ CMn−ℓ(−f)
which is the linear extension of the assignment of the basis element x∗ → x̃ where
x ∈ Crit f with µf (x) = ℓ, x∗ its dual and x̃ is x regarded as a critical point of −f .

Proposition 19.7.3. Suppose µf (x) − µf (y) = 1 and µf (y) = k. Then we
have

nσ̃(y, x;−f) = (−1)knσ(x, y; f).
In particular we have the commutative diagram

(19.7.27) CMk(f)
(−1)kδf //

��

CMk+1(f)

��
CMn−k(−f)

∂σ̃
−f // CMn−k−1(−f)

.

Proof. Let p ∈ SWu
−f (y) ∩ SW s

−f (x). The sign of p with respect to the

coherent orientation σ̃, which corresponds to oσ̃(y, x;−f), is determined by the
equation of oriented vector space

(19.7.28) T σ̃p SW
u
−f (y) = oσ̃(x, y;−f) ·N σ̃

p SW
s
−f (x)

with respect to σ̃. Here we refer readers to the discussion around (15.6.46).
On the other hand, we have

(19.7.29) Nσ
p SW

s
f (y) = oσ(x, y; f)T

σ
p SW

u
f (x)

by definition of oσ(x, y; f). Now we need to compare the equations (19.7.28) and
(19.7.29).

It follows that (19.7.28) is equivalent to

{∇f(p)} ⊕N σ̃
pW

s
−f (x) = oσ̃(x, y;−f){∇f(p)} ⊕ T σ̃p SWu

−f (y)

= oσ̃(x, y;−f)T σ̃pWu
−f (y).(19.7.30)

On the other hand, we have

Lemma 19.7.4.

(19.7.31) T σ̃pW
s
−f (x) = T σpW

u
f (x)

an an oriented vector space.

Proof. By definition of coorientation of W s
−f (y),

N σ̃
pW

s
−f (x)⊕ T σ̃pW s

−f (x) = TpM

as an oriented vector space. On the other hand, by definition of σ̃, we also have

Nσ
pW

u
f (x) = N σ̃

pW
s
−f (x)

and so

N σ̃
pW

s
−f (x) ⊕ T σpWu

f (x) = TpM.

By comparing the two, we have obtained the lemma. �
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By taking the direct sum of (19.7.30) with T σ̃p SW
s
−f (x) from the right, we get

(−1)k+1TpM = oσ̃(x, y;−f)T σ̃pWu
−f (y)⊕ T σ̃p SW s

−f (x)

= oσ̃(x, y;−f){∇f(p)} ⊕ T σ̃p SWu
−f (y)⊕ T σ̃p SW s

−f (x)

= oσ̃(x, y;−f)(−1)n−k−1T σ̃p SWu
−f (y)⊕ T σ̃pW s

−f (x).

Here we use the identity

oσ̃(x, y;−f)T σ̃pWu
−f (y)⊕ T σ̃p SW s

−f (x)

= (−1)k+1T σ̃pW
u
−f (y)⊕ oσ̃(x, y;−f)⊕ T σ̃p SW s

−f (x)

= (−1)k+1TpM

for the left hand side and similarly for the right hand side.
By taking the direct sum with T σpW

s
f (y) from the right of (19.7.29) and noting

Nσ
p SW

s
f (y)

∼= Nσ
pW

s
f (y), we get

TpM = oσ(x, y; f)T
σ
p SW

u
f (x)⊕ T σpW s

f (y)

= oσ(x, y; f)(−1)kT σpWu
f (x)⊕ T σp SW s

f (y)

= oσ(x, y; f)(−1)k(−1)((k+1)(n−k−1)T σp SW
s
f (y)⊕ T σpWu

f (x)

Therefore from (19.7.31) we have obtained

(−1)k+1+n−k−1oσ̃(x, y;−f)T σ̃p SWu
−f (y) = (−1)k+(k+1)(n−k−1)oσ(x, y; f)T

σ
p SW

s
f (y).

Finally we note that

{∇f(p)} ⊕ T σ̃p SWu
−f (y) = T σ̃pW

u
−f (y)

and
{−∇f(p)} ⊕ T σp SW s

f (y) = T σpW
s
f (y).

Therefore transferring the above relations to y, we derive
(19.7.32)

(−1)k+1+n−k−1oσ̃(x, y;−f)T σ̃yWu
−f (y) = (−1)k+(k+1)(n−k−1)+1oσ(x, y; f)T

σ
yW

s
f (y).

And we have

N σ̃
yW

u
−f (y)⊕ T σ̃yWu

−f (y) = TyM

and

Nσ
yW

s
f (y)⊕ T σyW s

f (y) = TyM.

Therefore it remains to compare N σ̃
yW

u
−f (y) and Nσ

yW
s
f (y). For this purpose, we

take the direct sum with T σ̃yW
u
−f (y) and compute

Nσ
yW

s
f (y)⊕ T σ̃yWu

−f (y) = Nσ
yW

s
f (y)⊕N σ̃

yW
s
−f (y)

= T σyW
u
f (y)⊕Nσ

yW
u
f (y) = (−1)k(n−k)TpM

where the equality next to the last follows from the definition of σ̃. This proves

T σ̃yW
u
−f (y) = (−1)k(n−k)T σyW s

f (y).

Substituting this into (19.7.32), we obtain

(−1)k+1+n−k−1oσ̃(x, y;−f) = (−1)k+(k+1)(n−k−1)+1+k(n−k)oσ(x, y; f).

Simplifying the expression, we obtain

oσ̃(x, y;−f) = (−1)koσ(x, y; f)
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which finishes the proof. �

Therefore we have constructed a canonical isomorphism

Corollary 19.7.5 (Time reversal).

(19.7.33) HMn−k(−f ; σ̃) ∼= HMk(f ;σ)

for all k ∈ N on any manifold M , not necessarily orientable.

19.7.2. Poincaré duality in Morse homology. Now suppose that M is
orientable and let oM be a given orientation thereof. Recall that the orientation of
the normal bundle of an oriented submanifold S ⊂M is determined by the relation

(19.7.34) NpS ⊕ TpS = TpM

as an oriented vector space at p ∈ S. In particular if we provide an orientation on
TyW

u
y (f) according to the orientation scheme of σ laid out in section 15.6.1, then

the relation

NyW
u
y (f)⊕ T σyWu

y (f) = TyM

canonically equips the normal space NyW
u
y (f) itself with an orientation. Recall this

was not the case without ambient orientation. In this case the stable manifold W s
f (y)

is also equipped with the natural orientation obtained by the standard relation

(19.7.35) Nσ
yW

s
f (y)⊕ TyW s

f (y) = TyM

as an oriented vector space, because NyW
s
f (y) = TyW

u
f (y) which is already oriented

by the orientation scheme of σ.
We denote the corresponding oriented vector space TyW

s
f (y) by T

σ̌
yW

s
f (y). We

then associate coorientations of unstable manifolds by requiring

(19.7.36) N σ̌Wu
f (y) = T σ̌yW

s
f (y).

Therefore if M is orientable, σ(f) also give rise to another system σ̌(f) by the
relations (19.7.35) and (19.7.36), which provides orientations of stable manifolds
and coorientations on unstable manifolds of f itself, not of −f as we did to define
the system σ̃(−f) in the study of time-reversal. Now we would like to compare the
two system σ(f) and σ̌(f) on a given Morse function f .

The system σ̃ provides an orientation on stable manifolds of y of f or on
unstable manifolds of −f . Requiring the relation

N σ̃
yW

u
−f (y) = T σ̌yW

s
−f (y)

as an oriented vector space, an orientation is induced on N σ̌
yW

u
−f (y) at each y.

Proposition 19.7.6. Let M be orientable and n = dimM . Then

oσ̌(x, y; f) = (−1)noσ(x, y; f).
In particular the sign depends only on dimM but does not depend on the individual
critical points of the same index.

Proof. Let σ be the coherent system as above. Due to the orientability and
by definition of σ̌, we have

T σ̌xW
s
f (x)⊕ T σxWu

f (x) = TxM

T σ̌xW
s
f (x) = N σ̌

xW
u
f (x).
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The sign oσ̌(x, y; f) is determined by the relation

N σ̌
p SW

u
f (x) = oσ̌(x, y; f)T

σ̌
p SW

s
f (y)

by definition of σ̌ and oσ̌(x, y; f). By summing with T σ̌p SW
u
f (x) from the right, we

obtain

(19.7.37) T σ̌pM
c = oσ̌(x, y; f)T

σ̌
p SW

s
f (y)⊕ T σ̌p SWu

f (x).

On the other hand, oσ(x, y; f) is determined by

Nσ
p SW

s
f (y) = oσ(x, y; f)T

σ
p SW

u
f (x).

By adding T σp SW
s
f (y) from the right, we obtain

(19.7.38) T σpM
c = oσ(x, y; f)T

σ
p SW

u
f (x)⊕ T σp SW s

f (y).

We derive the following lemma from the definition of σ̌ whose proof we leave to the
readers, which follows straightforward calculation.

Lemma 19.7.7.

T σ̌W s
f (y) = (−1)k(n−k)T σ̌W s

f (y)

T σ̌Wu
f (x) = (−1)n−k−1T σpWu

f (x).

Note that the second identity in this lemma can be rewritten as

{∇f(p)} ⊕ T σ̌SWu
f (x) = (−1)n−k−1{−∇f(p)} ⊕ T σp SWu

f (x)

and hence

T σ̌SWu
f (x) = (−1)n−kT σp SWu

f (x).

Substituting these into (19.7.37), we obtain

TpM = {∇f(p)} ⊕ T σ̌pM c = oσ̌(x, y; f){∇f(p)} ⊕ T σ̌p SW s
f (y)⊕ T σ̌p SWu

f (x)

= oσ̌(x, y; f)T
σ̌
pW

s
f (y)⊕ T σ̌p SWu

f (x)

= (−1)k(n−k)+n−kT σpW s
f (y)⊕ T σp SWu

f (x)

= (−1)k(n−k)+n−k+k(n−k)T σp SWu
f (x) ⊕ T σpW s

f (y).(19.7.39)

On the other hand, (19.7.38) gives rise to

TpM = {−∇f} ⊕ T σpM c = oσ(x, y; f){−∇f} ⊕ T σp SWu
f (x)⊕ T σp SW s

f (y)

= oσ(x, y; f)(−1)kT σp SWu
f (x)⊕ {−∇f} ⊕ T σp SW s

f (y)

= oσ(x, y; f)(−1)kT σp SWu
f (x)⊕ T σpW s

f (y).(19.7.40)

By comparing (19.7.39) and (19.7.40) and simplifying the exponent, we obtain

oσ̌(x, y; f) = (−1)noσ(x, y; f)
which finishes the proof. �

In particular, we have

(19.7.41) ∂σ̌f |Ck(f) = (−1)n∂σf |Ck(f)

for any f :M → R and so

(19.7.42) H σ̌
n−k(f ;Z) ∼= Hσ

n−k(f ;Z).
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Obviously the same isomorphism holds for their cohomology. Then combining
(19.7.33) and (19.7.42), we obtain the isomorphism

(19.7.43) Hk(f ;σ) ∼= Hσ
n−k(f ;Z)

which precisely coincides with the classical Poincaré duality isomorphism

a 7→ a ∩ [M ]

under the isomorphism

(19.7.44) Hσ
∗ (f ;M) ∼= Hsing

∗ (M ;Z)

(See [Mil65] for this proof (with sign) in the classical Morse theory context which
is essentially the same proof as the above.) We would like to emphasize that the
time reversal isomorphism (19.7.33) does not always require orientation of M . On
the other hand, the Poincaré duality isomorphism (19.7.43) requires orientability
of M .

In fact, (19.7.43) together with the isomorphism (19.7.44) can be used to find
an example of M for which

(19.7.45) Hσ
∗ (f ;M) 6∼= H σ̌

∗ (f ;M)

holds. (This discussion is borrowed from [Oh99].)

Example 19.7.8. Consider the real projective space RP 2m of even dimension.
We know that it is not orientable and

Hsing
0 (RP 2m;Z) ∼= Z, Hsing

2m (RP 2m;Z) = 0

H0
sing(RP

2m;Z) ∼= Z, H2m
sing(RP

2m;Z) = 0.

Therefore by (19.7.44), we obtain

Hσ
0 (f ;RP

2m) ∼= Z, Hσ
2m(f ;RP 2m) = 0.

On the other hand, (19.7.33) implies

H σ̃
0 (−f ;RP 2m) ∼= H2m

sing(RP
2m;Z) = 0, H σ̃

2m(−f ;RP 2m) ∼= H0
sing(RP

2m;Z) = Z.

By the continuity isomorphism, this latter isomorphism can be transferred to f
itself as long as we fix the coherent system of orientations and hence

H σ̃
0 (f ;RP

2m) ∼= H2m
sing(RP

2m;Z) = 0, H σ̃
2m(f ;RP 2m) ∼= H0

sing(RP
2m;Z) = Z.

This example illustrates that the two Morse homologies Hσ(f ;M) and H σ̃(f ;M)
could be indeed different.

19.7.3. Duality in Floer complex. Motivated by the discussion on the
Morse complex in the previous section, we examine the effect of a similar time-
reversal maps in Floer theory. One outstanding difference between the two is that
we need to study the duality in the infinite dimensional situation.

We start with the Z2-symmetry in the free loop space L0(M) and its Novikov

covering L̃0(M) provided by

(19.7.46) [z, w] 7→ [z̃, w̃]

where z̃(t) = z(1 − t) and w̃(x) = w(x) where x is the complex conjugate of
x ∈ D2 ⊂ C. We also consider the operations on H , J and the system of coherent
orientations

H 7→ H̃, J 7→ J̃ , σ 7→ σ̃
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defined by H̃(t, x) = −H(1 − t, x), J̃t = J1−t. One can easily check from the
Floer equation that this symmetry induces a one-one correspondence between the
solution sets of the associated Floer equations, and induces the identification of
matrix coefficients

nσ(H,J)([z, w], [z
′, w′]) = nσ̃

(H̃,J̃)
([z̃′, w̃′], [z̃, w̃]).

This induces an injective chain homomorphism

CF σ̃(H̃ ;Q) →֒ Hom(CF σ(H);Q) :

We define a natural nondegenerate pairing by setting

〈[z̃, w̃], [z′, w′]〉 =
{
q−(

∫
w̃∗ω+

∫
(w′)∗ω) if z = z′

0 if z 6= z′

for the generators and extending bilinearly. Here we would like to mention that the
exponent does not look depending on the Hamiltonian H . But this is misleading
because the following universal formula

(19.7.47) AH̃([z̃, w̃]) +AH([z′, w′]) = −
∫
w̃∗ω −

∫
(w′)∗ω

holds for any H , when z′ = z. This is because the Hamiltonian terms are cancelled
away by the following change of variables
∫ 1

0

H̃(t, z̃(t)) dt =

∫ 1

0

−H(1−t, z(1−t)) dt = −
∫ 1

0

H(t, z(t)) dt = −
∫ 1

0

H(t, z′(t)) dt.

We have the explicit formula

〈α̃, β〉 =
∑

A;c1(A)=0


 ∑

[z,w]∈CritAH

(a[z̃,w̃]b[z,w#(−A)])


 qA

where
α̃ =

∑

[z̃,w̃]∈CritA
H̃

a[z̃,w̃][z̃, w̃]

and β =
∑

[z,w]∈CritAH
b[z,w][z, w].

Furthermore we have the relation between the Conley-Zehnder indices

µH([z, w]) = 2n− µH̃([z̃, w̃])

and hence the pairing induces an injective homomorphism

CF σ̃k (H̃) →֒ Hom
Λ

(0)
ω
(CF σ2n−k(H); Λ(0)

ω )

where

Λ(0)
ω =

{∑

A

aAq
A =

∑

A

aAT
ω(A)

∣∣∣ c1(A) = 0

}
.

We note that Λ
(0)
ω is a field and both CF σ̃k (H̃) and CF σn−k(H) are finite dimen-

sional vector spaces over Λ
(0)
ω with the same number of generators and hence this

homomorphism induces an isomorphism

(19.7.48) HFk(H̃, J̃ ; σ̃) ∼= Hom
Λ

(0)
ω
(HFn−k(H, J ;σ),Λ

(0)
ω )

by the Universal Coefficient Theorem.
Next we state the analog to the isomorphism (19.7.42)
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Lemma 19.7.9. We have

HFk(H̃, J̃ ; σ̃) ∼= HFk(H, J ;σ).

Exercise 19.7.10. Prove this lemma.

We summarize the above discussion into

Theorem 19.7.11. Let Λ
(0)
ω be as above. Then there exists a strongly nonde-

generate pairing

(19.7.49) L = 〈·, ·〉 : HFk(H̃, J̃ ; σ̃)×HFn−k(H, J ;σ)→ Λ(0)
ω .

Next we define the projection

(19.7.50) π0 : Λ(0)
ω → Q; π0(λ) = λ0

where λ0 ∈ Q is the coefficient with A = 0 of λ =
∑

A λA∈Γq
A. We denote

(19.7.51) L′ = π0 ◦ L : HFk(H̃, J̃ ; σ̃)×HFn−k(H, J ;σ)→ Q

following the notation used in [Os03].
At this point, it is not obvious to see L′ is nondegenerate. In section 20.4, we

will prove nondegeneracy of L′ for the rational symplectic manifolds by following
the scheme given by Entov-Polterovich [EnP03], [Os03] which relates this paring
with the Frobenious pairing present in the quantum cohomology ring. The proof of
this nondegeneracy for the irrational case requires rather nontrivial argument using
the non-Archimedean analysis and was proved by Usher [Ush10].

19.8. Floer complex of a small Morse function

Since HF∗(H, J) are isomorphic over the change of (H, J), we have only to
choose a special pair to determine its isomorphism type of the Λω-module.

In [Fl89a], [Fl89b], Floer used the the special case

H = ǫf, J ≡ J0
for a Morse function f and time-independent almost complex J0 when ǫ > 0 is
sufficiently small.. In this section, we analyze the structure of the Floer complex

(
CF (ǫf), ∂(ǫf,J0)

)
.

The following theorem was essentially proven by Floer in [Fl89b]. We refer to
[HS95] for the semi-positive case and [FOn99], [LT98] in general for complete
details.

Theorem 19.8.1. Let f be any small Morse function on M and J0 be a com-
patible almost complex structure such that f is Morse-Smale with respect to the
metric gJ0 . Then there exists ǫ0 > 0 such that for all 0 < ǫ ≤ ǫ0 we have the chain
isomorphism

(
CF∗(ǫf), ∂(ǫf,J0)

) ∼=
(
CM∗(−ǫf), ∂Morse

(−ǫf,gJ0)

)
⊗ Λ↓ω.

Proof. For the distinguished pair (ǫf, J0), each gradient trajectory χ satisfy-
ing χ̇− gradg(ǫ f) = 0 gives rise to the t-independent solution u(τ, t) ≡ χ(τ) of the
equation

∂u

∂τ
+ J0

(
∂u

∂t
−Xǫ f (u)

)
= 0.
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It is proved in Mainlemma 22.4 [FOn99] (or see Appendix of [Oh96b] for the
open-string version) that all these trajectories are transversal as long as ǫ is suf-
ficiently small. Then using the fact that all t-dependent family occurs as at least
2-dimensional family for a generic t-independent J ≡ J0, we conclude that only the
above t-independent trajectory contributes to the Floer boundary map and hence
the proof. �

Once we have this theorem, applying the Poincaré duality using the canonical
orientation of (M,ω)

(
CM∗(−ǫf), δMorse

(−ǫf,gJ0)

)
∼=
(
CM2n−∗(−ǫf), ∂Morse

(−ǫf,gJ0)

)
,

where the grading ∗ in HF∗ stands for the degree of the Floer cycle α which is
provided by the Conley-Zehnder index of its generators.

Our convention of the grading of CF∗(H) comes from [Oh05d] which is

(19.8.52) deg([z, w]) = µH([z, w])

for [z, w] ∈ CritAH . This convention is the analog to the one we use in [Oh99] in
the context of Lagrangian submanifolds.

We next compare this grading and the Morse grading of the Morse complex of
the negative gradient flow equation of −f , (i.e., of the positive gradient flow of f

χ̇− grad f(χ) = 0.

This corresponds to the negative gradient flow of the action functional Aǫf ). This
gives rise to the relation between the Morse indices µMorse

−ǫf (p) and the Conley-

Zehnder indices µǫf([p, p̂]) in our convention (See Lemma 7.2 [SZ92] but with some
care about the different convention of the Hamiltonian vector field. Their definition
of XH is −XH in the convention of the present book.):

µǫf ([p, p̂]) = µMorse
−ǫf (p)− n

or
µMorse
−ǫf (p) = µǫf ([p, p̂]) + n

Corollary 19.8.2. We have the natural canonical graded isomorphism

H∗(M)⊗ Λω ∼= HF∗(ǫf, J0) =: HF∗(ǫf)

as a Q-vector space or as a Λ
(0)
ω -module.

We also recall that H∗(M) ⊗ Λω is isomorphic to the quantum cohomology
QH∗(M) as a Λω-module by taking the model of QH∗(M) as the cohomology of
the Morse complex

CM∗(−ǫf)⊗ Λ↓

for the quantum chain complex CQ∗(−ǫf). Then we have the following grading
preserving isomorphism

QHn−k(M)→ QHn+k(M) ∼= HQn+k(−ǫf)→ HFk(ǫf, J0)→ HFk(H, J)

as a graded Q-vector space.





CHAPTER 20

Pants product and quantum cohomology

Floer introduced an action of H∗(M) on HF ∗(H) in [Fl89b] in the context
of Hamiltonian fixed points and used it to estimate the number of fixed points for
general Hamiltonian diffeomorphisms for the case of CPn. He conjectured presence
of such an action under the assumption that certain transversality is available for
a generic choice of almost complex structures, and as a consequence, he implicitly
introduced a ring structure on HF ∗(H). Piunikhin [Pi94] used the interpretation
of the quantum cohomology QH∗(M) as a Bott-Morse generalization of the Floer
cohomology for the zero Hamiltonian H and proposed the isomorphism between
QH∗(M) and HF ∗(H) by interpolating the given H and the ‘zero’ Hamiltonian
in the level of rings. (See also [RT95b] for further elaboration). This would
give rise to an isomorphism between QH∗(M) and HF ∗(H). Piunikhin-Salamon-
Schwarz [PSS96] later gave a proposal of construction of the ring isomorphism
which is somewhat different from [Pi94, RT95b] based on the construction of the
so called PSS map between HF ∗(H) and QH∗(M). The isomorphism property,
especially in the level of ring, plays an important role in applications of Floer
homology to problems in symplectic topology [Se97], [Schw00], [Oh05c, Oh05d].
However both proposals of Piunikhin [Pi94] and of Piunikhin-Salamon-Schwarz
[PSS96] lacked some nontrivial gluing analysis which was not available at the time
of the proposals but has been developed later. For the construction in [Pi94], one
needs the kind of gluing analysis developed in Chapter 7 [FOOO09] and for the
construction in [PSS96], one needs the one in [OhZ09] or [OhZ11].

In this chapter, we explain the structure of quantum cohomology ring and
its chain level description via the Floer complex of small Morse functions. Then
complete proof of the PSS isomorphism property will be given modulo the key
gluing analysis entering in the proof of its isomorphism property, which we leave to
[OhZ09].

20.1. Structure of quantum cohomology ring

In this section, we describe the algebro-geometric structures of quantum coho-
mology ring without delving into the technical details of rigorous construction of
the ring structure. This structure was systematically explained first by the physi-
cists, Witten [Wi91] and Vafa [Va92]. In the next section we will explain what is
actually involved in the rigorous construction of those structures which are carried
out in [MSa04], [RT95a] in the semi-positive case and in [FOn99], [Ru99] in the
general case. In the setting of algebraic geometry, the rigorous construction is given
in [Beh97], [LiT98].

Unlike the previous chapter, we denote by Λω the upward Novikov ring in this
section.

515
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The quantum cohomology ring, as a module, is indeed defined by

QH∗(M) = H∗(M,Q)⊗Q Λ0,ω

over the subring Λ0,ω = ΛQ
0,ω

ΛQ
0,ω =

{ ∑

A∈Γω

cAT
ω(A)ec1(A)

∣∣∣ cA ∈ Q, ω(A) ≥ 0

}

of the Novikov ring Λω. This is because the symplectic area of any J-holomorphic
curves have nonnegative areas. However when one try to compare the quantum
cohomology and the Floer homology, especially when one studies the invariance
property and the duality pairing of Floer homology, one needs to extend the ring
to the full Novikov ring Λω. From now on, we will use the full Novikov ring unless
otherwise said.

We also consider the homological version of the quantum cohomology. Consider
the Λopω -module

QH∗(M) = H∗(M)⊗Q Λopω
where Λop0,ω is the ‘downward’ completion of group ring Q[Γω] with respect to the

(downward) valuation defined by

(20.1.1) v
(∑

B∈Γ
aBq

B
)
= max{ω(B) : aB 6= 0}

which satisfies that for f, g ∈ QH∗(M)

v(f + g) ≤ max{v(f), v(g)}.
By definition, we have a canonical isomorphism
(20.1.2)

♭ : QH∗(M)→ QH∗(M);
∑

aiT
ω(Ai)ec1(Ai) →

∑
PD(ai)T

ω(−Ai)en+c1(−Ai)

with ω(Ai) ≥ 0 and its inverse
(20.1.3)

♯ : QH∗(M)→ QH∗(M);
∑

bjT
ω(Bj)en+c1(Bj) →

∑
PD(bj)T

ω(−Bj)ec1(−Bj)

with ω(Bj) ≤ 0. We denote by a♭ and b# the images under these maps, respectively.
Let J0 be a compatible almost complex structure. Consider the moduli space

M3(J0;α) of J0-holomorphic spheres with 3 marked points {z0, z1, z2} ⊂ S2 in
class α and the evaluation maps

evi :M3(J0;α)→M, i = 0, 1, 2.

20.1.1. Quantum intersection product and quantum homology. Let
us first start with the homological version of the quantum product. The finiteness
assumption in the definition of the Novikov ring Λop0,ω allows one to enumerate the

elements Bj ∈ supp(f) for f =
∑
B∈Γ aBq

B so that

λ1 > λ2 > · · · > λj > · · · → −∞
with λj = −ω(Bj).

For any given two f0, g0 ∈ H∗(M ;Q), we take singular cycles C1, C2 ofM with
their homology classes

[C1] = f0, [C2] = g0.

Here we recall the definition of singular chain C of M .
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Definition 20.1.1. A singular k-chain is a finite linear combination over Z of
k-simplices cℓ : ∆k → M which are continuous maps on the k standard simplex
∆k ⊂ Rk. It is called a cycle if its boundary satisfies

∂C =
m∑

ℓ=1

∂cℓ = 0

as a singular chain. We say that C is Ck if each simplex cℓ is C
k.

We denote by Q1, Q2 the union of the domain simplices of C1, C2 respectively,
regard them as a disjoint union of piecewise smooth manifolds. By slightly abusing
notations, we regard a smooth singular chain C as a piecewise smooth map C :
Q → M that satisfies obvious compatibility condition between the maps on the
simplices comprising Q, which arises from the structure of the given singular chain
C.

We take the fiber product

(20.1.4) M3(J0;α)(ev1,ev2) ×C1×C2 (Q1 ×Q2).

By definition, this is compact if Q1, Q2 is so. The virtual dimension ofM3(J0;α)
is

(2n+ 2c1(α)) + 6− 6 + dimQ1 + dimQ2 − 4n = 2c1(α) + dimQ1 + dimQ2 − 2n.

The following is the key proposition which we will prove in the next section.

Proposition 20.1.2. Suppose (M,ω) is semi-positive. Then the fiber product
(20.1.4) defines an integral cycle for any given integral cycles Q1, Q2 for a generic
choice of J0. Furthermore its associated homology class does not depend on the
choice of cycles Q1, Q2 as long as they represent the same homology classes f0, g0 ∈
H∗(M,Z) respectively.

Remark 20.1.3. At this point, one might hope that M3(J0;α) is an open
dense subset ofM3(J0;α) and the complementM3(J0;α)\M3(J0;α) is the union
of a finite number of strata each of which has codimension at least 2. In particular
∂M3(J0;α) = 0. This this would immediately give the proof of this proposition by
a generic transversality-intersection argument. However one subtle point to handle
in taking the fiber product is the presence of multiple covers in the moduli space
which obstructs such a statement. The upshot of the semi-positivity hypothesis is
then that such multiple covers can be avoided in taking this fiber product to produce
a homology class out of it, as we will indicate in the proof of the proposition.

Now we take the summation over α ∈ H2(M ;Z)/Tor of
∑

α

[
M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2), ev0

]
T−ω(α)en−c1(α)

which defines a cycle of dimension

(20.1.5) dimQ1 + dimQ2 − 2n

with Λop0,ω as its coefficients.

Definition 20.1.4 (Quantum intersection product). We define the quantum
intersection product of f, g ∈ H∗(M) to be the homology class, again denoted by
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the same as above,

(20.1.6) f ∗ g =
∑

α

[
M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2), ev0

]
T−ω(α)en−c1(α).

Extend this product linearly over Λop0,ω to arbitrary elements f, g ∈ H∗(M)⊗Λop0,ω.

We denote by QH∗(M) the module H∗(M)⊗Λop0,ω equipped with this product, and
call it quantum homology ring.

The product has degree −2n on QH∗(M), i.e., define maps

(20.1.7) QHk(M)×QHℓ(M)→ QHk+ℓ−2n

for all k, ℓ. Equivalently it has degree 0 on the degree shift QH∗(M)[n] where
QH∗(M)[n] is the degree shift by n of QH∗(M), i.e., defined by QHk(M)[n] :=
QHk+n(M).

20.1.2. Quantum cup-product and quantum cohomology. We assume
Proposition 20.1.2 for the following discussion.

For two singular cohomology classes a, b ∈ H∗(M), we choose cycles Q1, Q2

representing PD(a), PD(b) respectively. Then

Definition 20.1.5 (Quantum cup product). We define

a ∪Q b =

[∑

α

[
M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2), ev0

]
T−ω(β)en−c1(α)

]#

=
∑

α

PD
[
M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2), ev0

]
Tω(α)ec1(α).(20.1.8)

and extend the definition to H∗(M) ⊗ Λ0,ω linearly over Λ0,ω. We denote by
QH∗(M) the Λ0,ω-module H∗(M)⊗ Λ0,ω equipped with this product.

It is easy to check that (20.1.5) implies

deg a ∪Q b = deg a+ deg b

and so the product ∪Q has degree 0 on QH∗(M)

∗ : QHk(M)×QHℓ(M)→ QHk+ℓ(M).

There is also the de Rham version of quantum cup product. The de Rham
version is more useful for the expository purpose of the theory because it allows
more direct intuitive formulation of relevant Gromov-Witten invariants especially
in algebraic geometric context. We briefly explain this construction without delving
into details of the proof.

Let a, b ∈ H∗(M ;Z). We represent them by closed differential forms ω1, ω2.
Then consider the differential form

(evα0 )!(ev
α
1 , ev

α
2 )
∗(a× b)

where evαi : M3(J0;α) → M is the evaluation map and (evα0 )! is the integration
over the fiber. The following proposition is the key proposition to prove in this de
Rham context whose proof goes beyond the scope of this book and so omitted. We
refer to [Ru99], [Fu06] for the application of this approach.
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Proposition 20.1.6. Suppose that (M,ω) is semi-positive. Let η1, η2 be closed
differential forms representing a, b ∈ H∗(M ;Z). Then for a generic choice of
J0 the form (evα0 )!(ev

α
1 , ev

α
2 )
∗(η1 × η2) defines a smooth differential form on M

which is closed. Again its de Rham cohomology class depends only on the de Rham
cohomology classes of ω, η.

Then the quantum cup-product is represented by the sum

(20.1.9) a ∪Q b =
∑

α∈H2(M)

[(evα0 )!(ev
α
1 , ev

α
2 )
∗(η1 × η2)]Tω(α)ec1(α)

in this de Rham formulation.

20.1.3. Construction of quantum product: semipositive case. In this
section, we prove Proposition 20.1.2.

Let Ci : Qi →M , i = 1, 2 be the given cycles. Consider the map

Υ : Fk,p3 (S2,M ;α)× Jω × (Q1 ×Q2)→ H′′(α) × (M ×M)× (M ×M)

defined by

(20.1.10) Υ(v, (z0, z1, z2), J) =
(
∂Jv, (v(z1), v(z2)), (C1(q1), C2(q2))

)

where Fk,p3 (S2,M ;α) is the set of Lk,p-maps from S2 to M in class α and H′′(α)
is the fiber bundle

H′′(α) =
⋃

(v,J)

H′′v,J(α)→ Fk,p(S2,M ;α)

with H′′v,J(α) = Lk−1,p(Λ(0,1)
J (v∗TM)). We recall that the map v 7→ ∂J (v) is a

smooth map but the evaluation map evi(v) = v(zi) is only a Ck−2-map. We choose
the integer k = k(α) so large that the evaluation map is in the range where we can
apply Sard-Smale theorem, Theorem 10.1.7 i.e., we choose

k − 2 > 2c1(α) + 2n+ 6− 6 + 4n, i.e., k > 2c1(α) + 6n+ 2.

By the mapping and evaluation transversality, Theorem 10.4.1 and 10.5.2, Υ is
stratawise transversal to

oH′′(α) ×∆13 ×∆24,

when restricted to

F inj3 (α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2),

at each point

(v, (z0, z1, z3), J, q1, q2) ∈ Minj
3 (α)×Q1 ×Q2,

i.e., at those satisfying

(20.1.11) ∂Jv = 0, v(z1) = C1(q1), v(z2) = C2(q2)

and (v, J) ∈ Minj(α). Here ∆ij is the diagonal of M4 for which the i-th and j-th
factors coincide. More precisely speaking, Υ is transversal to the latter on

F inj3 (α)(ev1,ev2) ×(C1,C2) (∆1 ×∆2),

for each pair (∆1,∆2) of simplices ∆1 ⊂ Q1 and ∆2 ⊂ Q2.
Now it remains to handle those points satisfying (20.1.11) but v ∈M3(J ;α) \

Minj
3 (J ;α). By the structure theorem, Theorem 8.7.3, any such v is factorized into

v = ṽ ◦ φ
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where ṽ is somewhere injective and φ : S2 → S2 is a (branched) covering of degree
ℓ ≥ 2. Obviously we have α = ℓα̃ for α̃ = [ṽ] and so c1(α) = ℓc1(α̃). By the
semi-positive assumption, we may assume c1(α̃) > 0 which in turn implies

(20.1.12) vir.dimM3(J ;α) = 2n+2c1(α) ≥ 2n+2c1(α̃)+2 ≥ vir.dimM3(J ; α̃)+2.

This in particular implies that the image of the map

(M3(α) \Minj
3 (α))(ev1,ev2) ×(C1,C2) (Q1 ×Q2)

is contained in that of

M3(α̃)(ev1,ev2) ×(C1,C2) (Q1 ×Q2)

which has its dimension at least 2 smaller than that of

Minj
3 (α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2).

Now we are ready to prove the following triangulability, which will finish the proof
of the proposition

Lemma 20.1.7. There exists a dense subset of Jω such that for any J0 therein
the intersection

Υ−1(oH′′(α)×∆13 ×∆24) ∩Π−1(J0) ∼=M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1, Q2)

is triangulable. Denote this intersection by Q0 and define a map C0 : Q0 →M by

C0 = ev0 ◦ πM3 |Q0 : Q0 →M

where

πM3 :M3(J0;α)(ev1,ev2) ×(C1,C2) (Q1, Q2)→M3(J0;α)

is the natural projection. Then C0 defines a piecewise smooth cycle in M .

Proof. We consider the map

C0 :M3(J ;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2)→M

where C0 := ev0 ◦ πM3
|Q0 .

By the discussion above, we have

(20.1.13) ImageC0 = ImageC0|Minj
3 (J;α)×Q1×Q2

.

Once we prove this equality, piecewise smoothness of the fiber product

M3(J ;α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2)

implies triangulability thereof.
Finally we compute the boundary of the chain (Q0, C0). Again by the discussion

above,

∂C0 = ∂[Minj
3 (α)(ev1,ev2) ×(C1,C2) (Q1 ×Q2), ev0].

But since all the factors in this fiber product are piecewise smooth, the general
boundary formula for the fiber product gives rise to

∂C0 = (∂Minj
3 (α))(ev1,ev2) ×(C1,C2) (Q1 ×Q2)

±Minj
3 (α)(ev1,ev2) ×(C1,C2) (∂Q1 ×Q2)

±Minj
3 (α)(ev1,ev2) ×(C1,∂C2) (Q1 ×Q2) = 0

where the vanishing follows since ∂Qi = 0 and ∂Minj
3 (α) = 0. This proves the

cycle property of C0. �
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This now finishes the proof of Proposition 20.1.2. �

Remark 20.1.8. As indicated by the above proof of Proposition 20.1.2, con-
struction of the quantum product on general symplectic manifolds other than the
semi-positive ones will have to deal with the negative multiple cover problem since
the above argument crucially use the inequality (20.1.12) which is no longer true in
general. To overcome this difficulty, one again has to involve the machinery of Ku-
ranishi structure and virtual fundamental cycle techniques. We refer to [FOn99],
[LT99] for the details of such construction.

20.2. Hamiltonian fibrations with prescribed monodromy

In this section, we explain the, so called, pants product in Floer homology.
Recall the definition of positive and negative punctures with analytical coordi-

nates of a compact Riemann surface Σ as defined in section 4.3.1. By definition,
each puncture p carries analytic chart

ϕ+ : D \ {p} → (−∞, 0]× S1

and

ϕ− : D \ {p} → [0,∞)× S1

depending on the parity of the puncture p. We denote by (τ, t) the standard cylin-
drical coordinates on the cylinder. We fix a cut-off function ρ+ : (−∞, 0] → [0, 1]
defined by

ρ+ =

{
1 τ ≤ −2
0 τ ≥ −1

and ρ− : [0,∞)→ [0, 1] by ρ−(τ) = ρ+(−τ). We will just denote by ρ any of these
two cut-off functions when there is no danger of confusion. Let (p, q) be a given set
of positive punctures p = {p1, · · · , pk} and with negative punctures q = {q1, · · · , qℓ}
on Σ.

Completing Σ̇ = Σ \ (p ∪ q) by the real blow-up at each puncture, we obtain a
compact Riemann surface with boundary Σ

∂Σ =
∐

∗∈p∪q
S1
∗

as defined in section 4.3.1. Each boundary component S1
∗ carries an identification

θ : S1
∗ → R/Z and so a distinguished marked point corresponding to the image

θ∗(0) ∈ S1
∗ .

Definition 20.2.1. Let Σ̇ be a punctured Riemann surface with h ≥ 1 and Σ its
real blow-up. We define the holonomy at the punctures of the marked Hamiltonian
fibration E → Σ̇ by the holonomy C = (CH1 , . . . , CHh

) of a marked Hamiltonian
fibration with connection (E,Ω, C).

Definition 20.2.2. We call a one-form K ∈ Ω1(Σ̇, C∞0 (M)) cylindrical at the
puncture p ∈ Σ with analytic chart (D, z), if it has the form

K(τ, t, x) = H(t, x) dt

in some punctured neighborhood D′ \ {p} ⊂ D \ {p} with respect to the given
analytic coordinate z = e2π(τ+it) or z = e−2π(τ+it) depending on the parity of the
puncture. We denote by KΣ̇ the set of such K’s.



522 20. PANTS PRODUCT AND QUANTUM COHOMOLOGY

Every such K give rise to a Hamiltonian fibration on the trivial bundle E =
Σ̇× (M,ω) with the coupling form given by

Ω = π∗2ω + d(π∗1K).

The horizontal distribution of the associated Hamiltonian connection has the ex-
plicit form

(20.2.14) ΓΩ(z, x) = {(η,XK(η)) ∈ TzΣ̇⊕ TxM}.
One important quantity associated to the one-form K is the following curvature
two-form which is denoted by RK and defined by

(20.2.15) RK (ξ1, ξ2) = ξ1[K(ξ2)]− ξ2[K(ξ1)]− {K(ξ2),K(ξ1)}
for two vector fields ξ1, ξ2, where ξ1[(K(ξ2)] denotes directional derivative of the
function K(ξ2)(z, x) with respect to the vector field ξ1 as a function on Σ, holding
the variable x ∈M fixed.

The following topological energy is defined in the off-shell level which will con-
trol the geometric energy in the on-shell level later.

Definition 20.2.3 (Topological energy). Let ΩK be the coupling form asso-

ciated to the Hamiltonian fibration over Σ̇ associated to K. Then we define the
topological energy by the integral

EK(u) =

∫

Σ̇

v∗ΩK

for a map u : Σ̇ → M if the integral converges, where v : Σ̇ → E is the section
lifted from the map u.

Now we relate this topological energy with the action integrals of the asymptotic
orbits at the punctures or along ∂Σ.

Note that for a given set of asymptotic orbits ~z, one can define the space
of maps u : Σ̇ → M which can be extended to Σ such that u ◦ θ∗ = z∗(t) for
∗ ∈ p ∪ q. Each such map defines a natural homotopy class B relative to the
boundary. We denote the corresponding set of homotopy classes by π2(~z). When we
are given the additional data of bounding discs w∗ for each z∗, we can form a natural

homology class (in fact a homotopy class), denoted by B#
(∐
∗∈p∪q[w∗]

)
∈ H2(M),

by ‘capping-off’ the boundary components of B using the discs w∗ respectively. As
usual, we denote such a lifting of a periodic orbit z by [z, w] where w : D2 →M is
a disc bounding the loop z.

Definition 20.2.4. Let {[z∗, w∗]}∗∈p∪q be given. We say B ∈ π2(~z) is admis-
sible to {([z∗, w∗]} if it satisfies

(20.2.16) B#

( ∐

∗∈p∪q
[w∗]

)
= 0 in H2(M,Z)

where
# : π2(~z)×

∏

∗∈p∪q
π2(z∗)→ H2(M,Z)

is the natural gluing operation of the homotopy class from π2(~z) and those from
π2(z∗) for ∗ ∈ p ∪ q.

The following formula is a direct generalization of Lemma 4.1 [Schw00].
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Lemma 20.2.5. Let u : Σ̇→M be a map satisfying

(20.2.17) [u]#

( ∐

∗∈p∪q
[w∗]

)
= 0

Then

(20.2.18) −
∫
v∗ΩE =

∑

p∈p
AHp([zp, wp])−

∑

q∈q
AHq ([zq, wq])

where v(z) = (z, u(z)), where Hp, Hq are the Hamiltonians attached to the respec-
tive punctures.

Proof. By Lemma 4.3.4, we have

(20.2.19)

∫

D2

v∗∗Ω∗ = −AH∗([z∗, w∗])

for any ∗ ∈ p ∪ q. On the other hand by topological condition

[u]#
∐

∗∈p∪q
[w∗] = 0

we obtain

(20.2.20)

∫
v∗ΩE +

∑

p∈p
AHp([zp, wp])−

∑

q∈q
AHq ([zq, wq]) = 0

which is equivalent to (20.2.18). �

20.2.1. Hamiltonian perturbations of Cauchy-Riemann equation. Now
we describe the Hamiltonian perturbations in a coordinate free fashion. Denote by

Pcyl(Σ̇,Jω)
the set of maps from Σ̇ to Jω that are cylindrical near the punctures in terms of
the given analytic charts z = e±2π(τ+it). In other words, we require

(20.2.21) J(z, x) ≡ J(t, x), z ≡ e±2π(τ+it)

independent of τ with |τ | ≥ R for some R sufficiently large.
For each given such pair (K, J), which we call a Floer datum, it defines a

perturbed Cauchy-Riemann operator by

∂(K,J)u := (du+ PK(u))
(0,1)
(j,J) =

1

2
(du+ PK(u) + J ◦ (du+ PK(u)) ◦ j)

where the vector valued one-form PK ∈ Ω1(Σ×M,TM) is the unique form deter-
mined by the equation

dvertK(z, x) = PK(z, x)⌋Ω
∣∣∣
Tv
(z,x)

E
.

In particular PK(u) is a section Ω1(v∗T vE) = Ω1(u∗TM). The associated Hamiltonian-
perturbed Cauchy-Riemann equation has the form

(20.2.22) (du + PK(u))
(0,1)
(j,J) = 0 or equivalently ∂(j,J)u+ (PK(u))

(0,1)
(j,J) = 0

on (Σ, j) in general.
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For each given Floer datum (K, J) and a collection ~z = {z∗}∗∈p∪q of asymptotic
periodic orbits z∗ associated to the punctures ∗ = pi or ∗ = qj , we consider the
perturbed Cauchy-Riemann equation

(20.2.23)

{
∂(K,J)(u) = 0

u(∞∗, t) = z∗(t).

To provide the definition of the Hamiltonian-perturbed moduli space, one more
ingredient we need is the choice of an appropriate energy of the map u. For this
purpose, we fix a Kähler metric hΣ̇ of (Σ̇, j) that has the cylindrical ends with
respect to the given cylindrical coordinates near the punctures, i.e., hΣ has the
form

(20.2.24) hΣ = dτ2 + dt2

on D∗ \ {∗}. We denote by dAΣ the corresponding area element on Σ.

Definition 20.2.6. An almost complex structure J̃ on π : E → Σ̇ is called
(π,Ω)-compatible if the following holds:

(1) J̃ preserves the vertical tangent space and Ω-compatible on each fiber,

(2) the projection π : E → Σ̇ is pseudo-holomorphic, i.e, dπ ◦ j = J̃ ◦ dπ.
When we are given t-periodic Hamiltonian H = (H1, . . . , Hh), we say that J̃ is

(H, J)-compatible, if J̃ additionally satisfies

(3) For each i, (Φi)∗J̃ = j ⊕ JHi where

JHi(τ, t, x) = (φtHi
)∗J

for some t-periodic family of almost complex structure J = {Jt}0≤t≤1 on
M over a disc D′i ⊂ Di in terms of the cylindrical coordinates.

The condition (3) implies that a J̃-holomorphic sections v over D′i is precisely
a solution of the equation

(20.2.25)
∂u

∂τ
+ Jt

(∂u
∂t
−XHi(u)

)
= 0

if we write v(τ, t) = (τ, t, u(τ, t)) in the trivialization with respect to the cylindrical
coordinates (τ, t) on D′i induced by φ±i above.

The following geometric energy controls the analysis of Floer moduli spaces,
especially their compactness properties.

Definition 20.2.7 (Geometric energy). For a given asymptotically cylindrical
pair (K, J), we define

E(K,J)(u) =
1

2

∫

Σ

|du+ PK(u)|2J dAΣ

where | · |J(σ,u(σ)) is the norm of Λ(0,1)(u∗TM)→ Σ̇ induced by the metrics hΣ̇ and
gJ := ω(·, J ·).

Note that this energy depends only on the conformal class of hΣ, i.e., depends
only on the complex structure j of Σ and restricts to the standard energy for the
usual Floer trajectory moduli space given by

E(K,J)(u) =
1

2

∫

C∗

(∣∣∣∣
∂u

∂τ

∣∣∣∣
2

J

+

∣∣∣∣
∂u

∂t
−XH∗(u)

∣∣∣∣
2

J

)
dt dτ
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in the cylindrical coordinates (τ, t) on the cylinder C∗ corresponding to the puncture
∗.

Now we are ready to give the definition of the Floer moduli spaces. Consider
the triple

p = {p1, · · · , ps+}, q = {q1, · · · , qs−}, r = {r1, · · · , rs0}
of positive punctures and negative punctures and marked points, respectively. We
assume that they are all distinct points and that each puncture is equipped with
analytic chart. We denote by

M̃(s0;s+,s−)

the set of all such triples and by M(s0;s+,s−) the quotient space by the action of
automorphisms of the punctured Riemann surface with marked points. We call a
triple (r; p, q) stable if it has a finite automorphism group. The space M(s0;s+,s−)

is non-empty as long as s0 + s+ + s− ≥ 3.

Definition 20.2.8. Let (K, J) be a Floer datum over Σ with punctures p, q,
and let {[z∗, w∗]}∗∈p∪q be the given asymptotic orbits and ~z = {z∗}∗∈p∪q a given
set of asymptotic periodic orbits. Let B ∈ π2(~z) be a homotopy class admissible to
{[z∗, w∗]}∗∈p∪q. We define the moduli space

M(s0;s+,s−)(K, J ;~z;B) = {(u; r; p, q) | u satisfies (20.2.23) and

E(K,J)(u) <∞ [u] = B}.(20.2.26)

To avoid having continuous automorphisms, we will always assume that the as-
ymptotic Hamiltonian H at the puncture is not time-independent when we consider
the moduli space corresponding to

(s0; s+, s−) = (1; 1, 0) or (1; 0, 1).

In addition, we will also assume that K and J satisfy

K ≡ 0

J ≡ J0 near the marked point r ∈ Σ̇(20.2.27)

respectively where J0 is a (time-independent) compatible almost complex structure
of (M,ω). We assume J0 is generic.

Now we define that the moduli space M(s0;s+,s−)(K, J ; {[z∗, w∗]}∗) to be the
finite union of the moduli spacesM(s0;s+,s−)(K, J ;~z;B) over Bπ2(~z) satisfying

B#

( ∐

∗∈p∪q
[w∗]

)
= 0.

The following energy formula is an important ingredient not only for the anal-
ysis of Floer moduli spaces but for the application of the Floer theory to the sym-
plectic topology. Related identity has played an important role in many recent
literature on modern symplectic topology. See [Schw00], [Oh05d], [Se03a] for a
few earlier appearances of such an identity.

Proposition 20.2.9. Assume that (K, J) satisfies (20.2.27). Let {[z∗, w∗]}∗∈p∪q
be a given collection of asymptotic periodic orbits and let u have finite energy. Then
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we have the identity

E(K,J)(u) =

∫
v∗ΩE +

∫

Σ

RK(v)

=

k∑

i=1

AHpi
([z+i , w

+
i ])−

ℓ∑

j=1

AHqj
([z−j , w

−
j ]) +

∫

Σ

RK(v).(20.2.28)

Proof. It is enough to prove the first identity. The second then is a conse-
quence of Lemma 20.2.5. Denote by v : Σ → E the section associated to the map
u. Then we compute

E(K,J)(u) =

∫

Σ̇

|du+ PK(u)|2J dAΣ.

But we have

|du+ PK(u)|2J = |du(e1) + PK(u)(e1)|2J + |du(e2) + PK(u)(e2)|2J
for an orthonormal frame {e1, e2} for TM with e2 = je1. Then e1 = −je2. We also
have

|(du + PK(u))(e1)|2J = ω(du(e1) + PK(u)(e1), J(du(e1) + PK(u)(e1)))

= −ω(du(e1) + PK(u)(e1), J(du + PK(u))(je2))

= ω(du(e1) + PK(u)(e1), (du + PK(u))(e2))

= ω(du(e1), du(e2)) + ω(du(e1), PK(u)(e2))

+ω(PK(u)(e1), du(e2)) + ω(PK(u)(e1), PK(u))(e2))

= +ω(du(e1), du(e2)) +RK(e1, e2).

Similarly we obtain

|(du+ PK(u))(e2)|2J = |(du + PK(u))(e1)|2J = −ω(du(e1), du(e2)) +RK(u)(e1, e2)

and so
1

2
|du+ PK(u)|2J dAΣ = v∗ω +RK(v).

By integrating this over, we have finished the proof of the first identity. The second
identity follows from the first by Lemma 20.2.5. �

Remark 20.2.10. Here we remark that the last curvature integral converges
since RK(u) has compact support by the hypothesis that K is cylindrical near the

ends of Σ̇.

The following special case is important later in relation to the proof of homotopy
invariance of spectral invariants.

Corollary 20.2.11. Suppose that H is the family of functions H = H(s, t, x)
where Hs := H(s, ·, ·) : [0, 1] ×M → R is the Hamiltonian generating the vector
field

∂φ

∂t
◦ φ−1

of a two parameter family φ = φ(s, t) of Hamiltonian diffeomorphisms. Consider
the one-form K on R× S1 ∼= S2 \ {N,S} defined by

K(τ, t, x) = H(ρ(τ), t, x) dt

defined on the trivial bundle E = R × S1 × (M,ω). Then we have E(K,J)(u) =∫
u∗ΩE .
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Proof. We have only to prove RK ≡ 0. Denote by F that of F = F (s, t, x)
where Fs := F (·, s, ·) : [0, 1] ×M → R is the Hamiltonian generating the vector
field

∂φ

∂s
◦ φ−1.

Then we have

RK

(
∂

∂τ
,
∂

∂t

)
=
∂F ρ

∂τ
− ∂Hρ

∂t
− {Hρ, F ρ}

where Hρ(τ, t, x) = H(ρ(τ), t, x), F ρ(τ, t, x) = F (ρ(τ), t, x). But Hρ generates the
2-parameter family

φρ(τ, t) = φ(ρ(τ), t)

of Hamiltonian diffeomorphisms and so the identity (18.3.17) finishes the proof of
RK ≡ 0. �

20.2.2. Pants product. Consider a compact Riemann surface Σ of genus 0
with three marked points. Denote the neighborhoods of the three by Di, i = 1, 2, 3.
We assume that the associated punctures for i = 1, 2 are positive with analytic
coordinates by

ϕ+
i : Di \ {zi} → (−∞, 0]× S1 for i = 1, 2

and the puncture for i = 0 is negative with analytic coordinate by

ϕ−3 : D3 → [0,∞)× S1.

Denote by (τ, t) the standard cylindrical coordinates on the cylinder

[0,∞)× S1 = [0,∞)× R/Z

and fix a cut-off function ρ+ : (−∞, 0]→ [0, 1] and ρ− : [0,∞)→ [0, 1] by ρ−(τ) =
ρ+(−τ) as before.

Let [zi, wi] be a critical point of AHi for i = 1, 2. To simplify the notations,
we denote

ẑ = [z, w]

in general and ẑ = (ẑ1, ẑ2, ẑ3). The matrix element of the pants product ẑ1 ∗ ẑ2 is
provided by a certain moduli space of perturbed pseudo-holomorphic maps from a
sphere with 3 directed punctures that satisfy suitable asymptotic conditions. We
now give the precise definition of this moduli spaces.

We consider a compact connected surface Σ of genus 0 with 3 directed punctures
with the first two positive and the third negative. Then we take its real blow-up
Σ where ~z = {z1, z2, z3}. By definition of the directed puncture, Σ̇ carries analytic
coordinates (τ, t) in a neighborhood of the puncture zi for each i = 1, 2, 3. Now we
fix a Hamiltonian fibration over S with prescribed Hamiltonian connection on ∂Σ
induced by normalized Hamiltonians Hi, i = 1, 2, 3. We fix the trivial Hamiltonian
fibration Ei = D2 × (M,ω) equipped with the Hamiltonian connection represented
by the coupling two form

Ωi := π∗2ω + π∗1d(H
ρ
i dt).

In particular the holonomies along ∂S with respect to the connection lie in the
conjugacy class C = ([φ1H1

], [φ1H2
], [φ1H3

]).
Now we are ready to define the moduli space relevant to the definition of the

pants product that we need to use. Let ẑ = (ẑ1, ẑ2, ẑ3) be given where ẑi = [zi, wi] ∈
CritAHi for i = 1, 2, 3



528 20. PANTS PRODUCT AND QUANTUM COHOMOLOGY

We consider J̃ be a (H, J)-compatible almost complex structure. We denote

byM(K, J̃ ; ẑ) the space of all u : Σ→M that satisfy

(1) (du + PK(u))
(0,1)

J̃
= 0.

(2) The maps ui := u ◦ (ϕ−1i ) : (−∞,Ki] × S1 → M which are solutions of
(20.2.25), satisfy

lim
τ→−∞

ui(τ, ·) = zi, i = 1, 2

and similarly for i = 3 changing −∞ to +∞.
(3) The closed surface obtained by capping off u(Σ) with the discs wi taken

with the same orientation for i = 1, 2 and the opposite one for i = 3
represents zero in π2(M)/ ∼.

Definition 20.2.12. Consider two sets ẑ = (ẑ1, · · · , ẑk) and ẑ′ = (ẑ′1, · · · , ẑ′k).
We say that ẑ′ ∼ ẑ if they satisfy

z′i = zi, w′i = wi#Ai

for Ai ∈ π2(M) and
∑k

i=1Ai represents zero (mod) Γ.

Note thatM(H, J̃ ; ẑ) depends only on the equivalence class of ẑ’s. We postpone
the proof of the following index formula till Appendix ??.

Proposition 20.2.13. The (virtual) dimension of M(H, J̃ ; ẑ) is given by

dimM(H, J̃ ; ẑ) = 2n− (−µH1(ẑ1) + n)− (−µH2(ẑ2) + n)− (µH3(ẑ3) + n)

= −n+ (µH1(ẑ1) + µH2(ẑ2)− µH3(ẑ3)).

Note that when dimM(H, J̃ ; ẑ) = 0, we have

n = −µH3(ẑ3) + µH1(ẑ1) + µH2(ẑ2)

which is equivalent to

µH3(ẑ3) = (µH1(ẑ1) + µH2(ẑ2))− n
and provides the degree of the pants product in our convention of the grading of
the Floer complex we adopt in the present paper. Now the pair-of-pants product ∗
for the chains is defined by

(20.2.29) ẑ1 ∗ ẑ2 =
∑

ẑ3

#(M(H, J̃ ; ẑ))ẑ3

for the generators ẑi and then by linearly extending over the chains in CF∗(H1)⊗
CF∗(H2). Our grading convention makes this product is of degree −n.

20.3. PSS map and its isomorphism property

Let f : M → R be a back-ground Morse function on M and H = H(t, x) and
J = J(t, x). The goal of the PSS-map is to establish an isomorphism between the
Morse homology of f and the Floer homology of (H, J).

One of the moduli spaces entering in the construction of the PSS-map is the
space of solutions of (20.2.23) on the domain of genus 0 and with one puncture,
which can be either positive or negative, and with one marked point playing the
role of the origin of Σ̇ ∼= C. We first introduce the general moduli space of this type
with an arbitrary number of positive, negative and marked points.
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20.3.1. Definition of the PSS-map moduli spaces. In this subsection, we
recall the definitions of the two PSS maps Φ and Ψ from [PSS96] except that we
use Morse cycles of −f , instead of f , to represent the homology ofM : In particular,
the grading of Morse cycles is given by

Index(−f)(p) = 2n− Indexf (p).

which is consistent with with the author’s convention used in the papers such as
[Oh05c]-[Oh06a] and [OhZ09]. As a result, we will construct an isomorphism
QH∗(M)→ HF∗(H, J) between quantum cohomology and Floer homology.

Let (C∗, ∂) be any chain complex on M whose homology is the singular homol-
ogy H∗(M). We take for C∗ the Morse homology complex

(
CM∗(−f), ∂Morse

(−f,gJ0)

)
∼= CF∗(f), ∂

Floer
(f,J0)

)

for (−f, gJ0) with a sufficiently small C2-norm ‖f‖C2. In this convention, solutions
of negative gradient of −f correspond to ones for the negative gradient flow of the
action functional Aǫf .

Let Σ̇+ be the Riemann sphere with one marked point o+ and one positive

puncture e+. We identify Σ̇+\{o+} ∼= R×S1 and denote by (τ, t) the corresponding
coordinates so that {+∞} × S1 correspond to e+. We note that the coordinates
(τ, t) is defined modulo the the action of R× S1 ∼= C∗

(τ, t) 7→ (τ + a, t+ b).

We consider the one-form K+ ∈ Ω1(Σ̇, ham(M,ω)) which can be written as

(20.3.30) K+ =

{
0 near o+

H+(t, x) dt near e+

for some H+. Let z+ = z+(t) (t ∈ S1) be a nondegenerate periodic orbit of H+

and [z+, w+] a lifting of z+ to L̃0(M). We consider the moduli space

M(K+, J+; [z+, w+];A+) =
{
u : Σ̇→M

∣∣∣ ∂(K+,J+)u = 0,

u(+∞, t) = z+(t), [u#w+] = A+

}

where A+ ∈ H2(M,Z) is in the image of the Hurwitz map π2(M)→ H2(M,Z).
For generic J+ or K+, the moduli space is regular and its dimension is equal

to

IndexDu∂(K+,J+) = n− µH+([z+, w+]) + 2c1(A+).

Similarly we define the moduli space

M(K−, J−; [z−, w−];A−) =
{
u : Σ̇→M | ∂(K−,J−)u = 0,

u(−∞, t) = z−(t), [w−#u] = A−
}
,

where A− is similar to A+ and have

IndexDu∂(K−,J−) = n+ µH−([z−, w−]) + 2c1(A−).

If we use the Morse homology of −f to represent H∗(M), then we can represent
the quantum homology QH∗(M) as the homology of C∗(−f)⊗ Λω, where C∗(−f)
is the chain complex of the Morse homology of −f generated by the critical points
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of f . The grading of [p]q−A is µ(−f)(p)− 2c1(A), where [p] ∈ C∗(−f), and µ(−f)(p)
is the Morse index of f at p.

We are going to define an isomorphism

Φ∗ : QHk(M)[n](= QHk+n(M))→ HFk(H, J)

by first defining the corresponding chain map Φ : C∗(−f) ⊗ Λω → CF∗(H). This
chain map is defined by describing how it acts on the generators [p] of C∗(−f) as

Φ : [p]→
∑

[z+,w+]∈P̃ er(H+)

#(M(p, [z+, w+];A+)[z+, w+]q
−A+

and then linearly extending over the ring Λω. Here, roughly speaking, the moduli
spaceM(p, [z+, w+];A+) consists of “spike discs” emerging from the critical point
p and ending on the periodic orbit z+ in class [u#w+] = A+ in Γ. More precisely,
we have the definition

M(p, [z+, w+];A+) = {(χ+, u+) | u+ : Σ̇+ →M, [u+#w+] = A+,

u(+∞, t) = z+(t), ∂(K+,J+)u+ = 0,

χ̇+ = ∇f(χ+), χ+(−∞) = p, χ+(0) = u+(o+)}.
We put an index condition so thatM(p, [z+, w+];A+) is a 0-dimensional oriented
manifold so we can do algebraic count “#”. The index condition is

(n− µ([z+, w+] + 2c1(A+)) + (2n− µ(p))− 2n = 0

i.e. µ([z+, w+]) = n− (µ(p)− 2c1(A+)).

The gluing argument shows that φ is a chain map, so it passes to homology which
is the PSS map Φ∗ : QH∗(M)→ HF∗(H, J) introduced in [Pi94], [PSS96].

z
−

z+

Ψ Φ

pp

Figure 1. The PSS maps Ψ and Φ

Next we define the inverse of Φ

Ψ∗ : HF∗(H, J)→ QH∗(M)

in the chain level. For any [z−, w−] ∈ P̃ er(K−), define ψ : CF∗(M)→ C∗(−f)⊗Λω,
Ψ : [z−, w−]→

∑

p∈Crit(−f);A−∈π2(M)

#M([z−, w−], p;A−)p⊗ q−A− ,

where M([z−, w−], p;A−) consists of “spiked-discs” emerging from the periodic
orbit z− and ending on the critical point p, namely

M([z−, w−], p;A−) = {(u−, χ−) | u− : Σ̇− →M, [w−#u−] = A−,

u(−∞, t) = z−(t), ∂(K−,J−)u− = 0,

χ̇− = ∇f(χ−), χ−(+∞) = p, χ−(0) = u−(o−)}.



20.3. PSS MAP AND ITS ISOMORPHISM PROPERTY 531

Here we also put the index condition

µH−([z−, w−]) = n− (µ(−f)(p)− 2c1(A−))

so M([z−, w−], p;A−) becomes a 0-dimensional (orientable) manifold. The same
continuation map argument shows Ψ is a chain map and so induces an homomor-
phism in homology.

20.3.2. Adiabatic degeneration of Floer moduli spaces. In this subsec-
tion, we describe the main adiabatic gluing result established in [OhZ09] without
delving into the highly nontrivial analytic details. We refer to the original article
for the complete details.

On U±, using the given analytic coordinates z = e2π(τ+it), we fix a function

(20.3.31) κ+(τ) =

{
0 if |τ | ≤ 1

1 if |τ | ≥ 2

and let κ−(τ) = κ+(−τ). We set κ+ǫ (τ) = κ+(τ −R(ǫ) + 1) and κ−ǫ (τ) = κ+ǫ (−τ).
It is easy to see
(20.3.32)

κ+ǫ (τ) =

{
1 for τ ≥ R(ǫ) + 1

0 for τ ≤ R(ǫ) , κ−ǫ (τ) =

{
1 for τ ≤ −R(ǫ)− 1

0 for τ ≥ −R(ǫ)
We then extend these outside the charts U± by zero. We choose R = R(ǫ) so that

(20.3.33) ǫR(ǫ)→ 0 as ǫ→ 0.

We remark that the choice of R(ǫ) made in (20.3.33) will be needed for some
normalization procedure in the adiabatic degeneration argument.

We also consider a cut-off function κ0ǫ : R→ [0, 1] so that

κ0ǫ(τ) =

{
1 for |τ | ≤ R(ǫ)− 1

0 for |τ | ≥ R(ǫ)(20.3.34)

|(κ0ǫ )′(τ)| ≤ 2 for R(ǫ)− 1 ≤ |τ | ≤ R(ǫ)(20.3.35)

and consider a one-parameter family of pairs (Kǫ, Jǫ) with their cylindrical ends
given by

End±(Kǫ, Jǫ) = (H, J), R0 ≤ R(ǫ) <∞
for a given Floer-regular pair (H, J) which have the following form: For Jǫ, we
define

(20.3.36) Jǫ(τ, t, x) =





Jκ
+
ǫ (τ)(t, x) for τ ≥ R(ǫ)

J0(x) for |τ | ≤ R(ǫ)− 1

Jκ
−
ǫ (τ)(t, x) for τ ≤ −R(ǫ).

Thanks to the above cut-off functions κ±, this defines a smooth R × S1 family of
almost complex structures J on M.

Similarly we define the family Kǫ : R× S1 ×M → R by

(20.3.37) Kǫ(τ, t, x) =





κ+ǫ (τ) ·H(t, x) for τ ≥ R(ǫ)
κ0ǫ(τ) · ǫf(x) for |τ | ≤ R(ǫ)
κ−ǫ (τ) ·H(t, x) for τ ≤ −R(ǫ).
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Remark 20.3.1. (1) We note that when we define Kǫ, we use the linear
homotopy s 7→ sH which is canonically associated to the given Hamil-
tonian H = H(t, x). Similar map can be defined for any homotopy
H : s 7→ H(s) where H(s) = H(s, t, x) is a two-parameter family sat-
isfying H(0) = ǫf and H(1) = H . The resulting maps in homology will
not depend on the choice of such a homotopy.

(2) We would like to compare our choice of Kǫ above with that of [PSS96,
MSa04]: the latter uses a family of Kǫ with Kǫ ≡ 0 in the neck region
of Σǫ, while we use the one by putting a small Morse function ǫf in the
neck and take the adiabatic limit as ǫ → 0. With the choice Kǫ ≡ 0 in
the neck region, this process of degenerating Floer trajectories to nodal
ones as ǫ → 0 is somewhat hard to go back from its limit by the gluing
construction outlined in [PSS96, MSa04]. On the other hand we provide
some 1-jet datum at the node in its limit which remembers the presence
of the back-ground Morse function.

Using this particular one-parameter family (KR, JR) for a given cut-off function
κ = {κ+, κ−}, we consider the corresponding parameterized moduli space

Mpara([z−, w−], [z+, w+]); {(K, J ;κ)}
=

⋃

0<ǫ≤ǫ0
{ǫ} ×M([z−, w−], [z+, w+];Kǫ, Jǫ).

For the simplicity of notations, we will also writeMpara =
⋃

0<ǫ≤ǫ0Mǫ. To study
the map Ψ ◦ Φ in homology, we need to analyze compactification ofMpara.

The following is the key analytic theorem that is needed to complete the iso-
morphism property of the PSS map stated in [Pi94], [PSS96].

Theorem 20.3.2 (Theorem 10.19 [OhZ09]). Let (Kǫ, Jǫ) be the family of Floer
data defined in (20.3.37). Then,

(1) there exists a topology on Mpara
(0;1,1)([z−, w−], [z+, w+]); {(Kǫ, Jǫ)} with re-

spect to which the gluing construction defines a proper embedding

Glue : (0, ǫ0)×Mnodal
(0;1,1)([z−, w−], [z+, w+]; (H, J), (f, J0))

→ Mpara
(0;1,1)([z−, w−], [z+, w+]); {(K, J)})

for sufficiently small ǫ0.
(2) the above mentioned topology can be compactified into

Mpara

(0;1,1)([z−, w−], [z+, w+]); {(K, J)})
where Mpara

(0;1,1)([z−, w−], [z+, w+]); {(K, J)}) is given by

Mpara

(0;1,1)([z−, w−], [z+, w+]); {(K, J)})
=

⋃

0<ǫ≤ǫ0
{ǫ} ×M(0;1,1)([z−, w−], [z+, w+]); {(Kǫ, Jǫ)}

∪Mnodal
(0;1,1)([z−, w−], [z+, w+]; (H, J), (f, J0))

as a set,
(3) the embedding Glue smoothly extends to the embedding

Glue : [0, ǫ0)×Mnodal
(0;1,1)([z−, w−], [z+, w+]; (H, J), (f, J0))

→ Mpara

(0;1,1)([z−, w−], [z+, w+]); {(K, J)})
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that satisfies

Glue(u+, u−, u0; 0) = Glue(u+, u−, u0).

We refer to [OhZ09] for the complete details of the proof of this theorem.

20.3.3. PSS-scheme of the proof of the isomorphism property Φ∗. In
this section, we sketch the argument of Piunikhin-Salamon-Schwarz towards a proof
of isomorphism property of the PSS-maps based on a deformation leading to the
chain isomorphism between the composition

Ψ ◦ Φ : CF∗(H+)→ CF∗(H+)

and the identity map. The deformation involves the moduli spaces of three different
types in the course of deformations (see Figure 2):

u
− u+

u
ǫ

z+

z
−

z
−

z+

z
−

u+
u
−

z+

χ

p

Figure 2. The PSS scheme

(1) Disk-flow-disk
(2) Nodal Floer trajectories
(3) Chain map Floer trajectories

For the sake of following discussion, we denote the deformation parameter by
λ ∈ [−1, 1] so that the nodal configuration occurs at λ = 0. As long as λ > 0
or λ < 0, the deformation involves the same type of moduli spaces and so can be
applied the standard argument to construct cobordisms over [−1,−ǫ0] and [ǫ0, 1]
respectively for ǫ0 > 0. To complete the cobordism over the whole interval [−1, 1],
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one need to connect the two cobordisms with the one over [−ǫ0, ǫ0]. However there
occurs ‘phase change’ in the moduli spaces at λ = 0. Due to this ‘phase change’
at λ = 0, one can a priori expect only a piecewise smooth corbodism and needs to
prove a bi-collar theorem ofM0 ⊂Mpara to materialize the PSS-scheme. From −ǫ0
to 0, one can construct the left one-sided collar by finite dimensional construction.
(See Section 9 [OhZ09].) For the right one-sided collar over [0, ǫ0], construction of
the collar is non-trivial and is based on Theorem 20.3.2 whose proof is given by the
method of adiabatic degeneration in [OhZ09].

Based on Theorem 20.3.2, we prove the following isomorphism property stated
in [PSS96] by repeating verbatim the argument from [OhZ09] which in turn largely
follows the one from [PSS96].

Theorem 20.3.3. Let (−f ; g) be a generic Morse-Smale pair of a Morse func-
tion f and a metric g on M and HMorse(−f ; g) the Morse homology of (−f ; g) and
(H, J) be a generic time-periodic Hamiltonian function H and a family of compat-
ible almost complex structure J = {Jt} on M . Let Ψ, Φ be the PSS maps given in
[PSS96]. Then there exists a homomorphism

Υpss : CF
∗(H, J)→ CF ∗+1(H, J)

that satisfy

(20.3.38) Ψ ◦ Φ− id = ∂(H,J) ◦Υpss −Υpss ◦ ∂Morse
(−f,g) .

In particular, we have Ψ∗ ◦ Φ∗ = id in homology.

This shows Ψ∗ ◦ Φ∗ = id. The other identity Φ∗ ◦ Ψ∗ = id is much easier to
prove. Details of the proof are given in section 9 [OhZ09].

Remark 20.3.4. The adiabatic degeneration of the moduli space of solutions
of the Floer trajectory equation with a Morse function ǫf in the middle does not
produce just nodal Floer trajectories as used in the PSS-scheme but produce the
nodal Floer trajectories with some 1-jet datum which reflects presence of the back
ground Morse function f . This datum is crucial in the process of scale dependent
gluing in [OhZ09].

20.3.4. Ψ∗ ◦ Φ∗ = id; Floer via Morse back to Floer. Consider the
PSS deformation defined over κ ∈ [−∞, 1]. We fix a homotopy (Kκ, Jκ) with
Kκ = Kκ(τ, t, x), Jκ = Jκ(τ, t, x) as any generic homotopy from (Kǫ0 , Jǫ0) to
(K1(τ, t, x), J1(τ, t, x) ≡ (H(t, x), J(t, x).

Fix a sufficiently small ǫ0 > 0 and a sufficiently large ℓ0 > 0. We divide the
deformation into the following 4 pieces

(Kκ, Jκ) for [ǫ0 ≤ κ ≤ 1],

(Kǫ, Jǫ) for 0 < κ = ǫ ≤ ǫ0,
(Hρ− , Jρ−)o− ∗ (−f, gJ0; [−ℓ, ℓ]) ∗o+ (Hρ+ , Jρ+) for −ℓ0 ≤ ℓ < 0 :

and

(Hρ− , Jρ−)o− ∗ (−f, gJ0; [−ℓ, ℓ]) ∗o+ (Hρ+ , Jρ+) for −∞ ≤ ℓ < −ℓ0 :
Here (f, J0; [−ℓ, ℓ]) stands for the deformation

ℓ ∈ (−∞, 0) 7→ (−f, gJ0 ; [−ℓ, ℓ])
where f is a Morse function with respect to the metric gJ0 and we consider its
gradient trajectories over the interval [−ℓ, ℓ].
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We denote byMΨΦ
κ ([z−, w−]), [z+, w+]) the moduli space of configuration cor-

responding to κ and form the parameterized moduli space

Mpara

ΨΦ ([z−, w−], [z+, w+]; f) =
⋃

κ∈[−1,∞]

MΨΦ
κ ([z−, w−], [z+, w+]).

By the nondegeneracy hypothesis and the index condition, MΨΦ
κ is empty except

at a finite number of points

κ ∈ (−ℓ0,−ℓ1) ∪ (ǫ0, 1)

but a priori those κ could be accumulated in [−ℓ1, ǫ0] as κ → 0. The one-jet
transversality of the enhanced nodal Floer trajectory moduli space, which corre-
sponds to κ = 0 and Theorem 20.3.2 rules out this accumulation. As a consequence,
we derive

MΨΦ
κ ([z−, w−]), [z+, w+]) = ∅

for all κ ∈ [−ℓ1, ǫ0] if we choose ℓ1, ǫ0 sufficiently small. Together with the main glu-
ing compactness result, Theorem 20.3.2, the above discussion proves the following
proposition

Proposition 20.3.5. There exist constants ℓ0, ℓ1, ǫ0 and ǫ1 such that the fol-
lowings hold:

(1) If µH([z−, w−]) − µH([z+, w+]) = −1, then M
para

ΨΦ ([z−, w−]), [z+, w+]) is
a compact zero dimensional manifold such that

MΨΦ
κ ([z−, w−], [z+, w+]) = ∅

for κ ∈ [−∞,−ℓ0] ∪ [−ℓ1, ǫ0] ∪ [1− ǫ1, 1].
(2) If µH([z−, w−])− µH([z+, w+]) = 0, thenMpara

ΨΦ ([z−, w−]), [z+, w+]; f) is
a compact one dimensional manifold with boundary given by

∂Mpara

ΨΦ ([z−, w−]), [z+, w+]; f) =

Mκ=1([z−, w−], [z+, w+]) ∪M−∞([z−, w−], [z+, w+])

∪


⋃

[z,w]

Mpara

ΨΦ ([z−, w−], [z, w])#Mκ=1([z, w], [z+, w+])




∪


⋃

[z,w]

Mκ=1([z−, w−], [z, w])#M
para

ΨΦ ([z, w], [z+, w+])




where the union is taken over all [z, w] with µH([z−, w−])− µH([z, w]) =
−1 for the first and µH([z, w])− µH([z+, w+]) = −1 for the second.

Statement (1) in this proposition allows one to define the matrix coefficients
which are of the order

#Mpara

ΨΦ ([z−, w−]), [z+, w+]; f).

We then define the map

ΥΨΦ
pss : CF∗(H)→ CF∗+1(H)

by the matrix coefficients

〈ΥΨΦ
pss([z−, w−], [z+, w+]〉 := #Mpara

ΨΦ ([z−, w−]), [z+, w+]; f).
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Then Statement (2) concerning the description of the boundary of the one dimen-

sional moduli spaceMpara

ΨΦ ([z−, w−]), [z+, w+]; f) is translated into the equation

Ψ ◦ Φ− id = ∂ ◦ΥΨΦ
pss +ΥΨΦ

pss ◦ ∂.
This finishes the proof Ψ∗ ◦ Φ∗ = id in homology.

20.3.5. Φ∗ ◦Ψ∗ = id; Morse via Floer back to Morse. In this section, for
each given pair p, q ∈ Crit f , we consider the parameterized moduli space

Mpara

ΦΨ (p, q) =
⋃

0≤R≤∞
MΦΨ

R (p, q) :

We defineMΦΨ
R (p, q) in the following way.

First for each 0 < R <∞, we introduce the moduli spaceM(2;0,0))(K
R, JR) of

finite energy solutions of

(20.3.39) ∂(KR,JR)u = 0

on Σ which is a Riemann surface with two marked points {o−, o+} so that Σ\{o±} ∼=
R × S1 conformally. We first define a family of Riemann surface (Σ, jR) by the
connected sum

(D−, o−) ∪CR ∪ (D+, o+), jR = jD−#jCR#jD+

where CR is the cylinder [−R,R]× S1, jCR the standard conformal structure and
jR is the obvious glued conformal structure on D− ∪ CR ∪ D+. We denote (τ, t)
the conformal coordinates on D− ∪ CR ∪ D+ \ {o−, o+} extending the standard
coordinates on CR.

In this conformal coordinates, we fix a family of cut-off functions χR by

χR(τ) =

{
1− κ+(τ −R) for τ ≥ 0

1− κ−(τ +R) for τ ≤ 0

for 1 ≤ R < ∞, and χR = Rχ1 for 0 ≤ R ≤ 1. We note that χ0 ≡ 0 and χR has
compact support and χR ≡ 1 on any given compact subset if R is sufficiently large.
Therefore the equation (20.3.39) is reduced to ∂J0u = 0 near the marked points o±.
Then we define (KR, JR) as before.

We have two evaluations

evo± :M(2;0,0)(K
R, JR)→M ; evo±(u) = u(o±).

We denote

M̃−(p; f) = {χ : R×M | χ̇+∇(−f)(χ) = 0, χ(−∞) = p}
M̃+(q; f) = {χ : R×M | χ̇+∇(−f)(χ) = 0, χ(+∞) = q}

and define

M̃−1 (p;−f) = M̃−(p;−f)× R,

M̃+
1 (q;−f) = M̃+(q;−f)× R.

τ0 ∈ R acts on both by the action

(τ0, (χ, τ)) 7→ (χ(∗ − τ0), τ + τ0).

This action is free and so their quotients

M−1 (p;−f) = M̃−1 (p;−f)/R, M+
1 (q;−f) = M̃+

1 (q;−f)/R
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become smooth manifold of dimension µMorse(p; f) and 2n− µMorse(q; f) respec-
tively. We have the evaluation maps

ev+ :M+
1 (q;−f)→M, ev− :M−1 (p;−f)→M

whose image has one-one correspondence with the unstable manifold Wu(p;−f)
and the stable manifold W s(q;−f) respectively.

Now we define the moduli spaceMΦΨ
R (p, q;A) to be the fiber product

MΦΨ
R (p, q;A) = M−1 (p;−f)ev− ×evo− M(2;0,0)(K

R, JR;A)evo+ ×ev+ M
+
1 (q;−f)

= {((χ−, τ−), u, (χ+, τ+)) | χ−(τ−) = u(o−), χ+(τ+) = u(o+)}
and

MΦΨ,para
(p, q;A) =

⋃

0≤R≤∞
MΦΨ

R (p, q;A).

A straightforward calculation shows that

dimvirtMΦΨ
R (p, q;A) = µMorse(p)− µMorse(q) + 2c1(A).

Proposition 20.3.6. Choose a generic pair (f, J0).

(1) Suppose that µMorse(p) − µMorse(q) + 2c1(A) = −1. Then there exist

some ǫ1 > 0 and R1 > 0 such that Then MΦΨ,para

R (p, q;A) is a compact
0 dimensional manifold such that

MΦΨ
R (p, q;A) = ∅

if 0 ≤ R ≤ ǫ1 or R ≥ R1.

(2) Suppose that µMorse(p)−µMorse(q)+2c1(A) = 0. ThenMΦΨ,para
(p, q;A)

is a compact one-manifold with boundary given by

∂MΦΨ,para
(p, q;A) =MΦΨ

0 (p, q;A) ∪MΦΨ
∞ (p, q;A) ∪

⋃

r

MΦΨ
(p, r;A)

where the union
⋃
r is taken over r ∈ Crit(−f) such that

µMorse(p)− µMorse(r) + 2c1(A) = −1.
Proof. We recall that when R = 0, the equation (20.3.39) is reduced to ∂J0u =

0. Since µMorse(p)− µMorse(q) + 2c1(A) = −1 represents the virtual dimension of
MΦΨ

0 (p, q;A),MΦΨ
0 (p, q;A) must be empty for a generic choice of (f, J0). Here we

emphasize the fact that this moduli space depends only on (f, J0) for which the
genericity argument can be applied independent of the parameter R. Therefore the
same must be the case when R1 ≤ ǫ1 for a sufficiently small ǫ1 > 0. This finishes
the proof.

We leave the proof of Statement (2) to the readers. �

Using Statement (1), we define the chain homotopy map

ΥΦΨ
pss : CM∗(−f, gJ0 ; Λω)→ CM∗+1(−f, gJ0; Λω)

by the matrix element

〈ΥΦΨ
pss(p), q#(−A)〉 =

∑

(r,A)

#

(⋃

r

MΦΨ,para
(p, r;A)

)
.

Next we prove the following lemma
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Lemma 20.3.7. Suppose µMorse(p)− µMorse(q) + 2c1(A) = 0. Then if A 6= 0,

dimMΦΨ
0 (p, q;A) ≥ 2

unlessMΦΨ
0 (p, q;A) = ∅. And when A = 0, we have

dimMΦΨ
0 (p, q;A) ≥ 1

unless p = q.

Proof. If A 6= 0, u is non-constant in (u; o−, o+) ∈ M(2;0,0))(K
R, JR). Then

the conformal automorphism on the domain (Σ; o−, o+) produces at least a real 2-
dimensional family which contradicts the index hypothesis. (See [Fl89b], [FHS95]
for the semi-positive case and [FOn99], [LT98] in general.)

On the other hand, if A = 0, any J0-holomorphic sphere must be constant and
so the corresponding configuration (χ−, const, χ+) becomes a full gradient trajec-
tory χ = χ−#χ+. Unless χ is constant, i.e., unless p = q, R-translation produces
at least one-dimensional family which again contradicts to the index hypothesis.
This finishes the proof. �

Now we are ready to finish the proof of the identity

(20.3.40) Φ ◦Ψ− id = ΥΦΨ
pss∂

Morse
(−f,gJ0 )

+ ∂Morse
(−f,gJ0 )

ΥΦΨ
pss.

A priori, Proposition 20.3.6 only implies
∑

q,A

〈(Φ◦Ψ−id)(p), q#(−A)〉 =
∑

q,A

〈
ΥΦΨ
pss∂

Morse
(−f,gJ0 )

(p) + ∂Morse
(−f,gJ0 )

ΥΦΨ
pss(p), q#(−A)

〉
.

But the above lemma implies

〈(p), q#(−A)〉 = 0

unless A = 0 and p = q. This finishes the proof of (20.3.40). �

20.4. Frobenius pairing and duality

Recall the isomorphisms ♭ : QH∗(M)→ QH∗(M) and its inverse ♯ : QH∗(M)→
QH∗(M) given in (20.1.2), (20.1.3). We denote by a♭ and b# the images under these
maps as before.

Definition 20.4.1 (Frobenius pairing). We define the nondegenerate pairing

(20.4.41) ∆ = 〈·, ·〉 : QHk(M)⊗QHn−k(M)→ Λ(0)
ω

by

(20.4.42)
〈∑

aAq
A,
∑

bBq
B
〉
=

∑

C;c1(C)=0

(∑

A

(aA, bC−A)

)
qC

where (aA, bC−A) is the canonical Poincaré pairing betweenHk(M,Q) andHk(M,Q)

(aA, bB) = aA ∩ PD(bB).

Note that this sum is always finite by the finiteness condition in the definition of
QH∗(M) and so is well-defined.

Proposition 20.4.2. Denote by [M ] the fundamental class and 1 = PD[M ]
the identity in QH∗(M). Then

〈a, b〉 = (a ∪Q b) ∩ [M ] = 〈(a ∪Q b), 1〉.
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Proof. We have only to prove the first equality for a cohomology class a, b ∈
H∗(M) for which the left hand side of the identity becomes nothing but the classical
Poincaré duality pairing

(a, b) = a ∩ PD(b) = (a ∪ b) ∩ [M ].

Next we evaluate the right hand side of the identity. We represent PD(a), PD(b)
by cycles P1, P2. Then, by definition, (a∪Q b)∩ [M ] lies in H0(M ; Λω) ∼= Λω given
by the formula

∑

απ2(M)

M3(J0;α)×(ev1,ev2,ev0) (P1 × P2 ×M)Tω(α)ec1(α)

with c1(α) = 0. Therefore (a∪Q b)∩ [M ] ∈ Λ
(0)
ω ⊂ Λω. On the other hand, the fiber

productM3(J0;α)×(ev1,ev2,ev0) (P1×P2×M) defines a cycle contained in C0(M ;Q)
and so must have dimension zero. But this can be possible only when α = 0 and
so all the elements in M3(J0;α) are constant maps, for otherwise the dimension
of the moduli space must have at least two real dimension which corresponds to
the variation of the zeroth marked point z0: Note that since M is a full space,
there is no restriction on the zeroth marked point z0 and so we can freely move z0
without affecting the map and the given intersection with P1 and P2 at the marked
points z1, z2 respectively. This proves the above fiber prodcut becomes precisely
the classical cap product (a ∪Q b) ∩ [M ] = (a, b). This finishes the proof. �

We define the Q-bilinear pairing Π by

(20.4.43) Π(a, b) = π0 ◦∆(a, b) = π0(〈a · b, 1〉)
where π0 : Λ0,ω → Q is the obvious projection given by π0(

∑
aAq

A) = aA=0.

Remark 20.4.3. We would like to note that the dual vector space (QH∗(M))∗

of QH∗(M) is not isomorphic to the standard quantum cohomology QH∗(M) even
as a Q-vector space. Rather the above pairing induces an injection

QH∗(M) →֒ (QH∗(M))∗

whose images lie in the set of continuous linear functionals on QH∗(M) with respect
to the topology induced by the valuation v (20.1.1) on QH∗(M).

Proposition 20.4.4. Π is nondegenerate. In other words, if Π(a, b) = 0 for
all b ∈ QHn−k(M), then a = 0.

Proof. If Π(a, b) = 0, we have π0(∆(a, b)) = 0 and hence
∑

C;c1(C)=ω(C)=0

∑

A

(aA, bC−A) = 0.

But c1(C) = ω(C) = 0 implies C = 0 in Γ and hence we have
∑

A∈Γ(aA, b−A) = 0

for all b−A ∈ Hn−k(M). By considering b = a−Aq−A which lies in QHn−k(M) if a
is in QHk(M), we prove aA = 0 for all A ∈ Γ and so prove a = 0. This finishes the
proof. �

In the next couple of subsections, we will relate the two pairings (22.5.42) and
(19.7.49) using a natural isomorphism between QH∗(M) and HF∗(H) regarding
QH∗(M) as the Floer cohomology of a small Morse functions.





CHAPTER 21

Spectral invariants: construction

Motivated by an attempt to provide a systematic explanation of Eliashberg’s
C0 symplectic rigidity result, Viterbo [Vi92] constructed a set of symplectic invari-
ants of compactly supported Hamiltonian diffeomorphisms φ on R2n by considering
the graph of such Hamiltonian diffeomorphism. He did this by compactifying the
graph in the diagonal direction in R4n = R2n × R2n into T ∗S2n, and then apply-
ing the critical point theory of generating functions of the Lagrangian submanifold
graphφ ⊂ T ∗S2n, and then by applying the ‘stable Morse theory’ on the cotangent
bundle T ∗N of arbitrary closed smooth manifolds N . When a Lagrangian subman-
ifold L carries a generating function, e.g., when L is Hamiltonian isotopic to the
zero section of T ∗N . Viterbo associated a homologically essential critical value of
the given generating function to each cohomology class a ∈ H∗(N), and proved
that they depend only on the Lagrangian submanifold but not on the generating
functions, at least up to normalization.

Utilizing Weinstein’s observation that the action functional is a generating func-
tion defined on the path space of the time-one image φ1H(oN ) of the zero section
under the given Hamiltonian flow associated to the Hamiltonian H , the present
author [Oh97b, Oh99] developed a Floer theoretic approach to the mini-max the-
ory of the action functional and constructed a set of symplectic invariants again
parameterized by H∗(N), called the Lagrangian spectral invariants. This approach
is canonical including normalization and provides a direct link between Hofer’s ge-
ometry and Viterbo’s invariants in a transparent way. Then Milinkovic and the
author proved that this set of spectral invariants indeed coincide with Viterbo’s
invariants modulo the normalization [MiO95, Mi00].

Schwartz [Schw00] performed a similar construction by applying the scheme
to the Hamiltonian fixed point Floer theory on symplectically aspherical (M,ω),
i.e., for (M,ω) with c1|π2(M) = ω|π2(M) = 0 and associated similar invariants
parameterized by the cohomology H∗(M). Among other things, he proved the
important optimal triangle inequality for the spectral invariants which was miss-
ing for the above mentioned Lagrangian spectral invariants at the time of writing
[Oh97b, Oh99]. Quite recently Monzner-Vichery-Zapolsky established the simi-
lar optimal form of the triangle inequality for the Lagrangian spectral invariants
[MVZ12].

On non-exact symplectic manifolds, the action functional is not single-valued
and the Floer homology theory was developed as a circle-valued Morse theory or a

Morse theory on a covering space L̃0(M) of the space L0(M) of contractible (free)
loops on M . The Floer theory now involves quantum effects and uses the Novikov
ring in an essential way. The presence of quantum effects and denseness of the
action spectrum in R as in non-rational symplectic manifolds, had been the most
serious obstacle that plagued the study of family of Hamiltonian diffeomorphisms.

541



542 21. SPECTRAL INVARIANTS: CONSTRUCTION

The present author then developed a general mini-max theory via the chain level

Floer theory in [Oh02, Oh05c] on the covering space L̃0(M) and associated a set
of spectral invariants to each given time-dependent Hamiltonian H . This set is
parameterized this time by the quantum cohomology QH∗(M), which are by now
called the Hamiltonian spectral invariants.

21.1. Energy estimates and Hofer’s geometry

In this section, we consider various Floer operators and how they change the
filtration levels of the complex CFλ.

Let us fix the Hamiltonians Hα, Hβ and a homotopy H between them. We
emphasize that Hα and Hβ are not necessarily nondegenerate for the discussion of
this section. We choose a homotopy j = {J(η)}0≤η≤1 of compatible almost complex
structures and a cut-off function ρ : R → [0, 1]. Then we consider the associated
Floer equation

(21.1.1)

{
∂u
∂τ + Jρ

(
∂u
∂t −XHρ(u)

)
= 0

u(−∞) = z−, u(∞) = z+.

The following energy estimate is a key estimate which provides all the relations
between the action integrals, the energy of Floer connecting trajectories and the
Hofer norm of the associated Hamiltonians. This is a special case of Proposition
20.2.9. Here we give a direct proof which is also instructive in this special case. It
is a variation of the proof of Lemma 14.4.5.

Proposition 21.1.1. Let Hα, Hβ be any, not necessarily nondegenerate, Hamil-
tonians and consider a homotopy H = {Hs}0≤s≤1 between them. Then consider
the pair (H, j) and ρ be any cut-off function as before. Suppose that u satisfies
(18.4.42) with w−#u ∼ w+ (19.4.16), has finite energy and satisfies

lim
j→∞

u(τ−j ) = z−, lim
j→∞

u(τ+j ) = z+

for some sequences τ±j with τ−j → −∞ and τ+j →∞. Then we have

AF ([z+, w+]) − AH([z−, w−]) = −
∫ ∞

−∞

∫ 1

0

∣∣∣∂u
∂τ

∣∣∣
2

Jρ(τ)

−
∫ ∞

−∞
ρ′(τ)

∫ 1

0

(∂Hs

∂s

∣∣∣
s=ρ(τ)

(t, u(τ, t))
)
dt dτ(21.1.2)

Proof. The homotopy condition w−#u ∼ w+, we have
∫
u∗ω =

∫
(w+)∗ω −

∫
(w−)∗ω.

More generally, we obtain
∫

w−#(u|−∞<τ′≤τ )

ω =

∫
(w−)∗ω −

∫ τ

−∞

∫ 1

0

u∗ω dτ.

For the simplicity of notation, we denote by u(τ) the loop defined by u(τ)(t) =
u(τ, t) for t ∈ S1. In particular, if we denote ũ(τ) = [u(τ), w−#(u|−∞<τ ′≤τ )], then

AF ([z+, w+])−AH([z−, w−]) =

∫ ∞

−∞

d

dτ
(AHρ (ũ(τ))) dτ
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and then compute

d

dτ
(AHρ (ũ(τ))) = dAHρ(τ)(u(τ))

(
∂u

∂τ

)
−
∫ 1

0

∂Hρ(τ)

∂τ
(ũ(τ, t)) dt

where dAHρ(τ)(ũ(τ))) is the differential at ũ(τ) of the action functional AHρ(τ)

associated to the HamiltonianHρ(τ) = Hρ(τ)(t, x) for given fixed τ . Since u satisfies
(21.1.1) which is also the (τ -dependent) negative gradient flow of AHτ (τ), the right
hand side becomes

−
∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
J

ρ(tau)
t

dt− ρ′(τ)
∫ 1

0

∂Hρ(τ)

∂s

∣∣∣
s=ρ(τ)

(u(τ, t)) dt

and hence

d

dτ
(AHρ(ũ(τ))) = −

∫ 1

0

∣∣∣∣
∂u

∂τ

∣∣∣∣
J

ρ(tau)
t

dt−−ρ′(τ)
∫ 1

0

∂Hρ(τ)

∂s

∣∣∣
s=ρ(τ)

(u(τ, t)) dt.

Integrating this over τ ∈ R, we obtain (21.1.2) which finishes the proof. �

Now we derive various consequences of (21.1.2) on the action difference between
the two asymptotic orbits.

We start with the boundary map equation (18.4.41), i.e., when Hα = Hβ and
Hs ≡ Hα for all s ∈ [0, 1].

Corollary 21.1.2. For any finite energy solution u of (18.4.41) with (19.4.16),
we have

(21.1.3) AH([z+, w+])−AH([z−, w−]) ≤ −
∫ ∣∣∣∂u

∂τ

∣∣∣
2

J
≤ 0.

In particular, when (H, J) is Floer-regular, the associated boundary map ∂(H,J)
satisfies

∂(H,J)(CF
λ
∗ (H)) ⊂ CFλ∗ (H)

and hence canonically restricts to a boundary map

∂(H,J) :
(
CFλ∗ (H), ∂(H,J)

)
→
(
CFλ∗ (H), ∂(H,J)

)

for any real number λ ∈ R.

Next we consider the chain map. The following is an immediate consequence
of (21.1.2).

Corollary 21.1.3. Let (H, j; ρ) and u be as in Proposition 21.1.1. Suppose
that ρ is monotone. Then we have

AF ([z+, w+])−AH([z−, w−]) ≤ −
∫ ∫ ∣∣∣∂u

∂τ

∣∣∣
2

Jρ1(τ)
+

∫ 1

0

−min
x, s

(∂Hs
t

∂s

)
dt

(21.1.4)

≤
∫ 1

0

−min
x, s

(∂Hs
t

∂s

)
dt.(21.1.5)

And (21.1.4) can be rewritten as the upper bound for the energy∫ ∫ ∣∣∣∂u
∂τ

∣∣∣
2

Jρ1(τ)
≤ AH([z+, w+])−AF ([z−, w−])

+

∫ ∞

−∞

∫ 1

0

−min
x, s

(∂Hs
t

∂s

)
dt.(21.1.6)
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Here we would like to emphasize that the above various energy upper bounds
do not depend on u or on the choice of j, ρ or J , but depend only on the homotopy
H itself and the asymptotic condition of u.

Motivated by the upper estimate (21.1.5), we introduce the following definition

Definition 21.1.4. Let H = {H(s)}0≤s≤1 be a homotopy of Hamiltonians.
We define the negative part of the variation and the positive part of the variation
of H by

E−(H) :=

∫ 1

0

−min
x, s

(∂Hs
t

∂s

)
dt

E+(H) :=

∫ 1

0

max
x, s

(∂Hs
t

∂s

)
dt.

And we define the total variation E(H) of H by

E(H) = E−(H) + E+(H).
If we denote by H−1 the time reversal of H, i.e., the homotopy given by

H−1 : s ∈ [0, 1] 7→ H1−s

then we have the identity

E±(H−1) = E∓(H) and E(H−1) = E(H).
With these definitions, applied to a pair (H, j) such that their ends H(0) and H(1)
are nondegenerate, the a priori energy estimate (21.1.5) can be written as

∫ ∫ ∣∣∣∂u
∂τ

∣∣∣
2

Jρ(τ)
≤ −AF (u(∞)) +AH(u(−∞)) + E−(H)

for a monotone ρ. Here we recall that, when the Hamiltonian is nondegenerate,
Proposition 18.4.10 implies that any finite energy solution has well-defined asymp-
totic limits as τ → ±∞.

We denote by HFλ∗ (H, J) the associated filtered homology and call it the fil-
tered Floer homology group.

Corollary 21.1.5. Suppose (H0, J0) and (H1, J1) are Floer regular, (H, j) is
a Floer-regular path between them, and ρ is as before. Then the chain map h(H,j;ρ)
satisfies

h(H,j;ρ)(CF
λ
∗ (H

0)) ⊂ CFλ+E
−(H)

∗ (H1)

and so canonically restricts to a chain map

h(H,j;ρ) : (CF
λ
∗ (H

0), ∂(H0,J0))→ (CF
λ+E−(H)
∗ (H1), ∂(H1,J1)).

One particular case of Corollary 21.1.3 and Corollary 21.1.5 is worthwhile to
mention separately which will be used in the construction of the spectral invariants
ρ(H ; a) later. Recall that the same result was used in section 12.5.2 for the spectral
invariants of Lagrangian submanifolds on the cotangent bundle.

Corollary 21.1.6. Let H be given. Consider two J0 and J1, an elongation
function ρ and the homotopy (H, j) between (H, J0) and (H, J1) satisfying H ≡ H.
Then for any finite energy solution u of (18.4.42) with (19.4.16), we have

(21.1.7) AH([z+, w+])−AH([z−, w−]) ≤ −
∫ ∫ ∣∣∣∂u

∂τ

∣∣∣
2

Jρ(τ)
≤ 0.
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In particular, when H is nondegenerate and J0, J1 are H-regular and (H, j) is
generic, then the associate chain map h(H,j);ρ satisfies

h(H,j);ρ(CF
λ
∗ (H)) ⊂ CFλ∗ (H)

and hence canonically restricts to a chain map

hλ(H,j);ρ : (CF
λ
∗ (H), ∂(H,J0))→ (CFλ∗ (H), ∂(H,J1))

and induces an isomorphism in homology for any real number λ ∈ R.

Proof. It remains to prove that hλ(H,j);ρ induces an isomorphism in homology.

For this, we choose any homotopy j′ connecting from J1 to J0 such that (H, j) is
Floer-regular, and a cut-off function ρ. Then we consider the j#j′ which connects
from J0 to J0. Now we deform j#j′ to the constant homotopy jconst ≡ J0. We
denote the homotopy of homotopy by j connecting from jconst to j#j

′. Then by
(21.1.7), (H, j) provides a chain homotopy from h(H,jconst;ρ) and h(H,j)#(ρ;R)(H,j′).

We note that since jconst ≡ J0, the elongated homotopy of (Hρ, jρconst) becomes
the constant homotopy (H, J0). Therefore by the Floer-regularity hypothesis of
(H, J0) as a family, we derive h(H,jconst;ρ) = id. On the other hand, by choosing
R > 0 sufficiently large, we have the gluing identity

h(H,j)#(ρ;R)(H,j′) = h(H,j;ρ) ◦ h(H,j′;ρ)
Therefore we have proved h(H,j;ρ) ◦ h(H,j′;ρ) = id on HFλ∗ (H, J

0). By the same

argument, we also have h(H,j′;ρ) ◦ h(H,j;ρ) = id on HFλ∗ (H, J
1). �

Remark 21.1.7. This corollary can be rephrased into the statement that the
assignment J ∈ Jω 7→ HFλ∗ (H, J) defines a local system on Jω for each given
Hamiltonian H and the level λ ∈ R.

Now we relate the above study of filtration changes to the Hofer norm of the
Hamiltonian path. We introduce the following useful definitions

E−(H) =

∫ 1

0

−min
x
Ht dt, E+(H) =

∫ 1

0

max
x

Ht dt

‖H‖ = E+(H) + E−(H) =

∫ 1

0

(max
x

Ht −min
x
Ht) dt

in Hofer’s geometry. (See [Po01], [Oh05d] for example.)
Note that when H is the linear homotopy

Hlin : s 7→ (1 − s)H1 + sH2

between H1 and H2, E
±(Hlin) and E(Hlin) just become E±(H2−H1), and ‖H2−

H1‖, respectively. In fact, E±(H) or E(H) correspond to the variations of the
linear path

s ∈ [0, 1] 7→ sH

in the sense of Definition 21.1.4. On the other hand, when H is non-autonomous,
this linear path does not have much intrinsic meaning in terms of the geometry of
Ham(M,ω) itself.

Remark 21.1.8. We would like to mention that, even when H ∼ F ,
‖H‖ 6= ‖F‖.
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Therefore the map H 7→ ‖H‖ does not push down to the universal covering space

π : H̃am(M,ω)→ Ham(M,ω). One standard way of defining an invariant for the

elements h ∈ H̃am(M,ω) is by taking the infimum

(21.1.8) ‖h‖ := inf
[H]=h

‖H‖ = inf
[H]=h

leng(φH).

This function

h ∈ H̃am(M,ω) 7→ ‖h‖ ∈ R+

is not a priori continuous with respect to the natural topology on H̃am(M,ω).

Taking the infimum of E(H) over all H with fixed end points H(0) = H0 and
H(1) = H1, we have the inequality

inf
H

{
E(H) | H(0) = H0, H(1) = H1

}
≤ ‖H1 −H0‖

which is a strict inequality in general. The geometric meaning of the quantity in
the left hand side is precisely the size of Hamiltonian fibrations with asymptotic
holonomy ([φH0 ], [φH1 ]) introduced in Definition 4.3.3.

Now we study Floer chain homotopy map. For this, we consider nondegenerate
Hamiltonians H and the Floer regular pairs (H, J). Similarly we will only consider
the Floer regular homotopy (H, j) connecting those Floer regular pairs. We also
consider homotopy of homotopies, (H, j) with H = {Hκ}0≤κ≤1 a nd j = {jκ}0≤κ≤1
and the induced chain homotopy map HH = H(H,j;ρ).

The following proposition shows how the level of α changes under the various
Floer operators.

Proposition 21.1.9. Suppose that ρ is a (positively) monotone cut-off func-
tion.

(1) λH(∂(H,J)(α)) < λH(α) for an arbitrary Floer chain α.

(2) λH1 (h(H,j;ρ)(α)) ≤ λH0 (α) + E−(H) for an arbitrary choice of ρ

(3) λH1 (ΥH(α)) ≤ λH0 (α) + maxκ∈[0,1]E
−(Hκ).

Proof. (1) and (2) are immediate consequences of Corollary 21.1.3.
For the proof of (3), let [z′, w′] ∈ CritAH1 be the peak of the chain. By the

definition of the chain map HH(α), there exists a generator [z, w] ∈ CritAH0 and
a parameter κ ∈ (0, 1) such that the equation

(21.1.9)
∂u

∂τ
+ Jκ,ρ

(∂u
∂t
−XHκ,ρ (u)

)
= 0

with the asymptotic condition

u(−∞) = [z, w], u(∞) = [z′, w′]

has a solution for some generator [z, w] of α. Then by (21.1.5), we derive

(21.1.10) AH1 ([z′, w′]) ≤ AH0 ([z, w]) + E−(Hκ).
Since we have chosen [z′, w′] to be the peak of ΥH(α), applying (21.1.5) for the pair
(Hκ, jκ) using the arguments similar to the above and the definition of the level
λH , we prove

λH1(ΥH(α)) ≤ λH0 (α) + E−(Hκ).
By taking the supremum of the right hand side of this inequality over κ ∈ (0, 1),
we have proved (3). �
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We denote

E−(H) := max
κ∈[0,1]

E−(Hκ).

Then we have the following corollary of Proposition 21.1.9 (3).

Corollary 21.1.10. Let (H0, J0) and (H1, J1) be two Floer regular pairs.
Consider a generic homotopy of homotopies, (H, j) with

H = {Hκ}0≤κ≤1, j = {jκ}0≤κ≤1
where each Hκ is a homotopy connecting (H0, J0) and (H1, J1). Then the induced
chain homotopy map HH = H(H,j;ρ) satisfies

ΥH(CF
λ(H0)) ⊂ CFλ+E−(H)(H1).

Finally we relate the filtration changes to the ǫ-regularity type invariants as-
sociated to the perturbed Cauchy-Riemann equations. We first remark that our
family J = {Jt}0≤t≤1 is a compact family in that [0, 1] is a compact set.

Let H be a given nondegenerate Hamiltonian function and consider the per-
turbed Cauchy- Riemann equation

∂u

∂τ
+ J

(∂u
∂t
−XH(u)

)
= 0

for each H-regular J . We call a solution u stationary if it is τ -independent. We
define

A(H,J) := inf
{∫ ∣∣∣∂u

∂τ

∣∣∣
2

J

∣∣∣ u satisfies (18.4.41) and is not stationary
}
> 0

and

Aµ(H,J) := inf
{∫ ∣∣∣∂u

∂τ

∣∣∣
2

J

∣∣∣ u satisfies (18.4.41) and µH(u) = 1
}
.

Obviously we have Aµ(H,J) ≥ A(H,J) > 0.

Then we can strengthen the statement (1) of Proposition 21.1.9 to the following
inequality

(21.1.11) λH(∂(H,J)(α)) ≤ λH(α) −Aµ(H,J)
for an arbitrary Floer chain α.

21.2. The boundary depth of Hamiltonian H

Before we launching on the construction of spectral invariants ρ(H ; a), we first
define a more simple-minded invariant associated to the Hamiltonian H , the bound-
ary depth β(H) which is a special case of the one introduced in Definition 13.8.5
of section 13.8. We will show that β(H) is an invariant of the isomorphism type of
the filtered chain complex CF∗(H).

Definition 21.2.1 (Boundary depth). Let H be a given nondegenerate Hamil-
tonian and assume (H, J) Floer-regular. Let (CF∗(H, J), ∂(H,J)) be the associated
Floer complex. The boundary depth β(H, J) is defined to be β(H, J) := β(∂(H,J)),
i.e.,

β(H, J) = inf{β ∈ R | ∀λ ∈ R, CFλ∗ (H, J) ∩ ∂CF∗(H, J) ⊂ ∂(CFλ+β∗ (H, J))}.
The following lemma is an immediate consequence of Corollary 21.1.6
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Lemma 21.2.2. Let B be nondegnenerate and J0, J1 be a pair for which both
(H, J0) and (H, J1) are Floer-regular. Then

β(H, J0) = β(H, J1).

Proof. We will prove β(H, J0) ≤ β(H, J1) and vice versa. It is enough to
prove that for any β ≥ 0 satisfying

CFλ∗ (H, J
0) ∩ ∂CF∗(H, J0) ⊂ ∂(CFλ+β∗ (H, J0)),

we have

(21.2.12) CFλ∗ (H, J
1) ∩ ∂CF∗(H, J1) ⊂ ∂(CFλ+β+ǫ∗ (H, J1))

for any ǫ > 0. Choose a path j from J0 and J1 that is regular relative to H
and denote by h(H,j) the chain map from CF∗(H, J0) to CF∗(H, J1). Then h(H,j)
restricts to the chain isomorphism hλ(H,j) : CF∗(H, J0)λ → CF∗(H, J1)λ for any

λ ∈ R \ Spec(H) by Corollary 21.1.6. But we also have

hλ(H,j) ◦ ∂(H,J0) = ∂(H,J1) ◦ hλ(H,j).
From this, (21.2.12) holds even with ǫ = 0 if λ+ β ∈ R \ Spec(H) and otherwise it
holds for any ǫ > 0 such that λ+ β + ǫ ∈ R \ Spec(H). Since R \ Spec(H) is dense
in R, we can choose ǫ > 0 arbitrarily small, which finishes the proof of (21.2.12).
By changing the role of J0 and J1, we have finished the proof. �

Based on this lemma, we just denote β(H) = β(H, J) for a (and so any) J
such that (H, J) is Floer-regular. The following basic properties of the boundary
depth were proved by Usher in [Ush11]. (See Proposition 8.8 [Oh09a] for a similar
statement as (2) in this theorem.)

Theorem 21.2.3 (Usher). The boundary depth β satisfies the following prop-
erties:

(1) If H and K are two nondegenerate Hamiltonians we have

|β(H)− β(K)| ≤ ‖H −K‖.
In particular β is a Lipschitz continuous function with respect to the
L(1,∞)-topology and so continuously extends to a nonnegative function in
L(1,∞)-topology.

(2) β(H) ≤ ‖H‖.
(3) If H and K are two nondegenerate Hamiltonians such that H ∼ K, then

then β(H) = β(K).

Proof. Consider the linear homotopy Hlin : s 7→ (1 − s)H + sK. We may
assume that (Hlin, J) is Floer-regular for a suitable choice of J . Again we will prove
the inequality by proving

(21.2.13) β(H) ≤ β(K) + ‖H −K‖
and the one with H and K reversed. But the same kind of argument as the proof
of Lemma 21.2.2 this time using Corollary 21.1.5 for H = Hlin, proves (21.2.13).
This finishes the proof of (1).

The statement (2) follows from (1) by letting K → 0.
Finally, the same proof as Lemma 21.2.2 applies to the proof of (3) this time

using Corollary 21.1.5 in section 21.6.2. �
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As mentioned by Usher [Ush11], the above theorem shows that the boundary
depth β(H) is an invariant of the isomorphism type of the filtered chain complex
CF∗(H, J). An interesting fact on the boundary depth that differentiates from
the spectral invariants ρ(H ; a) which we will construct in the next chapter is that
it is really an invariant of the complex CF∗(H, J) which does not come from the
homological reason unlike from the spectral invariants.

We refer readers to [Ush11], [Ush12] and [Ush13] for interesting applications
of the boundary depth to various problems in symplectic topology and Hamiltonian
dynamics.

21.3. Definition of spectral invariants and their axioms

In this section, we do not assumeH is normalized, but for any give Hamiltonian
we denote its normalization by H defined by

(21.3.14) H(t, x) = H(t, x)− 1

volω(M)

∫

M

H(t, x)µω.

21.3.1. Definition of spectral invariants. For each given (homogeneous)
quantum cohomology class a ∈ QH∗(M), we denote by a♭ = a♭H ∈ HF∗(H, J) the
image under the isomorphism ΦH . We denote by

iλ : HFλ∗ (H, J)→ HF∗(H, J)

the canonical inclusion induced homomorphism.

Definition 21.3.1. Let H be a nondegenerate 1-periodic Hamiltonian and J
be H-regular. For any given 0 6= a ∈ QH∗(M), we consider Floer cycles α ∈
ker∂(H,J) ⊂ CF∗(H) of the pair (H, J) representing a♭. Then we define

ρ((H, J); a) := inf
α;[α]=a♭

λH(α),

or equivalently

ρ((H, J); a) := inf{λ ∈ R | a♭ ∈ Im iλ ⊂ HF∗(H, J)}.
The following theorem is the basic fundamental theorem concerning nontriv-

iality of spectral numbers. Usher [Ush08] gave a purely algebraic proof of the
finiteness of ρ((H, J); a) in his abstract formulation of Floer homology. The proof
here is an adaptation of the proofs of the corresponding statements in [Oh05c],
[Oh06a] and [Ush08].

Theorem 21.3.2. Suppose that H is nondegenerate and let 0 6= a ∈ QH∗(M).

(1) We have ρ((H, J); a) > −∞ for any H-regular J .
(2) The definition of ρ((H, J); a) does not depend on the choice of H-regular

J ’s. We denote by ρ(H ; a) the common value.

Proof. By Theorem 21.2.3 (2) and by the definition of the boundary depth,
we have

(21.3.15) ∂(CF∗(H, J)) ∩ CFλ∗ (H, J) ⊂ ∂(CFλ+‖H‖∗ (H, J)).

The next proposition is an important ingredient in the Floer theoretic mini-
max theory which corresponds to the crucial linking property of the ‘mini-maxing
sets’ in classical critical point theory (see e.g., [Bn82] for such a rationale).
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Proposition 21.3.3. Let α be a ∂-cycle in in CF∗(H, J) with non-zero homol-
ogy class [α] for ∂ = ∂(H,J). Then we have

(21.3.16) inf
β∈CF∗(H,J)

{λH(α− ∂β)} > −∞.

Proof. Suppose to the contrary that there exists a sequence βj ∈ CF∗(H, J)
such that λH(α− ∂βj)→ −∞. Denote

(21.3.17) λj = λH(α− ∂βj).
By choosing a subsequence, we may assume λj > λj+1 for all j. Now we will
inductively construct a sequence β′k such that they satisfy

λH(α− ∂β′k) ≤ λk(21.3.18)

λH(β′k+1 − β′k) ≤ λk + ‖H‖.(21.3.19)

Once we have constructed such a sequence, we consider the sequence of chains

αN := α− ∂β′N .
By definition of the chains αN , it follows from (21.3.18) and the assumption λj →
−∞ that [αN ] = [α], and αN → 0 in the λH non-Archimedean topology. On the
other hand, (21.3.19) implies β′j converges in the λH non-Archimedean topology of

CF∗(H, J). Denote the limit by β′∞. Since ∂ is a continuous operator (with respect
to the non-Archimedean topology on CF∗(H, J)), it follows ∂β′N → ∂β′∞ and so
α = ∂β′∞, a contradiction to [α] 6= 0.

Therefore it remains to construct such a sequence β′j under the standing hy-
pothesis λH(α − ∂βj)→ −∞.

For j = 1, we just define β′1 = β1. We will prove that under the assumption
that β′k satisfying (21.3.18) is given for k, there exists β′k+1 so that both (21.3.19)
and (21.3.18) hold for k + 1.

Suppose we have constructed such β′j for j = k satisfying (21.3.18). Since

λH(α− ∂β′k) ≤ λk and λH(α − ∂βk+1) = λk+1 and λk+1 < λk, it follows

λH(∂(βk+1 − β′k)) ≤ λk.

Therefore it follows from Theorem 21.2.3 (2) that there exists γ′k ∈ CF
λk+‖H‖
∗ (H, J)

such that

∂(βk+1 − β′k) = ∂γ′k.

If we define β′′k+1 = βk+1 + γ′k,

λH(β′′k+1 − β′k) = λH(γ′k) ≤ λk + ‖H‖
as required. This proves (21.3.19) for j = k + 1. Next we prove

Lemma 21.3.4. There exists γ′′k such that λH(γ′′k ) ≤ λk + ‖H‖ and that the
chain β′k+1 = β′′k+1 − γ′′k satisfies both (21.3.18) and (21.3.19) for k + 1.

Proof. We compute

(21.3.20) α− ∂β′′k+1 = α− ∂(βk+1 + γ′k) = α− ∂βk+1 − ∂γ′k.
Define

γ′′k =

′∑

A∈suppγ′
k

aAq
ω(A)
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where
∑′

is the sum over all A such that ∂(aAq
ω(A)) > λk+1, and set β′k+1 =

β′′k+1 − γ′′k . Then since λH(α− ∂βk+1) ≤ λk+1, subtracting γ
′′
k from β′′k+1 does not

affect α−∂βk+1. On the other hand, all the terms in ∂γ′k whose level is bigger than
λk+1 will be subtracted away from (21.3.20). This implies

λH(α− ∂β′k+1) ≤ λk+1.

On the other hand, we compute

λH(β′k+1 − β′k) ≤ max{λH(β′k+1 − β′k), λH(γ′′k )}
≤ max{λH(β′k+1 − β′k), λH(γ′k)} ≤ λk + ‖H‖.

This finishes the proof. �

Combining the above discussion, we have finished the proof of the proposition.
�

Proposition 21.3.3 immediately implies finiteness of ρ((H, J); a) for any a ∈
QH∗(M) by definition. Once we have established the finiteness of ρ((H, J); a) for
any Floer regular pair (H, J), we can apply the action estimate Corollary 21.1.6
to prove its independence on the choice of J . This finishes the proof of Theroem
21.3.2. �

Remark 21.3.5. An examination of the above proof of Proposition 21.3.3 shows
that the only place where we use the particular Floer chain complex CF∗(H, J) is
for the finiteness of the boundary depth given in Theorem 21.2.3 (2). Indeed the
proof of finiteness of the spectral invariants stated in Theorem 22.3.8 in the abstract
context of Floer theory can be proved by verbatim following the above proof once
the finiteness of the boundary depth of the general differential ∂ is established.

Now the following proposition can be proven by considering the homotopy
connecting H and K that is arbitrarily close to the linear homotopy

s 7→ (1 − s)H + sK.

Proposition 21.3.6. For any nondegenerate H, K, we have

(21.3.21) −E+(H −K) ≤ ρ(H ; a)− ρ(K; a) ≤ E−(H −K).

In particular, ρa : H 7→ ρ(H ; a) is continuous in the C0-topology or (in the L(1,∞)-
topology) and hence can be continuously extended to C0

m([0, 1]×M ;R).

Proof. Let δ > 0 be any given number. We choose a cycle α of H respectively
so that [α] = a♭ and

(21.3.22) λH(α) ≤ ρ(H ; a) + δ

We would like to emphasize that this is possible, because we have already shown
that ρ(H ; a) > −∞.

By taking a generic approximation of the linear homotopy hlinHK from H to K
and using Corollary 21.1.5, we can find some H connecting H and K such that

λK(hH(α)) ≤ λH(α) +

∫
−min

x
(Kt −Ht) dt+ δ

On the other hand (21.3.22) implies

λH(α) +

∫
−min

x
(Kt −Ht) dt+ δ ≤ ρ(H ; a) + 2δ +

∫
−min

x
(Kt −Ht) dt.
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Since [hlinHK(α)] = a♭, we have

λK(hlinHK(α)) ≥ ρ(K; a)

by the definition of ρ(K; a). Combining these inequalities, we have derived

ρ(K; a)− ρ(H ; a) ≤ 2δ +

∫ 1

0

−min
x

(Kt −Ht) dt.

Since this holds for arbitrary δ, we obtain

ρ(K; a)− ρ(H ; a) ≤
∫ 1

0

−min
x

(Kt −Ht) dt.

By changing the role of H and K, we also prove

ρ(H ; a)− ρ(K; a) ≤
∫ 1

0

−min
x

(Ht −Kt) dt =

∫ 1

0

max
x

(Kt −Ht) dt

Hence,
∫ 1

0

−max
x

(Kt −Ht) dt ≤ ρ(K; a)− ρ(H ; a) ≤
∫ 1

0

−min
x

(Kt −Ht) dt

which finishes the proof of (21.3.21). Obviously (21.3.21) enables us to extend
the definition of ρ by continuity to arbitrary L1,∞-Hamiltonians. This finishes the
proof. �

21.3.2. Axioms of spectral invariants. In this subsection, we state basic
properties of the function ρ in a list of axioms.

Theorem 21.3.7. Let (M,ω) be arbitrary closed symplectic manifold. For any
given quantum cohomology class 0 6= a ∈ QH∗(M), we have a continuous function
denoted by

ρ : Hm ×QH∗(M)→ R

such that they satisfy the following axioms: Let H, F ∈ Hm be smooth (time-
dependent) Hamiltonian functions and a 6= 0 ∈ QH∗(M).

(1) If r : [0, 1]→ R is smooth, then

ρ(H + r; a) = ρ(H ; a)−
∫ 1

0

r(t) dt.

(2) (Projective invariance) ρ(H ;λa) = ρ(H ; a) for any 0 6= λ ∈ Q.
(3) (Normalization) For a =

∑
A∈Γ aAq

−A, we have ρ(0; a) = v(a) where 0 is
the zero function and

v(a) := min{ω(−A) | aA 6= 0} = −max{ω(A) | aA 6= 0}.
is the (upward) valuation of a.

(4) (Symplectic invariance) ρ(η∗H ; η∗a) = ρ(H ; a) for any symplectic diffeo-
morphism η. In particular if η ∈ Symp0(M,ω) then we have ρ(η∗H ; a) =
ρ(H ; a).

(5) (Triangle inequality) ρ(H#F ; a · b) ≤ ρ(H ; a) + ρ(F ; b)
(6) (Hamiltonian continuity) |ρ(H ; a)− ρ(F ; a)| ≤ ‖H#F‖ = ‖H −F‖ where
‖ · ‖ is L(1,∞)-norm on Hm. In particular, the function ρa : H 7→ ρ(H ; a)
is C0-continuous.

(7) (Additive triangle inequality) ρ(H ; a+ b) ≤ max{ρ(H ; a), ρ(H ; b)}.
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Proof. For the property (1), we observe that the two Hamiltonian H + r
and H carry exactly the same Hamiltonian flows, same Floer equations and the
corresponding off-shell setting. The only difference between the two cases is the
shift of the action functional by

−
∫ 1

0

r(t) dt

from which (1) follows by the construction of the spectral invariant.
The projective invariance (2) is also obvious from the construction. The C0-

continuity is an immediate consequence of Proposition 21.3.6. We postpone the
proof of triangle inequality until section 21.4. For the proof of symplectic invariance,
we consider the symplectic conjugation

φ 7→ ηφη−1; Ham(M,ω)→ Ham(M,ω)

for any symplectic diffeomorphism η : (M,ω) → (M,ω). Recall that the push-
forward function η∗H given by

η∗H(t, x) = H(t, η−1(x))

generates the conjugation ηφη−1 when H 7→ φ. We summarize some basic facts on
this conjugation relevant to the filtered Floer homology here:

(1) when H 7→ φ, η∗H 7→ ηφη−1,
(2) if H is nondegenerate, η∗H is also nondegenerate,
(3) if (H, J) is Floer-regular, then so is (η∗J, η∗H),
(4) there exists natural bijection η∗ : L0(M)→ L0(M) defined by

η∗([z, w]) = ([η ◦ z, η ◦ w])
under which we have the identity

AH([z, w]) = Aη∗H(η∗[z, w]).

(5) Symp(M,ω) naturally acts on QH∗(M) so that if α =
∑

[z,w] a[z,w][z, w]

represents a♭, then η∗(α) :=
∑

[z,w] a[z,w]η∗([z, w]) represents (η
∗a)♭.

(6) the L2-gradients of the corresponding action functionals satisfy

η∗(gradJAH)([z, w]) = gradη∗J(Aη∗H)(η∗([z, w]))

(7) if u : R×S1 →M is a solution of perturbed Cauchy-Riemann equation for
(H, J), then η∗u = η ◦ u is a solution for the pair (η∗J, η∗H). In addition,
all the Fredholm properties of (J,H, u) and (η∗J, η∗H, η∗u) are the same.

(8) η ∈ Symp(M,ω) acts on QH∗(M) by pull-back a 7→ η∗a.

These facts imply that the conjugation by η induces a canonical filtration preserving
chain isomorphism

η∗ : (CF
λ
∗ (H), ∂(H,J))→ (CFλ∗ (η∗H), ∂(η∗H,η∗J))

for any λ ∈ R \ Spec(H) = R \ Spec(η∗H). In particular it induces a filtration
preserving isomorphism

η∗ : HF
λ
∗ (H, J)→ HFλ∗ (η∗H, η∗J).

in homology. The symplectic invariance is then an immediate consequence of the
Floer mini-max procedure used in the construction of ρ(H ; a). �
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Recall that until now in the construction of ρ(H ; a) we have assumed that the
Hamiltonian H is 1-periodic which is an artifact of the construction of Hamiltonian
Floer homology. However this artifact can be removed by combining simple soft
trick of reparameterization of Hamiltonian paths. This extension makes usage of
spectral invariants in application very flexible and turns out to be important in var-
ious applications to continuous Hamiltonian dynamics. (See [Oh10] for example.)
Now we explain how to dispose the 1-periodicity of the Hamiltonian and extend the
definition of ρ(H ; a) for arbitrary time dependent Hamiltonians H : [0, 1]×M → R.
Note that it is obvious that the Hofer’s norm ‖H‖ is defined without assuming the
periodicity.

Out of the given Hamiltonian H , not necessarily periodic, we consider the time-
periodic Hamiltonian of the type Hζ where ζ is a reparameterization of [0, 1] of the
type

(21.3.23) ζ(t) =

{
0 for 0 ≤ t ≤ ǫ0

2

1 for 1− ǫ0
2 ≤ t ≤ 1

and

ζ′(t) ≥ 0 for all t ∈ [0, 1],

and the reparameterized Hamiltonian by Hζ is given by

Hζ(t, x) = ζ′(t)H(ζ(t), x)

which generates the Hamiltonian isotopy t 7→ φ
ζ(t)
H in general. Since φHζ0 and φHζ1

are homotopic to each other for any two such reparameterization function ζ0, ζ1,
we have ρ(Hζ0 ; a) = ρ(Hζ1 ; a). This enables us to define

Definition 21.3.8. LetH be any time-dependent, not necessarily one-periodic,
Hamiltonian. Then we define

(21.3.24) ρ(H ; a) := ρ(Hζ ; a)

for a (and so any) reparameterization ζ.

By the one-one correspondence between (normalized) H and its associated
Hamiltonian path φH : t 7→ φtH , one can define the spectral function as a function
on Pham(Symp(M,ω), id)

ρa : Pham(Symp(M,ω), id)→ R

by

ρ(λ; a) := ρ(H ; a)

when λ = φH i.e., Dev(λ) = H . Denote by H̃am(M,ω) the set of path homotopy
classes on Pham(Symp(M,ω), id), i.e., the universal covering space of Ham(M,ω).

We equip H̃am(M,ω) with the quotient topology. An important question to ask is
whether we have the equality

ρ(λ; a) = ρ(µ; a)

when λ is path-homotopic to µ relative to the ends, and descends to H̃am(M,ω).
We will discuss this later in section 21.5.
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21.4. Proof of triangle inequality

To start with the proof of the triangle inequality, we need to recall the definition
of the “pants product”

HF∗(H1, J
1)⊗HF∗(H2, J

2)→ HF∗(H3, J
3).

For the purpose of studying the effect on the filtration under the product, we need
to define this product in the chain level in an optimal way as in [Oh99], [Schw00].

The structure constants of pants product in Floer homology in the chain level
are provided by the “number” of rigid solutions of perturbed pseudo-holomorphic
equations which intertwines the Floer equation

∂u

∂τ
+ Ji

(
∂u

∂t
−XHi(u)

)
= 0

for i = 1, 2, 3 near the punctures. Since the Floer equation specifically uses the
cylindrical nature of the domain R×R/Z and the coordinates (τ, t) while the general
Riemann surface S does not carry global coordinates, one needs to use an invariant
form of the Floer equation

(du+ PK(u))
(0,1)
J = 0

in its construction. For the proof of triangle inequality, the relevant triple of Hamil-
tonians (H1, H2 : H3) be such that the associated conjugacy classes satisfy

[φH1 ]
−1[φH2 ]

−1[φH3 ] = id.

For example, we can consider the choice of Hamiltonians

H3 = H1#H2

noting the the triple (H1, H2, H1#H2) is the triple whose holonomy class defined
in section ?? is trivial.

The following lemma is an important lemma in the study of triangle inequality
of the spectral invariants. Here we regard curv(Γ) or RK as Σ̇-family of Hamilto-
nians.

Definition 21.4.1. Let K ∈ C∞(Σ̇, C∞0 (M)). We define the L∞ Hofer norm
of K by

(21.4.25) ‖K‖∞ := sup
z∈Σ̇

oscKz = sup
z∈Σ̇

(maxKz −minKz)

and L(1,∞) Hofer norm of K by

(21.4.26) ‖K‖1,∞ :=

∫

Σ̇

oscKz dAΣ =

∫

Σ̇

(maxKz −minKz) dAΣ.

Lemma 21.4.2. Let Hi’s be a triple with H1#H2 = H3 and consider the holo-
nomy (H1, H2, H1#H2). Then for any given δ > 0, we can choose a Hamiltonian
connection Γ with its holonomy class given by C = ([φ−1H1

], [φ−1H2
], [φH1φH2 ]) so that

its curvature has norm satisfying

‖curv(Γ)‖∞ = ‖RK‖∞ ≤ δ.
Proof. We first recall the description of conformal structures on a compact

Riemann surface Σ of genus 0 with three punctures in terms of the minimal area
metric [Z93].
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We conformally identify Σ with the union of three half cylinders which we
denote by Σ1, Σ2 and Σ3 in the following way: the conformal structure on Σ \
{z1, z2, z3} can be described in terms of the minimal area metric which we denote
by gΣ. This metric makes Σ the union of three half-cylinders Σi with flat metric
with each meridian circle having length 2π. The metric is singular only at two
points p, p ∈ Σ which lie on the boundary circles of Σi. Therefore the conformal
structure induced from the minimal area metric naturally extends over the two
points p, p. The resulting conformal structure is the standard unique conformal
structure on Σ = S2 \ {z1, z2, z3}. One important property of this singular metric
is that it is flat everywhere except at the two points p, p where the metric is singular
but Lipschitz.

We identify Σ as the union of Σi’s

Σ = ∪3i=1Σi

in the following way: if we identify Σi with (−∞, 0]×S1, then there are 3 paths θi
of length 1

2 for i = 1, 2, 3 in Σ connecting p to p such that

∂1Σ = θ1 ◦ θ−13

∂2Σ = θ2 ◦ θ−11

∂3Σ = θ3 ◦ θ−12 = (θ1 ◦ θ−13 )−1 ◦ (θ2 ◦ θ−11 )−1.(21.4.27)

We note that in these coordinates, the points p, p correspond to

(s, t) = (0, 0), (s, t) = (0,
1

2
).

We fix a holomorphic identification of each Σi, i = 1, 2 with (−∞, 0] × S1 with
S1 = R/2πZ, and Σ3 with [0,∞)×S1 considering the decomposition (21.4.27). We
denote the identification by

ϕ−i : Σi → (−∞, 0]× S1, i = 1, 2

for positive punctures and

ϕ+
3 : Σ3 → [0,∞)× S1

for the negative puncture. We denote by (τ, t) the standard cylindrical coordinates
on the cylinders.

Now construct explicit two-parameter family of Hamiltonian diffeomorphisms
on the three copies of [0, 1]2. After reparameterizing the isotopies in time t using
the kind of function (21.3.23), we may assume that φi is constant in time near
t = 0, 1.

Here come the formulae for φi’s :

φ1(s, t) =




φ

t
1−s/2

H1
φsH2

0 ≤ t ≤ 1− s
2

φsH1
φ

t−1−s/2
s/2

H2
1− s

2 ≤ t ≤ 1

φ2(s, t) =




φsH1

φ
t

1−s/2

H2
0 ≤ t ≤ s/2

φ
t−1−s/2

s/2

H1
φsH2

s
2 ≤ t ≤ 1

φ3(s, t) =




φ
2(1−s)t+ st

2−s

H1
0 ≤ t ≤ 1−s

2

φ
2(1−s)t+ st

2−s

H1
φ
(1−s)(2t−1)+st
H2

1−s
2 ≤ t ≤ 1.
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Exercise 21.4.3. Check the compatibility to the gluing rule (21.4.27) and the
smoothness of the family away from p, p.

Furthermore we have

φ1(0, t) = φtH1
, φ2(0, t) = φtH2

, φ3(1, t) = φtH1
φtH2

can be also seem from the formula. Flatness away from p, p of the associated
connection obviously follows from the fact that it comes from the above smooth
two parameter family of Hamiltonian diffeomorphisms.

Now we elongate the pants in the direction of s using elongation functions ρ,
which gives rise to a flat connection on Σ that is smooth everywhere except two
points p, p. We denote by

K : Σ̇→ Ω1(Σ̇, C∞0 (M))

the connection one-form on the trivial bundle Σ̇×M → Σ̇. This is smooth every-
where including p, p thanks to the boundary flatness of H1, H2 and has curvature
0. This finishes the proof. �

Remark 21.4.4. There is another realization of the homotopy class [H1#H2]
by the concatenation Hamiltonian H1 ∗H2 defined by

H1 ∗H2(t, x) =

{
2H1(2t, x) t ≤ 1/2

2H2(2t− 1, x) t ≥ 1/2

instead of H1#H2. Here we assume both H1, H2 are boundary flat near t = 0, 1
to make the associated connection smooth. This choice brings somewhat different
Hamiltonian fibration associated to the triple (H1, H2;H1 ∗ H2). However, since
H1#H2 is homotopic to H1 ∗ H2, one can use this as the third Hamiltonian H3,
for which construction of flat connection more apparent than H1#H2. To produce
such a Hamiltonian fibration, we have only to consider φ3(s, t) ≡ φ3(0, t) by noting

φ3(0, t) =

{
φ2tH1

0 ≤ t ≤ 1
2

φ1H1
φ
(2t−1)
H2

1
2 ≤ t ≤ 1

which is exactly the path φH1 ∗ φH2 : t 7→ φtH1
∗ φtH2

. Indeed, the formula for φ3
defines an explicit homotopy between φH1∗H2 and φH1φH2 .

Now with this preparation, we are ready to prove the triangle inequality.
Let α ∈ CF∗(H) and β ∈ CF∗(F ) be Floer cycles with [α] = a♭, [β] = b♭ and

consider their pants product cycle α ∗ β := γ ∈ CF∗(H#F ). Then we have

[α ∗ β] = (a · b)♭

and so

(21.4.28) ρ(H#F ; a · b) ≤ λH#F (α ∗ β).
Let δ > 0 be any given number and choose α ∈ CF∗(H) and β ∈ CF∗(F ) so that

λH(α) ≤ ρ(H ; a) +
δ

2
(21.4.29)

λF (β) ≤ ρ(F ; b) +
δ

2
.(21.4.30)
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Then we have the expressions

α =
∑

i

ai[zi, wi] with AH([zi, wi]) ≤ ρ(H ; a) +
δ

2

and

β =
∑

j

aj [zj , wj ] with AF ([zj , wj ]) ≤ ρ(F ; b) +
δ

2
.

Now using the pants product (20.2.29), we would like to estimate the level of the
chain α ∗ β ∈ CF∗(H#F ).

We recall the identities∫
v∗ΩE = −AH1#H2([z3, w3]) +AH1([z1, w1]) +AH2([z2, w2])

and

E(K,J)(u) =

∫
v∗ΩE +RK(u)

from (4.3.16) and Proposition 20.2.9 respectively where v(z) = (z, u(z)) for any

v ∈M(H, J̃ ; ẑ).
From the definition of ∗ that for any [z3, w3] ∈ α ∗ β there exist [z1, w1] ∈ α

and [z2, w2] ∈ β such thatM(K, J ; ẑ) is non-empty with the asymptotic condition

ẑ = ([z1, w1], [z2, w2]; [z3, w3]).

Applying this and Lemma 21.4.2, and also applying (21.4.28)-(21.4.30), we imme-
diately derive

AH#F ([z3, w3]) ≤ AH([z1, w1]) +AF ([z2, w2]) + δ

≤ λH(α) + λF (β) + δ

≤ ρ(H ; a) + ρ(F ; b) + 2δ(21.4.31)

for any [z3, w3] ∈ α ∗ β. Combining (21.4.28), (21.4.29)-(21.4.31), we derive

ρ(H#F ; a · b) ≤ ρ(H ; a) + ρ(F ; b) + 2δ

Since this holds for any δ, we have proven

ρ(H#F ; a · b) ≤ ρ(H ; a) + ρ(F ; b).

This finishes the proof of the triangle inequality. �

21.5. The spectrality axiom

One of the most nontrivial properties of the spectral invariants ρ(H ; a) on
general, especially irrational (M,ω) is the following property.

(Spectrality) For any H and a ∈ QH∗(M), we have

(21.5.32) ρ(H ; a) ∈ Spec(H).

This property is relatively easy to prove on any rational symplectic manifold in
[Oh05c] even for the degenerate Hamiltonians H .

On the other hand, only the following weaker version has been proved so far on
irrational symplectic manifolds and it is an open problem whether this spectrality
holds for degenerate Hamiltonians.

(Nondegenerate spectrality) For any nondegenerate H and a ∈ QH∗(M),
(21.5.32) holds.
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Problem 21.5.1. Does Spectrality axiom hold for degenerate Hamiltonians on
irrational symplectic manifolds? Otherwise construct a Hamiltonian that violates
the spectrality axiom.

However this nondegenerate spectrality will be sufficient to prove homotopy
invariance of ρ(H ; a) in general by combining a soft approximation argument. See
section 21.6.

The scheme of the proof of this spectrality axiom given in [Oh05c, Oh09a]
relies on the existence of tight Floer cycles

Definition 21.5.2. We call a Floer cycle α ∈ CF (H) tight if for any Floer
cycle α′ ∈ CF (H) homologous to α, i.e., α′ − α = ∂(H,J)γ, it satisfies

λH(α′) ≥ λH(α).

21.5.1. Spectrality axiom for the rational case. In this subsection, we
first attempt to prove the spectrality axiom without assuming the rationality of
symplectic manifolds in the beginning and explain what could go wrong this geo-
metric argument for the irrational case, and then give the proof of spectrality axiom
for the rational case for any Hamiltonian H whether it is nondegenerate or not.
We refer readers to [Oh09a] or [Ush08] for a complete proof of nondegenerate
spectrality axiom for the irrational case. The proof in [Oh09a] is geometric and
proves many other properties of spectral invariants especially under the generic
one-parameter family of Hamiltonians called a Cerf homotopy, while the proof in
[Ush08] is purely algebraic that applies to the context of any abstract Floer com-
plex in the sense of section 13.8.

We recall the definition of the canonical thin cylinder (18.2.7). It is important
to note that the image of ucanzz′ is contained in a small neighborhood of z (or z′), and
uniformly converges to z∞ when z and z′ converge to a loop z∞ in the C1 topology.
Therefore ucanzz′ also picks out a canonical homotopy class, denoted by [ucanzz′ ], among
the set of homotopy classes of the maps u : [0, 1] × S1 → M satisfying the given
boundary condition

u(0, t) = z(t), u(1, t) = z′(t).

Lemma 21.5.3. Let z, z′ : S1 →M be two smooth loops and ucan be the above
canonical cylinder given in (18.2.7). For any bounding disc w of z and nearby loop
z′, we associate the bounding disc

w′ := w#ucanzz′

to z′. Then as dC1(z, z′) → 0, the map ucanzz′ converges in the C1-topology, and its
geometric area Area(ucan) converges to zero.

In particular, as dC1(z, z′)→ 0 as z′ → z, the following also holds:

(1) w′ → w in C1-topology of the maps from the unit disc.
(2) the symplectic area

(21.5.33)

∫

ucan
zz′

ω → 0

Proof. Statement (1) is an immediate consequence of the explicit form of ucanzz′

above and from the standard property of the exponential map.
On the other hand, from the explicit expression of the canonical thin cylinder

and from the property of the exponential map, it follows that the geometric area
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Area(ucanzz′ ) converges to zero as dC1(z, z′)→ 0 by an easy area estimate. Since z, z′

are assumed to be C1, it follows ucanzz′ is also C1 and hence we have the inequality

Area(ucanzz′ ) ≥
∣∣∣
∫

ucan
zz′

ω
∣∣∣.

This implies

lim
j→∞

∫

ucan
zz′

ω = 0

as z′ → z in C1 topology, which finishes the proof. �

Our goal is to show that the mini-max value ρ(H ; a) is a critical value, or that

there exists [z, w] ∈ L̃0(M) such that

AH([z, w]) = ρ(H ; a)

dAH([z, w]) = 0, i.e., ż = XH(z).

The finiteness of the value ρ(H ; a) was already proved before.

Theorem 21.5.4. Suppose that (M,ω) is rational. Then the spectrality axiom
holds for any Hamiltonian H, not necessarily nondegenerate.

Proof. We can prove spectrality axiom for an arbitrary smooth Hamiltonian
by contradiction as follows.

If H is nondegenerate, fix H . Otherwise, we approximate H by a sequence of
nondegenerate Hamiltonians Hi in C

2 topology. Then choose a sequence of Floer
cycles αi ∈ CF∗(Hi) such that λHi(αi) → ρ(H ; a) as i → ∞. Let peak(αi) =
[zi, wi] ∈ CritAHi be the peak of the Floer cycle αi ∈ CF∗(Hi). Then we will have

(21.5.34) lim
i→∞

AHi([zi, wi]) = ρ(H ; a).

Such a sequence can be chosen by the definition of ρ(·; a) and its finiteness property.
SinceM is compact and Hi → H in the C2 topology, and żi = XHi(zi) for all i,

it follows from the standard boot-strap argument that zi has a subsequence, which
we still denote by zi, converging to some loop z∞ : S1 →M satisfying ż = XH(z).

Now we show that the sequence [zi, wi] are pre-compact on L̃0(M). Since we fix
the non-zero quantum cohomology class a ∈ QH∗(M) (or more specifically since
we fix its degree) and since the Floer cycle is assumed to satisfy [αi] = a♭, we have

µHi([zi, wi]) = µHj ([zj , wj ]).

Now consider the sequence of bounding discs of z∞ given by

w′i = wi#u
can
i∞

for all sufficiently large i, where ucani∞ = ucanziz∞ is the canonical thin cylinder between
zi and z∞. We note that as i→∞ the geometric area of ucani∞ converges to 0.
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We compute the action of the critical points [z∞, w′i] ∈ CritAH ,

AH([z∞, w
′
i]) = −

∫

w′
i

ω −
∫ 1

0

H(t, z∞(t)) dt(21.5.35)

= −
∫

wi

ω −
∫

ucan
i∞

ω −
∫ 1

0

H(t, z∞(t)) dt

=
(
−
∫

wi

ω −
∫ 1

0

Hi(t, zi(t)) dt
)
−
∫

ucan
i∞

ω

−
(∫ 1

0

H(t, z∞(t)) dt−
∫ 1

0

Hi(t, zi(t)) dt
)

= AHi([zi, wi])−
∫

ucan
i∞

ω

−
(∫ 1

0

H(t, z∞(t)) dt−
∫ 1

0

Hi(t, zi(t)) dt
)
.(21.5.36)

Since zi converges to z∞ uniformly and Hi → H , we have

(21.5.37) −
(∫ 1

0

H(t, z∞(t)) dt−
∫ 1

0

H(t, zi(t)) dt
)
→ 0.

Therefore combining (21.5.34), (21.5.35) and (21.5.37), we derive

lim
i→∞

AH([z∞, w
′
i]) = ρ(H ; a).

In particular AH([z∞, w′i]) is a Cauchy sequence, which implies

∣∣∣
∫

w′
i

ω −
∫

w′
j

ω
∣∣∣ =

∣∣∣AH([z∞, w
′
i])−AH([z∞, w

′
j ])
∣∣∣→ 0

i.e., ∫

w′
i#w

′
j

ω → 0.

Since Γ is discrete and
∫
w′

i#w
′
j
ω ∈ Γ, this indeed implies that

(21.5.38)

∫

w′
i#w

′
j

ω = 0

for all sufficiently large i, j ∈ Z+. In particular the set
{ ∫

w′
i
ω
}
i∈Z+

is bounded.

Therefore we conclude that the sequence
∫
w′

i
ω eventually stabilize, by choosing a

subsequence if necessary. By definition ofAH , AH([z∞, w′N ]) = limi→∞AH([z∞, w′i])
for any suffcietly large N . Then going back to (21.5.35), we derive that the actions
AH([z∞, w′i]) themselves stabilize. Therefore we obtain

AH([z∞, w
′
N ]) = lim

i→∞
AH([z∞, w

′
i]) = ρ(H ; a)

for a fixed sufficiently large N ∈ Z+. This proves that ρ(H ; a) is indeed the value of
AH at the critical point [z∞, w′N ]. This finishes the proof of the rational case. �
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In the proof given above for the rational case, Lemma 21.5.5 below plays a
crucial role. Partially because this fails for the irrational case, the proof of spec-
trality, even for the nondegenerate case, is much more nontrivial to prove than for
the rational case.

Here is the key point that fails to hold for the irrational case.

Lemma 21.5.5. When (M,ω) is rational, CritAK ⊂ L̃0(M) is a closed subset
of R for any smooth Hamiltonian K, and is locally compact in the subspace topology
of the covering space

π : L̃0(M)→ L0(M).

Proof. First note that when (M,ω) is rational, the covering group Γ of π
above is discrete. Together with the fact that the set of solutions of ż = XK(z) is
compact (on compact M), it follows that

Crit(AK) = {[z, w] ∈ L̃0(M) | ż = XK(z)}
is a closed subset which is also locally compact. �

A proof of the nondegenerate spectrality axiom for the irrational case was first
given in [Oh09a] (for the semi-positive case). This proof uses a continuity method
starting from a small Morse function under a Cerf homotopy, and follows a very
intricate analysis of the change of the critical values corresponding to the spectral
invariant. Later Usher [Ush08] provided an elegant algebraic proof based on some
beautiful approximation theorem in non-Archimedean analysis in the axiomatic
setting of the Floer homology explained in section 13.8. We just state Usher’s
abstract formulation of the nondegenerate spectrality axiom in the setting of section
13.8, and refer readers to [Ush08] for the details of his proof which is based on
the following existence of tight cycles. We recall the definition of Spec(c) from
Definition 13.8.1.

Theorem 21.5.6 (Theorem 1.4 [Ush08]). Let c be a filtered Floer-Novikov
complex over a Noetherian ring R. Then for every a ∈ H∗(c) there is α ∈ C∗(c)
such that [α] = a and ρ(a) = λ(α). In particular, ρ(a) ∈ Spec(c).

Applying this theorem to the Floer complex (CF∗(H), ∂(H,J)) for any nonde-
generate Hamiltonian H , this theorem implies that the spectral number ρ(H ; a) is
realized by the level of a tight Floer cycle α, i.e., λH(α) = ρ(H ; a). In particular,
this implies that ρ(H ; a) ∈ Spec(H) which proves the nondegenerate spectrality for
ρ(H ; a).

21.6. Homotopy invariance

The following proposition shows that the function ρa = ρ(·, a) pushes down to

H̃am(M,ω) as a continuous function.

Theorem 21.6.1 (Homotopy invariance). Let (M,ω) be an arbitrary closed
symplectic manifold. Suppose that Nondegenerate Spectrality Axiom holds for (M,ω).
Then we have

(21.6.39) ρ(H ; a) = ρ(K; a)

for any smooth functions H ∼ K, i.e., satisfying that φ1H = φ1K and φH , φK are
path-homotopic relative to the ends.
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We will provide two different proofs of this theorem in this section each of
which contains some important ingredients in the study of Floer theory. Leaving
the proof thereto, we first state some consequence thereof.

By homotopy invariance, we can define the function ρa : H̃am(M,ω) → R by
setting

(21.6.40) ρa(h) := ρ(H ; a)

for a (and so any) H representing h = [φH ], whether h is nondegenerate or not.
This defines a well-defined function

ρa : H̃am(M,ω)→ R.

Theorem 21.6.2. The function ρa is a continuous function to H̃am(M,ω) in

the quotient topology of H̃am(M,ω) induced from Pham(Symp(M,ω), id).

Proof. Recall the definition of the quotient topology under the projection

π : Pham(Symp(M,ω), id)→ H̃am(M,ω).

We have proved that the assignment

(21.6.41) λ 7→ ρ(λ; a)

is continuous on Pham(Symp(M,ω), id). By the definition of the quotient topology,
the function

ρa : H̃am(M,ω)→ R

is continuous, because the composition

ρa ◦ π : Pham(Symp(M,ω), id)→ R,

which is nothing but (21.6.41), is continuous. �

21.6.1. Proof using nondegenerate spectrality. We first consider nonde-
generate Hamiltonians H, K with H ∼ K. We recall the following basic facts:

(1) Nondegeneracy of a Hamiltonian function H depends only on its time one
map φ = φ1H .

(2) The set Spec(H) ⊂ R, which is the set of critical values of the action
functional AH is a set of measure zero (see [Lemma 2.2, Oh5]).

(3) For any two Hamiltonian functions H, H ′ 7→ φ such that H ∼ H ′, we
have

Spec(H) = Spec(H ′)

as a subset of R provided H, H ′ are normalized (Proposition 18.3.6).
(4) The function H 7→ ρ(H ; a) is continuous with respect to the smooth topol-

ogy on C∞0 (S1 ×M) (Proposition 21.3.6).
(5) The only continuous functions on a connected space (e.g., the interval

[0, 1]) to R, whose values lie in a measure zero subset, are constant func-
tions.

Since H ∼ K, we have a smooth family H = {H(s)}0≤s≤1 with H(0) = H and
H(1) = K. We define a function ρ : [0, 1]→ R by

ρ(s) = ρ(H(s); a).
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Note that H(s) is nondegenerate since their time one map is φ1H(s) = φ1H for all

s ∈ [0, 1], and that its image is contained in the fixed subset

Spec(h) ⊂ R

independent of s, where h is the path homotopy class [H ] = [K]. This subset
has measure zero by (1) above and so totally disconnected. Therefore since the
function ρ is continuous by the C0-continuity axiom, ρ must be constant and so
ρ(H ; a) = ρ(0) = ρ(1) = ρ(K; a), which finishes the proof for the nondegenerate
Hamiltonians.

Now consider the case of degenerate Hamiltonian H . We like to emphasize
that at this moment, because we do not know validity of the spectrality axiom for
degenerate Hamiltonians, the scheme of the above proof used for the nondegener-
ate case cannot be applied to degenerate Hamiltonians. Therefore we will use an
approximation argument based on the following lemma

Lemma 21.6.3. Suppose H ∼ K which are not-necessarily nondegenerate. Then
there exists a sequence of Morse function fi → 0 in C2 such that H#fi ∼ K#fi
and both H#fi and K#fi are nondegenerate.

Proof. Exercise. �

Once this lemma is proved, we obtain

ρ(H ; a) = lim
i→∞

ρ(H#fi; a) = lim
i→∞

ρ(K#fi; a) = ρ(K; a).

This finishes the proof. �

21.6.2. Proof using an optimal continuation. We recall the context of
the statement of homotopy invariance. We are given two Hamiltonian H0, H1 with
φ1H0

= φ1H1
and [H0] = [H1]. By definition, we are given a two-parameter family

{φ(s, t)} ⊂ Ham(M,ω) for (s, t) ∈ [0, 1]2. Let ψ ∈ Ham(M,ω) such that

φ(s, 0) ≡ id, φ(s, 1) ≡ ψ for all s ∈ [0, 1]

φ(0, t) = φtH0
, φ(1, t) = φtH1

for all t ∈ [0, 1].(21.6.42)

We denote by H the family of functions H = H(s, t, x) where Hs := H(s, ·, ·) :
[0, 1]×M → R is the Hamiltonian generating the vector field

∂φ

∂t
◦ φ−1

and denote by F = F (s, t, x) the corresponding s-Hamiltonian generating

∂φ

∂s
◦ φ−1

Due to (21.6.42), by reparameterizing the family φ : [0, 1]2 → Ham(M,ω) in direc-
tions of t, s near t = 0, 1 and s = 0, 1 respectively, we may assume that

F ≡ 0 for all (s, t) ∈ ([0, ǫ]× [0, 1]) ∪ ([1− ǫ, 1]× [0, 1])

and in particular s-Hamiltonian vector fieldXF is one-periodic in t for all s. Now for
each given pair [z−, w−] and [z+, w+] with [w−#u] = [w+] ∈ π2(z+), we consider
the perturbed Cauchy-Riemann equation

(21.6.43)

{
∂u
∂τ −XFρ(u) + J

(
∂u
∂t −XHρ(u)

)
= 0

u(−∞) = z−, u(∞) = z+,
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and seek for a solution with finite energy

E(φρ,J)(u) :=
1

2

(∫

R×[0,1]

∣∣∣∣
∂u

∂τ
−XFρ(u)

∣∣∣∣
2

J

+

∣∣∣∣
∂u

∂t
−XHρ(u)

∣∣∣∣
2

J

)
.

This equation is equivalent to (du − P(K,J)(u))
0,1 = 0 where K = Hρ dt + F ρ dτ .

Since (H,F ) is the pair associated to the two-parameter family φ, we also have
RK ≡ 0. Due to the fact that F ≡ 0 for s near 0, 1, F ρ ≡ 0 for all τ with |τ | > R
for a sufficiently large R > 0. In particular if τ < −R, (21.6.43) becomes

∂u

∂τ
+ J

(
∂u

∂t
−XH0(u)

)
= 0

and if τ > R, it becomes

∂u

∂τ
+ J

(
∂u

∂t
−XH1(u)

)
= 0.

We would like to define a map

h(φρ;J) : CF (H0, J0)→ CF (H1, J1)

by considering the zero dimensional moduli space, and to show that h(φρ;J) is a
chain map by considering the one dimensional moduli space as before. We also
want to analyze how the chain map affects on the filtration of the Floer complex.
For this purpose, we need to study the action difference

AH0([z
−, w−])−AH1([z

+, w−#u])

whenever (21.6.43) has a finite energy solution.
First we recall the following basic identity

(21.6.44) RK =
∂F ρ

∂t
− ∂Hρ

∂τ
+ {F ρ, Hρ} = 0 :

This is because the pair (Hρ, F ρ) is associated to the two parameter isotopy φ =
φ(s, t) ∈ Ham(M,ω). Now we can apply Proposition 20.2.9 with RK = 0 to
(21.6.43) and obtain

AH1 ([z
+, w−#u])−AH0([z

−, w−]) = −E(φρ,J)(u) ≤ 0.

We summarize the above calculation into the following proposition.

Proposition 21.6.4. Let φ = {φ(s, t)} and (H,F ) be the pair associated to
φ as before. Let ρ : R → [0, 1] be any smooth function with ρ ≡ 0 for τ ≤ −R
and ρ ≡ 1 for τ ≥ R for some R > 0. Let [z−, w−] ∈ CritAH0 be given and
u : R × [0, 1]→ M be a solution of (21.6.43) such that u(−∞) = z−, u(∞) = z+.
Then we have

(21.6.45) AH1 ([z
+, w−#u]) ≤ AH0([z

−, w−]).

An immediate corollary of this proposition is the following

Corollary 21.6.5. The chain map h(φ;J) : CF (H0, J0) → CF (H1, J1) pre-
serves the filtration, i.e., it induces a chain map

hλ(φ;J) : CF
λ(H0, J0)→ CFλ(H1, J1)

for all λ ∈ R.
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Obviously the s-time reversal isotopy

φ̃(s, t) := φ(1 − s, t)
induces a filtration preserving map h(φ̃;J̃) : CF

λ(H1, J1)→ CFλ(H0, J0).

Now we are ready to wrap-up the proof of ρ(H0; a) = ρ(H1; a). It is enough to
prove ρ(H0; a) ≤ ρ(H1; a) since the other direction can be proved in the same way
by considering the s-time reversal.

Let ǫ > 0 be given. Then there exists a Floer chain αH1 such that [αH1 ] = a♭

and λH1(αH1 ) ≤ ρ(H1; a) + ǫ. Then we have

λH0

(
hφ̃;J̃(αH1)

)
≤ λH1(αH1) ≤ ρ(H1; a) + ǫ.

Therefore, since hφ̃;J̃(αH1 ) ∈ CF∗(H0) and [hφ̃;J̃(αH1)] = a♭, we have

ρ(H0; a) ≤ λH0

(
hφ̃;J̃ (αH1)

)
≤ ρ(H1; a) + ǫ.

Since ǫ > 0 is arbitrary this implies ρ(H0; a) ≤ ρ(H1; a). This finishes the proof
when Hamiltonian ψ = φ1H0

= φ1H1
is nondegenerate. General case follows from

this by the C0 continuity of H 7→ ρ(H ; a). �



CHAPTER 22

Spectral invariants: applications

Although construction of spectral invariants heavily relies on the analytic the-
ory of pseudoholomorphic curves, in particular, depends on the smooth structure of
symplectic manifolds, the invariants themselves are C0-continuous, or rather con-
tinuous in C0-Hamiltonian topology introduced in [OhM07] (see section 6.2 of this
book too), and hence can be extended to topological Hamiltonian flows as defined
in section 6.2.

In this chapter, we illustrate several applications of the spectral invariants to
the study of symplectic topology. One of the important advantage of spectral invari-
ants over other more direct dynamical invariants of Hofer’s type lies in its homotopy
invariance which enables one to naturally push forward the spectral invariants to
the universal covering space of Hamiltonian diffeomorphism group and sometimes
even down to the group itself. This point is highlighted by the striking construction
of partial symplectic quasistates by Entov-Polterovich [EnP06] which is based on
the purely axiomatic properties of spectral invariants ρ(H ; 1) and the natural op-
eration of taking the asymptotic average in dynamical systems. Their construction
was carried out for the monotone case and later extended to the arbitrary compact
symplectic manifolds by Usher [Ush10].

Firstly, we explain construction of an invariant spectral norm performed in
[Oh05d] and its application to problems of symplectic rigidity and of minimality
of geodesics in Hofer’s geometry. We also explain Usher’s applications to Polterovich
and Lalonde-McDuff’s minimality conjecture and to the sharp energy-capacity in-
equality. Secondly, we give a self-contained presentation of Entov-Polterovich’s
partial symplectic quasistates and quasimorphisms constructed out of spectral in-
variants and their applications to symplectic intersection problems. Finally, we go
back to the study of group of Hamiltonian homeomorphisms and explain how one
can extend all these constructions to the realm of continuous Hamiltonian category
in the sense of Chapter 6.

It appears that these constructions as a whole bear much importance in the
development of symplectic topology which starts to unveil the mystery around what
the true meaning of Gromov’s pseudoholomorphic curves and Floer homology is in
the point of view of pure symplectic topology.

22.1. Spectral norm of Hamiltonian diffeomorphisms

In this section, we explain construction of an invariant norm of Hamiltonian
diffeomorphisms following [Oh05d], which is called the spectral norm. This involves
a careful usage of the spectral invariant ρ(H ; 1) corresponding to the quantum
cohomology class 1 ∈ QH∗(M).

567
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Recall that there is a natural involution on C∞m ([0, 1]×M) given by

H 7→ H ; H(t, x) = −H(t, φtH(x))

which is also equivalent to the involution of taking the inverse

λ 7→ λ−1 ; Pham(Symp(M,ω), id)→ Pham(Symp(M,ω), id).

We symmetrize ρ(·; 1) over this involution and define a function

γ : C∞([0, 1]×M)→ R

by

(22.1.1) γ(H) = ρ(H ; 1) + ρ(H; 1),

on C∞([0, 1] × M). Obviously we have γ(H) = γ(H) for any H . The general
triangle inequality

ρ(H ; a) + ρ(F ; b) ≥ ρ(H#F ; a · b)
restricted to a = b = 1 and the normalization axiom ρ(id; 1) = 0 from Theorem
21.3.7 imply

(22.1.2) γ(H) = ρ(H ; 1) + ρ(H ; 1) ≥ ρ(0; 1) = 0.

Here a·b is the quantum product of the quantum cohomology classes a, b ∈ QH∗(M)
and 0 is the zero function.

We next compare γ(H) with the L(1,∞)-norm ‖H‖ =
∫ 1

0 osc(Ht) dt. We recall
the definitions

(22.1.3) E−(H) =

∫ 1

0

−minH dt, E+(H) =

∫ 1

0

maxH dt

and call them the negative (resp. positive) Hofer-lengths respectively. Obviously
we have E+(H) = E−(H). We prove the following lemma

Lemma 22.1.1. For any H and 0 6= a ∈ QH∗(M), we have

(22.1.4) −E+(H) + v(a) ≤ ρ(H ; a) ≤ E−(H) + v(a)

where v(a) is the valuation of a. In particular, for any classical cohomology class
b ∈ H∗(M) →֒ QH∗(M), we have

(22.1.5) −E+(H) ≤ ρ(H ; b) ≤ E−(H)

for any Hamiltonian H.

Proof. We start with the inequality (21.3.21) which is
∫ 1

0

−max(H −K) dt ≤ ρ(H, a)− ρ(K, a) ≤
∫ 1

0

−min(H −K) dt.

This can be rewritten as

ρ(K; a) +

∫ 1

0

−max(H −K) dt ≤ ρ(H ; a) ≤ ρ(K; a) +

∫ 1

0

−min(H −K) dt.

Now by letting K → 0, we obtain

(22.1.6) ρ(0; a) +

∫ 1

0

−max(H) dt ≤ ρ(H ; a) ≤ ρ(0; a) +
∫ 1

0

−min(H) dt.

By the normalization axiom, we have ρ(0; a) = v(a) which turns (21.3.21) into

−v(a)− E+(H) ≤ ρ(H ; a) ≤ −v(a) + E−(H)
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for any H . The inequality (22.1.5) immediately follows from the definitions and
the identity v(b) = 0 for a classical cohomology class b. This finishes the proof. �

Applying the right hand side of (22.1.5) to b = 1, we derive ρ(H ; 1) ≤ E−(H)
and ρ(H ; 1) ≤ E−(H) for arbitrary H . On the other hand, we also have E−(H) =
E+(H) for arbitrary H ’s and hence

(22.1.7) γ(H) ≤ ‖H‖.
The nonnegativity (22.1.2) leads us to the following definition.

Definition 22.1.2. We define γ : Ham(M,ω)→ R+ by

γ(φ) := inf
H 7→φ

γ(H) = inf
H 7→φ

(ρ(H ; 1) + ρ(H ; 1)).

We call γ(φ) the spectral norm of φ.

The following theorem summarizes the basic properties of the function γ. In
the remaining subsection, we will give the proofs of these statements postponing
the most non-trivial statement, nondegeneracy, to the next subsection.

Theorem 22.1.3. Let γ be as above. Then γ : Ham(M,ω) → R+ defines an
invariant norm i.e., it enjoys the following properties.

(1) (Nondegeneracy) φ = id if and only if γ(φ) = 0
(2) (Symplectic invariance) γ(η−1φη) = γ(φ) for any symplectic diffeo-

morphism η
(3) (Triangle inequality) γ(φψ) ≤ γ(φ) + γ(ψ)
(4) (Inversion invariance) γ(φ−1) = γ(φ)
(5) γ(φ) ≤ ‖φ‖

Proof of symplectic invariance. We recall the symplectic invariance of spectral
invariants ρ(H ; a) = ρ(η∗H ; η∗a). Applying this to a = 1 and using the fact η∗1 = 1,
we derive the identity

γ(φ) = inf
H 7→φ

(
ρ(H ; 1) + ρ(H ; 1)

)

= inf
H 7→φ

(
ρ(η∗H ; 1) + ρ(η∗H ; 1)

)
= γ(η−1φη),

which finishes the proof.

Proof of triangle inequality. We first recall the triangle inequality

(22.1.8) ρ(H#K; 1) ≤ ρ(H ; 1) + ρ(K; 1)

and

(22.1.9) ρ(K#H ; 1) ≤ ρ(K; 1) + ρ(H ; 1).

Adding up (22.1.8) and (22.1.9), we have

ρ(H#K; 1) + ρ(H#K; 1) = ρ(H#K; 1) + ρ(K#H ; 1)

≤
(
ρ(H ; 1) + ρ(H ; 1)

)
+
(
ρ(K; 1) + ρ(K; 1)

)
.(22.1.10)

Now let H 7→ φ and K 7→ ψ. Because H#K generates φψ, we have

γ(φψ) ≤ γ(H#K) = ρ(H#K; 1) + ρ(H#K; 1)
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and hence

γ(φψ) ≤
(
ρ(H ; 1) + ρ(H ; 1)

)
+
(
ρ(K; 1) + ρ(K; 1)

)

from (22.1.10). By taking the infimum of the right hand side over all H 7→ φ and
K 7→ ψ, (3) is proved.

Proof of inversion invariance. The proof immediately follows from the obser-
vation that the definition of γ is symmetric over the map φ 7→ φ−1.

Proof of (5). By taking the infimum of (22.1.7) over H 7→ φ, we have proved
γ(φ) ≤ ‖φ‖.

It now remains to prove nondegeneracy of γ. The original proof in [Oh05d]
uses a quite delicate existence theorem of particular pseudo-holomorphic curves. Al-
though this existence theorem itself has significant applications to rigidity problems,
we will provide a different proof as a corollary of a more familiar energy-capacity
type inequality which was given by Usher [Ush09]. This proof is somewhat indirect
and requires some digression to the study of Hofer’s geometry in Ham(M,ω). (An-
other proof of nondegeneracy was also given by McDuff and Salamon in [MSa04].)

Remark 22.1.4. In fact if one incorporates homotopy invariance of ρ(·; 1) in
the proof of γ(φ) ≤ ‖φ‖, the inequality can be improved in the following way. Define
the medium Hofer norm by

‖φ‖med := inf{‖h‖ | π(h) = φ}
where we define for h ∈ H̃am(M,ω)

‖h‖ := inf{‖H‖ | h = [φH ] ∈ H̃am(M,ω)}.
Then the above proof shows γ(H) ≤ ‖[φH ]‖ and so

γ(φ) ≤ ‖φ‖med.
See section 11 [Oh09a] for further relevant discussions.

22.2. Hofer’s geodesics and periodic orbits

In this section, we study the length minimizing property of a Hamiltonian
path with respect to the Hofer’s distance. After we introduce a necessary criterion
following Bialy-Polterovich [BP94] and Lalonde-McDuff [LM95b], we present a
proof of the so called minimality conjecture given by Usher [Ush09]. In the mean
time, we will also give a proof of nondegeneracy of the γ-norm on Ham(M,ω)
following Usher’s argument.

22.2.1. Hofer’s geodesics and quasi-autonomous Hamiltonians. The

L(1,∞)-norm of H ‖H‖ =
∫ 1

0
(maxHt−minHt) dt can be identified with the Finsler

length

leng(φH) =

∫ 1

0

(
max
x

H(t, φtH(x)) −min
x
H(t, φtH(x)

)
dt

of the path φH : t 7→ φtH where the associated Banach norm on

TidHam(M,ω) ∼= C∞(M)/R

is nothing but
‖h‖ = osc(h) = maxh−minh.

The map t 7→ H(t, φtH(·)) can be regarded as the tangent vector of the path t 7→ φtH
on Ham(M,ω).
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Definition 22.2.1. Consider the metric d : Pham(Symp(M,ω), id) → R+

defined by
d(λ, µ) := leng(λ−1 ◦ µ)

where λ−1 ◦ µ is the Hamiltonian path t ∈ [0, 1] 7→ λ(t)−1µ(t). The Hofer topology
on Pham(Symp(M,ω), id) is induced by this metric.

Exercise 22.2.2. Consider the evaluation map

ev1 : Pham(Symp(M,ω), id)→ Ham(M,ω).

Assume thatM is compact. Prove that the above Hofer topology is on Ham(M,ω)
is the strongest topology for which the evaluation map λ 7→ λ(1) is continuous.

Nontriviality of this topology is a consequence of nondegeneracy of Hofer’s
norm function ‖ · ‖ : Ham(M,ω) → R+. Hofer [H93] proved that the path of
any compactly supported autonomous Hamiltonian on Cn is length minimizing as
long as the corresponding Hamilton’s equation has no non-constant periodic orbit
of period less than or equal to one. This result is generalized in [En00], [MSl01]
and [Oh02]-[Oh05b] under the additional hypothesis that the linearized flow at
each fixed point is not over-twisted i.e., has no closed trajectory of period less than
one.

In [BP94] and [LM95b], Bialy-Polterovich and Lalonde-McDuff proved that
any length minimizing (respectively, locally length minimizing) Hamiltonian path
is generated by quasi-autonomous (respectively, locally quasi-autonomous) Hamil-
tonian paths.

Definition 22.2.3. A Hamiltonian H is called quasi-autonomous if there exists
two points x−, x+ ∈M fixed over the time t ∈ [0, 1] such that

H(t, x−) = min
x
H(t, x), H(t, x+) = max

x
H(t, x)

for all t ∈ [0, 1].

The following is the definition which has been used for the study of length
minimizing property of Hamiltonian paths.

Definition 22.2.4. Let H : [0, 1] ×M → R be a Hamiltonian which is not
necessarily time-periodic and φtH be its Hamiltonian flow.

(1) A point p ∈ M is called a time T periodic point if φTH(p) = p. We call
t ∈ [0, T ] 7→ φtH(p) a contractible time T -periodic orbit if it is contractible.

(2) When H has a fixed critical point p over t ∈ [0, T ], we call p over-twisted
as a time T -periodic orbit if its linearized flow dφtH(p);TpM → TpM
for t ∈ [0, T ] has a closed trajectory of period less than or equal to T .
Otherwise we call it under-twisted. If in addition the linearized flow has
only the origin as the fixed point, then we call the fixed point generically
under-twisted.

Note that generic under-twistedness is C2-stable property of the Hamiltonian
H .

We now recall the Ustilovsky-Lalonde-McDuff’s necessary condition on the sta-
bility of geodesics to motivate further discussion but without proof.

Theorem 22.2.5 (Ustilovsky [Ust96], Lalonde-McDuff [LM95b]). For a generic
φ in the sense that all its fixed points are isolated, any stable geodesic φt, 0 ≤ t ≤ 1
from the identity to φ must have at least two fixed points which are under-twisted.
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The following conjecture was raised by Polterovich (Conjecture 12.6.D [Po01])
which is sometimes called the Minimality Conjecture. (See also [Po01], [LM95b]
and [MSl01].)

Conjecture 22.2.6 (Minimality Conjecture). Any autonomous Hamiltonian
path that has no contractible periodic orbits of period less than equal to one is
Hofer-length minimizing in its path-homotopy class relative to the end points.

The following definition of Entov [En00] simplifies the terminology.

Definition 22.2.7. We call slow a Hamiltonian H that has no contractible
periodic orbits of period less than equal to one.

The minimality conjecture has been proved by various authors under the various
conditions on the linearized flows at the fixed points of the associated autonomous
Hamiltonian paths. A complete proof of this conjecture without any additional
restriction on the linearized flows is provided by Usher [Ush09]. He uses a length
minimizing criterion provided in [Oh05b] together with certain approximation the-
orem of Hamiltonians (See also [Sch06] for some related result.)

In the next two subsections, we present this Usher’s proof.

22.2.2. Length minimizing criterion via ρ(H ; 1). We describe a simple
criterion of the length minimizing property of Hamiltonian paths in terms of the
spectral invariant ρ(H ; 1) from [Oh05b]. The criterion is similar to the one used
in [H93] and in [BP94] for the case of Cn.

To describe this criterion, it is useful to decompose the norm ‖H‖ into
‖H‖ = E−(H) + E+(H)

as defined in (22.1.3).

Proposition 22.2.8. Let G : [0, 1]×M → R be any Hamiltonian that satisfies

(22.2.11) ρ(G; 1) = E−(G)

Then H is negative Hofer-length minimizing in its homotopy class with fixed ends.
In particular, if ρ(G) = E−(G) = E+(G) in addition, G must be quasi-autonomous.

Proof. Let F be any Hamiltonian with F ∼ G. Then we have a string of
equalities and inequality

E−(G) = ρ(G; 1) = ρ(F ; 1) ≤ E−(F )
from (22.2.11), (21.6.39) for a = 1, (22.1.5) respectively. This proves the first
statement. The second statement then follows from Bialy-Polterovich, Ustilovsky
and Lalonde-McDuff’s criterion for the minimality. This finishes the proof. �

On the other hand, if G is one-periodic, we can consider the associated action
functional AG. AG has two obvious critical values of AG for a quasi-autonomous
periodic Hamiltonian G given by

AG([x−, x̂−]) =

∫ 1

0

−G(t, x−) dt

AG([x+, x̂+]) =

∫ 1

0

−G(t, x+) dt.
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The upshot is that these action values coincide with the negative and positive parts
of ‖H‖

E−(G) =

∫ 1

0

−minGt dt, E+(G) =

∫ 1

0

maxGt dt

respectively.

22.2.3. Construction of fundamental Floer cycles. Now we introduce a
fundamental concept of homological essentialness, no-pushing-down property under
the Cauchy-Riemann flow. This is the heart of matter in the chain level Floer theory
especially in the construction of spectral invariants [Oh05c] and its applications
[Oh05b, Oh05d, Oh09a]. This notion was first implicitly introduced into the
Floer theory in [Oh97b] in the context of exact Lagrangian submanifolds in the
cotangent bundle, and appeared explicitly in [Oh02, Oh09a] in the context of
Hamiltonian diffeomorphisms in general.

By definition of tight Floer cycles given in Definition 21.5.2, if [α] = a♭ for a
quantum homology class, any tight Floer cycle of (H, J) realizes the value ρ(H ; a),
i.e., λ(H,J)(α) = ρ(H ; a). It is a non-trivial matter to prove existence of such a cycle.
The following theorem is proven in [Oh09a] by a geometric continuity method, and
in [Ush08] by a purely algebraic method.

Theorem 22.2.9 (Oh [Oh09a], Usher [Ush08]). For any 0 6= a ∈ QH∗(M),
there exists a tight Floer cycle associated to a.

The proof of this theorem in general is quite subtle (unless (M,ω) is rational),
and goes beyond the scope of this book and so is referred to the original articles
for its proof.

In relation to the length minimizing criterion in Theorem 22.2.8, it turns out
to be crucial to construct a tight Floer cycle of G associated to a = 1 with level
λ(G,J)(α) = E−(G) for a quasi-autonomous Hamiltonian G under the slowness
condition.

However the definition of Floer cycles of a given Hamiltonian in general is
rather abstract and complicate due to the way how it is defined. As a result, it is
in general not easy to use them in applications. On the other hand the Floer cycles
realizing the fundamental cycle of a given (M,ω) can be systematically studied
through transferring the Morse fundamental cycles via the Floer chain map.

Definition 22.2.10. We call a Floer cycle α a fundamental cycle if its homology
class satisfies [α] = 1♭.

Similarly the Morse fundamental cycle is defined in Morse theory.
When the Hamiltonian path satisfies some particular property like the quasi-

autonomous property, one would like to exploit such geometric property in the
study of such transferred cycles. We would like to emphasize that in general this
process is well-defined only in the level of Floer cycles, but not in the level of critical
points. This is because a critical point is transferred to a Floer chain, not just to a
critical point, under the Floer chain map.

Choose a Morse function f and the fundamental Morse cycle α of −ǫf for a
sufficiently small ǫ > 0 such that Theorem 19.8.1 holds. Then we may regard α
also as a Floer cycle of ǫf . We then transfer α via the Floer chain map hL and
define a fundamental Floer cycle of H as

αH := hL(α) ∈ CF (H)
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where hL is the Floer chain map over any given homotopy L connecting ǫf to H .
In relation to the minimality conjecture the canonically given linear path

L : s 7→ (1− s)ǫf + sH

plays an important role. We also note that this cycle depends on the choice of the
Morse function f . In general, we do not expect this cycle will be tight even when
H is quasi-autonomous.

In this regard, Kerman and Lalonde [KL03] proved that under the following
two requirements,

(1) the quasi-autonomous Hamiltonian H has the unique nondegenerate global
minimum x− that is undertwisted for all t ∈ [0, 1], and

(2) the Morse function f appearing in the above linear path L satisfies
• f has a global minimum point at x−

• f satisfies

(22.2.12) f(x−) = 0, f(x−) < f(xj)

for all other critical points xj ,

the corresponding fundamental Floer cycle transferred by L from the Morse fun-
damental cycle of f enjoys the following nice property. This result is proved for
the aspherical manifolds in [KL03] and extended to general symplectic manifolds
in [Oh05b].

Proposition 22.2.11. Suppose that H is a generic one-periodic Hamiltonian
such that Ht has the unique nondegenerate global minimum at x− which is fixed
and under-twisted for all t ∈ [0, 1]. Suppose that f : M → R is a Morse function
that has the unique global minimum point x− and satisfies f(x−) = 0. Then the
canonical fundamental cycle has the expression

(22.2.13) αH = [x−, x̂−] + β ∈ CF (H)

for some Floer chain β ∈ CF (H) with its level

(22.2.14) λH(β) < λH([x−, x̂−]) =

∫ 1

0

−H(t, x−) dt.

In particular the level of αH satisfies

λH(αH) = λH([x−, x̂−])(22.2.15)

=

∫ 1

0

−H(t, x−) dt =

∫ 1

0

−minHt dt.

Proof. The proof is based on the following lemma (see Proposition 5.2 [KL03]).
We warn readers that our sign convention is different from the one in [KL03].

Lemma 22.2.12. Let H and f be as above. Then for all sufficiently small ǫ > 0,
the function GH defined by

GH(t, x) = H(t, x−) + ǫf

satisfies

GH(t, x−) = H(t, x−), GH(t, x) ≤ H(t, x)

for all (t, x) and equality holds only at x−.

Exercise 22.2.13. Prove this lemma.
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We go back to the proof of the proposition. Since x− is an under-twisted fixed
minimum of both H and f , we have the Conley-Zehnder index

µH([x−, wx− ]) = µǫf ([x
−, wx− ])(= −n)

and so the moduli space ML([x−, wx− ], [x−, wx− ]) has dimension zero. Since the
constant map u(x, t) ≡ x− is always contained therein,ML([x−, wx− ], [x−, wx− ]) 6=
∅.

Let u be an any element ofML([x−, wx− ], [x−, wx− ]). We note that the Floer
continuity equation for the linear homotopy

L : s→ (1 − s)ǫf + sH

is unchanged even if we replace the homotopy by the homotopy

L′ : s→ (1− s)GH + sH.

This is because the added term H(t, x−) in GH to ǫf does not depend on x ∈ M
and so

Xǫf ≡ XGH .

Therefore u is also a solution for the continuity equation under the linear homotopy
L′. Using this, we derive the identity
∫ ∣∣∣∂u

∂τ

∣∣∣
2

Jρ
dt dτ = AGH ([x−, wx− ])−AH([x−, wx− ])

−
∫ ∞

−∞
ρ′(τ)

(
H(t, u(τ, t)) dt dτ −GH(t, u(τ, t))

)
dt dτ.

(22.2.16)

Since we have

AH([x−, wx− ]) = AGH ([x−, wx− ]) =

∫ 1

0

−minH dt

and GH ≤ H , the right hand side of (22.2.16) is non-positive. Therefore we derive
thatML([x−, wx− ], [x−, wx− ]) consists only of the constant solution u ≡ x−. This
in particular gives rise to the matrix coefficient of hL satisfying

〈[x−, wx− ], hL([x
−, wx− ])〉 = #(ML([x−, wx− ], [x−, wx− ])) = 1.

Now consider any other generator of αH

(22.2.17) [z, w] ∈ suppαH with [z, w] 6= [x−, wx− ].

By the definitions of hL and αH = hL(α), there is a generator [x,wx] ∈ suppα such
that

ML([x,wx], [z, w]) 6= ∅.
Then for any u ∈ML([x,wx], [z, w]), we have the identity

AH([z, w])−AGH ([x,wx]) = −
∫ ∣∣∣∂u

∂τ

∣∣∣
2

Jρ
dt dτ

−
∫ ∞

−∞
ρ′(τ)

(
H(t, u(τ, t))−GH(t, u(τ, t))

)
dt dτ.

Since −
∫ ∣∣∣∂u∂τ

∣∣∣
2

Jρ
≤ 0, and GH ≤ H , we have

(22.2.18) AH([z, w]) ≤ AGH ([x,wx])
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with equality holding only when u is stationary. There are two cases to consider, one
for the case of x = x− and the other for x = xj for xj 6= x− for [xj , wxj ] ∈ suppα.

For the first case, since we assume [z, w] 6= [x−, wx− ], u cannot be constant
and so the strict inequality holds in (22.2.18), i.e,

(22.2.19) AH([z, w]) < AGH ([x−, wx− ]).

For the second case, (22.2.18) holds for some xj 6= x− with [xj , wxj ] ∈ α. We note
that the inequality f(x−) < f(xj) in (22.2.12) is equivalent to

AGH ([xj , wxj ]) < AGH ([x−, wx− ]).

This together with (22.2.18) again give rise to (22.2.19). On the other hand we also
have

AGH ([x−, wx− ]) = AH([x−, wx− ])

because GH(t, x−) = H(t, x−). Altogether, we have proved

AH([z, w]) < AH([x−, wx− ]) =

∫ 1

0

−H(t, x−) dt

for any [z, w] ∈ suppαH with [z, w] 6= [x−, wx− ] too. This finishes the proof of the
proposition. �

22.2.4. The case of autonomous Hamiltonians. To prove the minimality
conjecture, according to the criterion provided in Theorem 22.2.8, it will be enough
to prove that the value AG([x−, x̂−]) = E−(G) coincides with the mini-max value
ρ(G; 1) (and also similarly that AG([x+, x̂+]) = E−(G) with ρ(G; 1)).

This latter fact is an immediate consequence of the following theorem.

Theorem 22.2.14. Suppose that G is any slow autonomous Hamiltonian. Then
the canonical fundamental cycle αG constructed in Proposition 22.2.11 is tight, i.e.,

ρ(G; 1) = λG(αG).

In particular we have ρ(G; 1) = E−(G). Similarly we have ρ(G; 1) = E−(G) =
E+(G).

In this section, we give the proof of this theorem. Before launching on its
proof, some remarks on the history of this theorem is in order. In various previous
literature, the minimality conjecture was studied with the following conditions or
their variations on G:

(1) G is slow
(2) it has a maximum and a minimum that are generically under-twisted
(3) all of its critical points are nondegenerate in the Floer theoretic sense

(i.e., the linearized flow of XG at each critical point has only the zero as
a periodic orbit).

See [MSl01], [En00], [Oh02], [KL03], [Oh05b] for example. Presence of the
conditions (2), (3) turns out to be an artifact of the method of the study all of which
use the moduli space of some form of pseudo-holomorphic curves. This requires
study of the transversality issue of the moduli space. The strongest possible result
through this study can be summarized into the following

Theorem 22.2.15 (Theorem [Oh05b]). Let (M,ω) be an arbitrary closed sym-
plectic manifold. Suppose that G is an autonomous Hamiltonian such that

(1) it has no non-constant contractible periodic orbits “of period one”
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(2) it has a maximum and a minimum that are generically under-twisted
(3) all of its critical points are nondegenerate in the Floer theoretic sense

(i.e., the linearized flow of XG at each critical point has only the zero as
a periodic orbit).

Then the one parameter subgroup φtG is length minimizing in its homotopy class
with fixed ends for 0 ≤ t ≤ 1.

This theorem in turn is an immediate consequence of the following

Theorem 22.2.16. Suppose that G is any slow autonomous Hamiltonian that
satisfies the conditions given in Theorem 22.2.15. Then the canonical fundamental
cycle αG constructed in Proposition 22.2.11 is tight, i.e.,

ρ(G; 1) = λG(αG) (= −G(x−) = E−(G)).

Proof. Note that the conditions in Theorem 22.2.15 in particular imply that
G is nondegenerate. We fix a time-independent J0 that is G-regular.

Suppose that α is homologous to the canonical fundamental Floer cycle αG,
i.e.,

(22.2.20) α = αG + ∂G(γ)

for some Floer chain γ ∈ CF∗(G). When G is autonomous and J ≡ J0 is t-
independent, there is no non-stationary t-independent trajectory of AG landing
at [x−, x̂−] because any such trajectory comes from the negative Morse gradient
flow of G but x− is the minimum point of G. Therefore any non-stationary Floer
trajectory u landing at [x−, x̂−] must be t-dependent. Because of the assumption
that G has no non-constant contractible periodic orbits of period one, any critical
points of AG has the form

[x,w] with x ∈ Crit G.

Let u be a trajectory starting at [x,w], x ∈ Crit G with

(22.2.21) µ([x,w]) − µ([x−, x̂−]) = 1,

and denote by M̃(G,J0)([x,w], [x
−, x̂−]) the corresponding Floer moduli space of

connecting trajectories. The general index formula shows

(22.2.22) µ([x,w]) = µ([x,wx])− 2c1([w]).

We consider two cases separately: the cases of c1([w]) = 0 or c1([w]) 6= 0. If
c1([w]) 6= 0, we derive from (22.2.21), (22.2.22) that x 6= x−. This implies that any
such trajectory must come with (locally) free S1-action, i.e., the moduli space

M(G,J0)([x,w], [x
−, x̂−]) = M̃(G,J0)([x,w], [x

−, x̂−])/R

and its stable map compactificationM(G,J0)([x,w], [x
−, x̂−]) have a locally free S1-

action without fixed points. Then it follows from the S1-equivariant transversality
theorem from [FHS95] thatM(G,J0)([x,w], [x

−, x̂−]) becomes empty for a suitable
choice of an autonomous J0. This is because the quotient has the virtual dimension
-1 by the assumption (22.2.21). We refer to [FHS95] for more explanation on this
S1-invariant regularization process. Now consider the case c1([w]) = 0. First note
that (22.2.21) and (22.2.22) imply that x 6= x−. On the other hand, if x 6= x−, the
same argument as above shows that the perturbed moduli space becomes empty.
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It now follows that there is no trajectory of index 1 that land at [x−, x̂−].
Therefore ∂G(γ) cannot kill the term [x−, x̂−] in (22.2.20) away from the cycle

αG = [x−, x̂−] + ∂G(γ)

for any choice of γ and hence we have

λG(α) ≥ λG([x−, x̂−])
by the definition of the level λG. Combined with (22.2.15), this finishes the proof.

�

In order to generalize Theorem 22.2.15 to general slow Hamiltonians, not nec-
essarily undertwisted, as in the minimality conjecture, we use the following approx-
imation result together with C0-continuity of ρ(·; 1). This is proved by Usher in
Theorem 4.5 [Ush09] which is in turn an improvement of Theorem 1.3 [Sch06]
augmented with nondegeneracy in the approximation process.

Theorem 22.2.17. Let H : M → R be any slow Hamiltonian. Then for any
ǫ > 0 there is a smooth function K : M → R such that ‖K −H‖C0 < ǫ, and that
K is a slow, undertwisted, Morse function.

Proof. See the next section 22.2.5 for the proof. �

Finally we wrap up the proof of the minimality conjecture.

Theorem 22.2.18 (Usher [Ush09]). Let (M,ω) be an arbitrary closed sym-
plectic manifold. Suppose that G is any slow autonomous Hamiltonian. Then the
one parameter group φtG is length minimizing in its homotopy class with fixed ends
for 0 ≤ t ≤ 1.

Proof. This is an immediate consequence of Theorem 22.2.8 and Theorem
22.2.14. More precisely, Theorem 22.2.14 implies ρ(G; 1) = E−(G). Then Theorem
22.2.8 implies G is negative Hofer length minimizing. Since G is also slow when
G is slow, we also have ρ(G; 1) = E−(G) = E+(G). Therefore G is also negative
Hofer length minimizing which is equivalent to the statement that G is positive
length minimizing. Obviously combination of the two implies that G is Hofer
length minimizing. This finishes the proof. �

22.2.5. Approximation theorem of slow Hamiltonians. The purpose of
this section is to provide a proof of Theorem 22.2.17 verbatim following Usher’s
proof presented in [Ush09].

We start with the following estimates of the period of general ordinary differ-
ential equation obtained by Yorke [Yo69].

Let F : Ω → Rn be a Lipschitz vector field on a domain Ω ⊂ Rn. We denote
the Euclidean norm by ‖ · ‖. Then Yorke [Yo69] proves the following for whose
proof we refer readers to the original article.

Theorem 22.2.19. Suppose F is Lipschitz with Lipschitz constant L > 0 i.e.,
satisfies

(22.2.23) ‖F (x1)− F (x2)‖ ≤ L‖x1 − x2‖ for each x1, x2 ∈ Ω.

Let x = x(t) be a nonconstant periodic solution with period p of ẋ = F (x). Then
p ≥ 2π/L.
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A similar theorem was first proved by Sibuya (unpublished) with a weaker
result p ≥ 2/L which is indeed enough for this purpose.

We recall the statement of Theorem 22.2.17 again here.

Theorem 22.2.20. Let H : M → R be any slow Hamiltonian. Then for any
ǫ > 0 there is a smooth function K : M → R such that ‖K −H‖C0 ≤ ǫ, and such
that K is a slow, generically undertwisted and Morse function.

Proof. Choose a background Riemannian metric on M induced by the al-
most complex structure compatible with ω so that XH = J∇H and in particular
|XH(p)| = |∇H(p)| for all p. Let

Fn = {p ∈M | | |∇H(p)| ≤ 1/n}.
Note that if s ∈ ∩∞n=1H(Fn), then there are pn ∈ M such that H(pn) = s and
|∇H(pn)| ≤ 1/n, so the compactness of M and the continuity of H and ∇H?show
that there is p ∈ M with H(p) = s and ∇H(p) = 0. Thus ∩∞n=1H(Fn) is precisely
the set of critical values of H , and so has Lebesgue measure zero by Sard’s theorem.
Since the image of H has finite Lebesgue measure, we have m(H(Fn)) → 0 as
n→∞. Let ζ > 0 be given. There is then N such that m(H(FN )) < ζ/2. Choose
a smooth function ψ :M → R such that 0 ≤ ψ ≤ 1, ψ|F2N = 1, and supp(ψ) ⊂ FN

Now, using that FN and hence H(FN ) ⊂ R are compact, there are open inter-

vals I1, · · · , Ik with disjoint closures such that H(FN ) ⊂ ⋃kj=1 Ij and
∑k

j=1m(Ij) <

3ζ/4. Choose open intervals I ′1, · · · , I ′k with disjoint closures such that for each j

Ij ⊂ K ′j and
∑k

j=1m(I ′j) < ζ. Write S =
⋃k
j=1 Ij , S

′ =
⋃k
j=1 I

′
j . Denote

B = sup
p∈M
|∇(∇H)(p)|

and let η > 0 be a small number which will be further specified later; in particular
it should be smaller than 1. Let f : [minH,maxH ] → [minH,maxH ] be a C∞

function satisfying the following properties:

(1) f(minH) = minH
(2) 0 < f ′(s) ≤ 1 for all s
(3) f ′(s) = 1 if s 6∈ S′
(4) f ′(s) = η

2 if s ∈ S.
Since m(S′) < ζ, we have 0 ≤ s−f(s) < ζ for all s ∈ [minH,maxH ]. In particular,
‖f ◦ H − H‖C0 < ζ , independently of η. If q ∈ FN (which in particular implies
f ′′(H(q)) = 0 by the construction of f) one has

|∇(f ◦H)(q)| = f ′(H(q))|∇H(q)| ≤ η

2N
and

|∇(∇(f ◦H)(q)| = η

2
|∇(∇H)(q)| ≤ Bη

2
.

Hence we have

‖Xf◦H‖C1 ≤ η

2
+
Bη

2
.

So recalling our above function ψ :M → R (which is supported in FN ), we obtain

‖ψXf◦H‖C1 ≤
(
η

2
+
Bη

2

)
‖ψ‖C1.

By the above estimate given in Theorem 22.2.19 (and the Whitney embedding
theorem), there is η0 > 0 such that any vector field V on M with ‖V ‖C1 ≤ η0(B +
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1)‖ψ‖C1 will have no nonconstant periodic orbits of period at most one. So take
0 < η < η0 and let {Km}∞m=1 be a sequence of Morse functions on M such that
Km → f ◦ H in C2- norm. Then XKm → Xf◦H in C1-norm, and so ψXKm →
ψXf◦H in C1-norm. Hence, for m large enough so that

‖ψ ◦Xf◦H − ψXKm‖C1 <

(
(B + 1)η

2

)
‖ψ‖C1,

the vector field ψXKm has no nonconstant periodic orbits of period at most one.
Now since H is slow and 0 < f ′ ≤ 1, it quickly follows that f ◦H is also slow. Thus
all contractible periodic orbits of Xf◦H of period at most one are constant orbits
at critical points of f ◦H ; in particular all such orbits are contained in the interior
of F2N . An easy application of the Arzelà-Ascoli theorem then shows that, if m
is sufficiently large, any contractible periodic orbit of period at most one of XKm

must be contained in F2N . So (since ψ|F2N = 1) for m sufficiently large the only
contractible periodic orbits of XKm with period at most one are in fact periodic
orbits of ψXKm and hence are constant by what we have already shown. Thus Km

is slow for m sufficiently large. Further, the fact that Km → f ◦H in C2 topology
shows that all critical points p of Km are, for m large enough, contained in FN , and
at any such p we have |∇(∇(f ◦H))(p)| < Bη

2 and therefore |∇(∇Km)(p)| < Bη
for large enough m. So (as long as η has been taken smaller than 2π/B) the
linearized flow φtKm

at any such critical point will have no nonconstant periodic
orbits of period at most 1. Thus, for sufficiently large m0,Km0 is a slow, flat,
Morse function with ‖Km0 − f ◦H‖C2 < η. Since ‖f ◦H −H‖C0 < η, this proves
the theorem by setting ζ = ǫ/2 and K = Km0 . �

22.3. Spectral capacities and sharp energy-capacity inequality

In this section, we study various spectral analogs of several known construction
of symplectic capacities. We take Hofer’s diameter, Hofer’s displacement energy
and the π1-sensitive Hofer-Zehnder capacity as examples. Spectral displacement
energy was introduced in [Oh05d] and the π1-sensitive Hofer-Zehnder capacity
was introduced by Schwarz [Schw00] and further studied by Usher [Ush09] in
terms of the spectral invariants.

Definition 22.3.1 (Spectral diameter). Let (M,ω) be a compact symplectic
manifold, not necessarily without boundary. Consider the group Hamc(M,ω) of
Hamiltonian diffeomorphisms supported inM \∂M . We define the spectral diameter
of Hamc(M,ω) by

diamρ(Ham
c(M,ω)) := sup

H
{γ(H) | suppH ⊂M \ ∂M}

= sup
φ∈Hamc(M,ω)

{γ(φ)}.

It is not known in general for which symplectic manifolds (M,ω) we have
diamρ(M,ω) <∞. We will show later in section 22.5 that CPn has finite spectral
diameter.

However if one considers an open subset U ⊂M which is displaceable, we can
get a bound of diamρ(Ham

c(U, ω)) in terms of the spectral displacement energy
(and hence also in terms of Hofer’s displacement energy) which we now introduce.
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Definition 22.3.2. Let A be any closed subset of M . We define the spectral
displacement energy eρ(A) by

(22.3.24) eρ(A) = inf
H
{γ(H) | φ1H(A) ∩A = ∅}.

For the simplicity of notation, we denote by PhamU = Pham(SympU (M,ω), id)
the set of Hamiltonian paths φF with suppF ⊂ U .

With these definitions, we state the following

Proposition 22.3.3 (Compare with Lemma 7.2 [EnP06]). Suppose that U is
an open subset such that U is displaceable. For any λ = φF ∈ PhamU ,

γ(φF ) ≤ 2eρ(U).

In particular
diamρ(Ham

c(U)) ≤ 2eρ(U).

Proof. Let F be any Hamiltonian on M such that φ1H(U) ∩U = ∅, and F be
a Hamiltonian with suppF ⊂ U . We note that the value γ(λ) does not depend on
the normalization of the Hamiltonian F representing λ = φF .

Therefore to prove the proposition, it will be enough to prove

(22.3.25) γ(F ) = ρ(φF ; 1) + ρ(φ−1F ; 1) ≤ 2γ(H)

for the Hamiltonian F with suppF ⊂ U , not the mean-normalized one.
We start with the following lemma

Lemma 22.3.4. We have

ρ(φHφF ; 1) = ρ(φH ; 1) + CalU (F )

ρ(φ−1H (φF )
−1; 1) = ρ(φ−1H ; 1)− CalU (F ).

Proof. It will be enough to prove the first identity since (φF )
−1 = φF and

suppF ⊂ U and Calpath(φF ) = −Calpath(φF ) if suppF ⊂ U . We follow the
scheme used in the proof of Lemma 7.2 [EnP06] which in turn is based on a trick
of Ostrover [Os03].

Consider the family λs for 0 ≤ s ≤ 1 defined by

λs(t) =

{
φ2tH 0 ≤ t ≤ 1

2

φ1Hφ
2s(t− 1

2 )

F
1
2 ≤ t ≤ 1.

We have

Dev(λs)(t) =

{
2H(2t, x) 0 ≤ t ≤ 1

2

2sF (2s(t− 1
2 ), x)

1
2 ≤ t ≤ 1

Denote F s := Dev(λs). We note that Fix(φ1Hλs) = Fix(φ1H). For each fixed point
x ∈ Fix(φ1Hλs) ≡ Fixφ1H , we denote by zsx the corresponding periodic orbit of F s.
Then zsx(t) = φ2tH(x) for 0 ≤ t ≤ 1

2 and zsx(t) ≡ φ1H(x) = φ1H(x) for 1
2 ≤ t ≤ 1.

Therefore we can take a smooth lift [zsx, w] ∈ Ω̃0(M) where the bounding disc w is
independent of s. Then

AF s([zsx, w]) = −
∫
w∗ω −

∫ 1

0

F s(t, zsx(t)) dt

= −
∫
w∗ω −

∫ 1
2

0

2H(2t, φ2tH(x)) dt −
∫ 1

1
2

2sF (2s(t− 1/2), φ1H(x)) dt
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for each s ∈ [0, 1]. We note
∫ 1

1
2

F s(t, zsx(t)) dt =

∫ 1

1
2

2sF (2s(t− 1/2), φ1H(x)) dt =

∫ s

0

F (t, x) dt

where the second equality arises since x ∈ Fixφ1H , and

∫ 1
2

0

2H(2t, φ2tH(x)) dt =

∫ 1

0

H(t, φtH(x)) dt.

Using this, we obtain

AF s([zsx, w]) = AH([z0x, w])−
∫ s

0

F (t, x) dt.

But for any x ∈M \ U ,

(22.3.26) F (t, x) ≡ {vol(M)}−1
∫

M

Ft dµ.

Therefore we obtain

AF s([zsx, w]) = AH([z0x, w]) −
∫ s

0

{vol(M)}−1
∫

M

Ft dµ dt

and so

AF s([zsx, w]) ∈ SpecH + c(s); c(s) =

∫ s

0

volω(M)−1
∫

M

Ft dµ dt

for all x ∈ Fixφ1H and s ∈ [0, 1]. In particular, we have

(22.3.27) SpecF s = SpecH − c(s)
as a subset of R.

Now we consider the function s 7→ ρ(λs; 1) = ρ(F s; 1) which is continuous.
Since F s are all nondegenerate, nondegenerate spectrality axiom implies ρ(F s; 1) ∈
SpecF s and hence

ρ(F s; 1) + c(s) ∈ SpecH

by (22.3.27). Since s 7→ ρ(F s; 1) + c(s) is continuous and SpecH is nowhere dense,
ρ(F s; 1) + c(s) must be constant. In particular we have

ρ(F 0; 1) + c(0) = ρ(F 1; 1) + c(1).

But we have c(0) = 0 and

c(1) =
1

volω(M)

∫ 1

0

∫

M

Fdµ dt = CalU (F )

and F 0 = H and F 1 = H ∗ F . Hence we obtain

ρ(φH ; 1) = ρ(φHφF ; 1)− CalU (F )

or equivalently

(22.3.28) ρ(φHφF ; 1) = ρ(φH ; 1) + CalU (F )

which finishes the proof. �
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We go back to the proof of (22.3.25) and of Proposition 22.3.3. Adding the two
equalities in Lemma 22.3.4, we obtain

(22.3.29) ρ(φHφF ; 1) + ρ(φ−1H φ−1F ; 1) = ρ(φH ; 1) + ρ(φ−1H ; 1).

By the triangle inequality, we also have

ρ(φF ; 1) ≤ ρ(φHφF ; 1) + ρ(φ−1H ; 1)

ρ(φ−1F ; 1) ≤ ρ(φ−1F φH ; 1) + ρ(φH ; 1).

Adding the two inequality and substituting the sum into (22.3.29), we obtain

γ(F ) ≤ 2ρ(φH ; 1) + 2ρ(φ−1H ; 1) = 2γ(H)

and hence the proof. �

At this point, it is not obvious whether diamρ(Ham
c(U)) > 0. We will prove

this by comparing ρ(·; 1) with another capacity called π1-sensitive Hofer-Zehnder
capacity, following the arguments from [Schw00], [Ush09].

To motivate Schwarz’s definition of π1-sensitive Hofer-Zehnder capacity, we
first recall construction of Hofer-Zehnder capacity cHZ(A) . For the definition of
cHZ(A), we recall thatM is assumed to have non-empty boundary ∂M . We denote

HHZ (A) = {H ∈ C∞(M) | supp(H) ⊂ A \ ∂M, 0 ≤ H ≤ maxH,

H−1(0) andH−1(maxH) both contain nonempty open sets}
Definition 22.3.5. Call H ∈ HHZ(A) HZ-admissible if the Hamiltonian flow

φH of H regarded as 1-periodic function has no nonconstant periodic orbits of
period at most 1. Similarly, we call H ∈ HHZ(A) HZ◦-admissible if φH has
no nonconstant periodic orbits of period at most 1 which are contractible in M .

We denote by HadHZ(A) (respectively by H◦,adHZ (A,M)) the set of HZ-admissible
(respectively HZ◦-admissible) Hamiltonians.

The Hofer-Zehnder capacity [HZ94] is defined as

Definition 22.3.6 (Hofer-Zehnder capacity). Let A ⊂M ⊂ ∂M . Define

cHZ (A) = sup{maxH | H ∈ HHZ (A) is HZ-admissible}
which is called the Hofer-Zehnder capacity.

Incorporating the effect of π1(M) on the Hamiltonian flow, Schwarz [Schw00]
introduced the following variation of cHZ

c◦HZ(A,M) := sup{maxH | H ∈ HHZ(A) is HZ◦-admissible}
and called it the π1-sensitive Hofer-Zehnder capacity. For its definition, M now
could be closed.

Here the two notations are consistent with the fact that cHZ(A) depends only
on (A, φtH |A) (and on dimM), whereas whether or not an orbit of φtH is contractible
inM depends onM , and therefore c◦HZ(A,M) depends on the ambient manifoldM
and not just on A. Obviously any HZ-admissible Hamiltonian is HZ◦-admissible,
so

cHZ(A) ≤ c◦HZ(A,M).

Hofer and Zehnder proved in [HZ94] that cHZ is a symplectic capacity and satisfies
cHZ(B

2n(r)) = πr2 when B2n(r) is the ball of radius r in R2n.
The following result was proved by Usher [Ush09].
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Proposition 22.3.7. Suppose that F, H : (R/Z) ×M → R are two Hamilto-
nians, not necessarily normalized, on compact (M,ω) without boundary, and satis-
fying the property

φ1H(suppF ) ∩ suppF = ∅
where

suppF :=
⋃

t∈R/Z
suppFt ⊂M.

Then
ρ(F ; 1) ≤ γ(H)(= ρ(H ; 1) + ρ(H ; 1)).

Proof. Choose a displaceable open subset U ⊂ M with suppF ⊂ U . We
denote by F the normalization of F given by

(F )t = Ft −
1

vol(M)

∫

M

Ft ω
n

for each t. Then by definition, we have

ρ(F ; 1) = ρ(F ; 1) +
1

vol(M)

∫ 1

0

∫
Ft dt = ρ(F ; 1) + CalU (F )

≤ ρ(F#H ; 1) + ρ(H ; 1) + CalU (F ).(22.3.30)

On the other hand, (22.3.28) implies

CalpathU (φF ) = ρ(H ; 1)− ρ(F#H ; 1)

for every H with φ1H(U) ∩ U = ∅. Therefore substituting this into (22.3.30), we
obtain

ρ(F ; 1) ≤ ρ(H ; 1) + ρ(H ; 1)

which finishes the proof. �

Combining Theorem 22.2.14 and this proposition, we obtain

Theorem 22.3.8 (Usher). If (M,ω) is closed, then for any A ⊂M we have

c◦HZ (A,M) ≤ e(A,M).

Proof. For any admissible F , we approximate it by a sequence of slow and
undertwisted nondegenerate autonomous Hamiltonian Fi. Then Theorem 22.2.14
implies ρ(−Fi; 1) = E+(Fi). By taking the limit using C0-continuity of ρ(·; 1) and
E− we obtain ρ(−F ; 1) = E+(F ) = maxF . Therefore Proposition 22.3.7 implies

maxF ≤ ρ(H ; 1) + ρ(H ; 1).

By taking the infimum of the right hand side over all H with φ1H(U) ∩ U = ∅ and
the supremum of maxF for all HZ◦-admissible F , we obtain the theorem. �

One immediate corollary of Theorem 22.3.8 is nondegeneracy of the spectral
norm

Corollary 22.3.9. The spectral norm γ : Ham(M,ω) → R+ satisfies that
γ(φ) = 0 if and only if φ = id.

Proof. Suppose that φ 6= id. Then we can find a sufficiently small symplectic
ball B ∼= B2n(r) that is displaceable. Then we have γ(φ) ≥ c◦HZ(B,M). On the
other hand, we have coHZ(B,M) ≥ cHZ(B,M) = πr2 > 0. Combining the two
inequalities, we have γ(φ) > 0, which finishes the proof. �
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Another corollary is the following sharp energy-capacity inequality between
the Gromov area and the Hofer displacement energy which is proven in [Ush09],
[Sch06].

Corollary 22.3.10 (Sharp energy-capacity inequality). Let A ⊂ M be any
compact closed subset. Denote by c(A) the Gromov area and e(A) the Hofer dis-
placement energy. Then

c(A) ≤ e(A,M).

Proof. It is well-known c(A) ≤ cHZ(A) as the Gromov area is the small-
est possible symplectic capacity. Therefore Theorem 22.3.8 and the inequality
cHZ(A) ≤ c◦HZ (A,M) immediately imply the corollary. �

22.4. Entov-Polterovich’s partial symplectic quasistates

In this section, we extract some symplectic topological property out of the
spectral invariant ρ(·; 1) with 1 = PD[M ]. For this purpose, we closely follow the
procedure taken by Entov and Polterovich [EnP06].

Consider the asymptotic average

(22.4.31) µpath1 (φH) = lim
k→∞

ρ(φkH ; 1)

k
:

By definition, µpath1 satisfies

(22.4.32) µpath1 (φmH) = mµpath1 (φH)

once the definition is proved to be well-defined. We will prove this well-definedness
in Proposition 22.4.10 below.

Suppose F ∈ C∞(M) be any autonomous function, not necessarily normalized.
We consider its normalization

F = F − 1

volω(M)

∫

M

Fdµω.

Then Entov and Polterovich considered the limit

(22.4.33) ζsp(F ) := lim
k→∞

ρ(kF ; 1)

k

where the subscript ‘sp’ stands for ‘spectral’. We recall the definition of ρ(φH ; 1) :=
ρ(H ; 1) and so the definition (22.4.33) can be rephrased as

ζsp(F ) = lim
k→∞

ρ(kF ; 1)

k
+

∫
M Fdµω

vol(M)

= lim
k→∞

ρ(φkF ; 1)

k
+

∫
M
Fdµ

vol(M)

where the second equality follows since F is autonomous.

One may regard ζsp as the ‘infinitesimal’ version of µpath1 : Recall that the
germs of curves at the identity of Ham(M,ω) corresponds to the tangent space of
Ham(M,ω) at the identity which is isomorphic to the set of normalized autonomous
Hamiltonians. By the C0-continuity property of ρ it follows that ζsp continuously
extends to C0(M).

In [EnP06], Entov and Polterovich made an observation that ζsp behaves like a
quasi-state introduced by Aarnes [Aa91] and introduced the above definition of ζsp.
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According to the terminology of [EnP06], ζsp is an example of partial symplectic
quasi-states.

We begin with Aarnes’s general notion of quasistates

Definition 22.4.1 (Aarnes). LetM be a topological space. Denote by C0(M)
the set of continuous real valued functions on M . A (nonlinear) functional ζ :
C0(M)→ R is called a quasistate if it satisfies the following properties:

1. (Linearity) The function ζ is linear on AF , which is the R-algebra gener-
ated by F ∈ C(M).

2. (Monotonicity) ζ(F ) ≤ ζ(G) if F ≤ G pointwise.
3. (Normalization) ζ(1) = 1.

Here is the symplectic version introduced in [EnP06].

Definition 22.4.2 (Entov-Polterovich). Let (M,ω) be a symplectic manifold.
A (nonlinear) functional ζ : C(M) → R is called a symplectic quasistate if it is
a quasistate in the sense of Aarnes on M and satisfies the following additional
symplectic properties:

4. (Strong quasi-additivity) Suppose F1, F2 are smooth and {F1, F2} = 0
where {F1, F2} is the Poisson bracket associated to ω. Then ζ(F1+F2) =
ζ(F1) + ζ(F2).

5. (Vanishing) ζ(F ) = 0, provided suppF is displaceable.
6. (Symplectic invariance) ζ(F ) = ζ(F ◦ψ) for any ψ ∈ Symp0(M,ω) where
Symp0(M,ω) is the identity component of Symp(M,ω).

It turns out that the above ζsp does not quite satisfy all the properties of a
(symplectic) quasistate of this definition for general (M,ω) but satisfies weaker
properties than that of (symplectic) quasistate.

Definition 22.4.3 (Entov-Polterovich). A partial symplectic quasi-states is
defined to be a function ζ : C0(M)→ R that satisfies the following properties:

1. (Lipschitz continuity) |ζ(F ) − ζ(H)| ≤ ‖F −H‖C0

2. (Semi-homogeneity) ζ(λF ) = λζ(F ) for any F ∈ C0(M) and λ ∈ R≥0
3. (Monotonicity) ζ(F ) ≤ ζ(G) for F ≤ G
4. (Normalization) ζ(1) = 1
5. (Partial additivity) If two F1, F2 ∈ C∞(M) satisfy {F1, F2} = 0 and

suppF2 is displaceable, then ζ(F1 + F2) = ζ(F1)
6. (Symplectic invariance) ζ(F ) = ζ(F ◦ ψ) for all ψ ∈ Symp0(M,ω)

We would like to point out that the vanishing axiom in Definition 22.4.2 is an
immediate consequence of axiom, partial additivity axiom. With this definition, we
state

Theorem 22.4.4 (Entov-Polterovich [EnP03]). Let (M,ω) be any compact
symplectic manifold. The function ζsp : C∞(M)→ R extends to a function, again
denoted by ζsp : C0(M)→ R, which becomes a partial symplectic quasi-states. We
call ζsp a spectral partial quasi-state.

Entov and Polterovich stated this theorem under the assumption that (M,ω) is
strongly semi-positive and rational. However these restrictions are unnecessary once
the nondegenerate spectrality axiom holds which were already proved in [Oh09a]
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and [Ush08] in complete generality based on the construction of virtual fundamen-
tal classes via Kuranishi structure. We will give its proof at the end of this section
following Entov-Polterovich’s argument borrowed from [EnP06].

We first explain some striking consequence on symplectic intersections just
of the existence of partial symplectic quasistates, which is proved by Entov and
Polterovich [EnP06].

Definition 22.4.5 (Entov-Polterovich). A linear subspace A ⊂ C∞(M) is
Poisson-commutative (or in involution) if {F,G} = 0 for all F, G ∈ A. Given
a finite dimensional Poisson-commutative subspace A ⊂ C∞(M), we define the
generalized moment map ΦA :M → A∗ by the equation

〈ΦA(x), F 〉 = F (x).

Non-empty subsets of the form Φ−1A (p), p ∈ A∗ are called fibers of A.
The standard moment map associated to the Lie group action is a special case

of this definition. It follows that any fiber of the moment map ΦA is coisotropic
whenever it is smooth.

Theorem 22.4.6 (Entov-Polterovich [EnP06]). Any finite dimensional Poisson-
commutative subspace of C∞(M) has at least one non-displaceable fiber. Moreover,
if every fiber has a finite number of connected components, there exists a non-
displaceable connected component of the fiber.

Proof. Suppose to the contrary that all fibers of A are displaceable. Since M
is compact, the image ∆ of ΦA is compact. Therefore we can choose a finite open
covering U = {U1, · · · , Ud} of ∆ such that Φ−1A (Ui) are displaceable for i = 1, · · · , d.
We choose a partition of unity {χi}1≤i≤d subordinate to U . Then Φ∗Aχi = χi ◦ΦA
has its support displaceable. Then ζ(Φ∗Aχi) = 0 by the vanishing axiom. And we
also have {Φ∗Aχi,Φ∗Aχj} = 0. Applying the normalization and the partial additivity
we obtain

1 = ζ(1) = ζ

(
d∑

i=1

Φ∗Aχi

)
=

d∑

i=1

ζ(Φ∗Aχi) = 0,

a contradiction. This finishes the proof.
For the second statement, we have only to further refine the open set Φ−1A (Ui)

by separately covering the connected components of the fiber. We leave the details
as an exercise. �

This theorem also provides a simple way of obtaining a coisotropic object that
has symplectic intersection property, since the fiber Φ−1A (p) is a coisotropic sub-
manifold whenever it is smooth.

Theorem 22.4.7 (Entov-Polterovich). Consider a triangulation Σ of M . The
2n−1 skeleton Σ2n−1 ofM is nondisplaceable, provided the mesh of the triangulation
Σ is sufficiently small.

Proof. To prove this, we first express Σ2n−1 as the level set of some continuous
function F . Define the function in the following way. First we set F ≡ 0 on Σ2n−1.
Then on each simplex ∆, we define

F = 1− dist(·, x∆) ≥ 0

where x∆ is the barycenter of ∆ and dist(·, x∆) is the affine distance function from
x∆ on ∆. We can choose a piecewise linear coordinates of ∆ so that F (x∆) = 1 for
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all barycenter. By definition, we have F−1(0) = Σ2n−1. By making the mesh of Σ
sufficiently small, we can make each simplex in Σ displaceable. And by definition,
F−1(ǫ) for each 0 < ǫ ≤ 1 is a disjoint union of boundaries of ‘small’ simplices,
and so each connected component thereof is contained in some simplex of Σ and so
displaceable.

Now suppose that F−1(0) = Σ2n−1 is displaceable, i.e., there exists φ ∈
Ham(M,ω) such that φ(F−1(0)) ∩ F−1(0). Since F−1(0) is compact, there ex-
ists ǫ0 > 0 such that

φ(F−1(0)) ⊂ F−1((ǫ0,∞)).

Then by continuity, F−1([0, ǫ1]) is displaceable if 0 < ǫ1 < ǫ0 is small enough. Now
we C0-approximate F by a smooth function G. If ‖G− F‖C0 is sufficiently small,
then it follows that there exist some δ = δ(‖G − F‖C0) > 0 and 0 < ǫ2 < ǫ1 such
that

(1) minG ≥ −δ
(2) G−1([−δ, δ]) ⊂ F−1([0, ǫ0]). In particular G−1([−δ, δ]) is displaceable.
(3) G−1((−δ, δ)) ⊃ F−1([0, ǫ2]).

We consider G−1(ǫ) with ǫ > δ. If ‖G − F‖C0 is sufficiently small then the
Hausdorff distance between F−1(ǫ) and G−1(ǫ) can be made arbitrarily small and
so each connected component of G−1(ǫ) must be contained in a simplex of Σ and so
displaceable for all ǫ > δ. On the other hand for any ǫ ≤ δ, G−1(ǫ) ⊂ G−1([−δ, δ])
and so must be also displaceable. Obviously this contradicts to Theorem 22.4.6
applied to A = {G} for the smooth function G. �

Now the remaining section will be occupied by the proof of Theorem 22.4.4.
For the notational simplicity, we denote

PhamU = Pham(SympU (M,ω), id)

as before. We start with (22.3.25) and the following fragmentation lemma of
Banyaga [Ba78].

Lemma 22.4.8 (Fragmentation lemma [Ba78]). Let (M,ω) be a closed sym-
plectic manifold. Let {U1, · · · , Um} be an open covering consisting of Ui such that
ω|Ui is exact. Then any element λ ∈ Pham(Symp0(M,ω), id) can be written as

λ =

m∏

i=1

λi, λi ∈ PhamUi
, CalpathUi

(λi) = 0.

Proof. By an obvious induction argument it suffices to consider the case
N = 2, namely U = U1 ∪ U2. Let λ = φH ∈ Pham(Symp0(M,ω), id). By taking
a partition of the unit interval into a finite number of subintervals and reparam-
eterizing them into the unit interval, we may assume without loss of generality
‖H‖C1 < ǫ for a sufficiently small positive number depending only on U1, U2 and
U whose smallness it to be determined later.

We take a pair of open subsets V ′′1 ⊂ V ′1 so that V ′′1 ⊂ V ′1 ⊂ U1, V
′′
1 ⊂ V ′1 ⊂

V
′
1 ⊂ U1 and V ′′1 ∪ U2 ⊃ suppH . Let χ : M → [0, 1] be a smooth cut-off function

such that suppχ ⊂ U1 and that χ = 1 on V ′1 and consider the path λ1 = φχH . It
is easy to see that if ǫ is sufficiently small, then λ1 = λ on V ′′1 . Moreover we may
assume that λ(t, x) ≡ x for all t ∈ [0, 1] and for x /∈ V ′′1 ∪ U2, using the fact that
they are C1-close to the identity path.
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In particular the support of λ2 := λ−11 λ is contained in U2 and the support of
λ1 in U1. By definition, λ = λ1λ2 which finishes the proof for m = 2. This finishes
the proof. �

This lemma motivates the following definition

Definition 22.4.9. For a given open subset U ⊂M and λ ∈ PhamU , we define
the fragmentation length of λ on U as the the minimal possible number of factors
in the product of the lemma applied to (U, ω). We denote it by ‖λ‖U

The following proposition is nothing but the path version of Theorem 7.1
[EnP06].

Proposition 22.4.10. The function µpath1 (22.4.31) is well-defined and satisfies
the following properties:

1. (Controlled quasi-additivity) Given a displaceable open subset U of M ,
there exists a constant K, depending only on U , such that

(22.4.34) |µpath1 (λδ)− µpath1 (λ)− µpath1 (δ)| ≤ Kmin{‖λ‖U , ‖δ‖U}
for any λ, δ ∈ Pham(Symp(M,ω), id).

2. (Calabi property) µpath1 (λ) = CalpathU (λ) for any λ ∈ PhamU .

Proof. We start with Proposition 22.3.3 which implies

(22.4.35) ρ(λ; 1) + ρ(λ−1; 1) ≤ 2eρ(U ;M)

for any λ ∈ PhamU . Denote C = 2eρ(U ;M).
Next let δ be any Hamiltonian path on M . By the triangle inequality, we have

ρ(λδ; 1) ≥ ρ(δ; 1)− ρ(λ−1; 1)
≥ ρ(δ; 1)− (C − ρ(λ; 1))
≥ ρ(δ; 1) + ρ(λ; 1)− C(22.4.36)

We also have ρ(λδ; 1) ≤ ρ(λ) + ρ(δ) by the triangle inequality.
Then we apply an induction argument for λ1, · · · , λm ∈ PhamU staring from

(22.4.36) and obtain

(22.4.37) |ρ(λ1 · · ·λmδ)−
m∑

i=1

ρ(λi; 1)− ρ(δ; 1)| ≤ mC.

In particular by putting δ ≡ id and taking the ℓ-th power, we have

(22.4.38) |ρ((λ1 · · ·λm)ℓ)− ℓ
m∑

i=1

ρ(λi; 1)| ≤ ℓmC.

Now take any Hamiltonian path λ and express it as λ = λ1 · · ·λm with ‖λi‖ = 1
for all i applying the fragmentation lemma. Then we obtain

ρ(λℓ; 1) ≥ ℓ
m∑

i=1

ρ(λi; 1)− ℓmC = ℓ

(
m∑

i=1

ρ(λi; 1)−mC
)

and so
ρ(λℓ; 1)

ℓ
≥

m∑

i=1

ρ(λi; 1)−mC =: E
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We note that m and the decomposition depends only on λ and so the term in the
right hand side of this inequality depends only on λ. Therefore we have

(22.4.39) E ≤ ρ(λℓ; 1)

ℓ
≤ ρ(λ; 1)

for all ℓ, where the second inequality follows from the triangle inequality. The
following lemma then will finish the proof of well-definedness of the limit and so

that of µpath1 (λ).

Lemma 22.4.11. The limit

lim
ℓ→∞

ρ(λℓ; 1)

ℓ

exists as ℓ→∞.

Proof. We imitate the argument of [C09] for the following proof. By (22.4.39),
we have

0 ≤ ρ(λℓ; 1)− Eℓ.
Substitute the dyadic number ℓ = 2i for positive integer i and then apply the
triangle inequality to obtain

0 ≤ ρ(λ2i ; 1)− 2iE ≤ 2ρ(λ2
i−1

; 1)− 2iE.

Dividing this by 2i, we obtain

0 ≤ ρ(λ2
i

; 1)− 2iE

2i
≤ ρ(λ2

i−1

; 1)− 2i−1E

2i−1

and so the sequence ρ(λ2i ;1)−2iE
2i is nonnegative and monotonically decreasing as

i → ∞. Therefore the sequence converges. Obviously this convergence implies

convergence of ρ(λ2
i

; 1)/2i as i → ∞, and in turn convergence of ρ(λl; 1)/l as
l→∞. �

Next we prove (22.4.34), controlled quasi-additivity. Consider any λ, δ ∈
Pham(Symp0(M,ω), id) which are not the identity. Then ‖λ‖U , ‖δ‖U ≥ 1. We
claim

(22.4.40) |µpath1 (λδ)− µpath1 (λ)− µpath1 (δ)| ≤ 2C(2‖λ‖U − 1, 2‖δ‖U − 1).

We prove this by induction overm := min{‖λ‖U , ‖δ‖U}. We note that whenm = 0,
i.e., when either λ or δ is the identity path, this is trivial. Therefore we start with
m = 1 as the first step of the induction, i.e., either ‖λ‖U = 1 or ‖δ‖U = 1. Without
loss of any generality, we may assume ‖λ‖U = 1. We write

(22.4.41) (λδ)k =

(
k−1∏

i=0

δiλδ−i
)
· δk.

By the conjugation invariance of ‖ · ‖U , we have ‖δiλδ−i‖U = ‖λ‖U = 1. Applying
(22.4.37) and the conjugation invariance of ρ(·; 1), we obtain

|ρ((λδ)k; 1)− kρ(λ; 1)− ρ(δk; 1)| ≤ Ck.
Combining this with the inequality

|ρ(λk; 1)− kρ(λ; 1)| ≤ Ck,
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which corresponds to (22.4.36) for m = 1, ℓ = k, we obtain

1

k

∣∣(ρ((λδ)k ; 1)− kρ(λ; 1)− ρ(δk; 1))− (ρ(λk; 1)− kρ(λ; 1))
∣∣ ≤ 2C

i.e.,
1

k

∣∣(ρ((λδ)k ; 1)− ρ(δk; 1))− ρ(λk; 1)
∣∣ ≤ 2C

Taking the limit of this as k →∞, we obtain
∣∣∣µpath1 (λδ) − µpath1 (λ) − µpath1 (δ)

∣∣∣ ≤ 2C

which finishes the proof with m = 1 and K = 2C.
Now suppose (22.4.40) holds for all m ≤ N and consider m = N + 1. Again

we may assume ‖λ‖U = N + 1. Then we can decompose λ = λ′λ1 with ‖λ1‖U = 1
and ‖λ′‖U = N . Using the induction hypothesis, we obtain

|µpath1 (λ′λ1δ)− µpath1 (λ′)− µpath1 (λ1δ)| ≤ 2C(2m− 1)

|µpath1 (λ1δ)− µpath1 (λ1)− µpath1 (δ)| ≤ 2C

|µpath1 (λ1) + µpath1 (λ′)− µpath1 (λ′λ1)| ≤ 2C.

Adding up these inequalities, we obtain

|µpath1 (λδ)− µpath1 (λ)− µpath1 (δ)| ≤ 2C(2m+ 1).

Setting K = 4C = 8eρ(U ;M), we have finished the proof of controlled quasi-
additivity.

Finally we prove the Calabi property of µpath1 . Let λ = φF ∈ PhamU and choose

a Hamiltonian path δ = φH with φ1H(U) ∩ U = ∅. Proposition 22.3.3 implies

ρ(φHφ
m
F ; 1) = ρ(φH ; 1) + CalpathU (φmF ; 1) = ρ(φH ; 1) +mCalpathU (φF )

for all m. On the other hand, we also have

|ρ(φHφmF ; 1)− ρ(φH ; 1)− ρ(φmF ; 1)| ≤ 2eρ(U ;M)

from (22.4.36). By dividing this inequality by m and letting m→∞, we obtain

lim
m→∞

ρ(φmF ; 1)

m
= lim

m→∞
ρ(φHφ

m
F ; 1)

m

= lim
m→∞

ρ(φH ; 1)

m
+ CalpathU (φF ) = CalpathU (φF ).

Therefore, by definition of µpath1 , we obtain

µpath1 (φF ) = lim
m→∞

ρ(φmF ; 1)

m
= CalpathU (φF ).

This finishes the proof. �

Now we are ready to wrap-up the proof of Theorem 22.4.6.
Monotonicity, normalization, Lipschitz continuity and symplectic invariance

immediately follow from the axioms of ρ(·; 1) whose proofs we leave to the read-

ers. Semi-homogeneity immediately follows from the homogeneity of µpath1 and the

Lipschitz continuity of µpath1 .
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It remains to prove partial additivity and vanishing. Let F, H ∈ C∞(M) with
{F,H} = 0 and suppH ∈ U . Note that ‖φkH‖U = 1 for all k ∈ N. Because
{F,H} = 0, the flows φH and φF commute. Therefore we have

µpath1 (φFφH) =
1

k
µpath1 ((φFφH)k) =

1

k
µpath1 (φkFφ

k
H).

But we have

|µpath1 (φkFφ
k
H)− µpath1 (φkF )− µpath1 (φkH)| ≤ K

for all k by (22.4.34). Combining the two and dividing by k, we obtain

|µpath1 (φFφH)− µpath1 (φF )− µpath1 (φH)| ≤ K

k

for all k and so

µpath1 (φFφH) = µpath1 (φF ) + µpath1 (φH)

By the Calabi property, we have µpath1 (φH) = CalpathU (φH) = (volω(M))−1
∫
M Hdµω.

Substituting this into the definition of ζsp, we get ζsp(F +H) = ζsp(F ).

22.5. Entov-Polterovich’s Calabi quasimorphism

Since the groupHam(M,ω) for closedM is simple by Banyaga’s theorem, there
is no non-trivial surjective homomorphism from Ham(M,ω) to R (or to any non-
trivial abelian group). In other words, for any surjective map µ : Ham(M,ω)→ R,
the defect

sup
φ1,φ2∈Ham(M,ω)

|µ(φ1φ2)− µ(φ1)− µ(φ2)|

is positive. If µ is a homomorphism, then its defect is certainly zero. When there
is no non-trivial surjective homomorphism around, the next best thing to expect is
a map µ whose defect is bounded. It turns out that Ham(M,ω) carries some inter-
esting quasimorphisms coming out of the dynamics of Hamiltonian flows and their
fixed points. This construction was performed by Entov and Polterovich [EnP03]
based on the axiomatic properties of spectral invariants. This is another manifes-
tation that the spectral invariants encode the symplectic topological properties of
(M,ω) and dynamical properties of Hamiltonian flows and their periodic orbits on
(M,ω), and decode the symplectic invariants embedded in the analytic theory of
Floer homology.

In Entov and Polterovich’s construction it is essential to prove that the assign-
ment φH 7→ ρ(φH ; e) is a quasimorhpism for a suitable choice of idempotent element
e ∈ QH∗(M). They prove this quasimorphism property under the assumption that
quantum cohomology ring of underlying symplectic manifold (M,ω) satisfies some
algebraic property (e.g., semi-simpleness thereof) and that the Frobenius pairing
defines a nondegenerate pairing. The latter nondegeneracy property is not hard
to prove for rational symplectic manifolds, but is much harder to prove for the
irrational case (see [Ush10]). The semisimpleness of quantum cohomology ring is
satisfied by S2 or more generally by CPn. This is an remarkable amalgamation of
the algebraic properties of the quantum cohomology ring into the study of Hamil-
tonian dynamics via the the axiomatic properties of spectral invariants. It leads to
a new construction of quasimorphisms on the area preserving diffeomorphism even
for the case of S2. Such a study has been of much interest in the area of dynamical
systems. See [GG97], [GG04], [Gh06], [C09], for example.
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22.5.1. Poincaré duality revisited. We first collect some basic facts on the
duality in Floer homology.

Consider the filtered Floer complex

CFλk (H) = CF
(−∞,λ]
k (H) = {α ∈ CFk(H) | λH(α) ≤ λ}

and its quotient

CF
(µ,λ]
k (H) = CF

(−∞,λ]
k (H)/CF

(−∞,µ]
k (H)

for any general nondegenerate H and for k ∈ Z+. We denote by

iλ : CF
(−∞,λ]
∗ (H)→ CF∗(H)

the canonical inclusion and by

πλ : CF∗(H)→ CF
(λ,∞)
∗ (H) = CF∗(H)/CF

(−∞,λ]
∗ (H)

the canonical projection.
For each fixed λ1, λ2 < λ, we have natural projections

πλλ2λ1
: CF

(λ1,λ]
k (H)→ CF

(λ2,λ]
k (H), λ1 ≤ λ2

which defines an inverse system. We have the following lemma

Lemma 22.5.1. Let (M,ω) be an arbitrary compact symplectic manifold and let
(H, J) be Floer-regular. Then the canonical limit map

πλ : CF
(−∞,λ]
k (H)→ lim←−CF

(µ,λ]
k (H)

is an isomorphism for all λ ∈ R ∪ {+∞}.

Proof. Let α ∈ CF (−∞,λ]
k (H). By definition, we can write

α =
∑

i=1

ai[zi, wi] = lim
N→∞

N∑

i=1

ai[zi, wi], AH([zi, wi]) ≥ AH([zi+1, wi+1])

where either only finite number of ai’s are non-zero or limi→∞AH([zi, wi])→ −∞
otherwise. From this it follows α = 0 if and only if

∑N
i=1 ai[zi, wi] = 0 for all N , i.e.,

πλ−∞µ(α) = 0 for all µ. Therefore πλ is injective. On the other hand any element

αµ ∈ lim←−CF
[µ,λ)
k (H) can be represented by a finite sum

Nµ∑

i=1

ai[zi, wi]

for someNµ ∈ Z+. Suppose we are given an element {αµ}µ∈R satisfying πλµ′µ(αµ′) =
αµ. Then for any sequence µk → −∞ as k →∞, we can write

αµk
=

Nµk∑

i=1

ai[zi, wi]

which converges to, say, α in CFλ(H). It is easy to check that this limit does not
depend on the choice of the sequences µk which proves that πλ is an isomorphism.
This finishes the proof. �

Remark 22.5.2. Now suppose that (M,ω) is rational. In this case, it follows

that CF
(µ,λ]
k (H) is a finite dimensional Q-vector space. We would like to emphasize

that this is not the case for an irrational (M,ω).
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We consider H and H̃ = −H(1− t, x) and define a Q-valued pairing

(22.5.42) 〈·, ·〉 : CF (−∞,λ]
n (H)× CF (−λ,∞)

n (H̃)→ Q

by

〈α, β̃〉 =
∑

[z,w]∈CritAH

a[z,w]b[z,w]

for α =
∑

[z,w]∈CritAH
a[z,w][z, w] and β̃ =

∑
[z̃,w̃]∈CritA

H̃
b[z̃,w̃][z̃, w̃]. By the Novikov

finiteness condition, any element in

CF (−λ,∞)
n (H̃) = CFn(H̃)/CF (−∞,−λ]

n (H̃)

can represented by a finite sum and so the above pairing is well-defined and non-
degenerate. This pairing then induces an injective chain homomorphism

(22.5.43) (CF (−∞,λ]
n (H), ∂(H,J))→ (HomQ(CF

(−λ,∞)
n (H̃),Q), (∂H̃,J̃)

∗) :

Recall we have the canonical identification

Hom(CF (−λ,∞)
n (H̃),Q) = {ϕ ∈ Hom(CFn(H̃),Q) | ϕ

∣∣∣
CF

(−∞,λ]
n (H̃)

≡ 0}.

We denote Hom(CF
(−λ,∞)
n (H̃),Q) = CF

(−λ,∞)
n (H̃)∗. Then via this identification,

we have the canonical inclusion map

CF (−µ,∞)
n (H̃)∗ →֒ CF (−λ,∞)

n (H̃)∗

when λ > µ. We also have the natural identification

CF (−λ,−µ]
n (H̃)∗ ∼= CF (−λ,∞)

n (H̃)∗/CF (−µ,∞)
n (H̃)∗.

The following theorem is a crucial fact used in the construction of quasimorphisms
by Entov-Polterovich for the rational (M,ω). The corresponding theorem for the
irrational case is much harder to prove which was proved by Usher [Ush10] based
on the arguments coming from non-Archimedean analysis. Here we give the full
detail of the proof in the rational case following Entov-Polterovich and leave readers
to the original article of Usher for the irrational case.

Theorem 22.5.3. Let (M,ω) be any compact rational symplectic manifold.
Then the canonical Q-homomorphism (22.5.43) is a chain isomorphism. In partic-
ular the pairing (22.5.42) descends to a nondegenerate pairing

(22.5.44) HF (−∞,λ]
n (H)×HF (−λ,∞)

n (H̃)→ Q.

Proof. We recall from Remark 22.5.2 that both CF
(µ,λ]
k (H) and CF

(−λ,−µ]
n (H̃)∗

are finite dimensional Q-vector spaces. (In the irrational case, this is infinite di-
mensional which is the main reason why the irrational case cannot be covered by
this proof.)

We have the commutative diagram of chain complexes

(22.5.45) CF
(−∞,λ]
∗ (H)

πλ
µ //

��

CF
(µ,λ]
∗ (H)

��

CF
(−λ,∞)
∗ (H̃)∗ // CF (−λ,−µ)

n (H̃)∗
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and the map CF
(µ,λ]
∗ (H)→ CF

(−λ,−µ)
∗ (H̃)∗ is a chain isomorphism since for each

degree the map is injective, and both spaces are finite dimensional by the ratio-
nality assumption on (M,ω). Therefore the above diagram induces a commutative
diagram

CF
(−∞,λ]
∗ (H)

πλ
//

��

lim←−CF
(µ,λ]
∗ (H)

��

CF
(−λ,∞)
∗ (H̃)∗ // lim←−CF

(−λ,−µ)
∗ (H̃)∗

whose right downward map is a chain isomorphism. Since the horizontal maps are
isomorphisms, the left downward map is also a chain isomorphism. Therefore it
induces an isomorphism

H
(
CF

(−∞,λ]
∗ (H), ∂(H,J)

)
∼= H

(
CF (−λ,∞)

n (H̃)∗, (∂∗
(H̃,J̃)

)
.

Here the left hand side is precisely HF (−∞,λ](H) and by the Universal Coefficient
Theorem (over the field Q), the right hand side is isomorphic to

HomQ(H(CF (−λ,∞)
n (H̃), ∂(H̃,J̃)),Q) = HF (−λ,∞)(H̃, J̃).

This isomorphism naturally induces a (strongly) nondegenerate pairing

HF (−∞,λ]
n (H)×HF (−λ,∞)

n (H̃)→ Q

for all λ. Hence we obtain the nondegenerate pairing (22.5.44). �

When (M,ω) is irrational, the above map

CF
(µ,λ]
∗ (H)→ CF

(−λ,−µ]
∗ (H̃)∗

is not an isomorphism. In fact, the latter space is considerably bigger in that the
map is injective but not surjective.

Example 22.5.4. Let (M,ω) be irrational so that the period group {ω(A) |
A ∈ π2(M)} is a dense subgroup of R. Then for any Hamiltonian H , Spec(H) is a
dense subset of R. Consider a formal sum

γ =

∞∑

i=1

ai[zi, wi], ai 6= 0

such that A([zi, wi]) ∈ (µ, λ) for all i and [zi, wi] 6= [zj, wj ] whenever i 6= j. Since
this infinite sum does not satisfy the Novikov finiteness condition, γ is not an

element of CF
(µ,λ]
∗ (H). But one can easily check that the pairing

γ 7→ 〈γ, ·〉

defines a linear functional on CF
(−λ,−µ)
∗ (H̃) which does not lie in the image of

CF
(µ,λ]
∗ (H).

We now state the following general theorem on the relation between the spec-
tral invariants of H and those of H . This relation plays a crucial role in Entov-
Polterovich’s construction of quasimorphisms.
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Lemma 22.5.5 (Lemma 2.2 [EnP03]). Let Π be the pairing given in (20.4.43).
For 0 6= b ∈ QH∗(M)\{0}, denote by Υ(b) the set of a ∈ QH∗(M) with Π(b, a) 6= 0.
Then we have

(22.5.46) ρ(H ; b) = − inf
a∈Υ(b)

ρ(H ; a).

Proof. First, we prove

(22.5.47) ρ(H ; b) ≥ − inf
a∈Υ(b)

ρ(H ; a).

The triangle inequality for ρ is the crucial ingredient of the proof of this inequality.
Suppose to the contrary ρ(H ; b) + infa∈Υ(b) ρ(H ; a) < 0 and so there exists a

with Π(a, b) 6= 0 such that

ρ(H ; b) + ρ(H ; a) < 0.

On the other hand, for any a with Π(a, b) 6= 0, we have (a∗b)0 6= 0 by the Frobenius
property (20.4.43) of QH∗(M) and hence ρ(0; a ∗ b) = −ν(a ∗ b) ≥ 0. But then we
have

0 ≤ ρ(0; a ∗ b) = ρ(H#H ; a ∗ b) ≤ ρ(H ; a) + ρ(H ; b) < 0

a contradiction. This finishes the proof of (22.5.47).
Next we prove ρ(H ; b) ≤ − infa∈Υ(b) ρ(H ; a), i.e.,

(22.5.48) inf
a∈Υ(b)

ρ(H ; a) ≤ −ρ(H ; b).

Nondegeneracy of the duality pairing above plays the key role in this proof.

Let c = ρ(H ; b) > −∞. Let ΦH̃ : QH∗(M)→ FH∗(H̃) be the PSS-map. Then

ΦH̃(b) 6∈ Im(ic−ǫ)∗ ⊂ HF∗(H) for any ǫ > 0. By the exactness of

HF c−ǫ∗ (H)
(ic−ǫ)∗→ HF∗(H)

(πc−ǫ)∗→ HF
(c−ǫ,∞)
∗ (H)

at the middle, we have ker(πc−ǫ)∗ = Im(ic−ǫ)∗ and hence

(πc−ǫ)∗
(
ΦH̃(b)

)
6= 0.

Then by the nondegeneracy of the duality pairing, we can find some Floer homol-

ogy class 0 6= aH ∈ HF (−∞,−c+ǫ]
∗ (H) represented by a cycle αH ∈ CF∗(H) with

λH(αH) ≤ −c+ ǫ such that

L′([αH ],ΦH̃(b)) 6= 0.

Now we write the Floer homology class [αH ] ∈ FH∗(H) as [αH ] = ΦH(a′) for
a′ ∈ QH∗(M). Then we have

Π(a′, b) = L′
(
ΦH(a′),ΦH̃(b)

)
= L′([αH ],ΦH̃(b)) 6= 0

and so a′ ∈ Υ(b). Here for the last equality, we use Theorem 22.5.3 and (22.5.42)
Since ρ(H ; a′) ≤ λH(αH), we have ρ(H ; a′) ≤ −c+ ǫ. Therefore

inf
a∈Υ(b)

ρ(H ; a) ≤ −ρ(H̃; b) ≤ −c+ ǫ.

Since this holds for all ǫ > 0, we have finished the proof of (22.5.48) and hence the
proof of the lemma. �
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22.5.2. Some generalities of quasimorphisms. We first summarize basic
facts on general quasimorphisms. A good up-to-date reference on the study of
quasimorphisms in the general context is the book [C09] by Calegari.

Consider any group G and a surjective map µ : G→ R.

Definition 22.5.6 (Quasimorphism). Consider a function µ : G → R. We
define its (homomorphism) defect Defµ : G×G→ R by the formula

Defµ(g1, g2) = µ(g1g2)− µ(g1)− µ(g2)
and its norm by

D(µ) := |Defµ | = sup
g1,g2∈G

|µ(g1g2)− µ(g1)− µ(g2)|.

We say µ is a quasimorphism if D(µ) <∞, i.e., if there exists R > 0 such that

(22.5.49) |µ(g1g2)− µ(g1)− µ(g2)| < R.

The map Def measures the defect of the homomorphism property of the quasi-
morphism µ : G→ R.

We recall the following standard definition of group cohomology. (See [Wb94]
for example.)

Definition 22.5.7. Let M be a left G-module. Let (C∗(G,M), δ) be the
complex where Cn(G,M) is the module of functions ϕ : Gn → R and the boundary
map δ : Cn(G,M)→ Cn+1(G,M) is given by

(δϕ) (g1, . . . , gn+1) = g1 · ϕ(g2, . . . , gn+1)

+
n∑

i=1

(−1)iϕ(g1, . . . , gi−1, gigi+1, gi+2, . . . , gn+1) + (−1)n+1ϕ(g1, . . . , gn).

(22.5.50)

A function ϕ : Gk → R is called a group k-cocycle, if δϕ = 0 and a coboundary
if ϕ = δψ for some cochain ψ : Gk−1 → R. The cohomology groups of G with
coefficients in the left G-moduleM are the homology groups, denoted byH∗(G,M),
of the complex (C∗(G,M), δ).

Let us consider the special case of R = R with trivial G-action. Then (22.5.50)
is reduced to

(dϕ) (g1, g2, g3) = ϕ(g1g2, g3)− ϕ(g1, g2g3)− ϕ(g1, g2)
for a two chain ϕ, and

dϕ(g1, g2) = ϕ(g1g2)− ϕ(g1)− ϕ(g2)
for a one chain. From a straightforward computation or the formal expression
Defµ = dµ, it follows that Defµ is a two cocycle.

However when the groupG is non-compact as in the case ofG being H̃am(M,ω)
or its like, there is a sub-complex (C∗bd(G,R), δ) of (C∗(G,R), δ) consisting of
the bounded cochains. When the defect is bounded, it defines a two cocycle of
(C∗bd(G,R), δ). Since µ may not be bounded, this expression Defµ = δµ itself does
not mean that Defµ defines a trivial bounded 2-cohomology class, although formally
it has the form of coboundary.
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Definition 22.5.8. A quasimorphism is called homogeneous if it satisfies

(22.5.51) µ(gn) = nµ(g)

for all n ∈ Z and g ∈ G.
When G is given a quasimorphism µ, there is a natural procedure of homoge-

nizing µ by taking its asymptotic average. We would like to note that this way of
taking the asymptotic average is a common practice in many areas of mathematics,
especially in dynamical systems and ergodic theory.

Definition 22.5.9 (Homogenization). The homogenization µhomo of a quasi-
morphism µ : G→ R is defined by the limit

(22.5.52) µhomo(g) = lim
n→∞

µ(gn)

n

for g ∈ G.
Proposition 22.5.10. Suppose µ : G → R be a quasimorphism. Then µhomo

is again a quasimorphism which is homogeneous. In addition, we have

(22.5.53) |µhomo(g)− µ(g)| ≤ D(µ).

Proof. Proof of well-definedness is essentially the same as that of Lemma
22.4.11 and so omitted. Once well-definedness is established, then homogeneity
immediately follows. Since any bounded perturbation of a quasimorphism is again
a quasimorphism, the quasimorphism property will follow from (22.5.53). Hence it
remains to prove the inequality (22.5.53).

By definition, we have

µhomo(g)− µ(g) = lim
n→∞

µ(gn)

n
− µ(g) = lim

n→∞
µ(gn)− nµ(g)

n
.

We can rewrite

µ(gn)− nµ(g) =
n∑

j=1

(
µ(gj)− µ(gj−1)− µ(g)

)
.

For each summand in this sum, we have |µ(gj)− µ(gj−1)− µ(g)| ≤ D(µ) and so

|µ(gn)− nµ(g)| ≤ nD(µ).

Therefore (22.5.53) follows. �

22.5.3. Entov-Polterovich’s quasimorphism on H̃am(M,ω). Now we ex-
plain the procedure of obtaining a quasimorphism out of spectral numbers ρ(·; e) for
any idempotent e ∈ QH∗(M), i.e., those e satisfying e2 = e. (For example, e = 1,
the unit of the quantum cohomology is a natural candidate for this construction.)
This is the procedure invented by Entov and Polterovich [EnP03] which is further
refined by McDuff and Ostrover [Os03].

Consider the subring QH(0)(M) ⊂ QH(M) of degree zeros. This is a commu-

tative Frobenius algebra with unit 1 = PD(M) over the field K = Λ
(0)
ω . Let e be

any nonzero idempotent of QH(0)(M). We consider the spectral map

ρe : H̃am(M,ω)→ R



22.5. ENTOV-POLTEROVICH’S CALABI QUASIMORPHISM 599

defined by ρe(f) = ρ(f ; e) for f ∈ H̃am(M,ω). The triangle inequality together
with the idempotentness e2 = e implies

ρe(fg) ≤ ρe(f) + ρe(g).

We now ask under which condition of (M,ω), ρe satisfies the lower inequality

(22.5.54) ρe(fg) ≥ ρe(f) + ρe(g)−R
for some constant R independent of f, g, which would ensure that ρe is a quasi-

morphism on the infinite dimensional group H̃am(M,ω). The following theorem
is a slight variation of Entov-Polterovich [EnP03] refined by McDuff and Ostrober
[Os03]. We closely follow the proof given in [EnP03].

Theorem 22.5.11 ([EnP03]). Assume that Q = QH(0)(M) has a decomposi-
tion Q = Q1 ⊕Q′ as a K-vector space such that Q1 and Q′ are subrings of Q and
Q1 is a field. Denote by e the unit of Q1. Then there exists some R > 0 such that

(22.5.63) holds and hence ρe defines a quasimorphism on H̃am(M,ω).

Proof. The valuations ν on Λω and on QH∗(M) restrict to those defined on

K = Λ
(0)
ω , and on Q = QH(0)(M) and on Q1, respectively.

Lemma 22.5.12. The function ζ ∈ K 7→ e−ν(ζ) := |ζ| is multiplicative, i.e.,
satisfies |ζ1ζ2| = |ζ1||ζ2| for all ζ1, ζ2 ∈ K.

Proof. We have only to show that ν(ζ1ζ2) = ν(ζ1) + ν(ζ2). When ζ1 = 0,
ζ1ζ2 = 0 and hence the identity trivially holds as both sides become −∞. Therefore
we assume ζ1, ζ2 6= 0. SinceK is a field it does not have zero-divisor and so ζ1ζ2 6= 0.
By definition, we have

ζi = ai,0T
ν(ζi) + (ζi − ai,0T ν(ζi))

with 0 6= ai,0 ∈ Q and ν(ζi − ai,0T ν(ζi)) > ν(ζi) for i = 1, 2. Therefore we have

ζ1ζ2 = a1,0a2,0T
ν(ζ1)+ν(ζ2) + “higher order terms”.

Since a1,0a2,0 6= 0, we obtain ν(ζ1ζ2) = ν(ζ1) + ν(ζ2). �

Proposition 22.5.13. There exists R′ such that ν(b) + ν(b−1) ≥ R′ for every
b ∈ Q1 \ {0}.

Proof. We note that the field Q1 is a finite dimensional vector space over
the field K and so a finite field extension of the field K. Therefore the above
multiplicative norm | · | on K extends to a multiplicative norm on Q1. We denote
this extension on Q1 again by | · |.

On the other hand the function b ∈ Q1 7→ e−νQ1(b) defines a norm on the vector
space Q1 over K. Recall all norms on a finite-dimensional vector space over K are
equivalent and so there exists r > 0 such that

‖b‖ ≤ r|b|
for all b ∈ Q1. Therefore for b 6= 0, we have

‖b‖ · ‖b−1‖ ≤ r2|b| · |b−1| = r2.

But we also have

‖b‖ · ‖b−1‖ = e−νQ1(b)e−νQ1 (b
−1).
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Combining the two, we obtain

(22.5.55) νQ1(b) + νQ1(b
−1) ≥ −2 log r

for all 0 6= b ∈ Q1. By setting R′ = −2 log r, we are done. �

Now we are ready to give the proof of Theorem 22.5.11.

Let f, g ∈ H̃am(M,ω). By the triangle inequality, we have

ρ(fg; e) ≥ ρ(f ; e)− ρ(g−1; e).
By applying Lemma 22.5.5 to ρ(g−1; e), we get

(22.5.56) ρ(fg; e) ≥ ρ(f ; e) + inf
b;Π(b,e) 6=0

ρ(g; b).

We now estimate infb;Π(b,e) 6=0 ρ(g; b). By writing b = b1+ b
′ where b1 ∈ Q1, b

′ ∈ Q′,
we obtain

0 6= Π(b, e) = π0(〈b · e, 1〉) = π0(〈b1 · e, 1〉) = π0(〈b1, 1〉)
from (20.4.43). Therefore b1 6= 0 and νQ1(b1) ≤ 0. Since Q1 is a field, b1 is invertible

and νQ1(b
−1
1 ) ≥ −νQ1(b1)− 2 log r ≥ R′ by (22.5.55).

On the other hand, applying the triangle inequality twice, we obtain

ρ(g; b) ≥ ρ(g; b · e)− ρ(1; e) = ρ(g; b1 · e)− ρ(1; e) ≥ ρ(g; e)− ρ(1; b−11 )− ρ(1; e)
where 1 ∈ H̃am(M,ω) is the identity element corresponding to the constant Hamil-
tonian path associated to the zero Hamiltonian function 0. By the normalization
axiom of the spectral invariants, we have ρ(1; b−11 ) = −ν(b−11 ) and ρ(1; e) = −ν(e).
Therefore combining these, we obtain

ρ(g; b) ≥ ρ(g; e) + ν(b−11 ) + ν(e) ≥ ρ(g; e) +R′ + ν(e)

for all b with Π(b, e) 6= 0. Therefore we have

inf
b;Π(b,e) 6=0

ρ(g; b) ≥ ρ(g; e) +R′ + ν(e).

Substituting this into (22.5.56), we obtain

ρ(fg; e) ≥ ρ(f ; e) + ρ(g; e) +R′ + ν(e).

This proves that ρ(·; e) defines a quasimorphism with defect smaller than R =
|R′ + ν(e)|. This finishes the proof of Theorem 22.5.11. �

Homogenizing the above quasimorphism ρe, we obtain a homogeneous quasi-

morphism on H̃am(M,ω):

(22.5.57) µ̃e(f) = lim
m→∞

ρe(f
m)

m
.

Remark 22.5.14. We like to point out that due to the different conventions
used in [EnP03], the negative sign in the equation (17) [EnP03] does not appear
in our definition.

We now prove the following important property of the quasimorphism µ̃.

Proposition 22.5.15. Suppose that U ⊂ M that is displaceable, i.e., there
exists φ ∈ Ham(M,ω) such that φ(U) ∩ U = ∅. Then we have the identity

µ̃(f) = CalU (F )

for all f = [φF ] ∈ H̃am(M,ω) with suppF ⊂ U .
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Proof. Denote λ = φF . By definition of ρ(λ; 1) for general Hamiltonian path
λ,

ρ(λm; 1) = ρ(Dev(λm); 1).

But

Dev(λm) = F#m

= F#m − 1

volω(M)

∫
F#m
t dµω

= F#m − 1

volω(M)

∫ m∑

k=1

F
(
t, ((φtF )

−1)k−1(x)
)
dµω

= F#m − m

volω(M)

∫
F (t, x) dµω

where the last equality arises since (φtF )
−1)k−1 preserves the measure µω for all

k = 1, · · ·m. Therefore we derive

(22.5.58) ρ(Dev(λm); 1) = ρ(F#m; 1) +mCal(F ).

We note suppF#m ⊂ U since suppF ⊂ U . Choose any Hamiltonian H such that
φ = φ1H . Then since φ(U) ∩ U = ∅ by the hypothesis, Proposition 22.3.7 implies

ρ(F#m; 1) ≤ γ(H).

Substituting this into (22.5.58), dividing the resulting equality bym and then taking
the limit as m→∞, we obtain

µ̃(f) ≤ Cal(F ).

Similarly by replacing λ by λ−1, we obtain

µ̃(f−1) ≤ Cal(F ) = −Cal(F ).

On the other hand by the homogeneity of µ, we also have µ̃(f−1) = −µ̃(f).
Combining the two, we have obtained −µ̃(f) ≤ −Cal(F ) which is equivalent to
µ̃(f) ≥ Cal(F ). This proves µ̃(f) = Cal(F ) and so the proposition for e = 1.

The same proof also proves the second statement for general idempotent e. �

Remark 22.5.16. We established in section 2.5.1 that on any exact (open)

symplectic manifold, the value Calpath(λ) can be expressed as

(22.5.59) Calpath(λ) =
1

n+ 1

∫

M

(φ∗α− α) ∧ α ∧ ωn−1.

In particular Calpath(λ) depends only on the final point λ(1) = φ and hence defines
a non-trivial homomorphism

Cal : Hamc(M,dα)→ R.

Applying this construction to PhamU for contractible U , we can define CalU :
Hamc(U, ω)→ R for each contractible U . Then the above proof shows that when-
ever µ̃e descend to a quasimorphism on Ham(M,ω), we have

µe(φ) = CalU (φ)

for all φ ∈ Hamc(U) ⊂ Ham(M,ω).

Now we state a simple sufficient condition for µ̃e to descend to Ham(M,ω).
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Proposition 22.5.17 (Proposition 3.4 [EnP03]). Suppose π1(Ham(M,ω))
is finite. Then the quasimorphism µ̃e descends to a Calabi quasimorphism on
Ham(M,ω).

Proof. Note that π1(Ham(M,ω)) is nothing but the kernel of the covering

projection H̃am(M,ω)→ Ham(M,ω).

First we claim that π1(Ham(M,ω)) ⊂ H̃am(M,ω) lies in the center of H̃am(M,ω).
It is enough to prove ghg−1h−1 = id for any g ∈ π1(Ham(M,ω)) and h ∈
H̃am(M,ω). Represent g = [λ] and h = [δ] where λ, δ : [0, 1] → Ham(M,ω)
are smooth paths and λ(1) = λ(0) = id and δ(0) = id. Note that for each s ∈ [0, 1]
we have

λ(1)δ(s)λ(1)−1δ(s)−1 = id

and so the paths t ∈ [0, 1] 7→ λ(t)δ(st)λ(1)−1δ(st)−1 for s ∈ [0, 1] define a homotopy
of loops based at id. By definition, the path for s = 0 is the trivial loop and the
path for s = 1 is the path t 7→ λ(t)δ(t)λ(1)−1δ(t)−1 which represents ghg−1h−1 in

H̃am(M,ω). This proves ghg−1h−1 = id i.e., gh = hg and hence the claim.
Therefore combining this with the quasimorphism property, we obtain

|µ̃e(gm) + µ̃e(h
m)− µ̃e((gh)m)| = |µ̃e(gm) + µ̃e(h

m)− µ̃e(gmhm)| ≤ R
for all m. On the other hand from the homogeneity of µ̃e we have µ̃e((gh)

m) =
mµ̃e(gh) and µ̃e(g

m) + µ̃e(h
m) = m(µ̃e(g) + µ̃e(h)). Substituting this into above,

we obtain

m(|µ̃e(g) + µ̃e(h)− µ̃e(gh)|) ≤ R
for all m. This proves

(22.5.60) µ̃e(g) + µ̃e(h) = µ̃e(gh).

Applying this identity repeatedly for h = g, we obtain

kµ̃e(g) = µ̃e(g
k)

for all k ∈ N. But since π1(Ham(M,ω)) is assumed to be finite, gk0 = id for some
choice of k0 6= 0 and hence µ̃e(g

k0) = µ̃e(id) = 0. This implies µ̃e(g) = 0 for any
g ∈ π1(Ham(M,ω)).

Substituting this back into (22.5.60), we obtain µ̃e(gh) = µ̃e(h) for all g ∈
π1(Ham(M,ω)) which proves that µ̃e descends to a map µe : Ham(M,ω) → R
which we define to be µe(φ) = µ̃e(h) for φ ∈ Ham(M,ω) where h ∈ H̃am(M,ω) is
a (and so any) lift of φ.

Exercise 22.5.18. Finish the proof by proving the Calabi quasimorphism prop-
erty of µe : Ham(M,ω)→ R defined as above.

This finishes the proof. �

For the later purpose of extending the quasimorphisms to the topological Hamil-
tonian context in section 22.6, we now lift the quasimorphism µ̃e to one on the path

space Pham(Symp(M,ω), id) instead of the universal covering space H̃am(M,ω).
In the smooth context, this lifting is automatic thanks to the homotopy invariance
of the ρ(·; e) with the following definition.
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Definition 22.5.19. We define a homogeneous quasimorphism

µpath = µpath1 : Pham(Symp(M,ω), id)→ R

by the same formula

(22.5.61) µpath(λ) = lim
i→∞

ρ(λm; 1)

m
.

For any given open subset U ⊂M , we denote by

Pham(SympU (M,ω), id)

the set of Hamiltonian paths supported in U as before. We recall that CalU (F ) is
defined by the integral

(22.5.62) CalU (F ) =
1

volω(M)

∫ 1

0

∫

M

F (t, x)µω.

Now we repeat the same construction as above verbatim replacing H̃amU (M,ω) by
Pham(SympU (M,ω), id). Then all the above properties of µ̃e also hold for µpathe

We end this section with the discussion of the spectral diameter of the 2 sphere
S2.

Example 22.5.20. Consider the spectral function

ρ1 : H̃am(M,ω)→ R

defined by ρ1(f) = ρ(f ; 1). Obviously it satisfies

ρ1(fg) ≤ ρ1(f) + ρ1(g).

We note that S2 and the quantum cohomology class 1 ∈ QH0(S2) satisfies the
hypothesis required in Theorem 22.5.11. Therefore

(22.5.63) ρ1(fg) ≥ ρ1(f) + ρ1(g)−R
for some constant R independent of f, g. We now compute this bound R explicitly.

We first remark that the right hand side of (22.5.46) becomes

− inf
a∈QH0(S2)\{0}

ρ(g; a).

Furthermore QH0(S2) is factorized into

QH0(S2) = Q1⊕Q{[ω]q−1}
where 1 = PD[S2] and q is the formal parameter of degree 2 with its valuation
ν(q) = 4π, and any nonzero element in QH0(S2) is invertible.

Now for any a ∈ QH0(S2) \ {0} which is invertible,

ρ(g; a) ≥ ρ(g; a · a−1)− ρ(1; a−1) = ρ(g; 1) + ν(a−1)

by the Normalization axiom of the spectral invariants which gives rise to ρ(1; a−1) :=
−ν(a−1). But we have

(22.5.64) inf
b∈QH0(S2)\{0}

ν(b−1) = −4π.

This implies ρ(g; a) ≥ ρ(g; 1)− 4π for all a ∈ QH0(S2) \ {0}.
Let f, g ∈ H̃am(M,ω). By the triangle inequality, we have

ρ(fg; 1) ≥ ρ(f ; 1)− ρ(g−1; 1).
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Applying Lemma 22.5.5 and (22.5.64), we get

ρ(fg; 1) ≥ ρ(f ; 1) + ρ(g; 1)− 4π

which finishes the proof with R = 4π by substituting f = g−1. Summarizing the
above discussion, we obtain

Proposition 22.5.21. For all Hamiltonian H on S2 of area 4π,

(22.5.65) ρ((φ1H)−1; 1) ≤ −ρ(φH ; 1) + 4π.

One interesting consequence of the above discussion gives rise to the following
bound for the spectral diameter of Ham(S2).

Theorem 22.5.22. Denote by Diamρ the spectral diameter defined by

Diamρ(Ham(S2)) := sup
H
{γ(φH) | H ∈ C∞([0, 1]×M,R)}.

Then we have Diamρ(Ham(S2)) ≤ 4π or equivalently,

(22.5.66) γ(φH) ≤ 4π(= Area(S2))

for all H.

The above upper bound of the spectral diameter of S2 is quite a contrast to
Polterovich’s theorem on the Hofer diameter of S2 in [Po98b] which states that
the diameter of Ham(S2) with respect to the Hofer distance is infinite. In fact, a
similar bound holds whenever the quantum cohomology QH∗(M) becomes a field,
e.g., such as CPn.

The following is an interesting open question to ask

Problem 22.5.23. Find out the precise criterion for (M,ω) to have finite (or
infinite) Hofer diameter. How about the spectral diameter? What is its implication
in the point of Hamiltonian dynamics?

22.6. Back to topological Hamiltonian dynamics

In section 6, we introduced the notion of topological Hamiltonian flow and its
associated Hamiltonian. In this section, we explain how we can extend the various
spectral quantities to the topological Hamiltonian paths.

22.6.1. Spectral invariants of topological Hamiltonian paths. In this
section, we extend the definition and basic properties of the spectral invariants of
Hamiltonian paths to the topological Hamiltonian category.

For this extension, it is crucial to have the definition in the level of Hamiltonian
paths, i.e., on Pham(Symp(M,ω), id) as formulated in [Oh05c], not just on the
covering space of Ham(M,ω). Furthermore a uniqueness theorem of topological
Hamiltonians from section 6.3 will be crucial for the extension to this C0 category.

We start with rewriting the spectral number ρ(H ; a) in terms of its Hamiltonian
path φH .

ρ(λ; a) := ρ(H ; a) = inf
α∈ker ∂H

{λH(α) | [α] = a♭}.
For a smooth Hamiltonian H , this rewriting is a trivial matter to do. If we would
like to extend this definition to the topological Hamiltonian λ by taking the limit
of ρ(Hi; a) for a sequence Hi whose Hamiltonian flow φHi uniformly converges to
the given λ, one needs to prove independence of the limit limi→∞ ρ(Hi; a) of the
choice of such sequence Hi.



22.6. BACK TO TOPOLOGICAL HAMILTONIAN DYNAMICS 605

Theorem 22.6.1. For a smooth Hamiltonian path φH with normalized Hamil-
tonian H, we define

ρ(φH ; a) = ρ(H ; a).

Then the map ρa : φH 7→ ρ(φH ; a) extends to a continuous function

ρa = ρ(·; a) : Pham∞ (Sympeo(M,ω), id)→ R

(in the Hamiltonian topology) and satisfies the triangle inequality

(22.6.67) ρ(λµ; a · b) ≤ ρ(λ; a) + ρ(µ; b).

Proof. The first statement is an immediate consequence of Hamiltonian con-
tinuity of

ρa : Pham(Symp(M,ω), id)→ R

and Theorem 6.3.3: for any topological Hamiltonian path λ, we define

(22.6.68) ρ(λ; a) = lim
i→∞

ρ(Hi; a)

for any sequence Hi with φHi → λ and Hi converge in L(1,∞). The uniqueness
theorem implies that this definition is well-defined. And then Proposition 21.3.6
implies continuity of the extension to Pham(Sympeo(M,ω), id).

The triangle inequality immediately follows from the continuity of ρ by taking
the limit of the triangle inequality for the smooth case. �

Now we focus on the invariant ρ(λ; 1) for 1 ∈ QH∗(M). Recall the function

γ(H) = ρ(H ; 1) + ρ(H ; 1)

was introduced for a smooth Hamiltonian path λ = φH before. Not to confuse the
readers, we denote by normγ when we regard γ as a function on Pham(Symp(M,ω), id)
instead.

Definition 22.6.2 (Spectral pseudonorm). Let λ ∈ Pham(Symp(M,ω), id)
and H be a Hamiltonian such that λ = φH . Then we define the function

normγ : Pham(Symp(M,ω), id)→ R+

by setting normγ(λ) = γ(H). We call normγ(λ) the spectral pseudonorm of λ.

This was proven to be non-negative and to depend only on the path-homotopy
class of λ = φH in Ham(M,ω).

Again the uniqueness of topological Hamiltonians enables us to extend the
definition to the topological Hamiltonian paths.

Proposition 22.6.3. The spectral pseudonorm γ extends to a continuous func-
tion

normγ : Pham(Sympeo(M,ω), id)→ R

with the definition

(22.6.69) normγ(λ) = lim
i→∞

normγ(φHi )

for a (and so any) sequence φHi → λ in L(1,∞)-Hamiltonian topology.
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Recall that for a smooth Hamiltonian H each ρ(φH ; a) = ρ(H ; a) is associated
to a periodic orbit of Hamilton’s equation ẋ = XH(t, x) and corresponds to the
action of the periodic orbit, at least for arbitrary Hamiltonians on the rational
symplectic manifold (see [Oh05c, Oh09a] for the proof) and for the nondegenerate
Hamiltonians on general irrational symplectic manifolds (see [Oh09a], [Ush08]).
In this regard, the following question seems to be of fundamental importance.

Question 22.6.4. What is the meaning of the extended spectral pseudo-norm
normγ(λ) in regard to the dynamics of topological Hamiltonian flows?

The following is the analog of the definition from [Oh05d] of the spectral
displacement energy in the topological Hamiltonian category.

Definition 22.6.5 (Spectral displacement energy). Let A ⊂M be a compact
subset. We define the spectral displacement energy, denoted by eγ(A), of A by

eγ(A) = inf
λ
{normγ(λ) | A ∩ λ(1)(A) = ∅, λ ∈ Pham∞ (Sympeo(M,ω), id)}.

By unravelling the definitions of Hamiltonian homeomorphisms and of the spec-
tral displacement energy, we also have the following theorem.

Theorem 22.6.6. We have eγ(A) = eγ(A) for any compact subset A ⊂M .

Again based on this theorem, we just denote the spectral displacement energy
of A even in the topological Hamiltonian category by eγ(A). Then we have the
following theorem

Theorem 22.6.7. For every ψ ∈ Sympeo(M,ω) we have

eγ(A) = eγ(ψ(A)).

Proof. We note that h(A) ∩ A = ∅ if and only if ψhψ−1(ψ(A)) ∩ ψ(A) = ∅.
Furthermore h ∈ Hameo(M,ω) if and only if ψhψ−1 ∈ Hameo(M,ω). This finishes
the proof. �

Next we consider the spectral norm

γ(φ) := inf
ev1(λ)=φ

normγ(λ) = inf
H 7→φ
{ρ(H ; 1) + ρ(H ; 1)}.

The following definition extends the spectral norm to Hameo(M,ω).

Definition 22.6.8 (Spectral norm). Let h ∈ Hameo(M,ω) and consider topo-
logical Hamiltonian paths λ ∈ Pham∞ (Sympeo(M,ω), id) with ev1(0) = h. We
denote by λ 7→ h if ev1(λ) = h. We define γ by

(22.6.70) γ(h) = inf
λ
{normγ(λ) | λ ∈ Pham∞ (Sympeo(M,ω), id), ev1(λ) = h}.

The following establishes the analogs to all the properties of invariant norm in
this topological Hamiltonian context.

Theorem 22.6.9. The generalized spectral function γ : Hameo(M,ω) → R+

satisfies all the properties of an invariant norm.

The proof will be essentially the same as that of the Hofer norm once the
following continuity lemma for the smooth case is proved.

Lemma 22.6.10. The function γ : Ham(M,ω)→ R+ is continuous in the Hofer
topology and so also in Hamiltonian topology of Ham(M,ω).
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Proof. Let H 7→ φ and K 7→ ψ. Then the triangle inequality of γ and the
inequality γ(φ) ≤ ‖φ‖ imply

|γ(φ) − γ(ψ)| ≤ γ(φ−1ψ) ≤ ‖φ−1ψ‖ = dHofer(φ, ψ)

This finishes the proof. �

The following foundational questions are interesting questions to ask.

Question 22.6.11. (1) Is γ (or γ) continuous in the C0-topology?
(2) Does the following identity hold,

(22.6.71) γ|Ham(M,ω) = γ?

Recently, Seyfaddini [Sey11] answered affirmatively to the first question above
on the 2 dimensional surfaces by combining various elements in C0 symplectic topol-
ogy and Hamiltonian dynamics. This in turn gives rise to an interesting corollary
in 2 dimensional area-preserving dynamical systems [Sey13].

22.6.2. Calabi quasi-morphism on Pham(Sympeo(S2), id). In the rest of
this section, we will restrict to the case of the sphere S2 with the standard sym-
plectic form ωS2 on it. Omitting the symplectic form ωS2 from their notations,
we just denote by Pham(Sympeo(S2), id), Hameo(S2) the groups of topological
Hamiltonian paths and of Hamiltonian homeomorphisms on S2 respectively, and
so on.

From the definition above and the hamiltonian-continuity of ρ(·; 1), it follows
that µpath is also hamiltonian-continuous. An immediate consequence of the Cal-
abi property of µpath is the following homomorphism property of µ restricted to
Pham(SympU (S2), id).

Corollary 22.6.12. Suppose that U is an open subset of S2 such that U is
displaceable on S2 and let

λ1, λ2 ∈ Pham(SympU (S2), id).

Then we have
µpath(λ1λ2) = µpath(λ1) + µpath(λ2).

We can extend all the above discussions to the level of topological Hamiltonian
paths. These generalization immediately follow once we know the facts that

(1) ρ(·; 1) has been extended to Pham∞ (Sympeo(M,ω), id) for an arbitrary
closed symplectic manifold, i.e., in particular for (S2, ωS2) in section 12.6.

(2) In addition, this extension is hamiltonian-continuous, i.e, continuous in
the Hamiltonian topology.

We summarize the above discussion into the following theorem.

Theorem 22.6.13. We have an extension of the Calabi quasimorphism µpath :
Pham(Symp(S2), id)→ R to a quasimorphism

µpath : Pham(Sympeo(S2), id)→ R

that satisfies all the analogs to Proposition 22.5.17 and the Calabi property.

Now we state the following conjecture, which we believe will play an important
role in the study of simpleness question of the area preserving group of S2. Recall
from [EnP03] that the corresponding fact was proved by Entov and Polterovich
for the group Ham(S2) of smooth Hamiltonian diffeomorphisms on S2.
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Conjecture 22.6.14. Let µpath : Pham(Sympeo(S2), id)→ R be the above ex-
tension of the homogeneous Calabi quasi-morphism given in (22.5.61). This pushes
down to a homogeneous quasi-morphism µ : Hameo(S2)→ R that satisfies

(22.6.72) µpath = µ ◦ ev1.
In particular, µpath(λ) depends only on the time-one map λ(1) of λ as long as λ
lies in Pham(Sympeo(S2), id). Furthermore it satisfies

(22.6.73) µ(φ) = CalD+(φ)

for any φ ∈ Hameo(S2) as long as λ(1) = φ for a topological Hamiltonian path λ
supported in Int(D+).

An immediate corollary of Conjecture 22.6.14 and of the Calabi property of
µpath would be the solution to the following conjecture

Conjecture 22.6.15. The Calabi homomorphism Cal : Ham(D2, ∂D2) → R
is extended to a homomorphism

Cal : Hameo(D2, ∂D2)→ R

that is continuous in Hamiltonian topology.

22.7. Wild area-preserving homeomorphisms on D2

In this section, we will describe an example of a compactly supported area
preserving homeomorphism in Sympeo(D2, ∂D2) that would not be contained in
Hameo(D2, ∂D2), if Conjecture 22.6.15 should hold. Then this would imply that
Hameo(D2, ∂D2) is a proper normal subgroup of Sympeo(D2, ∂D2), by Theorem
6.4.1. Combination the above chain of statements would give rise to non-simpleness
ofHomeoΩ(D2, ∂D2), via the following smoothing theorem from [Oh06b], [Sik07].

Theorem 22.7.1. We have

Sympeo(D2, ∂D2) = HomeoΩ(D2, ∂D2).

for the standard area form Ω on D2 regarding it also as the symplectic form ω = Ω.

This being said, we will focus on construction of an example of a wild area-
preserving homeomorphism on D2. For this description, we will need to consider
the conjugate action of rescaling maps of D2

Ra : D2(1)→ D2(a) ⊂ D2(1)

for 0 < a < 1 on Hameo(D2, ∂D2), where D2(a) is the disc of radius a with its
center at the origin. We note that Ra is a conformally symplectic map and so
its conjugate action maps a symplectic map to a symplectic map whenever it is
defined.

Furthermore the right composition by Ra defines a map

φ 7→ φ ◦Ra ; Hameo(D2, ∂D2)→ Hameo(D2(a), ∂D2(a)) ⊂ Hameo(D2, ∂D2)

and the composition by R−1a defines a map

Hameo(D2(a), ∂D2(a))→ Hameo(D2, ∂D2).

We have the following important formula for the behavior of Calabi invariants
under the Alexander isotopy.
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Lemma 22.7.2. Let λ be a given topological Hamiltonian path on D2 and λa be
the map defined by

λa(t, x) =

{
aλ(t, xa ) for |x| ≤ a(1− η)
x otherwise

for 0 < a ≤ 1. Then λa is also a topological Hamiltonian path on D2 and satisfies

(22.7.74) Cal
path

(λa) = a4
∣∣∣Calpath(λ)

∣∣∣ .

Proof. A straightforward calculation proves that λa is generated by the (unique)
topological Hamiltonian defined by

Dev(λa)(t, x) =

{
a2H

(
t, xa
)

for |x| ≤ a(1− η)
0 otherwise

where H = Dev(λ): Obviously the right hand side function is the hamiltonian-limit
of Dev(λi,a) for a sequence λi of smooth hamiltonian approximation of λ where λi,a
is defined by the same formula for λi.

From this, we derive the formula

Cal
path

(λa) =

∫ 1

0

∫

D2(a(1−η))
a2H

(
t,
x

a

)
Ω ∧ dt

= a4
∫ 1

0

∫

D2

H(t, y)Ω ∧ dt = a4
∣∣∣Calpath(λ)

∣∣∣

This proves (22.7.74). �

Here comes a construction of an example of wild area preserving homeomor-
phisms [Oh10].

Example 22.7.3. With the above preparations, we consider the set of dyadic
numbers 1

2k
for k = 0, · · · . Let (r, θ) be polar coordinates on D2. Then the standard

area form is given by
ω = r dr ∧ dθ.

Consider maps φk : D2 → D2 of the form given by

φk = φρk : (r, θ)→ (r, θ + ρk(r))

where ρk : (0, 1] → [0,∞) is a smooth function supported in (0, 1). It follows φρk
is an area preserving map generated by an autonomous Hamiltonian given by

Fφk
(r, θ) = −

∫ r

1

sρk(s) ds.

Therefore its Calabi invariant becomes

(22.7.75) Cal(φk) = −
∫

D2

(∫ r

1

sρk(s) ds

)
r dr dθ = π

∫ 1

0

r3ρk(r) dt.

We now choose ρk in the following way:

(1) ρk has support in 1
2k
< r < 1

2k−1

(2) For each k = 1, · · · , we have

(22.7.76) ρk(r) = 24ρk−1(2r)

for r ∈ ( 1
2k
, 1
2k−1 ).

(3) Cal(φ1) = 1.
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Since φk’s have disjoint supports by construction, we can freely compose without
concerning about the order of compositions. It follows that the infinite product

Π∞k=0φk

is well-defined and defines a continuous map that is smooth except at the origin
at which φρ is continuous but not differentiable: This infinite product can also be
written as the homeomorphism having its values given by φρ(0) = 0 and

φρ(r, θ) = (r, θ + ρ(r))

where the smooth function ρ : (0, 1]→ R is defined by

ρ(r) = ρk(r) for [ 1
2k
, 1
2k−1 ], k = 1, 2, · · · .

It is easy to check that φρ is smooth D2 \ {0} and is a continuous map, even at
0, which coincides with the above infinite product. Obviously the map φ−ρ is the
inverse of φρ which shows that it is a homeomorphism. Furthermore we have

φ∗ρ(r dr ∧ dθ) = r dr ∧ dθ on D2 \ {0}
which implies that φρ is indeed area preserving.

The following lemma will play an important role in our proof of Theorem 22.7.6.

Lemma 22.7.4. Let φk the diffeomorphisms given in Example 22.7.3. We have
the identity

R 1
2
◦ φ24k−1 ◦R−11

2

= φk.(22.7.77)

In particular, we have

(22.7.78) Cal(φk) = Cal(φk−1).

Proof. Using (22.7.76), we compute

R 1
2
◦ φk−1 ◦R−11

2

(r, θ) = (r, θ + ρk−1(2r)) =

(
r, θ +

1

24
ρk(r)

)

where the second identity follows from (22.7.76). Iterating this identity 24 times,
we obtain (22.7.77) from (22.7.76). The equality (22.7.78) follows from this and
(22.7.74). �

An immediate corollary of this lemma and (22.7.76) is the following

Corollary 22.7.5. We have

Cal(φk) = 1.

for all k = 1, · · ·
Now we are ready to give the proof of the following theorem.

Theorem 22.7.6. Validity of Conjecture 22.6.15 implies that φρ cannot be
contained in Hameo(D2, ∂D2).

Proof. Suppose to the contrary that φρ ∈ Hameo(D2, ∂D2), i.e., there exists
a path λ ∈ Pham(Sympeo(D2, ∂D2), id) with λ(1) = φρ.

Then its Calabi invariant has a finite value which we denote

(22.7.79) Cal(φρ) = Cal
path

(λ) = C1

for some C1 ∈ R.
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Writing φρ = ψN ψ̃N where

ψN = ΠNi=1φi

ψ̃N = Π∞i=N+1φi,

for N = 1, we derive

(22.7.80) C1 = Cal(ψ1) + Cal(ψ̃1)

from the homomorphism property of Cal. Here we note that ψN is smooth and so
obviously lies in Hameo(D2, ∂D2). Therefore it follows from the group property of

Hameo(D2, ∂D2) that ψ̃N lies in Hameo(D2, ∂D2) if φρ does so. We also derive

Cal(ψ1) = Cal(φ1) = 1

from Corollary 22.7.5, and hence

(22.7.81) Cal(ψ̃1) = C1 − 1.

On the other hand, applying (22.7.77) iteratively to the infinite product

ψ̃1 =
∞∏

i=2

φi,

we show that ψ̃1 satisfies the identity

(22.7.82) ψ̃1(r, θ) =

{
R 1

2
◦ φ24ρ ◦R−11

2

(r, θ) for 0 < r ≤ 1
2

(r, θ) for 1
2 ≤ r ≤ 1.

In particular, we have

(22.7.83) ψ̃1 = ev1((λ
24)1/2).

This property, Lemma 22.7.2 applied for a = 1/2 and the homomorphism property

of Cal
path

give rise to

Cal(ψ̃1) = Cal
path

((λ2
4

)1/2) =

(
1

2

)4

Cal
path

(λ2
4

)

=

(
1

2

)4

24Cal
path

(λ) = Cal
path

(λ) = C1(22.7.84)

It is manifest that (22.7.81) and (22.7.84) contradict to each other. This finishes
the proof.

�





APPENDIX A

Three-interval method of exponential estimates

The main purpose of this appendix is to give a proof of Lemma 9.5.29. This is
the prototype of the general exponential behavior that appears often in geometric
PDE problems of the minimal surface type. An elegant approach to obtain such an
estimate was used by Mundet i Riera and Tian [MT] for the pseudoholomorphic
maps, which is called the three-interval method. We partially follow the exposition
given in [OhZ11] in a different context. The same kind of argument can be applied
to many other contexts that appear in other geometric problems. Here we reproduce
their argument in the current context where the diameter of pseudoholomorphic
maps on a long cylinder is small.

A.1. Exponential estimates with small diameter

We first re-state Lemma 9.5.29 here.

Lemma A.1.1. There exists L0 > 0 and ǫ1 > 0 such that for any L ≥ L0 if
u : [−L− 1, L+ 1]× S1 → (M,J) is J-holomorphic and diam(u) ≤ ǫ1, then

∣∣∣∣
∂u

∂τ
(τ, t)

∣∣∣∣+
∣∣∣∣
∂u

∂t
(τ, t)

∣∣∣∣ ≤ Ce−λ dist(τ,∂[−L−1,L+1])

for τ ∈ [−L,L]× S1, where λ > 0, C > 0 is independent of L ≥ L0.

Let ιg > 0 be the injectivity radius of the given compatible metric g on M . Let
ǫ > 0 and assume that u([−L− 1, L + 1]× S1) ⊂ Bp(ǫ) at some point p ∈ M and
consider the equation

∂u

∂τ
+ J

∂u

∂t
= 0.

If we identify the neighborhood Bp (2ǫ) with the ball of radius 2ǫ centered at the
origin in (TpM,Jp) by the exponential map, we may assume that Bp(2ǫ) is a subset
of the linear space TpM . We identify (TpM,Jp) with Cn equipped with the standard
metric on Cn. The J-holomorphic map u in M will be transformed into a exp∗p J-
holomorphic map, which we again denote by J = J(x) for x ∈ Cn ∼= TpM .

In this setting the observation made in [MT] is that an exponential estimate
can be reduced to a local L2 estimate

(A.1.1) ‖du‖L2(ZII )
≤ 1

2

(
‖du‖L2(ZI )

+ ‖du‖L2(ZIII )

)

on 3 sequential cylinders ZI , ZII , ZIII ⊂ [−L− 1, L+ 1]× S1 of unit length, namely
the cylinders

[i− 1, i]× S1, [i, i+ 1]× S1, [i+ 1, i+ 2]× S1

for some integer i.
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To get the best σ in the exponential decay (we need σ to be very close to 2π),
we recall in [MT] they defined the constant

γ (c) =
1

ec + e−c
.

The importance of γ (c) lies in the identity

(A.1.2)

∫ 1

0

ecτdτ = γ (c)

[∫ 0

−1
ecτdτ +

∫ 2

1

ecτdτ

]

which will appear in the L2-energy of du on 3 sequential unit length cylinders later.
Notice that when c > 0, γ (c) is a strictly decreasing function of c.

We recall the elementary

Lemma A.1.2 ([MT] Lemma 9.4). For nonnegative numbers xk (k = 0, 1, · · ·N),
if

xk ≤ γ (xk−1 + xk+1)

holds for some fixed constant γ ∈ (0, 1/2) for all 1 ≤ k ≤ N − 1, then

xk ≤ x0ξ−k + xNξ
−(N−k),

for all 1 ≤ k ≤ N − 1, where ξ =
1+
√

1−4γ2

2γ .

Remark A.1.3. If γ = γ (c) = (ec + e−c)
−1

, then we can check ξ = ec and the
above inequality becomes the exponential decay estimate

(A.1.3) xk ≤ x0e−ck + xNe
−c(N−k).

for 1 ≤ k ≤ N − 1.

Proposition A.1.4. For any 0 < υ < 1, there exists L0 > 0, and ǫ1 = ǫ1 (υ) >
0 depending on υ but independent of L ≥ L0, such that for all 0 < ǫ < ǫ1 and p ∈M ,
on any 3 sequential cylinders ZI , ZII and ZIII in [−L,L]× S1 we have

(A.1.4) ‖du‖L2(ZII )
≤ γ (4πυ) ·

(
‖du‖L2(ZI )

+ ‖du‖L2(ZIII )

)

on any 3 sequential cylinders in [−L,L]× S1

Proof. We prove (A.1.4) by contradiction. Suppose that there exists some
sequences Lj →∞ and uj with diamuj([−Lj, Lj ]×S1)→ 0 but (A.1.4) is violated

on 3 sequential cylinders ZjI , Z
j
II and ZjIII in [−Lj , Lj]× S1:

‖duj‖L2(Zj
II)

> γ (4πυ)
(
‖duj‖L2(Zj

I )
+ ‖duj‖L2(Zj

III)

)
.

On ZjI ∪ ZjII ∪ ZjIII consider the rescaled sequence

ûj = uj/ ‖uj‖L∞(Zj
I∪Z

j
II∪Z

j
III)

,

where the denominator ‖u‖L∞(Zj
I∪Z

j
II∪Z

j
III)

is never 0, otherwise uj ≡ 0 on ZjI ∪
ZjII ∪ ZjIII , contradicting to the assumption uj being nonconstant. Then

|ûj |L∞(Zj
I∪Z

j
II∪Z

j
III)

= 1,

‖dû‖L2(Zj
II)

> γ (4πυ) ·
(
‖dûj‖L2(Zj

I)
+ ‖dûj‖L2(Zj

III)

)
,

(
∂

∂τ
+ J(uj)

∂

∂t

)
ûj = 0.
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After possibly shifting ZjI ∪ Z
j
II ∪ Z

j
III , and recalling diamuj → 0 we may

choose a subsequence, still denote by uj , such that

(1) the rescaled map ûj(τ, t) converges to û∞(τ, t), and
(2) the original map uj(τ, t) converges to a point p∞ for some point p∞ ∈M

on [0, 3]× S1.
Next the following C1-convergence will be needed to C1-behavior of J(uj(τ, t))

as j →∞.

Lemma A.1.5. After a choosing a subsequence if necessary, we have

lim
j→∞

‖du‖C0;K = 0

for any given compact subset K ⊂ R × S1. In particular, J(uj) → J0 in compact
C1-topology on R× S1.

Proof. Let K ⊂ R×S1 be a given compact subset. Since Lj →∞, eventually
K ⊂ [−Lj, Lj ] × S1. Now suppose to the contrary that there exists some ǫ > 0
and (τj , tj) ∈ K such that |duj(τj , tj)| > ǫ for all j, after extracting a subsequence
if needed. Considering the translated and rotated maps ũj defined by ũj(τ, t) =
uj(τ − τj, t− tj) whose domain contains [−Lj+ τj, Lj+ τj ]×S1 and |dũj(0, 0)| > ǫ,
the standard bubbling argument either creates a non-constant bubble or produces a
subsequence such that ũj → u∞ in compact C1-topology where u∞ : R× S1 →M
is a J0-holomorphic map satisfying

|du∞(0, 0)| ≥ ǫ
and so is not constant, which gives rise to a contradiction since im ũj = imuj ⊂
Bpj (2ǫj) and so diam(imu∞) = 0. This finishes the proof of the lemma. �

In particular, this lemma implies that J(uj(τ, t)) → J0 in C1-topology on a
fixed [0, 3]× S1 (= ZI ∪ ZII ∪ ZIII).

Therefore it follows from the above discussions that the limit map û∞ satisfies

|û∞|L∞(ZI∪ZII∪ZIII )
= 1,

‖dû∞‖L2(ZII )
≥ γ (4πυ) ·

(
‖dû∞‖L2(ZI)

+ ‖dû∞‖L2(ZIII )

)
,

(
∂

∂τ
+ J0

∂

∂t

)
û∞ = 0.

Then û∞ is a nonzero holomorphic map to Cn by the first and third identity. We
write û∞ (τ, t) in Fourier series

û∞ (τ, t) = Σ∞k=−∞ake
2πkτe2πkit with ‖û∞‖L2(ZI∪ZII∪ZIII )

≤ 3,

where the ak’s are constant vectors in Cn. We can explicitly compute

(A.1.5) ‖dû∞‖2L2([a,b]×S1) = Σ∞k=−∞4π2k2 |ak|2 ·
∫ b

a

e4πτdτ.

Multiplying (A.1.2) by e4πk and letting c = 4π there, we have

(A.1.6)

∫ k+1

k

e4πτdτ = γ (4π)

[∫ k

k−1
e4πτdτ +

∫ k+2

k+1

e4πτdτ

]
.
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By (A.1.5) , (A.1.6) we see

‖dû∞‖L2(ZII )
= γ (4π) ·

(
‖dû∞‖L2(ZI )

+ ‖dû∞‖L2(ZIII )

)
.

This contradicts with

‖dû∞‖L2(ZII)
≥ γ (4πυ) ·

(
‖dû∞‖L2(ZI )

+ ‖dû∞‖L2(ZIII )

)

since γ (4π) < γ (4πυ).
�

Combining the above Lemma and (A.1.3) we have

Corollary A.1.6. For any 0 < υ < 1, there exists L0 > 0, and ǫ0 = ǫ0 (υ)
depending on υ but independent of L ≥ L0, such that for all 0 < ǫ ≤ ǫ1 and
[τ, τ + 1] ⊂ [−L,L], we have

∫

[τ,τ+1]×S1

|du|2 ≤ e−4πυ(L−|τ |)
[∫

[−L−1,−L]×S1

|du|2 +
∫

[L,L+1]×S1

|du|2
]
,

and for [τ, τ + 1] ⊂ [−L,L].
From these results and standard elliptic estimate on the cylinder

[
τ − 1

2 , τ +
1
2

]
×

S1, we obtain the following pointwise exponential decay estimate of u.

Corollary A.1.7. For any 0 < υ < 1, there exists L0 > 0, and ǫ1 = ǫ0 (υ) > 0
depending on υ but independent of L ≥ L0, such that for all 0 < ǫ ≤ ǫ1 and
τ ∈ [−L,L], we have

|du| ≤ Ce−2πυ(L−|τ |)
(
‖du‖L2([−L−1,−L]×S1) + ‖du‖L2([L,L+1]×S1)

)
.

The υ can be made arbitrarily close to 1.

Remark A.1.8. The same scheme can be applied to the semi-strip [0,∞)×[0, 1]
for the Floer equation {

∂u
∂τ + J ∂u∂t = 0

u(τ, 0) ∈ L0, u(τ, 1) ∈ L1

with its asymptotic limit being limτ→∞ u(τ, ·) = p ∈ L0 ∩ L1 for a transversal
intersection point; in this case the limiting equation will be{

∂û∞

∂τ + J(p)∂û∞

∂t = 0

û∞(τ, 0) ∈ TpL0, û∞(τ, 1) ∈ TpL1.

This will provide another proof of exponential decay result proven in section 14.1
which involves less computations.

Exercise A.1.9. Complete the details of the above mentioned proof.



APPENDIX B

Maslov index, Conley-Zehnder index and Index

formula

The main purpose of the present appendix is to give the details of hte proof of
index formulae appearing in Proposition 15.3.1 and 20.2.13. For this purpose, the
Conley-Zehnder index for the symplectic path and the Maslov index for the pair
of Lagrangian paths, especially their generalized version introduced by Robbin-
Salamon [RS93a]. Following [RS93a, RS93b], we first summarize the basic prop-
erties of this generalized Maslov index of Lagrangian paths, and then prove the
index formula appearing in Proposition 20.2.13.

B.1. Maslov index for the Lagrangian paths

In this section, we summarize basic properties of the Maslov index associated
to each pair (Λ,Λ′) of the Lagrangian paths by verbatim following Robbin and
Salmon’s given in section 5 [RS93b] except minor notational differences. This in
turn follows their detailed exposition on the Maslov index provided in [RS93a].

Let (S,Ω) be a symplectic vector space and denote by L(S) be the set of
Lagrangian subspaces of (S,Ω). The Maslov index as defined in [RS93a] assigns to
every pair of Lagrangian paths Λ, Λ′ : [a, b] → L(S) a half integer µ(Λ,Λ′). They
are characterized by the following axioms:

(1) (Naturality) µ(ΨΛ,ΨΛ′) = µ(Λ,Λ′) for any symplectomorphism Ψ : (S,Ω)→
(S′,Ω′).

(2) (Homotopy) The Maslov index is invariant under fixed endpoint homo-
topies.

(3) (Zero) If Λ(t) ∩ Λ′(t) is of constant dimension, then µ(Λ,Λ′) = 0.
(4) (Direct sum) If S = S1 ⊕ S2, then

µ(Λ1 ⊕ Λ2,Λ
′
1 ⊕ Λ′2) = µ(Λ1,Λ

′
1) + µ(Λ2,Λ

′
2).

(5) (Catenation) For a < c < b,

µ(Λ,Λ′) = µ(Λ|[a,c],Λ′|[a,c]) + µ(Λ|[c,b],Λ′|[c,b]).
(6) (Localization) If (S,Ω) = (R2n, ω0), Λ

′(t) ≡ Rn × 0 and Λ(t) = Gr(A(t))
for a path A : [a, b]→ Rn×n of symmetric matrices, then the Maslov index
is given by

µ(Λ,Λ′) =
1

2
signA(b)− 1

2
signA(a).

Another important useful property is the following relationship with the Conley-
Zehnder index given in Theorem 18.4.2. To explain, we also consider the product
symplectic vector space

(S × S, (−Ω)⊕ Ω)

617
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and regard Gr(Ψ) and V × V as Lagrangian subspaces thereof.

Theorem B.1.1. Let Ψ : [a, b] → Sp(2n) be a symplectic path and let V =
0× Rn. Then the following holds:

(1) Consider the pair (Ψ · V, V ) where ΨV is the Lagrangian path given by
t 7→ Ψ(t)V . Then

µ(ΨV, V ) = µ(Gr(Ψ), V × V ).

(2) Suppose Ψ is as in Theorem 18.4.2, i.e., satisfies Ψ(a) = 1 and Ψ(b)V ∩
V = 0, then µ(ΨV, V ) + n/2 ∈ Z.

The following generalization of the Conley-Zehnder index appearing in Theorem
18.4.2 was given by Robbin-Salamon [RS93a].

Definition B.1.2. Let Ψ : [a, b]→ Sp(2n) be a symplectic path. The Conley-
Zehnder index of Ψ is defined by

µCZ(Ψ) = µ(Gr(Ψ),∆) ∈ Z+
1

2
.

It is shown in [RS93a] that the half integer µCZ(Ψ) becomes an integer when
Ψ satisfies Ψ(a) = 1 and Ψ(b)V ∩ V = 0 and coincides that of Theorem 18.4.2.

B.2. Reduction of the proof to the Lagrangian case

We now recall the set-up of section 20.2.2.
Let (Σ, j) be a Riemann surface of genus 0 with 3 marked points. Denote

the neighborhoods of the three by Di, i = 1, 2, 3. We assume that the associated
punctures for i = 1, 2 are positive with analytic coordinates by

ϕ+
i : Di \ {zi} → (−∞, 0]× S1 for i = 1, 2

and the puncture for i = 0 is negative with analytic coordinate by

ϕ−3 : D3 → [0,∞)× S1.

Denote by (τ, t) the standard cylindrical coordinates on the cylinder

[0,∞)× S1 = [0,∞)× R/Z

and fix a cut-off function ρ+ : (−∞, 0]→ [0, 1] and ρ− : [0,∞)→ [0, 1] by ρ−(τ) =
ρ+(−τ) as before.

Let [zi, wi] be a critical point of AHi for i = 1, 2. We denote ẑi = [zi, wi] and

ẑ = (ẑ1, ẑ2, ẑ3). Let u ∈M(H, J̃ ; ẑ) be an element whereM(H, J̃ ; ẑ) is the moduli
space given in section 20.2.2 associated to the triple. We re-state Proposition 20.2.13
here.

Proposition B.2.1. The (virtual) dimension ofM(H, J̃ ; ẑ) is given by

dimM(H, J̃ ; ẑ) = 2n− (−µH1(ẑ1) + n)− (−µH2(ẑ2) + n)− (µH3(ẑ3) + n)

= −n+ (µH1(ẑ1) + µH2(ẑ2)− µH3(ẑ3)).

It will be enough to compute the Fredholm index of the linearization operator

at u ∈ M(H, J̃ ; ẑ). The formula can then be obtained by the gluing formula (or
excision formula) after capping u by wi’s.

We will then prove that each cap has the index given by −µ∗(z) + n when z is
an incoming asymptotic limit in the cap. Note that the glued linearized operator
is of the type a perturbed Cauchy-Riemann operator acting on the set of sections
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of the trivial bundle E = Σ× R2n on the closed Riemann surface of genus 0. The

triviality follows from the homotopy condition [u]
∐3
i=1[wi] = 0 The glued operator

can be smoothly homotoped via a family of Fredholm operators to the standard
Dolbeault operator acting on the space of sections of the trivial bundle. Since the
trivial bundle has its first Chern number c1(E) zero, we derive that the Fredholm
index of the latter operator becomes 2n by the index formula (10.4.13).

By the gluing formula for the Fredholm index, we have

IndexDu∂(H,Ĵ) +

3∑

i=1

IndexDwi∂(Hi,Ji) = 2n.

and hence

(B.2.1) IndexDu∂(H,Ĵ) = 2n−
3∑

i=1

IndexDwi∂(Hi,Ji).

It remains to compute IndexDwi∂(Hi,Ji).
Now we associate a canonical Cauchy-Riemann type operator to each cap acting

on the space
W 1,p(C+;R2n)

where C+ is the surface

C+ = (−∞, 0]× S1 ∪ S2
+/ ∼ .

Here S2
+ is the right-half sphere and ∼ is the identification of (0, t) ∈ (−∞, 0]× S1

with (r, θ) = (1, t) ∈ S2
+ where (r, θ) is the polar coordinates of S2

+
∼= D2.

With respect to the cylindrical coordinates (τ, t) on (−∞, 0]× S1 the operator
Dwi∂(Hi,Ji) is of the type

∂J,T =
∂

∂τ
+ J

∂

∂t
+ T

where T (τ, ·) ≡ T (−∞, ·) and J(τ, ·) ≡ J(−∞, ·) for all τ ≤ −R for some R > 0.
By deforming the operators on (−∞, 0] × S1 without changing the Fredholm

index, we may further assume that for sufficiently large R > 0

J(τ, ·) =
{
J(∞, ·) for τ ≥ R+ 1

i for τ ≤ R
and

T (τ, ·) =
{
T (∞, ·) for τ ≥ R+ 1

0 for τ ≤ R.
Then the operator canonically extends to the region S2

+ as an operator acting on
W 1,p(C+;R2n).

Theorem B.2.2. Let T and J be as above and Ψ be the solution of the equation

(B.2.2)

{
∂Ψ
∂t − J(∞, t)T (∞, t)Ψ = 0

Ψ(0) = id

on C+. Then

Index ∂J,T = −µCZ(Ψ) + n

where Ψ is the fundamental solution of (B.3.4) and µ(Ψ) is the Robbin-Salamon’s
generalized Conley-Zehnder index of the symplectic path t 7→ Ψ(t) ∈ Sp(2n).
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B.3. Index formula for the Lagrangian case

In this section, we identity R2n with Cn and Rn ⊕ (Rn)∗ and often identify
Rn ⊂ Cn with Rn × 0 ⊂ Rn ⊕ (Rn)∗.

We will derive the index of the operator given in Theorem B.3.1 from that of
its Lagrangianization

∂J,T =
∂

∂τ
+ J

∂

∂t
+ T

acting on

W 1,p
∆ =W 1,p

Rn (Θ;R2n × R2n) := {ζ ∈ W 1,p(Θ,R4n) | ζ(θ) ∈ ∆ for all θ ∈ ∂Θ}
where Θ = (−∞, 0]× [0, 1]#D2

+ is the ‘unfolded’ C+ along the line {t = 0}#{θ =
0} ⊂ C+. We note that Θ is conformally equivalent to (−∞, 0]× [0, 1] (relative to
the boundary). Due to the computational convenience, we will work on the latter
and just denote Θ = (−∞, 0]× [0, 1] henceforth.

We compute the index of this Fredholm operator in terms of the Robbin-
Salamon’s generalized Maslov index of the Lagrangian path [RS93a]. (We refer
readers to [Schw00] for a direct proof without going through the Lagrangianiza-
tion.)

For this purpose, we recall the definition µCZ(Ψ) = µ(Gr(Ψ),∆) with respect
to the symplectic vector space (S × S, (−Ω)⊕ Ω).

By a linear symplectic change of coordinates, we can symplectically transform
the pair

(Gr(Ψ),∆), (S × S, (−Ω)⊕ Ω)

to a pair

(Gr(Ψ̃), S × 0), (S × S∗, ω0)

where Ψ̃ : S → S∗ is the linear map associated to the Gr(Ψ) as a section of
T ∗S ∼= S × S∗. Then it follows

(B.3.3) µ(Gr(Ψ),∆; (−Ω)⊕ Ω) = µ(Gr(Ψ̃), S × 0;ω0) = µ(Ψ̃(S × 0), S × 0).

Therefore this index can be derived from the following general theorem with the
replacement of n to 2n.

Theorem B.3.1. Let T and J be as above and Ψ∞ be the solution of the
equation

(B.3.4)

{
∂Ψ
∂t − J(∞, t)T (∞, t)Ψ = 0

Ψ(0) = id

on (−∞, 0]× [0, 1]. Then

(B.3.5) Index ∂J,T = −µ(ΨRn,Rn) +
n

2

where ΨRn is Lagrangian path given by t 7→ Ψ(t)(Rn × 0) ⊂ Cn.

The remaining section will be occupied by the proof of Theorem B.3.1 which
closely follows that of Appendix [Oh99]. As therein, we will instead consider the
index problem on the semi-strip [0,∞)× [0, 1] instead of (−∞, 0]× [0, 1] and prove

(B.3.6) Index ∂J,T = µ(ΨRn,Rn) +
n

2
.
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Then (B.3.5) will immediately follow from this by the biholomorphism

(τ, t) ∈ (−τ, 1− t)
which reverses the direction of the path Ψ. We denote Θ = [0,∞)× [0, 1] from now
on.

We now transform the above operator ∂J,T = ∂
∂τ + J ∂

∂t + T acted upon

W 1,p
Rn (Θ;R2n) to another operator defined on the space

W 1,p

Λ̃
= {ζ ∈W 1,p(Θ,R2n) | ζ(θ) ∈ Λ̃(θ) }

where Λ̃ : ∂Θ→ Λ̃(n) is the path defined as

Λ̃(θ) =





Rn if θ ∈ ∂0Θ
Rn if θ = (τ, 0) for τ ≤ R+ 1

Λ̃1(θ) if θ = (τ, 1) for R+ 1 ≤ τ ≤ R+ 2

Ψ(1) · Rn if θ = (τ, 1) for τ ≥ R+ 2.

Here ∂0Θ is the portion of the boundary of the compact part Θ0 in ∂Θ as pictured

in Figure A.1 and Λ̃1 : [R + 1, R+ 2]→ Λ̃(n) is a path defined by

Λ̃1(τ, 1) := Ψ(ρ(τ −R− 1)) · Rn for τ ≥ R − 1

and by extending this definition to the whole Θ by setting

Λ̃(θ) ≡ Rn for τ ≤ R − 1.

Here the function ρ : R→ [0, 1] is the cut-off function we used before.
Note that since we assume that T ≡ 0 on τ ≤ R, the map Ψ : [R,∞)× [0, 1]→

Sp(2n) defined by

Ψ(τ, t) := Ψ(ρ(τ −R− 1)t) for τ ≥ R
can be smoothly extended to the whole Θ by setting Ψ ≡ id for τ ≤ R. Therefore
we can now define the push-forward operator

Ψ∗(∂J,T ) = Ψ ◦ ∂J,T ◦Ψ−1 : W 1,p

Λ̃
→ Lp.

Then this push-forward will have the form

∂J̃,T̃ ,Λ̃ =
∂

∂τ
+ J̃

∂

∂t
+ T̃ : W 1,p

Λ̃
→ Lp.

such that

T̃ ≡ 0 if τ ≥ R+ 1 or τ ≤ R
J̃ ≡ i if τ ≤ R.

It is obvious that the two operators ∂J,T and ∂J̃ ,T̃ ,Λ̃ will have the same Fredholm

indices and so it is enough to compute the index of ∂J̃,T̃ ,Λ̃. We recall that we

imposed the transversality Ψ(1) · Rn ⋔ Rn and so

Λ̃1(θ) ⋔ Rn for θ = (τ, 1), τ ≥ R+ 2

If we denote

∞+ = lim
τ→∞

(τ, 1) and ∞− = lim
τ→∞

(τ, 0)
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the map Λ̃ : ∂Θ→ Λ̃(n) satisfies

Λ̃(∞−) = Λ̃(τ, R+ 1) = Rn

Λ̃(∞+) = Ψ(1) · Rn = Λ̃1(R + 1)

Λ̃(τ, 1) = Ψ(ρ(τ −R− 1)) · Rn for R + 1 ≤ τ.
By construction, the two paths t 7→ Ψ(t) · Rn and τ 7→ Λ̃1 are homotopic with the
same fixed end points and so have the same Maslov indices, i.e.,

(B.3.7) µ(Λ̃1,Rn) = µ(Ψ · Rn,Rn).
Using the stratum-homotopy invariance of the Maslov index, Theorem 2.4 [RS1],
we can deform the operator ∂J̃,T̃ ,Λ̃ without changing the Fredholm property and

without changing the Maslov indices of Λ̃ into

∂i,0,Λ =
∂

∂τ
+ i

∂

∂t
= ∂ : W 1,p

Λ → Lp

where Λ : ∂Θ0,1 → Λ(n) is defined as

Λ(θ) =





Rn if θ = (τ, 0)

D(t) · Rn if θ = (t, 0)

i · Rn if θ = (τ, 1)

with

D(t) =




e−(ℓ+
1
2 )πit 0 0 · · · 0

0 e−
1
2πit 0 · · · 0

0 0 . · · · 0
...

... · · ·
...

...

0 0 0 · · · e−
1
2πit




for some integer ℓ. Here we identify Θ0,1 with the semi-strip as drawn below.

B.4. Explicit calculation in one dimension

Noting that both the operator ∂ and the boundary condition Λ are separable,
we have reduced the computation of the index into the one-dimensional problem
below. Recall that both Fredholm index of ∂i,0,Λ and the Maslov index of Λ are
additive under the direct sum.

We now study the following equation in one-dimension

(B.4.8)





∂ζ = 0

ζ(τ, 0) ∈ R, ζ(τ, 1) ∈ iR
ζ(0, t) ∈ e−(ℓ+ 1

2 )πitR

Proposition B.4.1. We denote by ∂i,0,ℓ the Cauchy-Riemann opertor associ-
ated to this boundary value problem. Then

(B.4.9) Index ∂i,0,ℓ = dim ker∂i,0,ℓ − dim coker∂i,0,ℓ = ℓ+ 1

Proof. Note that any ζ satisfying

∂ζ = 0, ζ(τ, 0) ∈ R, ζ(τ, 1) ∈ iR,
∫
|Dζ|2 <∞
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must have the form

ζ(z) =

∞∑

k=1

ake
−(k− 1

2 )πz, ak ∈ R and z ∈ Θ.

This becomes

ζ(0, t) =

∞∑

k=1

ake
−(k− 1

2 )πit

on {0} × [0, 1]. Since the third equation of (B.4.8) implies

e(ℓ+
1
2 )πitζ(0, t) ∈ R,

we have ∞∑

k=1

ake
−(k−ℓ−1)πit ∈ R.

Equivalently, we have

(B.4.10)
∞∑

k=−ℓ
ak+ℓ+1e

−kπit ∈ R.

We consider two cases where ℓ ≥ 0 and ℓ ≤ −1 separately. First, let us assume that
ℓ ≥ 0. Then from , we derive

ak+ℓ+1 = 0 if k ≥ ℓ+ 2

aℓ+1 arbitrary

ak+ℓ+1 = a−k+ℓ+1 if − ℓ ≤ k ≤ −1
i.e.,

ak = 0 if k ≥ ℓ+ 2

aℓ+1 arbitrary

ak = a−k+2(ℓ+1) if 1 ≤ k ≤ ℓ.
On the other hand if ℓ ≤ −1, it immediately follows from (B.4.10) that (B.4.8) has
no non-trivial solution.

We denote by ker the set of solutions (B.4.8) and coker (B.4.8) the set of solu-
tions of its adjoint problem. Then

(B.4.11) dimker (B.4.8) =

{
ℓ+ 1 if ℓ ≥ 0

0 if ℓ ≤ −1
Now let us study the L2-adjoint problem of (B.4.8);

(B.4.12)





∂η = 0,

η(τ, 0) ∈ R, η(τ, 1) ∈ iR
iη(0, t) ∈ e−(ℓ+ 1

2 )πit · R
and denote by coker (B.4.8) the solution space of (B.4.12). This equation can be
derived by taking the L2-inner product (B.4.8) with η and then by integrating
by parts. It follows from the equation ∂η = 0, η(τ, 0) ∈ R, η(τ, 1) ∈ iR and∫
|Dη|2 <∞ that η must have the form

η(z) =

∞∑

j=1

bje
−(j− 1

2 )πz, bj ∈ R.
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By substituting z = (0, t) into this, we get

η(0, t) =

∞∑

j=1

bje
(j− 1

2 )πit, bj ∈ R.

Condition the third equation of (B.4.12) is equivalent to

ie(ℓ+
1
2 )πitη(0, t) ∈ R i.e.,

∞∑

j=1

ibje
(j+ℓ)πit ∈ R

and hence we have derived

(B.4.13)

∞∑

j=ℓ+1

ibj−ℓe
jπit ∈ R.

From this, we immediately conclude that if ℓ ≥ 0, then (B.4.12) has no non-trivial
solution. When ℓ ≤ −1, we derive from (B.4.13)

bj−ℓ = 0 if j ≥ −ℓ
b−ℓ = 0

bj−ℓ = −b−j−ℓ if 1 ≤ j ≤ −ℓ− 1.

From this, we conclude that

(B.4.14) dim coker (B.4.8) =

{
0 if ℓ ≥ 0

−ℓ− 1 if ℓ ≤ −1
Combining (B.4.8) and (B.4.14), we have proven

(B.4.15) Index (B.4.8) = dimker (B.4.12)− dimker (B.4.12) = ℓ+ 1

for all ℓ. This finishes the proof. �

By applying (B.4.15) for ℓ = 0 and adding the contributions from other com-
ponents of D(t), we get

(B.4.16) Index ∂i,0,Λ = ℓ+ 1 + (n− 1) = ℓ+ n

We now compute the Maslov index µ(D(t) · Rn,Rn) of the path

t 7→ D(t) · Rn.
By the additivity of the Maslov index under the direct sum operation, we have

(B.4.17) µ(D(t) · Rn,Rn) = µ(e−i(ℓ+
1
2 )πt · R,R) + (n− 1)µ(e−

π
2 it · R,R).

However, it is easy to check from the definition of the Maslov index from [RS93a],
we have

µ(e−i(ℓ+
1
2 )πt · R,R) = ℓ+

1

2
.

By applying this to ℓ = 0 for the second term in (B.4.17) as well, we conclude that

µ(D · Rn,Rn) = ℓ+
n

2
.

However from (B.3.7) and from the way how we deform the operators afterwards,
we have

µ(Ψ · Rn,Rn) = µ(D · Rn,Rn)
which finally finishes the proof of (B.3.6) and hence that of Theorem B.3.1. This
in turn finishes the proof of Proposition 20.2.13.
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One can apply the same argument to find the dimension formula for general

MΘg,k
( ~H, J : ~z−, ~z+), which is the space of solutions of the perturbed Cauchy-

Riemann equation for arbitrary (g, k). We state the following theorem without
proof. (We refer to [Schw00] and others for its proof.)

Theorem B.4.2. Let Θg,k be a surface of genus g with k punctures. Then

vir. dimMΘg,k
( ~H, J : ~z−, ~z+) = n(1−g)−

k−∑

j=1

(−µCZ(z−j )+n
2 )−

∑k+
j=1(µCZ(z

+
j )+

n
2 )

where k = k−+k+, and k− and k+ are the number of outgoing and incoming edges
respectively.
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Poincaré Anal. Non Linéire 18 (2001), 573–612.
[RS06] Robbin, J., Salamon, D. A construction of the Deligne-Mumford orbifold, J. Eur.

Math. Soc. (JEMS) 8 (2006), no. 4, 611–699; A Corringendum, ibid. 9 (2007), no. 4,
901–205.

[Ru96] Ruan, Y., Topological sigma model and Donaldson-type invariants in Gromov theory,
Duke Math. J. 83 (1996), 461–500.

[Ru99] Ruan, Y., Virtual neighborhoods and pseudo-holomorphic curves, Proceedings of 6th
Gokova Geometry-Topology Conference. Turkish J. Math. 23 (1999), 161–231.

[RT95a] Ruan, Y., Tian, G., A mathematical theory of quantum cohomology, J. Differ. Geom.
42 (1995), 259–367.

[RT95b] Ruan, Y., Tian, G., Bott-type symplectic Floer cohomology and its multiplication
structures, Math. Res. Lett. 2 (1995), 203–219.

[Rud73] Rudin, W., Functional Analysis, McGraw-Hill Book Co., New York-Düseldorf-
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