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Part 1. Riemannian Geometry
1. PARALLELISM AND EHRESMAN CONNECTION

For a given vector bundle 7 : E — M, we have natural exact sequence
0—kerder - T, F defr TreyM — 0.

The kernel kerdr C TE forms a subbunle of rank k& = rank £ which defines an
integrable distribution on the manifold E. Its integral submanifolds are nothing
but the fibers 7=!(z), x € M. We denote VT.E = ker d.m and call it as the vertical
tangent space of E at e, and the union

VTE = U VT.E =: V.E

eckE

the vertical subbundle. There is no canonical notion of horizontal subspaces.

Definition 1.1. An Ehresmann connection is an assignment of subspaces H, C
T.E complementary to V. E in T, E at each e € E such that
(1) HE := UeepH, is a subbundle of TE such that T,F = H.E ¢ V. E,
(2) Forany e € F and A € R, Hy, = dmy(H,) where my : E — E is the scalar
multiplication by A.

Statement (2) in particular implies Hy, = Ty, 0p for the zero section 0p = M
and 0, € O is the point corresponding to x € M.

Postponing the discussion on the existence of Ehresmann connection till later,
we proceed. Denote an Ehresmann connection of E as a splitting

I''TE=HE®VE

for HE C TFE the aforementioned subbundle.
We now recall the definition of the pull-back bundle f*FE for a smooth map
f:N— M:
fTE :={(n,e) e N x E| f(n) =n(e)}.
Denote by [n, €] the element of f*E represented by (n,e) € N x E. Then we can
express
T[n,e](f*E) = {(1},5) €T,N XT.FE | df(’U) = dﬂ-(&)}

Definition 1.2 (Pull-back connection). Let m : E — M be a vector bundle and
f N — M be a smooth map. The pull-back connection f*I" is given by the choice
of a horizontal subbunle of T'(f*FE) given by

Hpp o (f*E) = {(v,§) € T,N x T.E | df (v) = dn(§), § € Hp(n)E} = Hy(n) E.
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Let m: E — M be a the vector bundle of rank k. Consider the pull-back bundle
v*E — I =0, 1] for the given path v: I — M.

Let me start with more abstract terms. The parallel transport has the following
interpretation. Let FF = v*E — [0,1] = B be the above pull-back bundle and
TF = H @V its splitting induced by the pull-back connection. Note that H is a
one-dimensional distribution on F' and that the projection dm : H — T'B induces
an isomorphism that TB = T[0, 1] carries a canonical global frame {%}. Therefore
this lifts to a smooth (autonomous) vector field X on F' = v*E (regarded as a
manifold) given by

1[0
X(@) = (de7T|H) ! <8t)
on F. By definition
0
dem(X(e)) = %‘t

Therefore we can use t itself as the time for the ODE é = X(e) on F.
We consider the integral curve 7 of X issued at e € v*F, i.e., satisfying the ODE

T~ XG0, 70) =

This exists by the existence theorem of the first-order ODE on whole [0,1] and is
smooth by the smooth dependence of the solution of ODE on its initial data.

By denoting the solution by J., we have 7. (t) € v*E|; and interpret is as a curve
in F noting that

VEle = Eyq

Definition 1.3. The parallel transport IL, : E, ) — E,(1) is defined by
IL, (€) = 7. (1).

Proposition 1.4. The map 1L, : E 0y — E,q)) s a linear map.

Proof. We start with proving IL,(Ae) = AIl,(e). Let 7. is the horizontal lift of ~
with 7.(0) = e. We consider the curve ¢ : [0,1] — E defined by £(t) = Me(t).
Clearly £(t) = \e and D=, € Hj,_ 1) since 7, is the horizontal lift of v. We compute
) d ~ dry/e
0t) = %(A%)‘t = dmy (

dt
the derivative
dt t) e HA% (t)

by the defining property of the horizontal subspace in the definition of Ehresmann
connection.
It is also a lift of . Therefore by the uniqueness of the lift, we must have

AYe (t) = Ve (t)

for all ¢ € [0,1]. In particular, we have AY.(1) = Fx.(1). By definition, the last is
equivalent to IL,(Xe) = AIL,(e).
Next we quote the following lemma

Lemma 1.5. Let V., W be vector spaces and f : V — W be a map differentiable
at 0 € V. If f satisfies f(Av) = Af(v) for all A\ € R and v € V. Then f = df(0).
In particular f is a linear map.
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Proof. First by setting A = 0, we obtain f(0) = 0. Therefore for A # 0, we have

£(0) = = f(ev) =+ (F(ev) = £(0)).

By letting ¢ — 0, we obtain
lim L(f(ev) — £(0)) = df (0)(v)

c—0 ¢
since f is assumed to be differentiable at 0. This finishes the proof. O
Combining the above, we have proved the proposition. ([

Now we introduce the notion of covariant derivative.

Definition 1.6. Let I' : TE = HE @& VE be an Ehresmann connection. Let
s € I'(F) be a section of E. Then we define the covariant derivative Vs of s along
v €T, M to be

Vos = | L (s60)

for a (and so any) germ of curves v : (—e,e) — M, where IL,|} is the parallel
transport along v from 0 to .

It can be checked that this definition does not depend on the choice of 7y satisfying
7(0) = v.
Remark 1.7. We can also write
Vs =1IlIp(ds(v)) € V) = Ey

i.e., ‘the covariant derivative is the vertical projection of ds(v) € Ty (,)E with respect
to the Ehresmann connection I' : TE & HE & V E after identification of VT, =
Ez.”

The following properties can be also checked easily.

Lemma 1.8. Let x € M. The assignment
seT(E) — E,
satisfies
(1) Viy4us8 =V, 8+ Vs for vy, va € T, M,
(2) Vs =¢Ves forallce R andv € T, M,
(3) Vu(fs) = f(x)Vys+v[f]Vys for any f € C°(M), where v[f] is the direc-
tional derivative of f along v at x,
(4) Vy(s1+ 82) = Vys1 + Vyse fors; e T(E) and v € T, M.

We would like to mention that when E is the trivial line bundle M x R, V,, is
the same as the tangent vector v as a derivation at x with values in R.

2. AFFINE CONNECTIONS ON VECTOR BUNDLES

Definition 2.1. Let x € M. A linear map D : I'(F) — E, is called defines a
derivation at x with values in E if D satisfies the properties (1) - (4) above. A

smooth family of such D over M is called a differential operator of order 1 on
L(E).

An example of a differential operator of order 1 on I'(E) is Vx for any vector
field X on M.
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Definition 2.2 (Affine connection). An affine connection on E — M is the as-
signment of X — Vx that satisfies

(1> VXlJerS = les + VX287

(2) Vexs =cVxs,

(3) Vx(fs)=fVxs+ X[f]Vxs for any f € C(M),
(4) VX(51 + 52) =Vxs1 + Vxsy for s; € F(E)

In particular, V defines a differential operator of order 1
V:Q%E)=T(E) - QYE)=T(T"M ® E).
If we denote by Q*(E) the E-valued differential k-form on M T'(A*(T x M) ® E)
for k=0, 1,...,, and extend V to
dv : QF(E) — QFTY(E)
as a derivation under the wedge product of T* M by anti-symmetrization as for the
exterior derivative d : Q% (M) — QF1(M) with d¥ = V on Q°(E).

Lemma 2.3. Denote the space of connections on E — M by A(E). Then A(E) is
an (infinite dimensional) affine space modelled by Q' (End(E)).

Proof. Let V, V' be two affine connections of E. We will show that X — Vx —V/s
is a tensor, i.e.,

(Vx = Vx)(fs) = f(Vx — Vi)(s)
for all s € I'(E) and f € C*°(M). But
(Vx = Vx)(fs) = Vx(fs) = Vix(fs) = (fVxs+ X[fl]s) = (fVixs + X[f]s)
= f(Vxs—Vxs)=f(Vx = Vx)(s).
This proves the assignment s — (V—V’)s defines a one-form valued at End(E). O
In other words, for a given affine connection V, any other affine connection V’
can be written as
V' =V+w
for an element w € QY (End(E)).

Now we prove existence of an affine connection.

Theorem 2.4. For any vector bundle E — M, there exists an affine connection
and so A(E) is a nonempty affine space modeled by Q' (End(E)).

Proof. Let {U,} be an atlas of M and {(®,,U,)} a compatible system of trivial-
ization of E. We denote
®(ey) = (2, ha(z)), he: U, — R
For given s, locally we have ®, 05(z) = (z,54()) for s, : Uy — R¥. Then we have
the compatibility relation
(z,55(7)) = (2, gapsa(r))
where g, is the transition map defined by
Bg0Py(2,e0) = (T, gap(x)ep)
where (z,e,) = ®(z,¢e) = (z,eg). By definition, we have local representatives of s
which satisfy
$8(y) = gap(y)sa(y)
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for any x € U, N Ug.
Define

Vo(s)(@) == 05" (2, v[sa])
for z € U,. By taking the directional derivative of this in v at x,
Vi (s)(@) = 05 (z, v[s4])

and the sum

Vo(8)(@) = Y Xal(@)®; (@, 0]sa)).

for a partitions of unity {x,} adapted to {U,}. We check all the defining properties
of a connection. O
Definition 2.5. Let V be an affine connection on £ — M.
(1) The dual connection on E* is define by the derivation relation
Xla(s)] = Vxa(z)+ a(Vxs)
ie.,
Vxa(z) := X[a(s)] — a(Vxs)
(2) The induced connection on T;Y(E) = I'(E®* @ (E*)®) is given by the

Leibnitz rule starting from action on C*° (M), I'(E), I'(E*). We just denote
this extended connection by V by an abuse of notation.

2.1. Local expression of covariant derivatives. Let s be any given local section
on U and represent

®os(p) = (p.s*(p))
where s® : U — RF be the local representative map of s. Then we can express
©(Vsly) = (0, dps” + wy's”(p)).
We set (Vs)® = ds® + wgsd’ which is the local representative of Vs and which is a
R*-valued one-form. We usually write this as
Vs? = ds® + w?®s?®

where w® = (WP)1<q <k is a matrix valued one-form.
In terms of the local frame {E,}, we can determine w® = (w?) by the formula

VE, =) whEg. (2.1)
B
We call w® = (w?) the connection matriz and w? are connection forms of the frame
{E,} (associated to ®.)
In particular, the (local) section

V. o s
dxd
has the local representative given by gf; (p) +wy (%)sq’(p). In other words,
ds® %)
> _ s 0\ o
Va6 =g+ (aﬂ) s
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: k
For general section s =), sqF,, we denote
k

Vs = Z(Vjsa)Ea

a=1

where we write the a’s coefficient of Vs denoted by Vs, are given by
Vjsq = a—x] + Z F?asﬁ (2.2)

fork=1,...,nanda=1,...,k The {Ffa} are called the Christoeffel’s symbols.

2.2. Affine connection recovers Ehresmann connection. We can recover the
Ehresmann connection I' out of the affine connection V as follows.

Definition 2.6. We say a germ of section s € I'(F) is parallel in direction v € T, M,
if V,s =0, and just parallel if it is parallel in all direction of T, M.

Theorem 2.7. Let V be an affine connection on the vector bundle m : E — M. At
each point e € E, define the subset
HE={{cT.E|{=ds(n(e)), Vys =0, Vv € Ty M}.

Prove that T.E = H.TE & V. TE where V.TE = kerd.mw for the tangent map dr :
TE — TM and the bundle HE — E is R-equivariant, i.e., dR.(H.TE) = H..TE.
Proof. Tt is easy to check that indeed H.T'E forms a subspace of T, E. Next we show
that T.F = H.TE ® V,TE, i.e., HTE+V,TE =T,F and H. TENV,TE = {0}.
Denote p = w(e) € M.

Step 1: We prove H.TE NV.TE = {0}. Suppose £ = d,s(v) for some local
section s satisfying V,s = 0 for all u € T,M and d.mw(§) = 0. But we have
0=d.m(€)dys(v) = dp(mos)(v) =dy(id)(v) = v. Hence finishes the proof.

Step 2: We next prove that for any given £ € T.FE, there exists some local
section s at p such that

Vslp, =0, s(p) = e, & — dys(den(§)) € VeTE = kerd,. (2.3)
In other words, once we find such s, £ can be decomposed into
f = dzs(de'n(&)) + (E - dzs(deﬂ—(g))) € HeTE + ‘/eTE'
This combined with Step 1 then proves
T.E=HTE &V, TE.

To solve (2.3), we take a trivialization ® : 771 (U) — U x R¥ where we may assume
U is a coordinate neighborhood at p in M. Let ¢ = (z!,...,2") be the associated
coordinate chart on U centered at p. It will be enough to find a set of local sections
{s1, -, $n} satisfying

Vsj|p = 07 Sj(p) =6, dﬂ-(d‘sj(p)) = @7 ] = 17 )

Let s be any given local section on U and represent

®os(p) = (p,s"(p))
where s® : U — R* be the local representative map of s. Then

(V. o (5)® = 0s” +w® < 0 > s®. (2.5)

n. (2.4)
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Therefore Vs|, = 0 which is equivalent to

(vs%s)ﬂp =0

for for all K =1,--- ,n. This is in turn equivalent to

0s® 0

W(P) +wy (axk> s*(p) =0 (2.6)
for each given k = 1,--- ,n, which we want to solve at the given point p.

Denote w’@(%) =: w;»b which is a linear map E, — E,.

Recalling s® is a vector valued (smooth) function s® : U — RF, we can take the
Tayler expansion
" 0s®
s®(y) = 5% (p) + Y _ o 5.7 Hollal)
j=1
where © = (2!, ,2™) at p in terms of the coordinates (z!,---,2™). Therefore
(2.6) can be written as
0s® & o
5,7 P) Wi (p)s™(p) =0.

Therefore if we set s(p) = e, this equation determines the first derivative of s® at
p by o
%(p) = —w(p)e
in terms of the given e at p for any section s satisfying (2.6) and s(p) = e. (Note
here that the value s®(p) can be arbitrarily prescribed, which was set to be e as one
of the standing conditions (2.3).)
In conclusion, we take s; by its local expression

s;p(x) =e? ;I)

63}

— 27w?(p)e®. (“ No summation over j involved!”)

Note that this is a function of x = (z',--- ,a™) depending only on x?. Now we need
to show that s; indeed satisfies

V o §,=0
2 lp

for all Kk = 1,---,n. But this can be easily checked by construction using the
general local formula (2.5) applied to s = s;, which is omitted. (But you should
check it!)

Step 3: Prove the R-equivariance. Let £ € H.TE. We will show dR.(§) € Tc. F
is contained in H..TE. By definition, there exists a section s defined near p such
that

s(p) = e, & = ds(p)(v)
for some s and v € T, M. Now consider the section R.(s) = c¢s. Obviously we have

Re(s)ly = es(p) = ce.
By the linearity of the affine connection over R, we have

V(es) =cVs
In particular if Vs|, = 0, then V(cs)|, = 0. Furthermore
4y (c3)(v) = dp(Re 0 5)(v) = do Rodps(v) = d. Re(€)

which shows that d.R.(§) € H..TFE, and hence dR.(H.TE) C H..TE.
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For ¢ # 0, R, has its inverse (R.)™' = Ry, : H..TE — H.TE. By the same
argument applied to 1/¢, we prove

dRy/.(H..TE) C H.TE

which is equivalent to H..TE C dR.(H.TE). This proves H..TE = dR.(H.TE)
also when ¢ # 0.

On the other hand, when ¢ = 0, Ry is the zero map and ce = 0 for any
e. Considering e = o,, we have o, = R.(0,). Denote by 0 the zero section of
E — M. Obviously Ry o0 = 0 which again defines a section. Therefore we have
dr(d,, Rodp0(v)) = drd(Rg 0 0)(v) = v since Rg o 0 is again a (zero) section. This
equation then implies dim dRo(H,,TE) > n = dimT,M. By dimension counting,
we must have dRy(H,,TE) = H, TE.

This finishes the proof. ([l

2.3. Curvature. Recall that an Ehresmann connection associates the horizontal
distribution H C TE on E. In general this distribution may not be integrable.
How much non-integrable this distribution is can be quantified by the notion of
curvature.

Let (E,V) be a vector bundle equipped with an affine connection.

Definition 2.8. The curvature R of V is defined by the formula
R(X,Y)S = vays — VyVXS — V[X7y]8.
We call V a flat connection if R = 0.

Proposition 2.9. R is a tensor field in that the assignment (X,Y,s) — R(X,Y)s
are linear over C*° (M) for all 3 arguments which is skew-symmetric over X, Y.

Remark 2.10. (1) In terms of the operation dV : Q¥(E) — QF*1(E), we have
dVd¥ = Qe Q*(End(E))
where () is the E-valued two-form defined by its values
AUX,Y)-s:= R(X,Y)s.

(2) In fact H is integrable if and only if the curvature of its associated affine
connection is flat.

When we are given a frame { £, } and its dual frame {6}, the local representative
of  is a matrix valued two form (Q72).

Proposition 2.11. The curvature two-form is given by
Qg = dwg +Zw,€ Aw].
2l
2.4. Metrics and Euclidean connections.
Definition 2.12. A metric on E, denoted by g = (-,-), is a smooth assignment

x = g(x) = (-,-)z of a positive definite bilinear form on E,, i.e., a linear map
E,® FE, — R.

Proposition 2.13. Any vector bundle E — M over a (paracompact) manifold
carries a metric.
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Definition 2.14. A connection V on (FE,g) is called Euclidean if it preserves the
metric g in that:

X<81, 82> = <VX81, 82> + <81, VX82>,
which is equivalent Vxg = 0.

Let {E,} be an orthonormal frame of (E,g). Express
VE, =Y wiEg
B

where w? are the associated connection one-forms.

Proposition 2.15. A connection is Buclidean if and only if the matriz (w2 (X))
is skew-symmetric for any vector field X .

Proof. Since E, is orthonormal, we have (E,, Eg) = do3. Therefore we have

0 = X(E. Eg)= (VXEQ,EB) (Ew,VxEgz)
— Zw"/ 567"'2“]5 w{_w (X)—i—w (X).
This finishes the proof. O

3. RIEMANNIAN METRICS AND LEVI-CIVITA CONNECTION

Now let us consider the tangent bundle TM — M. Let V be an affine connection
on TM.

Definition 3.1 (Torsion tensor). The torsion of V is a (2, 1)-tensor defined by
T(X,Y)=VyxY — Vy X — [X,Y]
for any vector fields X, Y on M.

In terms of the coordinate frames

we have
BIJ 3$k Z Jk g axz
for the associated Christoefl symbols I'%, .

Proposition 3.2. An affine connection V on M is torsion-free if and only if F;-k
is symmetric for j, k.

Because of this, a torsion-free connection on M is also called a symmetric con-
nection.

Definition 3.3. An Euclidean connection on (M, g) is called a Riemannian con-
nection.

Recall that for an Euclidean connection, I”k is skew-symmetric for ¢ and k.

Definition 3.4. We call a torsion-free Riemannian connection on (M, g) a Levi-
Civita connection of the metric g.

Theorem 3.5 (Levi-Civita connection). Let (M,g) be a Riemnnaian manifold.
Then there exists a unique torsion-free Riemannian connection.
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Proof. We have only to determine VxY for all vector fields X, Y or its pairing
(VxY,Z) for any Z. Assume that there is such a connection V. We will express
(VxY,Z) in terms of the known quantities and then check its torsion freeness and
Rimannian property afterwards.

Start from the Riemannian property

X(V.Z) = (VxV.Z)+ (¥.Vx2)
Y(Z.X) = (VyZ,X)+(Z,VyX)
Z(X)Y) = (VzYV, X)+ (X, V;Y).

Add the first two and subtract the third therefrom, apply the torsion freeness and
then get
XY, Z)+Y{(Z X)-Z(X,Y)
= (VxY,Z)+ (Y, VxZ)+ (Vv Z, X))+ (Z,VyX)
—(VzX,Y) —(X,VzY)
= 2AVxY,Z)+ ({(Z,VyX) —(VxY, Z))
+((YV,VxZ) = (Y, Vz X)) + (Vv Z,X) = (VzY, X))
— 2VxY,Z)+ (Z,[V. X]) + (Y. [X, Z]) + (Y, 2], X).

This suggests the definition of V which must be given by

%(vxy, Z) = X(Y.Z)+Y(ZX) - Z(X.,Y)
_(<Z7 [YvX]>+<Y’ [XvZ]>+<[YaZ]7X>)' (3'1)

We note that the right hand side is already determined when X, Y, Z and g are
given and hence it uniquely determines VxY.

It remains to check that the V defined by this last identity satisfies the defining
property of the affine connection and the resulting connection are both torsion free
and Riemannian. But this immediately follows from its definition.

The connection property can be directly checked from this defining identity.
Once this is done both Riemannian and torsion-freeness follow from the definition.

[
We write
g= Zgijda:’ ® dx?
2%
in terms of the local coordinates (z1,...,zy). Then the formula (3.1) also provides
the coordinate expression of the Levi-Civita connection as follows: Set
0 0 0
Y=— X=— 7=—.
o'’ Oxi’ ozt

Then it becomes

1 . 0gir  Ogje  0gij
ko) = = : A L]
@’zk: %) = 50 T e ~

and hence

1.0gie = Ogje Ogij
TF gre = = { =22 A R
; ke = 9 g + oxrt  Oxt }

If we denote by (¢**) the inverse matrix of )(gex, then we obtain
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Proposition 3.6. The Christoefl symbols are determined by the metric by the
formula

1 O0gic ~ 0gje  0gij
Fk — ; J‘ o J Zk'
92 ZK:{ ozJ + ozt ozt b

This is the classicical expression of the Christoffel symbols. In terms of the
notation we introduced before, the covariant derivative V; X for X = > ;v %, is

expressed as V; X = Zk(vkvj)% with

ovd
ox?

3.1. Examples of Riemannian manifolds.

Vil = + szvk.

Definition 3.7. Let (M, g) and (N, h) be two Riemannian manifolds. An isometry
from (M,g) — (N,h) is amap f: M — N is a diffecomorphism that preserves the
metric, i.e., if g = f*h. More explicitly, it is an isometry if

h(df (v), df (w)) = g(v, w)

for all z € M. When f is not a diffemorphism, it is called an isometric immersion.
If f is an embedding, it is called an isometric embedding.

Definition 3.8 (Induced metric). Let (N,h) be a Riemannian manifold. For a
given immersion, f : M — N, we define the induced metric g = f*h by

9(v,w) := h(df (v), df (w)). (3.2)

The injectivity dy f : Ty M — T}y N makes this bilinear form is again positive
definite. Obviously it is symmetric and so defines a metric.

Exercise 3.9. Consider the unit sphere S* C R2"*! and equip R?"*! with the
standard metric given by the standard constant inner product (-, -)

hae(v,w) = (v, w)

at each z € R. Let (y!,...,y") the coordinate functions on U = S™ \ {southpole}
of the stereographic projection ¢ : U — R™. Express the induced metric ¢*h in
this coordinates
9=">_ gidy'dy’
,J
i.e., express the function g;; = g;;(y*, - -+ ,y™) in terms of the coordinates (y, ..., y").

Example 3.10. Consider the torus T C R? a surface of revolution obtained by
revolving the circle

{0y -1+ =}

It carries the induced metric g. This metric is not flat: Its Gaussian curvature is
not zero.

Definition 3.11 (Product metric). Consider two Riemannian manifolds (M7, g1)
and (Ms,g2). The product manifold My x My has a natural metric g = g1 X ¢o
defined by

9((v1,u1), (v2,u2)) = g(v1,v2) + g(u1, uz)
for each pair (v, u;) € T(y,y) (M1 x My) = T My & Ty M.
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Example 3.12. Consider the unit circle S* C R? equipped with the induced
metric h. The product metric h x h on S' x S! is isometric to the induced metric
on S x S* € R% x R2, but not isometric to the 7" C R? because this product metric
is flat.

3.2. Covariant derivative along the curve.

Definition 3.13 (Vector field over a map f : M — N). We call a section £ €
D(f*TN) a vector field over the map f.

Recall the definition of pull-back
[TE={(z,e) e M x E| f(z) = 7(e)}.
The defining condition is equivalent to saying e € Ey(,). Then the tangent space
T(z,e)(f*E) is represented by the pair (v,&) € T, M x T,(f* E) satisfying
df (v) =dn(§), veT,M,cT.(f*E)

at (z,e). For given Ehresmann connection I' : TE = HTE ® VTE, we denote by
ITY. (resp. HI@) the projections to the vertical tangent space (resp. to the horizontal
space). The pull-back connection f*T"is provided by the splitting

[T:T(f*E)=HT(f*E) & VT(f*E)
where we have
HTwo(f*E) = {(v,€) | df(v) = dn(§), & € HT.E}
Ve (f'E) = {(v,¢|df(v)=dn(¢), &€ VI.E}
at (z,e) € f*E. We denote by f*V the associated affine connection.

Proposition 3.14. Let (E — N, V) be a vector bundle with affine connection, and
let f: M — N. Consider the pull-back connection f*V =: V7 on f*E =: F. Let s
be a section of f*E and let v € T, M. Then for given section s : M — F, we have

V{S = vdf(v)g
for any local section s around f(x).

Proof. Now by definition if (z,e) = (z,5(f(x)) for some local section § around f(x),
we have

Vis = Hjp(d(z,e)(v) = Mhp(v,d(Eo f)(v) = Tp(d(E o f)(v))
= Ip(d(s(df)(v)) = Ir(d(s)(df (v)) = Var(w)s
This finishes the proof. Il

We apply the above to curves v : I — M be a curve. A vector field along v is a
section of the pull-back bundle ¥Z M. In other words, it is an assignment

t— V(t) S Tw(t)M
A good example is the tangent vector 4 which is given by

. dry
J(t) = E(t) € TyuM.
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Proposition 3.15 (Covariant derivative of V along v). Let M be equipped with an
affine connection V. For any curve v : I — M, the pull-back affine connection on
Y*T'M 1is equivalent to the following assignment

D
Vis d—y I(v*TM) - T'(v*TM)
called the covariant derivative along v which satisfies
(1) %(V—FW)— —I—Dd‘zv for any V, W € T'(v*TM),

(2) %(fV) V —|— f for all function f: I — R,
(3) If V is mduced by a vector field X on M locally near ~(t), i.e., if V(t) =
X(v(t)) on (to — €,tg + €), then
DV
Recall we have
Vs = (ds(w))
in general where II{. is the vertical projection with respect to the splittingI' : TE =
HTE®VTE.

Let V(t) = X(v(t)) on (to—e, to+€). We express X =3 X752 for a coordinate

system (x!,...,2™) on U containing ~(to), and assume that *y(to —eto+e) CU.

We can also express
— J
Vi = 0055 ]

with v7(t) = X7(y(t)). By applying the defining property of the pull-back connec-

tion % along ~, we compute

dtV B dt ZXJ 83:3 v(t)
- ZCZ(M <>>;;|7<t))
2 (W( ) 927 WﬁZX C?(aij v)'

J
However we have

D 0 _ _ itk 0
dt(@xi7>(t)_v (m) ZV 50 =T g

Therefore we have derived the coordinate formula

Dv .0 HiyiTk 0

o =V T g o
when 4 = 4/ aii and V = o7 6‘2, .

Definition 3.16. A vector field V along + is called parallel if % =0forallt el

In coordinates, V (t) = vj(t)%wt), the equation is equivalent to
o+ AT, (v(1) =0, j=1,---,n. (3.4)
This is a system of linear first order ODE which defines the parallel transport along
7.
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4. RIEMANN CURVATURE TENSOR

Recall that a curvature for an affine connection of a vector bundle £ — M is a
C°°(M)-bilinear operator R : I'(T'M) x I'(TM) — I'(End(E)) defined by

R(X,Y)s =VxVys—VyVxs—Vxy]s

for X, Y e I(TX), s e T'(E).

For given coordinates ¢ = (z,...,2") of M and a local frame F = {e1,...,ex}
on U = dom(y) C M, we write

R(@i,ﬁj)ea Rfja

and call R;Bm the components of R with respect to the coordinates ¢ and the frame
F.

A straightforward computation shows the formula
0 8 0

8 _ B v B Y B
lea - ox’ jo WF + F]aFVy - F’LOLF]"Y

Now we specialize to the case of E = T'M and the Levi-Civita connection V and
the coordinate frame F = {%, R {hn} Then all the Greek letters become the
same roman letters and do not make difference between them.

Proposition 4.1. Let R be the curvature of the Levi-Civita connection of (M, g).
Then
(1) (Trilinearity) The assignment (X,Y, Z) — R(X,Y)Z is trilinear over C* (M),
(2) (Bianchi identity) For all triples (X,Y, Z),
RX,YVZ+RY,Z)X +R(Z,X)Y =0.
Proof. By definition,
R(X,Y)Z =VxVyZ —VyVxZ -V xy1Z
we derive
RX,.Y)Z+R(Y,Z)X + R(Z,X)Y
= VX(VyZ — VZY) + Vy(vZX — VXZ) + VZ(V)(Y — VyX)
~Vixy1Z = V21X = Vizx1Y
= Vx(IY.Z]) + Vv ([Z, X]) + Vz([X,Y])

Using the metric, we pair R(X,Y)Z with W to get a function
(R(X,Y)Z,W).
Proposition 4.2. We have
(RIX,Y)Z,W) = —(R(Y,X)Z, W)
(R(X,YYW,Z) = —(R(X,Y)Z,W)
(RW,X)Y,Z) = (R(Y,2)W,X).
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Proof. We will just prove the third equality. We write the Bianchi identities for
X, Y, Z, W by permuting them and add them up to get
2(R(W, X)Y, Z) = (R(Y, Z)W, X)
which finishes the proof. O

Alternatively, we can look at the quad-linear function
(X,Y,Z,W)=(R(X,Y)Z,W) = R(X,Y,Z W)
In coordinates, we write
Rijia = (R(9i, 0;) 0k, Or) = gme R}y, :
Then the Bianchi identity corresponds to
Rijre + Rjgie + Rigje =0
and similarly we can write other symmetries of R; ;.

Definition 4.3 (Sectional curvatures). The section curvature function at p is a
quantity K (o) associated to each 2-dimensional subspace o of T, M defined by

(R(X, Y)Y, X)

K(o) = =3 77

where o = span{X,Y}.

By the calculation similar to the proof of the polarization identity, we have
derived that the sectional curvature functions uniquely determine the Riemannian
curvature.

Proposition 4.4. The sectional curvature function determine the curvature R in
the following sense: Let V' be an inner vector space of dimension > 2 with inner
product {-,-). Suppose R, R' : V xV xV — V be two tri-linear mappings such that
both R and R’ satisfy the identities

(R(X,Y)Z, W) + (R(Y, Z)X, W) + (R(Z,X)Y,W) =0

and
(RX,Y)Z,W) = —(R(Y,X)Z,W
(RX,Y)W,Z) = —(R(X,Y)Z,W)
(RW,X)Y,Z) = =(R(Y,Z2)W,X).

If K(o0) = K'(0) for all o, then R = R/.

This provides the following characterization of Riemann curvature for the con-
stant sectional curvatures.

Corollary 4.5. Let (M,g) be a Riemannian manifold and consider a trilinear
mapping Ry : TM x TM x TM — TM by

Then M has constant sectional curvatures c if and only if R = cRy.
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Proof. One easily checks that R satisfies all the aforementioned symmetries. On
the other hand, if R has constant sectional curvature, then we have
(R(X,Y)Y, X)
| X AY |2

i.e., we have
(RIX,Y)Y, X) = | X NY[? = c((X, X (YY) — (X,Y)?)

for all X, Y. This is equivalent to saying K (o) = cK{ (o). Then by the proposition,
we obtain R = cRy,. O

5. RAISING AND LOWERING INDICES AND CONTRACTIONS

If g = (-,-) is an inner product on a vector space V, its dual vector space V*
carries the dual inner product. It is described as follows: Consider the isomorphism

g:V=VUs v <U,§
Then the dual metric is nothing but the pushforward
<'7 >* = §*<7 >
In other words, we define it by choosing an orthonormal basis {Fy,--- , E,} of V|
considering its dual basis {f*,---, f*} and then declaring it to be orthonormal for
the inner product.

For a Riemannian metric g on TM, let g = g;;dz’ @ dz?, then its dual metric
h = (g)«g on T*M can be expressed as
00
Ox' ~ Oxd
with (¢") is the inverse matrix of (g;;). The bundle map g : TM — T*M has its
inverse T*M — T M. Combining the two, we have the induced isomorphisms

9: TS (M) = T2 (M).

In coordinates, the map corresponds to

h=g¥

iy kiky 10, irly

. o
gy 7 Ginky  iakste 0 9 g

when applied to the tensor field

o . o 9
— ¢lte godn L dypds
T= tjll__ijsdac Loooda?s ® Een pre
Using the multi-indices, I = (i1,--- ,i,) and etc, we can simplify the writing as
K LI

tg — gJKtLg .

Example 5.1. (1) For a vector field X = X* aiﬂ we have its dual field X° =
(X, -) has the expression

X’ :Xibdaci, for XZ.b :ginj.

(2) For the curvature tensor R = Rfj x> the lowering operation corresponds to
the tensor

(X,Y,Z,W) — (R(X,Y)Z,W) <= R > Riju = gi Rl
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Next, we have a canonical isomorphism
Hom(V, V)2 V*QV

and an element A € Hom(V, V) is written as A = Alda’ ® 2. Then we have

tr(A) = Al (: iAE) |

For a general tensor field of type (r,s), this contraction operation gives rise to a
tensor of type (r —1,s — 1)

n
TR . ipokege [ i1k
P e <— Ztéi---k--»§s> :
k+1
Definition 5.2 (Ricci curvature). For each given vector fields (X,Y"), we have the
linear map Rx,y : W — R(W,X)Y which we call the Ricci operator. The Ricci
curvature tensor Ricy is defined to be

Ricy(X,Y) = tr(Rx,y) = » (R(E;, X)Y, E;)
i=1
where {E1,+, E,} is an (and so any) orthonormal frame fields.
So Ric = Ric, is a covariant symmetric 2-tensor which defines a symmetric
bilinear form on the tangent space 1, M at each p € M.
Definition 5.3. (1) (Ricci curvature) We call
1 .
m RIC(X, X) |p
the Ricci curvature of (M, g) along X at p € M.
(2) (Scala curvature) We call

i(R(EmEj)EjaEz‘>

1i=1

J

1 - 1 -
K(p) = 2D ;Ric(Ei,Ej) = D >
for a (and so any) orthonormal basis {E;}.
The components of Ric, are given by the contraction
Rij := R};;(= Riijeg"™)
when we write the Ricci tensor as Ric, = R;jdz’ @ dz’. The Ricci curvature along
(%7 %) is given by

1 . 1
Proposition 5.4. In coordinates, we have
1 y
K(p) = ——R;;g9".
() n_1 9
Proof. Let {F1,---,E,} be an orthonormal frame and express
0
E, =ad"—

" Oxk’
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Then we evaluate
ZRic(Ej, E;) = ZRic(af@k,afﬁg) = Znga?ag.
j=1 j=1 j
By the orthonormality (E;, E;) = d;; we obtain
greagal = b
and hence
k¢

_ o kes
a;ja; =g 0ij.

Substituting this into above, we have derived

n n
k ¢ ke ke
> Riafal = Rieeg*j; = nRig
=1 =1

Therefore we have

n
1
§ Ric(E;, E;) = —— Ryeg™.
ic(E;, Ej) n—1 keg

j=1

1
K(p)zm

O

Exercise 5.5. Prove that for 3-dimensional Riemannian manifolds (M, g), the
Ricci curvature determines the curvature tensor of (M, g). In coordinates, express
the curvature tensor R;;i; in terms of the Ricci curvatures {Rij}.

6. GEODESICS AND EXPONENTIAL MAPS
By applying V = 4, we obtain the notion of a geodesic.
Definition 6.1 (Geodesic). A curve v : I — M is called a gedesic if 4 is parallel,
ie., if % =0onI.
In coordinates, we substitute v/ = 47 into (3.4) and obtain
AR+ TEAS = 0. (6.1)
This is a system of nonlinear second-order ODE. To uniquely solve the equation,
we need to put the initial conditions v(0) = zq, ¥(0) = v. (In general, the equation
may not be able to solve for all time.)
To solve this 2nd-order ODE, we transform it to a first-order ODE by lifting

the equation to an equation on T'M. For this purpose, we introduce the canonical
coordinates of T M.

Definition 6.2 (Canonical coordinates of TM). The canonical coordinates of T M
(or T*M) associated to the coordinates (x!,...,2") on U is the coordinates of
TU = m—1(U) associated to

do = (x,..., 2" v, ..., v") : TU — p(U) x R" C R™ x R"

where
' =s"o(mody), v/ =som,odp.

For any v, € T, M for x € U, we can uniquely express

.0
Vg :ZU]@M
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Remark 6.3. (1) Similarly, we define the canonical coordinates denoted by
(q17 < 'aqnapla s apn)
by _ ' _
¢ =s"o(m1od(p ), pj=s omao(dp ) :
For any element € T* M|y, we can uniquely express

a= Zpi(a)dqi|x.

(2) Note that both v/ and p; are fiberwise linear functions on TM |y and T* M|y

respectively.
In the canonical coordinates (z!,..., 2", v', ... ,v"™) of TM, the geodesic equa-
tion can be reduced to the first-order ODE

it =0k, oF = Tl (6.2)
For any geodesic v, if we set v¥(t) = 4%(t), then (v*,v*), satisfy (6.2), and vice
versa.
Exercise 6.4. Prove that RHS of the equation is indeed the coordinate expression

of a vector field on T'M, i.e., a section of T(TM) — TM.(Hint: Prove that it
satisfies the transformation rule of vector fields on T'(TM).)

We call the flow of this vector field on T'M the geodesic flow of (M, g).

By the general existence, uniqueness and continuous dependence theorems on
the first-order ODE, we have proven.

From now on, we will restrict ourselves to the Levi-Civita connection of the
Riemannian manifold (M, g).

Lemma 6.5 (from ODE theory). For each p € M, there exists an open subset
U C TM with (p,0) €U, 6 >0 and a smooth map

@ (=6,0) xU = TM

such that t — @(t, q,v) is the unique trajectory of the vector field G with ¢(0,q,v) =
(q,v). Choosing V and €1 > 0 small enough, we may assume

{(g.v) g€ ViveTM, |v] < e}
where V' is a neighborhood of p € M.
Translating this into the original geodesic equation, we obtain

Proposition 6.6. Given p € M, there exist an open subset V. C M with p € V,
6 >0, e >0 and a smooth map

v:(=6,0) xU — M, U as above
such that the curve t — (t,q,v), t € (—0,0) is the unique geodesic of M which at
t = 0 passes through q with velocity v for each given (q,v) € TM|y with |v| < €.

By the uniqueness, we have

(at,q,v) =(t, q,av)
whenever both sides are defined. Therefore by letting €; small enough, we may
assume 6 = 2 in the above proposition.
By choosing € > 0 sufficiently small so that v : (—2,2) x Y — M is defined for
all ¢ € V and v with |v| < e.
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Definition 6.7 (Exponential map). Let U be as above. We define a map, called
the ezponential map at q, exp, : T,M — M by

exp,(v) :== (1, ¢,v)
when it is defined, i.e, if |v] < ¢,.
Proposition 6.8. Given ¢ € M, there exists some € = €5 > 0 such that exp, :
B.(0) C T,M — M is a diffeomorphism of B.(0) onto an open subset of M.

Proof. By the implicit function theorem, it is enough to prove that the derivative
doexp, : To(TyM) — T, M is an isomorphism.
By the canonical identification of To(T,M) = T, M, we have

d d
d =— tv) = — 1,q,tv) = — t,q,v) = v.
Qequ(U) dt =0 equ( U) dt t:OrY( y 4, U) dt t:OfY( aQ7U) v
Therefore we have dp exp, = id|r,n under the identification of To(7, M) = T, M.
O
Example 6.9. (1) M =TR™: Since the covariant derivative coincides with the

usual derivative, VxY = X [17], the geodesics are the straight lines with
constant speed parameterization. Therefore exp,(v) = ¢ + v.
(2) M = S™ C R*"™! equipped with the induced metric: In this case, the
geodesics are the great circles parameterized by arc length.
Definition 6.10 (Arc length). Let v : I — M be a differentiable curve.
(1) The arc length of the curve y : I — M is defined by
d
fy(u)’ du.

L(v) = /t: pm

(2) By varying t1, we define the arc-length function s: I — Ry by
dry
—(u)

s(t) = /t: dt

We can also define the arc-length of a piecewise differentiable function.

du =: L(’Y‘[to,t])'

If 4(t) # 0, then it is a local diffeomorphism at ¢ and so the function s has a local
inverse t = t(s). The new parameterization J(s) := y(¢(s)) is called the arc-length
parameterization of «v. With respect to this parameterization, we have

K3 _|dydt

We state a basic property of geodesics.

Proposition 6.11. If v is a geodesic, then the parameter t is the same with the
arc-length up to a multiplication by a nonzero constant ¢ and a translation.

Proof. Enough to show that any geodesic has constant speed. [
We say a geodesic is normalized if it is parameterized by the arc-length.

Definition 6.12 (Distance). For given points x, y € M, we define the function
d: M x M — R, by

d(p,q) = inf{L(7) | v(0) = p,v(1) = q, 7y piecewise differentiable}.
v
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Theorem 6.13. Then d defines a metric on M, i.e., it satisfies

(1) d(p,q) = d(q,p),
(2) d(p,q) +d(q,7) > d(p,7),
(3) d(p,q) > 0 and equality holds only when p = q.

The points (1), (2) are obvious. But we will need preliminary works to prove
(3).

7. FIRST VARIATION OF ARC-LENGTH

Let v : [a,b] = M be a smooth curve and recall the definition of the arc length
of the curve v : [a,b] — M is defined by
dy
— (1)

=%

This function is defined for a piecewise smooth curve and does not depend on the
parametrization of the curve.

A more useful quantity than the length function for the variational study of
geodesics is the (kinetic) energy

dt.

Definition 7.1 (Energy functional). Let v : [a,b] — M be a (piecewise) differen-
tiable curve

1,
B =5 [ Kt
Lemma 7.2. For any differentiable curve v : [a,b] — M, we have
L(7)* < 2b— a|E(y)
and the equality holds when || is constant.

Proof. A direct calculation shows

b 2 b b
L()? = ( [ |50l dt) <|[ vat| [ Fiterd =2 aEe)
and equality holds when |¥(t)| is constant. O

A wvariation of a curve v is a a smooth map C : (—e, €) X [a,b] — M satisfying
C(0,t) = ¥(t). Denote

oC
—(0,t) =V (¢t
- (0.0) = V()
which we call an infinitesimal variation along -y, which is nothing but a vector field

along ~.
Writing v := C(s, -), we will compute

d 1/
dslsmo09) = 3 /
We compute
LojCp _ b (5c o0y _(Doe oy
20s! ot ds \ Ot ot Os Ot ot

_ (Dac oo\ 0 /oC oc\ /oC DocC
T \Otds’ ot/ Ot \ds Ot ds’ ot ot |

Here we use the following for the penultimate equality.

oC |2
N dt.
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Exercise 7.3. Let V be any torsion-free affine connection on M. Consider a
smooth map C : (—¢,¢€) x [a,b] — M and denote by % = VBT?, % = V%g the
covariant derivatives along C in the direction of % and % respectively. Prove
DoC DoC
dt ds  0s Ot
Therefore we have derived

Proposition 7.4 (The first variation of the energy). Let y be a differentiable curve
and C : (—¢,€) X [a,b] = M be a variation of v. Denote V (t) :== 22(0,t). Then

a
ds

. (7.1)

s=0

b .
B = [ (V0.0. 3000 ) di+ V0.0, 50.)]

Corollary 7.5. Consider the variation C' = {7}se(—c,) With the same end points.

Then we have )
DA
E = — -7 )
o EOs) /a <V(0,t)7 5 (O,t)> dt

Define the subset of maps
P = Ply(p,a) = {v:[a,b] = M [~(a) = p, 7(b) = g, v smooth}.

Proposition 7.6. Let v be a curve that minimizes the energy among curves in P.
Then ~y satisfies %W =V4¥ =0, i.e, v is a geodesic.

a
ds

Since the geodesic has constant speed, any energy minimizing curve is also length
minimizing by the lemma. Indeed, it also uniquely determines a parametrization
of constant speed.

Proof of Proposition 7.6. We start with the following lemma

Lemma 7.7. For any given variation V along v with V(a) = V(b) = 0, there exists
a variation {75} C Pl (p,q) with %’? ‘ =V(t).
s=0

Proof. Just take v;(t) = exp, ) sV (¢). O

Since v minimizes E on P the function s — E(v,) takes its minimu at s = 0.

Therefore we have J

%E('Ys)

for any variation and in particular for v, = exp., sV. By the first variation formula,
we derive

=0
0

s=

b .
/ W), Ty =0

for all infinitesimal variation V' with V(a) = V(b) = 0.
The proposition will follow from

Exercise 7.8. Let Wj be a smooth (and so continuous) vector field along « such
that

b
[ wwyar=o
for all variations V along v with V(a) = V(b) = 0. Prove Wy = 0.
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Now we are ready to study the length minimizing property of geodesics. Here is
a key lemma whose proof is an application of the first variation formula.

Theorem 7.9 (Gauss lemma). If p(t) = tv is a ray through the origin in T,M in
the direction of v and if w € T,,(T,M) is perpendicular to p(1) € T,(T,M), then

d, expp(p'(l)) 1d, expp(u)).
Proof. Let v(s) be a curve in T, M such that v(0) = v, v/(0) = w and |v(s)| = const..
Define
afs,t) = exp,(ps(t),  ps(t) = to(s)
where p, : [0, 1] — T, M is the ray segment from 0 to v(s) in T, M. We put

Y (t) == exp,,(tv)
which is the geodesic with 4,(0) = v.
Then 7,5 satisfy
(1) Yu(5)(0) = p and so ‘g—‘;(s,O) =0 for all s,

(2) Fu(s)(t) = dp. (1) €xPp (Ps (1)),
(3) s @) = Jv(s)| = |v| for all s, t since 7,5 is a geodesic with initial
velocity v(s).

2

Therefore the energy function
0
e

H1/1|, th—l/l
STy ), O ETS 1 as

is a constant function. By the first variation formula, we derive
di 1 [*oal?
4, 1 / da\”
dtls=02 Jy | Os
foJe 1 foJe
- a O7t ) 'v t ‘ = a 07 1 ) ) t
(F0.0500) | = (Gr0050)

= (dy expp(w)7 d, expp(v)>.
Here the term p, (1) = v through the canonical identification T, (T, M) = T,,M.

0 =

|
Exercise 7.10. Let N, N be submanifolds of a Riemannian manifold (M, g) and

let v :]0,1] — M be a geodesic from N to N. Prove that « satisfies
Y(0) L ThyoyN, (1) L Tyq)N.
For a piecewise smooth curve + with possible kinks at
a=ty<t1 <...<ty_1<itn=0b

we consider the piecewise smooth variation V' along « which is continuous especially
at ¢;’s. Then

Proposition 7.11. Let v and V' as above. Then

b . N—1
olaP09 == [0 G- T 0 - 0)
We denote .
T5l_ BOs) = 0EM)(V).
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Corollary 7.12. If v is any piecewise smooth energy minimizing curve with fized
end points, it is a smooth geodesic.

Proof. Since 7 is energy minimizing, we have
SE(y)(V) =0

for all such variation.
By considering the infinitesimal variation V' such that

Vt;)=0
for all 7, we show — f:(V, %> dt = 0. This proves that
D7
ZT_0
dt
and so a geodesic on (t;,t;41) for all i. By the hypothesis, 7 is continuous.
By substituting this into the variation formula, we have derived

N-1

0=36EM)(V) == > (ViA(t: +0) = 4(t: — 0)).
=0

for all infinitesimal variation of «. In particular by considering a variation with
V(t:) =~(ti +0) —3(t: — 0),

we obtain

N—1
0==2> It +0)—4(t; —0)”
it+1
and hence 7(t; +0) = 4(¢t; — 0) must hold.
Once this is proved, we derive that its second derivative continuously extends to
the points t; by the geodesic equation

'+ Th (™A = 0.

Similarly by differentiating the equation, we derive that all of its higher derivatives
continuously extends to whole interval [a, b]. O

Remark 7.13. Such an argument is called the bootstrap argument to increase the
regularity of a solution of a differential equation.

8. (GEODESIC NORMAL COORDINATES AND GEODESIC BALLS

Definition 8.1 (Normal coordinates). A local coordinate system (z@,...,z") is

called normal coordinates at p, if it satisfies

(1) 2*(p) = 0,
(2) gij(p) = dij,
(3) 2% (p) =0 for all i, §, k.

Ozk

In this coordinates, we can Taylor-expand g;; as

gij(z) = 8;; + “2nd or higher order terms of 2.
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Definition 8.2 (Geodesic normal coordinates). Let p € M and choose an or-
thonormal coordinates (Z',...,Z") at 0 of T »M = R". Define a coordinate system
by

zt :Toexpgl.
We call this the geodesic normal coordinates at p.
Proposition 8.3. Geodesic normal coordinates are indeed normal.

Proof. (1) is obvious. For (2), we compute

0 0 0
9ij(p) = <axivaxj>p=<doepr(

oz lo
/O 9N,
— \oztlo’ oz lo/ 7Y

For the proof of (3), we compute
9gi; 0,90 0 o 0 0 0

o+ V) = 0 o v = Vi gl ¥ (i Vil
Now we claim

0
),doexpp(axj‘o)>

0
Vaik ozil, ~ 0 (8.1)
for all 4, k.
We first recall
1o} 4 0
@’p— OeXp(ﬁ).

Since t — expp(t%) =: 1, is a geodesic and dy exp(%) = Ccll—'ty(O)7 %Zi = 0. On the
other hand, by definition we have
.0
Vi = o

yilt)

Therefore
0 _ Dy,

0wy 00 dt
for all 4. Since a%kh’ + %M, is the tangent vector at 0 for the geodesic

0 0
t'-)eprt @—1—%

0) =0

we also obtain

0 0

Vate o (ak + gar)], =0
for all k, j. This proves Vﬁ% ) + Vaij % ) = 0. By the torsion freeness of
the Levi-Civita connection and [6%, 525] = 0, we obtain
T T
0 9] 0
Vot g T 5 oak 2 0% i’
Combining the above discussions, we have proved the claim. ([l

Exercise 8.4. Prove that Condition (3) for the normal coordinate is equivalent to
the vanishing of the Christoefll symbols:

k _
Fij(p) =0
for all 4, j, k.
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Corollary 8.5 (Geodesic polar coordinates). Let 7,01, ...,0,_1 be a spherical co-
ordinates of T,M = R"™ and define
rzfoexpzjl, 0; :gj oexpzjl, j=1...,n—1.

Then we can express the metric

n—1

ds® = dr® + 12 hy;(r,0)d6’ o’

j=1

for a positive definite matriz (hi;(r,0)) such that
hij(r,0) = hi; 4+ O(r) (8.2)
with h?j = hij (0, )
o)

Proof. By the Gauss lemma, we have 5~ | % for all 4. i.e., (%, 8?9,3) =0 for all 1.
Next, we claim

o 0, 0 0,
or’or’  ‘or’ or
We first prove % = dexpp(%). By definition, we have dr = dro dexp;1 and hence

_ 9N _ o 1 9
1=dr <(‘37“)dr <dexpp 8r>'

) L % again by the Gauss lemma, we prove % = dexpp(%).

=1

—~

Since (dexp, ' &

We also have

1,90 0
72 g ggr) = i)

for some positive definite symmetric matrix (h;;(r,#)) for » > 0. Since

10 10 19 10 0

o0 0 im0 = T g T o o
where (hY;) is a positive definite (n — 1) x (n — 1) matrix. This proves

1
ﬁhij(’l”, 9) = h?j + O(T)

Suppose that
exp, : Byp(e) = M
is a diffeomorphism onto its image. We denote By(€) = exp,(Bo(€)) and call it a
normal e-ball at p. Any open neighborhood W C B, (€) of p a normal neighborhood
of p.

Definition 8.6 (Injectivity radius). Define
inj(p) = sup{e | exp, : Bo(e) — M is injective}
is injective. We call inj(p) the injectivity radius of p. We then call
inj(M) = inf inj(p)
the injectivity radius of M.
We mention that inj(M) could be 0.
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Example 8.7. The injectivity radius of R™ is co. The injectivity radius of S™(1)
is 2m.

Proposition 8.8. For each point p € M, there exists €, > 0 such that any geodesic
issued at p ending at q € By(€,) is the shortest curve joining p and q in By(ep). In
particular, geodesics are locally distance minimizing.

Proof. Put €, = inj(p). Let ¢ € By(e,) and v = exp,'(q) € T,M. Consider the
geodesic
Yo i [0,1] = M, y,(t) = exp,(tv).
Then we have v,(0) = p, (1) = ¢ and L(vy,) = |v|.
Let ¢ : [0,1] = U be any curve ¢(0) = p, ¢(1) = q. In geodesic normal coordinates
at p, we express

_d(roc) 0 = d(®?oc) 0

+
(]

dt  or — ot 06
Write ¢ =rocand ¢/ =@ ocfor j =1,...,n — 1. Therefore we obtain
1 1 n—1
L) = / e(t)] dt = / ()2 + Y hygeicd dt
0 0 =

v

/ \/Wdt > / ¢rdt=c"(1) = c"(0) = |v]
0 0

for v = exp;1 q.
The first equality holds when ¢/ = 7 o ¢ are constants and the second equality
holds when |[¢"| = ¢" i.e., ¢" = r o ¢ is monotonically increasing. Therefore we have

L(c) > L)
for any smooth curve joining p and ¢ inside By(e,) and equality holds only when
Cc=". (I
Corollary 8.9. The distance function d is nondegenerate, i.e., d(p,q) = 0 iff p = q.
Proof. Let p be given. Suppose g # p. We will show that d(p,q) > 0. We consider
two cases, ¢ € B,(€) and ¢ & Bp(e,) separately.

First consider the case ¢ € By(€). Then denote v = exp,'(q) € T,M which
is well-defined. Suppose that ¢ : [0,1] — M is any piecewise smooth curve with
¢(0) =p and ¢(1) = ¢. If Imagec C Bp(ep), then we have

L(e) > L) = [u] > 0. (8.3)
If Imagec ¢ B,(€p), , let tg be the first exit time from B, (e,) such that

c([0,to]) C By(ep)-
Then the above proof shows that
L(C) > L(C|[0,t0) > L(’Yv’) = €p (8'4)

where v" = exp, ! (c(to)).
If ¢ € By(ep), then any curve ¢ : [0,1] — M connecting p and ¢ must not
be contained in By(e,). By the same argument as the second half of the case
q € By(ep), we conclude L(c) > ¢, again.
Combining the above three, we have proved that either L(c) > €, or L(c)
\exp;l(q)|. This proves that if d(p,q) = 0, then p = q.

0w
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Next we ask the following two questions: Let p € M be given and let €, = inj(p).

(1) Is there a geodesic between any two given points ¢, ¢’ € B, (€p)?
(2) If so, is the geodesic fully contained in B, (€)?

The answer is no in general, unless we make the radius of the normal ball smaller.

Proposition 8.10. For any p € M, there is a open neighborhood W of p and § =
dp > 0 such that for each ¢ € W, exp,, : Bi(6) = T,M — M is a diffeomorphism
onto its image, and W C exp,(B§(5)) = By(9).

Proof. Let € > 0 and V C M be an open neighborhood p. Consider Y C T'M given
by

U={(qv)|qeV,veT,M, | <e =] {a} x Bi(e) c TM.
qeV
Define a map Exp : Y — M x M by

Exp(g,v) = (g, exp, v).
We compute
dip,0) Exp : T o) (TM) 2 T,M © T,M — T,M ©T,M
by computing its partial derivatives in the horizontal and vertical directions:

dy Exp(pﬁo) = id|TpM ©® id|TpM7 ds Exp(p’o) =06 ’L.d|Tp1\/[7

id 0
dEXp(pvo):(z‘d z’d)'

Therefore d(, oy Exp is an isomorphism. By the inverse function theorem, there is a
neighborhood U’ C U of (p,0) such that Exp |, is a diffeomorphism onto its image.
Since M is locally compact, we can choose U’ as a box neighborhood of the type

U ={(qv)|qgeV’, Jv<d}

i.e., we have

for some smaller neighborhood V' C V of p. Now we choose a sufficiently small
W C V' so that W x W C Exp(U’). Then the choice we made for W and § > 0
will do our purpose. (I

The proposition tells us in particular that there is a unique geodesic between
¢1, ¢2 € W contained in By, (6) N By, (6). In general, the whole geodesic may not
be completely contained in W, i.e., W may not be convez.

Definition 8.11. An open set U C M is called (geodesically) convex if for any
p, q € U, there exists a unique minimal unit speed geodesic joining p and ¢ com-
pletely contained in U. It is called strongly convex if the same holds for any
q1, ¢2 € U except possibly the end points of the geodesic.

Theorem 8.12. For each p € M, there exists €, > 0 such that the geodesic €,-ball
B, (€p) is strongly convex. Moreover €, can be chosen uniformly over on a compact
neighborhood of p.

Corollary 8.13. Any manifold has good covering {Uy}: Any finite intersection of
U, ’s are contractible.
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Proof of Theorem 8.12. Fix a geodesic normal coordinates ¢ = (x!,..., 2") cen-

tered at p. We define a function || - ||, : TM|p, () — R by

lolly =D (@ (v))?

=1

zi. On the other hand, we have

for v=>3""i'(v)5
[0l = \/gi; " ()7 ()

for gi; = 0;; + O(r?). Therefore we can choose €y > 0 such that

€0
— <1
5
and there is some K > 1 depending only on ¢y such that

1
vl < kol < Klolly

for all v € TM| B (eo)- (Here we use the fact that any two norms are equivalent on
a given vector space.)
Then we choose 0 < ¢, < ¥ < 1 so small that

(1) Forany g € B,(¢p), geodesics issued at ¢ are distance minimizing in B, (3¢,,).
Choose 3¢, < d in the above proposition.

(2) llgij = dijllco:B,36,) < ToR2s

(3) T3l co:B, (3ey) < TomE7 -
We claim that with these choices By(e,) is indeed strongly convex.

Suppose ¢, ¢’ € By(€p) and let 7 [0,a] — M be a unit speed distance minimizing

geodesic with v(0) = ¢, v(a) = ¢’ € Bp(¢p). By (1), Imagey C B,(3¢,). Then we
have

L(vy) < d(p,q) +d(p,q') < 2¢,

and hence a < 2¢,.
By the choices we made above, B,(3¢,) C B,(5¢p) and

(t) € By(3ep)

for all t € [0,a], and d(p,¥(0), d(p,v(1)) < ¢
Now we put

F@) = (dp, () =7 ) +...+ (1) 7 =a' 0.
It suffices to show that
() >0 forallte(0,a).

We compute
=D AP+ At
i=1 j=1

and

Therefore

S0 = 1412 - Zv( HF@F0).
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Then

Vv

2
370 = (1= R OR) =[S0 (T 605 050)
> (455~ S iorzs K0)) O
8L 3¢ 8L 3

100 10 © 100 10 e
This finishes the proof. O

9. Horr-RINOW THEOREM

Question 9.1. (1) When is the exponential map exp,, defined on whole 7}, M?
(2) Let p, ¢ € M. Is it possible to join p and ¢ by a length minimizing geodesic?

Theorem 9.2 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold. Let
p € M be given. TFAE:

(1) exp,, is defined on all of T, M.

(2) The closed and bounded sets of M are compact.

(3) M is Cauchy complete with respect to the Riemannian distance.

(4) M is geodesically complete: any geodesic is defined for all time.
In addition, any of the above implies

(5) For any q € M, there exists a gedesic y joining p to q with L(vy) = d(p,q).
Proof. We will prove the theorem in the following chain of logical sequence:
1)=15), 1H&H)=2)=3)=4)=1).

1) = 5): Let d(p,q) = r and let B,(d) be a geodesic normal ball at p with
S = S,(0) = 0Bp(6). Let xp € S be a point where the continuous function
r + d(q,r), * € S attains a minimum. Then zy = exp,(év) for some v € T, M
with |v] = 1. Then we consider the geodesic v = ~, defined by v,(s) = exp, sv
which is defined for all s by the Hypothesis 1). We will show v, (r) = ¢. To prove
this, we consider the equation

d(vw(s),q) =7 —s (9.1)
for s € [0, 7]. Define the subset
A={se€l[dr]](9.1) holds}.

We will show A = [§,r] by proving that A is nonempty, open and closed in [0, r].

Since curve connecting p and ¢ intersect 9B,(4), we have

d(p,q) =  min (d(p,p) +d(p,q)) =0+ d(po, q)
p'€0B, ()

and hence d(pg, q) = d(p,q) — 6 = r — §. This implies § € A and so A # §. Since
d, v are continuous, A is also closed.

To prove A is open in [4,r], let s € A. If sg = r, we will be done. Suppose
6 < s9 < r. Consider geodesic normal balls B ,)(d") for all sufficiently small
8" > 0. Similarly as before we put S’ = 0B,,)(¢') and let 2, € S’ be a point at
which d(x,q) attains a minimum in S’.
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Again we gave

d(’Y(SO)v q) = zHégl/(d(W(So), Z‘) + gl,c_lg,l/ d(.]?, Q) = 6/ + d(xlm Q)7

from which we derive
d(zh,q) =1 —850—08 =1—(50+d").
Therefore
d(p, xp) = d(p,q) — d(xg,q) =7 — (r = (so + ")) = s0 + 0",

On the other hand, the path from p to xg = 7(sg) followed by the minimal geodesic
from g to z{, has length so + ¢’ and hence we have proved

d(p,zg) = so + 6.

This implies that the concatenated path has length same as the distance between p
and (), it must be indeed smooth by Corollary 7.12, and in particular z( = y(so+0")
for all sufficiently small & > 0 and hence A is open. This finishes the proof of
1) = 5).

1) & 5) = 2): Let A C M be closed and bounded. Since A is bounded, we
may assume A C Bg(R) for some metric ball of radius R at p. Then we have

BY(R) C exp,(Bo(R))

for the Euclidean ball By(R) C T,M. But By(R) is compact by Heine-Borel.
Then since exp,, is continuous, exp,(Bo(R)) is compact and hence the closed set

A C exp,(Bo(R)) is compact.
2) = 3): is easy since any Cauchy sequence is bounded.
3) = 4): Let v be a geodesic with y(0) = p and 4(0) = v and define

so = sup{s € Ry | v(¢) is defined for all 0 <t < s}.

If sg = 0o, we are done. So suppose sg < 0.

Take an increasing sequence s; * sg. Then 7(s;) is a Cauchy sequence and so
converges to pg € M. Let W, § > 0 be the pair of a neighborhood of p and a
positive constant fo py given as in Proposition 8.10.

Take sufficiently large N > 0 such that if n, m > N with n > m, then

and |s, — s, < 2. Then there exists a unique geodesic 7 between y(s,,) and (s, )
whose length is < 4.

Since exp,(,, ) is a diffeomorphism on By(d) C T',(s,,)M and exp.(,, (Bo(5)) D
W, 7 indeed extends « to the interval [0, s,, + §). Since s, — s¢ as m — 00, we
have s,, + % > so eventually, a contradiction to the definition of sq.

4) = 1): Obvious. O

Definition 9.3. We call (M, g) a complete Riemannian manifold if it satisfies any
(and so all) of 1) - 4).
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10. CLASSIFICATION OF CONSTANT CURVATURE SURFACES

Example 10.1. (1): S?(1) C R? equipped with the induced metric. In geodesic
polar coordinates around the south pole S with r(S) = 0, the metric is given by
ds®> = dr® +sin?rd6?, 0<r<m 0<0<2m,
and in the stereographic coordinates on S%(1) \ {N}, we have ds? = dﬁ%if. This
4
metric has its sectional curvature K = 1.
(2): R? with ds? = dz? + dy?. In geodesic polar coordinates,

ds®> = dr? +r%d6?>, K =0.
(3): H? = {(z,y) | r > 0} equipped with

dz? + dy?
2 _
In the disc model, it is given by
ds? — dz? + dy?
1—L1p2°

1
In geodesic polar coordinates

ds® = dr? + sinh?rdf?, K = —1.

Theorem 10.2. Any constant curvature surfaces with K = 1,0 — 1 are locally
isometric to one of the aboves.

Recall that in geodesic polar coordinates (r,6), V 2 % = 0. We will also need

. 9
to compute V% 50

.

Lemma 10.3. Write J = Then J is parallel along the radial curve, i.e.,

o

VaolJ=0.
ar
Proof. 1t is enough to prove
0
o
The first follows since (J, J) = 1. For the second, we compute

0 0 0 P
<V%J’E>:5<J’E>_<J’V%E>:0'

(Vold,J)=0=(Val

Corollary 10.4. For any function g € C*(M), we have
9
or

Proof of 10.2. Consider a geodesic polar coordinate (r,6) on M so that we can
write

V%(g-J): J.

ds* = dr? + f*(r,0)d6>.
Then we have

<8rar> = 17 <89a 69> = f2(ra 0), <ar86> =0.
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Therefore we have the (unique) sectional curvature

(R(Dy,09)09,0y) = ¢ ((Or, 0r) (D, Do) — (87,,89)2) =cf*(r,0). (10.1)
On the other hand, using the definition of R, we compute
<R(8’r‘789)8(976’r‘> = _<R<a7‘789)a’r‘)69>
R(0y,00)0, = V.Vg0, —VoV,.0, =V,.V,00
= v =21
B nr Coor2”
Therefore we obtain
9?f1 2?f1 0 f
<R(8r,89)89, 3r> == <8r2f(99,89> = ﬁ? <89,89> = W (102)
Combining (10.1) and (10.2), we have obtained
an 9 a2f
fﬁ‘i’cf 70:>w+cf70
Combining the fact that f2(r,6) = r2 + O(r), we obtain the boundary condition
lim f(r,0) =0, lima—f =1
r—0 r— oJr

for all 8 = 0. Applying the uniqueness of the solution to the initial value problem
gié +cf=0
£(0,0)=0, $£(0,6) =1
we derive that f is independent of §. Therefore we conclude
(1) (Case ¢ =0) f(r,0) =r = ds? = dr? + r2d?,
(2) (Case c=1) f(r,0) = sinr = ds® = dr? + sin® rd6?,
(3) ICase ¢ = —1) f(r,0) = sinhr = ds? = dr? + sinh?® rd6>.

11. SECOND VARIATION OF ENERGY
Next we recall the general second variation formula.

Theorem 11.1 (Second variation formula). Let : [0,a] — (N, g) be a geodesic on
a Riemannian manifold. Let C : (—¢,€) x [0,a] — N be a variation of y i.e, a map

satisfying C(0,t) = v(t) Denote V(s,t) = %—f(s,t) and ¢s := C(s,-). The second

variational formula at a geodesic vy is given by

L) /01<l;tvgtv>—/ol (R(V.AA V) di
(ZLoa0)+ (B@s@). v
_ _/01<%2/+R(V,~'y)~'y,v> dt
(5050 + {55
B <%§/(0)’V(0>> i <Da‘t/(a),v(a)> (11.2)
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Proof. We start with the following lemma
Lemma 11.2. Let & be a vector field over a map f: (—e€,€) x [0,a] = M. Then

DD¢ DDE . Of Of
ot aas - Mo s

Applying this to C and £ = %, we compute the derivatives of E(cs) = & foa és]?,
i) [*(DOC 0O,
ds  Jo \0s ot ot

d?’E(cq ¢/ DoC DoC “ /D D oC
Be) / <88t88t> it [ <65688t,606t> dt
- [(Roe bocy ., [f(DDoc 0y,
o \Ot Os’ Ot Os o \0sot ds’ Ot
The first term becomes
/“<D30 D30> ai = /“<D30 Dac> dt
o \Os Ot ds Ot o \Ot Os’ Ot Os
' /DV DV
- LG
0 ot ot
For the second term, using the lemma, we rewrite

[(2D0C 30N ye [F(2DIC N gy [ (2C,90) 9 0
0 o 0 8tas 887 at 0 887 8t 887 at

and

Os Ot ds’ Ot
We do integration by pars,
/a 22%876( dt = GQB@ a£>_<8£ 2%>dt
o \0tds 9s’ Ot ~Jo Ot'0s 0s’ Ot ds’ Ot ot
_ 90 Doy
Ot 9s 0s'lo’

By evaluating s = 0, we derive (11.1).
For (11.2), we further apply the integration by parts to

L /DV DV L'da /DV L/ p2v
/o<awat>d’f - /odt<awv> a- | <aﬂ> i
L/ p2y DV a
_ _/0 <at2,v> dt+<8t,v>

0

Remark 11.3. We would like to emphasize that the general second variation for-

mula allowing the end points to move contains the boundary terms appearing
the last line of (11.1) which is the same as

D oC D oC .

) .

O

n

(These terms will not appear in (11.1) when the variation is fized at the endt = 0, 1.

See e.g., [Sp2, p.303] or [dC, Remark 2,10] for such a discussion.)
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Under the fixed boundary condition i.e., with ¢4(0) = p, ¢s(a) = g, or the periodic
boundary condition, i.e., with ¢;(0) = ¢,(a) and ¢,(0) = ¢é5(a), the boundary terms
drop out and the formula (11.1) and (11.2) are reduced to

¢ /DV DV N

| (G %) - @ vy a

f/a DV v ar
(e )

Definition 11.4 (Jacobi field). A variation V over a geodesic v is called a Jacobi
field if V satisfies the equation
D?*V
— + R(V,¥)y=0.
2 TRV
Definition 11.5 (Index form). For two infinitesimal variations of a geodesic -y, we
define the index form I, by

and

respectively.

Lvaw) = [OL B0~ (R i

This form defines a symmetric quadratic form on the tangent space of the set of
paths with the following boundary conditions:

e (Two-point boundary condition)
Pypla) ={c:[0,a] = M | c(0) = p, c(a) = ¢}
e (Periodic boundary condition)
Q(a) = {c:RZ — M | ¢ is a-periodic }

Equip V with the L?-inner product

1
(VW) = / (V(8), (W (1)) dt

We decompose V = VYt @ VY @ V™ into the positive, zero and negative eigenspaces
of the symmetric (Why is it symmetric?) quadratic form I, on V.

Proposition 11.6. Consider the index form

1
L) = [ (L0, 55 0) - R O.A050.w0.0) @
on the setV of vector fields along v with either of the following boundary conditions:
V(0)=V(a)=0, V(0)="V(a)
Then the index and the nullity of I, are finite.
Proof. We will use the following well-known fact in the functional analysis

Lemma 11.7. A Hilbert space H (i.e., a complete inner product space) whose closed
unit ball is compact if and only if dimH s finite.
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To apply this lemma, we will take the L?-completion of V° @& V= and consider
the closed L? unit-ball thereof. Denote the closed L? unit-ball by
BL(V) = {VeV| V] < 1}.
We will show that
B:=V'oV nB.(V)
is pre-compact in L2. This in particular implies that the L2-closure
B=V'aV-NB:(V)

is compact which implies VO @ V~ is finite-dimensional by the above lemma. This
in turn implies that V° @ V™ itself is finite dimensional which we wanted to prove.

It remains to prove that B is pre-compact in L? on [0,a]. Actually we will prove
that B is pre-compact in C°-topology on [0, a]. We first observe that if V € V0@V~
with [|V]|L2 <1,

02 1,0v) = [ (T 0 )~ RVOAOR0.V0.0) dr

and hence we have

1
/O @tv(t), fo)ltV(t>> dt < (R(V(£),4(1))3(1). V(0,1)) dt

and so ,
DV .
125 < imoteolsizaviz:
L2
where || R(7)||co is the C%-norm of the function ¢ — R(7(t)). In particular, we have

<(C<oo

2

v
dt

for all ||V||zz <1 with

C = VIRMlleollFllco < o0

which is independent of V' but depends only on g and v. Let ty € [0,a] be any
given point. Then

t \—1 ! s \—1 Dv
() (V) = Vo) + [ ((115,)7(-(5)) ds
to
Lemma 11.8. The section V € T'(v*TM) is equi-continuous in the sense that the
];mction t i (I )N (V(t) € TyuoM is equicontinuous on [0, a] uniformly over

Proof. We compute

M) ) - Vil < [ | ()] ds
< Vi=hly [ | 5|
< Vil 5| <ovi-al
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Here we use Holder’s inequality for the second inequality and the property that the
parallel transport map IT¢ , breserves the norm. Noting that C' does not depend on
V', tg and t, we have finished the proof. O

Since [0,a] is compact, Ascoli-Arzela theorem implies that B is pre-compact in
C°-topology. This finishes the proof. (|

Remark 11.9. (1) In the above proof, we in fact have
VO V-NB(V)=0V' eV )nB.(V)

since the latter is a dense subspace of the former in L? which is finite
dimensional.

(2) The argument used in the above proof is the essence of the proofs of the
Sobolev embedding theorem and the Reillich compactness theorem

coswte, 1-2sg
p

in functional analysis. The current case corresponds to p =2 and n = 1.

We have the following comparison theorem which is the beginning of global
Riemannian geometry.

Theorem 11.10 (Bonnet-Myers). Let M be a complete Riemannian manifold.
Suppose that the Ricci-curvature of M positively-pinched, i.e., satisfies

1
Ricy(v,v) > —

>0
r2

forallp € M and for allv € T,M. Then M is compact and has the diameter < mr.

Proof. Let p and ¢ be any pair of points in M. Since M is complete, there exists
a length-minimizing geodesic v between them. It is enough to prove that L(v) =:
? < rr.

Suppose to the contrary that L(vy) > 7r. Choose parallel fields Fy (t), ..., En_1(t)

which are orthonormal and perpendicular to +/(¢). Write E,(¢) = #. Then
{F1(t),...,En(t)} form an orthonormal parallel frame of TM along . Consider
the vector fields along ~y defined by

V;(t) = (sinmt)E;(t), j=1,...,n—1

Surely we have V;(0) = V;(1) = 0. Therefore the second variation formula gives
rise to

1 2
BY0) = [ (5t + ROGA). V).
0
But we evaluate
D2V,
< dt?
where K;(t) := (R(E;(t), En(T))E,(t), Ej(t)), and hence

+ R(Vj,4),V;) = —n° sin® wt + £2 K (t) sin® wt

1
E}’(o):/O 0 sin’® mt(—7% + K;(t)) dt.
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By summing up over j =1,...,n — 1, we have derived
n—1 1 n—1
Z E7(0) = /0 (n — 1)£27%sin® 7t — £*sin® 7t Z K;(t)dt
j=1 j=1

1
_ /0 (2(n — 1)r? sin? wt — (n— 1) Ric, ) (En(t), Ea(t))) dt.

Since Ric,y)(En(t)) > % and £ > 7r, we have

(n — 1)€% Ricy () (En(t), En(t)) > (n— 1)m*.

This implies £”(0) < 0 and hence there is some j = 1 such that £7(0) < 0. This
contradicts that v is a minimizing geodesic between p and gq. O

Since the curvature assumption is local, the same applies to the universal covering
space of M.

Corollary 11.11. Under the same hypothesis, the universal covering space M is
compact. In particular M has finite fundamental group.

Example 11.12. (1) T™ cannot be given a metric of positive Ricci-curvature.
(2) If M has sectional curvatures > -5 > 0, then M is compact and diam (M) <
.
(3) We cannot weaken the hypothesis K > %2 > 0 to just K > 0, since the
paraboloid
{(z,y,2) e R’ | 2 =2? + 4%}
has positive curvature K > 0 which is complete and non-compact.

Part 2. Symplectic Geometry
12. GEOMETRY OF COTANGENT BUNDLES
Let N be any smooth manifold and T* N be its cotangent bundle. When N = R",
T*N =R" x (R")* = R** = C".
The first isomorphism arises by the canonical coordinates of an element o € T*N
a = (q(e),p(a)), a= (a1, an), p=(p1,---,Pn),
and the second follows by
(i pi) = @i +V—1p;.

In classical mechanics, R?? 2 T*R™ equipped with standard canonical coordinates
(q1,492,- -+ qnsP1, -, Pn)-

Definition 12.1 (Lagrange-Poisson bracket). For given pair F, G of functions on
R?", the Lagrange-Poisson bracket is defined to be

" (OF 0G  0G OF
{F,Glp =) (8(11’ pi  Og; 8pi>

i=1

(12.1)

Regard the bracket operation (f,g) — {f,g}Lp as a bilinear map
C>(R*") x C=(R*) — C=(R*™).
Proposition 12.2. The bracket {-,-} = {-,-}Lp satisfies the following properties:
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(1) (Skew symmetry) {F,G} = —{G, F},

(2) (Bilinearity) {F +G,H} ={F,H} +{G,H},

(3) (Leibniz rule) {FG,H} = F{G,H} + {F,H}G,

(4) (Jacobi identity) {F,{G,H}} +{G,{H,F}} +{H,{F,G}} =0,

(5) (Nondegeneracy) {F,G} =0 for all G if and only if F is a constant func-

tion.
Definition 12.3. We call a (local) coordinate (y, - - ,y*") is called a Hamiltonian
canonical coordinate if it can be permuted to (Q1, P1, Q2, Po, -+, Qn, Pp) such that

{Qi, Qi =0={F;, Pj}rp, {Qi,Pjlrp = dij.

Exercise 12.4. Let (Q1, P1,Qa, P2, -+ ,Qy, P,) be any coordinate system on R?".
Prove that the coordinate system is Hamiltonian-canonical if and only if for any
function F, G : R = R

z”: OF 0G  9G OF _z": OF 0G  0G OF
dq; Opi 0q; Opi) 0Q; 0P,  0Q; 0P; )

i=1 i=1

In particular, under the identification of R?™ =2 T*R", we have

Proposition 12.5. Under the identification of R*" = R" x (R")* = T*R", any
canonical coordinates associated to a coordinate (zt,--- ,x™) on R™ is Hamiltonian
canonical.

Proof. We denote by (q1,...,qn,P1, - ,Pn) the canonical coordinates associated
to the standard coordinates of R™.

Recall a general canonical coordinates is associated to a coordinates (z!,--- , x™)
of the base R" is defined by (Q1,...,Qn, P1,..., P,) is defined to be

Oxi

We compute {Q;,Q;}, {Qi, P;} and {P;, P;} separately. By definition, @; does not
depend on p;’s but depends only on g;’s. Therefore we have {Q;,Q;} = 0.
By definition of canonical coordinates, we have

> PdQi = pjdg;. (12.2)
; ;

Qi(a)zxioﬂ(a),sza( 0 )

(Why does this follow from the definition?) The RHS can be written as
aqj an‘
;;pj@in:¥ ;Pj@ dQ;.

This proves

8qj
P = ;pj@- (12.3)
‘We compute
OF _ 94, (12.4)

op;  0Q;



ELEMENTARY DIFFERENTIAL GEOMETRY 41

Therefore
" (0P, 0P, 0P, 0P
Py, P, = —
(P Py ; ( dq; Opi  Oq; Op;
B zn: <5Pk 9¢; 0P Og; )
—\ 9q; 0Q¢  0q; OQy,
oP, 0P,
= ————=0-0=0 12.5
0Q¢  0Qy (12.5)
where the penultimate equality follows since g%: = 0 for all j and so %’“j =0 as
a%gj is a linear combination of a%i’s not involving %’. The last equality from the
definition of canonical coordinates (Q1,...,Qn, P1,..., Pp).

Finally we compute

{Qr: Piyor =) Be Toc ~ Bar Bn; (12.6)

=1

Substituting (12.4) into (12.6), we obtain

N (0Qk 9qi Dqi Q) N~ 0Qk Oqi _ 0Qx
{Qk, Pe}rp = z; ( g 90. 90y 3p7;) = 1:21 9 00s ~ 90, Oke-

- (an 0P, 0P, 6Qk>

Here again the first equality follows by the same reason and the second equality
from the vanishing %Ci? = 0 since Qr = Qk(q1, -+ ,¢n). This finishes the proof. O

This indicates existence of some geometric structure associated to the bracket
operation on the cotangent bundle 7*N any smooth manifold N, in particular on
the classical phase space R?".

Indeed (12.2) shows that there is a globally defined one-form on T*N whose
coordinate expression given by Y., p;dg; and a two-form given by Y. dp; A dg;.

Definition 12.6 (Canonical symplectic form). The Liouville one-form on T*N is
defined by the formula

0a(€) = afdm(€))
for £ € T, (T*N). The canonical symplectic form on T*N is defined by

W = —db.

One can check that in coordinates we have 6 = 3. p;dg; and wo = ), dg; A dp;.
By definition, wy is a closed (in fact exact) two-form and nondegenerate.

Definition 12.7. A two form w on a manifold M is called nondegenerate if the
bundle map

wiv—vw, TyM—TiM
is an isomorphism.

Since w is a skew-symmetric bilinear form on each tangent space, M must be
even dimensional.
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13. POISSON MANIFOLDS AND SCHOUTEN-NIJENHUIS BRACKET

We start with the notion of Lie algebra.

Definition 13.1 (Lie algebra). A Lie algebra is a vector space g equipped with a
bilinear map
[]:gxg—g
that satisfies the following properties:
(1) (skew-symmetry) [a,b] = —[b, d],
(2) (Jacobi identity)
[a, [b7 C]] + [bv [07 a’]] + [C7 [a7 b]] =0.

When dimg < oo, we can provide the coordinate description as follows: Let
{e1,++ ,en} be a basis. Then we have

[ei»ej](ﬂ) = Cyijrex

for some constants {Cjji} called the structure constants. Then they satisfy the
structure equations

Cijk = —Cjiks
n

Z (CijnChie + CjinChie + CrinChje) = 0.
h=1

When the elements a, b carries grading and the above two properties hold in the
graded sense, we call such a Lie algebra a graded Lie algebra.

Definition 13.2 (Poisson algebra). A Poisson algebra is an algebra A that also
carries a Lie bracket, denoted by {-,-} : A x A — A, that is compatible with the
algebra structure, i.e., that satisfies the properties (1) - (4) stated in Proposition
12.2. Such a bracket is called a Poisson bracket.

When the associated Lie algebra and algebra are graded, the resulting graded
Poisson algebra is also called a super Poisson algebra.

Definition 13.3. A smooth manifold P for which A := C*°(M) carries a Poisson
bracket {-,-} compatible with the usual product operation of C*°(P) is called a
Poisson manifold. When the Poisson bracket is nondegenerate, we call it a sym-
plectic manifold.

Definition 13.4 (Poisson maps). A Poisson map is a C* map ¢ : (P, {,-}1) —
(Py,{-,-}2) such that the map ¢* : C°(Py) — C°°(Py) satisfies

{e"f.e'gh =™ {f, 9}
for all f, g € C™(Py).

By definition, the map f + {-, f} is a derivation on C°°(P) and so defines a
vector field on P.

Definition 13.5. We call the vector field associated to the derivation {-, f} the
Hamiltonian vector field of f which is denoted by Xj.
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13.1. Poisson tensor and Jacobi identity. A bi-vector field is a section of TP ®
TP. Given a Poisson bracket {, -}, we can define a bi-vector II so that the equality

{f, 9} =1(df,dg) [, g€C™(P)
holds. More precisely, we have

Definition 13.6. Define a bilinear map Il : Ty P x Ty P — R as follows: For each
given ay, ap € T P, we define

I (a1, o2) := {f, g}(x)
for f, g € C*°(P) such that df (z) = a1, dg(z) = as.

Because {C,-} = 0 for any constant function, this definition indeed defines a
skew-symmetric bi-vector field II. What would correspond to the Jacobi identity
for the bi-vector field II, called the Poisson tensor associated to the Poisson bracket?

To understand this we need to consider the whole of (dual) exterior algebra,

D(A*(TP)), the set of multi-vector fields, and an extension of the Lie algebra of
vector fields to the graded Lie algebra of multi-vector fields.

Definition 13.7 (Schouten-Nijenhuis bracket). is a (graded) bilinear map
[ ] : D(AM(TP)) @ D(AYTP)) — T(AFH (T P))

for k, ¢ > 0 that satisfies the following properties:
(1) f X eT(TP)=T(TP),[X,Y]=LxY,
(2) (Graded skew-symmetric) [X*) Y (O] = —(—1)E=DE=D[y ) x*)]
(3) (Graded derivation)
[X(k)yy(é) A Z(m)] - [X(k)’y(é)] A Zm 4 (_1)(k—1)€y(€) A [X(k),Z(m)].
(4) (Graded Jacobi identity) For A = X*®) B =y C = z(m),
(_1)(k71)(m71) [Av [B7 OH + (_1)(471)(1671) [Ba [Ca A]] + (_1)(m71)(271) [Oa [Aa B]] =0

Hence the multi-bracket puts a super-Poisson algebra structure on I'(A*(TP)) with
respect to the wedge product and grading | X*)|" = k — 1.

Exercise 13.8. Defineads = [4, | and [ad4,adp] = adAadB—(—1)(“_1)(b_1)ad3ad,4.
(1) Check that the graded Jacobi identity is equivalent to [ada,adp] = ad[4, ).

(2) We know ada(B A C) = adyB A C + (=1)(@"’B A ad4C. What is the
formula for ad4[B, C]?

Proposition 13.9. Let II be the Poisson tensor associated to the Poisson structure
on P.

(1) For a function f on P, let Xy = {-, f} be the Hamiltonian vector field
associated to f. Then [II, f] = Xy.
(2) The Jacobi identity on C(P) is equivalent to [II,II] = 0.

Proof. Let (x1,--- ,x,) be a coordinates and express

1 0 0

0= -m— A =—.
271-”8.%'1' (%cj
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We first express the Hamiltonian vector field X; = {-, f} in coordinates. For this

we compute {x;, f} for the function f. By definition of II, we compute

0
(e f) = Tldr,df) = des, 2-dr,)
J
of 1 0 0
9 le]
_ OrL |dnilag) dui(a)
Oz, 2 dri(5,,)  drj(a:;)
of 1 of
= %jiﬂu(&k%e — 0iedjk) = 87%_7%‘
and hence we have Xy = ﬂij%%.
We then compute
0 0 0 0 0 0
2[IT = iia-Na =T =N g —Tija—Ng
(1L, f] [ﬂjaxi dx; f] Wjaxj [axi 7l F]&Uz‘ [afj /]
o of o of o of
Tij Ox; 0x; i Ox; 0x; Tij Ox; Ox;j f
This proves (1).
Then a direct calculation shows
1 [ Omy . . 0 0 0
ILIl| = —= | ——7; ¢ lic s ’ - ak a.. "
[IT, 11] 5 (3%— ;¢ + ‘cyclic sum over zk€> pye A pye A Bz,

On the other hand, we have
mij = {wi, 75}
and so
aﬂ'jk
{wi {zj, wr}} = {wi, mjn} = —Xo, (mjn) = —[IL i) (mjn) = =70 T

By comparing the two, we have proved [IL, II] = 0 if and only if
{zi,{z;, zx}} + ‘cyclic sum over ijk’ =0

for all 7, j, k. This finishes the proof.

(]

13.2. Lie-Poisson space. Let g be a (finite dimensional) Lie algebra and g* its
dual space. Regarding P = g* as a manifold, we will put a Poisson structure as

follows:
First we identify (g*)* = g and

df(n) €T, 9" = (g")" =g

for p € g* and f € C*(g*). By this identification we can define a bracket on

C>(g*) by setting
{f, 93 () = (u, [df (1), dg(1)])-

We can provide the coordinate description as follows: Let {e1,--- ,e,} be a basis

of g C C*(g*) and 1, - , x, the corresponding linear functions g*. Then

{mi, 251 (1) = (1, [es, e5]) = (1, Cijrwr) = Cijrrr(p)
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where C; i, are the structure constants of the Lie algebra g for the basis {eq,--- , e, }.
Therefore the corresponding Poisson tensor has the coordinate expression

Tij = {(Ei,(Ej} = C’”kitk
The structure equation of the Lie algebra implies that the Lie-Poisson bracket

satisfies the Jacobi identity. The derivation rule holds from the fact that exterior
differential satisfies derivation rule.

Definition 13.10. Let g be any Lie algebra. The Lie-Poisson space is the pair
(g*a {'7 })

In this way, for any Lie algebra g, its dual space g* carries a canonical Poisson
structure which we call the Lie Poisson structure. This Poisson structure is special
in that it admits a coordinate with respect to which the functions 7;; are all linear

functions. For a general Poisson structure, such a coordinate does not exist in
general.

14. SYMPLECTIC FORMS AND THE JACOBI IDENTITY

From now on, we assume that the bracket is nondegenerate but it may not satisfy
the Jacobi identity.

One might wonder what if we drop the condition w being closed as the skew-
symmetric analog to the Riemannian metric which is symmetric positive-definite
(and so nondegenerate) bilinear form.

Definition 14.1. We call a nondegenerate two-form w a quasi-symplectic form on
M, which is not necessarily closed. Consider h € C*°(M).

(1) The quasi-Hamiltonian vector field, associated to h, denoted by X, is the
vector field defined by

Xy, =@ (dh). (14.1)
(2) The quasi-Poisson bracket, denoted by {f, h}, is defined by
{f,h} = w(Xy, Xn). (14.2)

We first mention that we can equivalently write

{f.h} = df (Xn) = Xalf]. (14.3)
It immediately follows from the definition that the quasi-Poisson bracket associ-
ated to any nondegenerate two-form satisfies skew-symmetry, bilinearity and the
Leibnitz rule. The remaining question is on what condition of w the associated
quasi-Poisson bracket satisfies the Jacobi identity. The following is a consequence
of nondegeneracy.

Exercise 14.2. Prove that the set of quasi-Hamiltonian vector fields is ample in
that the following holds: Let € M be any given point. Then we have
{X(@) | X =Xp, heC®(M)} =T, M.

Here comes a fundamental relationship between the closedness of the nondegen-
erate two form and the Jacobi identity of the associated quasi-Poisson bracket.

Theorem 14.3. Let w be a nondegenerate two-form and {-,-} be its associated
quasi-Poisson bracket. Then w is closed if and only if the quasi-Poisson bracket
satisfies the Jacobi-identity.
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Proof. We first derive the following general identity for any nondegenerate two
form.

Lemma 14.4. Let w be as above. Then

dw(Xf’ Xg? Xh) = _({{gv h}v f} + {{hv f}v g} + {{f7 g}v h}) (144)
Proof. From the definition of the exterior derivative, we have
dw(X,Y,Z) = XwY,2)]-Y[w(X,2Z)]+ Zw(X,Y)]

(X, Y], Z) +w([X, 2, Y) - w([Y, 2], X).  (145)
Substituting X = X¢, Y = X, Z = Xj,, we derive

dw(Xy, Xg, Xn) = Xylw(Xg, Xn)] = Xglw(Xy, Xn)] + Xn[w(Xy, Xg)]

_w([Xf’ Xg]’ Xh) + w([Xf’ Xh]’ Xg) - w([X97 Xh}v Xf)'
The first line becomes
{Hg. 0}, £} + {{h. £} 9} + {{f. g} h}

from the definition of the bracket. On the other hand, we compute

—w([Xy, Xgl, Xn) = dh([Xy, Xg]) = [Xy, X,](h) = (Lx,Lx, — Lx,Lx,)(h)

= {{hvg}a f} - {{h)f})g}

and similarly

w( Xy, Xn], Xg) = —{{g,h}, [} +{{g. f},h}
—w([Xg, Xn], Xp) = {{f, 0} 9} —{{F 9} h}
By adding them up, we have derived (14.4). (I

It immediately follows from Lemma 14.4 that closedness of w implies the Jacobi
identity.

The converse also follows from (14.4) together with the ampleness of the set of
quasi-Hamiltonian vector fields (Exercise 14.2) whose detail is in order. We first
get

dw(Xf7X9’Xh) = _{{fa g}>h} - {{hvf}vg} - {{gvh}’f} =0

for all f, g, h from (14.5). At any point z € M, we evaluate dw(u, v, w) against the
three quasi-Hamiltonian vector fields X, X,, X, satisfying X(z) = u, Xy(z) =
v, Xp(x) = w. This proves that the Jacobi-identity implies the closedness of w and
finishes the proof of the theorem. O

In symplectic canonical coordinates (g1, -+ ,qn,p1, - ,Pn) i.e., one for which
{Gi,pi} = 6ij, {ai,4;} = 0= {pi,p;}

which is equivalent to saying

n
w=> dg Ap;
i=1

, the Hamiltonian vector field Xy is given by
Z 0H 0 OH 0
dpi g dg; Op;”

Question 14.5. For given symplectic form w, can we find a canonical coordinates?
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Theorem 14.6 (Darboux Theorem). For any symplectic manifold (M,w), there is
a (symplectic) canonical coordinates (g1, ,Gn, D1, ,Pn) under which we have

w = id%‘ A dp;.
i=1

Proof. We postpone its proof until the next section. ([l

Remark 14.7. One may ask similar question for a Riemannian manifold (M, g):
Can we find a coordinate (z',---,2") such that g = >, , dz’dx’? There is an
obstruction to the existence of such a coordinate. Riemann proved that such a
coordinate exists if and only if g is flat. For the quasi-symplectic form w, closedness
thereof is the only condition for such an existence result. In this regard, symplectic
geometry is much more topological than Riemannian geometry in that all symplectic
forms are locally isomorphic if there ranks are the same.

Definition 14.8. Let M be a smooth manifold. A symplectic structure on M is a
differential two-form w which is closed and nondegenerate on M. The pair (M, w)
is called a symplectic manifold.

Example 14.9. (1) Any cotangent bundle T* N with the canonical symplectic
form,
(2) Any surface equipped with an area form,
(3) Complex projective space CP™ equipped with the Fubini-Study form

i D o<k, <n(ZRdwi — zedwy) (ZpdZy — Zedz)
"oom D=0 |2k]?

for the homogeneous coordinates [zq; z1; - - - ; 2] of CP™.
(4) Any complex submanifold M C CP¥ for some N equipped with w = i*Q .
(5) (Gompf, 1995) For any finitely presented group G, there exists a compact
symplectic four-manifold M such that G = 7 (M) where 7 (M) is the
fundamental group.

15. PROOF OF DARBOUX’ THEOREM

In this section, we provide the proof of Darboux theorem. It consists of two
steps:

e Some linear algebra,
e Moser’s deformation argument.

15.1. Symplectic linear algebra. Let (S,Q) be a vector space with a symplectic
bilinear form, i.e., a nondegenerate skew-symmetric bilinear form.

Definition 15.1. We call a linear map A : S — S a symplectic linear map if
A*Q = Q. Denote by Sp(S, ) the set of symplectic automorphisms of (S, ).

It follows that each element A € Sp(S) is invertible and so Sp(S) C GL(S).
Lemma 15.2. There exists a basis {€1,...,en, f1,..., fn} such that
Qles ej) =0=Q(fi, fj), Qes, f;) = 0ij.

We call any such basis a symplectic basis or a Darboux basis.
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This lemma says that any (S, §2) is isomorphic to the canonical symplectic vector

space
Sy =VaeVi (=T*V)
with the canonical symplectic inner product wy defined by
Qv ((v1, 1), (v2, 22)) = az(v1) — a1 (v2).
For Sy, any choice of basis {uq,...,u,} of V and its dual basis {u],...,u}} for
V=,
€, = (uia0)7 f] = (O,Uj)

form a symplectic basis. This choice of the basis provides an isomorphism

(V@ V*aQV) = ( " 2] (Rn)*7ZdQl /\dpz = WO)

i=1

by considering the linear coordinates (g1, ..., qn,D1,-..,Pn =: wp) associated to the
basis {e1,...,en, f1,---, fn}- We denote by
Sp(R*")

the automorphism group of (R*",wy).
Another consequence of the above lemma is that any two symplectic forms
(V1,Q1), (Va,Qs9) are isomorphic to each other.

15.2. Moser’s deformation method. Let p € M be given and consider a coor-
dinate chart ¢ : U — R?" centered at p. We consider the symplectic form

W = ¢*wy.
We are given two symplectic forms w’ and w. After composing a linear transforma-
tion A : R?™ — R?" with ¢ we can achieve

W'lp = wlp
on T, M as a symplectic inner product. We still denote the resulting composition
¢ by re-choosing the coordinate chart .

Now we apply Moser’s deformation method to construct a local diffeomorphism
1 : V' — U such that
VW' =w, Y(p)=p
on a possibly smaller neighborhood V' C U.
For this purpose, we consider the forms

we = (1—tw+tw', t€]0,1] (15.1)
Since wy|p, = wl, for all t € [0,1], we may assume that w, are all nondegenerate on
V'’ by shrinking V' if necessary.
We then will construct a family of local diffeomorphisms 1, with

Yo =1d, Yi(p)=p
such that
Yiwp=w, wo=w,w =w (15.2)
for all t € [0, 1] on some even smaller neighborhood V’ such that V' C V. It will be

enough to find the vector field X; whose flow is given by ;. To find such a vector
field, we differentiate (15.2) to find the necessary condition for X; to satisfy

Ow
wf(ﬁxtwt + 7;) =0.
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Since 1); are diffeomorphisms fixing the point p and [0, 1] is compact, we can find a

neighborhood V’ of p such that v;(V’) C V and so

Ow
;Ctht + 7; = 0
on V'. But we have % = w’ — w and hence the equation is reduced to

d(X¢]wy) = w — o'

since w; are closed forms. Therefore to determine X;, we have only to solve the
following system of equations

ﬂ:Xthh
df =w —w' =: Q.

We now apply Poincaré’s lemma to solve df = w — w’ for 3: Let ns : V! — V' be
the deformation retraction of V' to the point p € V’. Then we have

a=gio=uo+ [ fLieds= [ waoe)a=a( [ woues).
From this, we obtain
o= [ onoas
Since n, fix p and Q|, = 0, it follows that 8|, = 0. We solve the equation

Xelwy =P

using the nondegeneracy of w, on V’. Since §|, =0, X;(p) = 0 for all ¢.
It remains to prove that the ODE & = X;(z) has its domain D C R x V of
existence contains the tube

[0,1] x V"

for some sufficiently small neighborhood of p such that V” C V so that 1, are
defined on V" for ¢ € [0,1]. But since X;(p) = 0 for all ¢t € [0,1], D contains
[0,1] x {p}. Since D is open in R x V and [0, 1] x {p} is compact, D contains an
open set (—¢, 1+ ¢€) x V", which finishes the construction of ¢ satisfying

YW = w
which in turn implies
P (pTwo) = w
on V”. By considering a new coordinate chart
g=pop: V"' >R
we have finished the proof of Darboux Theorem. ([l

Corollary 15.3. For any symplectic manifold (M,w), there exists some r > 0 such
that there exists a symplectic embedding B*"(r) — M.

Definition 15.4 (Gromov capacity). The Gromov capacity denoted by cq(M,w)
is defined to be

cq(M,w) = sup{mr? | 3 a symplectic embedding ¢ : B*"(r) — M}.
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Definition 15.5. Let (M;,w;) and (Mz,ws2) be symplectic manifolds. We call a
differentiable map f : M; — My a symplectic map if f*ws; = wy, and a symplectic
diffeomorphism if f is a diffeomorphism in addition. We say that two symplectic
forms are diffeomorphic to each other if there exists a symplectic diffeomorphism
between them.

Note that any symplectic map must be an immersion and so dim M; < dim M.
Obviously, we have cq (M7, w;1) < cq(Ma,ws) if there exists a symplectic embed-
ding (M1, w1) — (Ma,w2).

Theorem 15.6 (Gromov’s nonsqueezing theorem). Let B?*(R) be a standard
closed ball of radius R and Z*"(r) = D?(r) x C"~! the cylinder over D?(r) C C
as subsets of C* = (R%n,wy). Then there exists a symplectic embedding B*"(R) —
Int Z2"(r) if and only if r > R. In particular cg(Z*"(r)) = nr.

16. HAMILTONIAN VECTOR FIELDS AND DIFFEOMORHPISMS

We denote by Symp(M,w) the group of symplectic self-diffeomorphisms.

Exercise 16.1. Let ¢ : R2® — R?" be a diffeomorphism. We call ¢ a canonical

transformation if the new coordinate system (Q1,...,Qn, P1, -+, P,) defined by
Qi=4qio¢, Pj=pjod

is also canonical. Prove that ¢ is canonical if and only if ¢ is symplectic with

respect to the canonical symplectic structure wo = >, dg; A dp;.

Definition 16.2. Two diffeomorphisms ¢, v : My — M, are called symplectically
isotopic if there exists an isotopy ¢: such that ¢jws = wq for all ¢ € [0,1] and
oo = ¢ and ¢1 = . We call such an isotopy a symplectic isotopy.

We denote by Symp,(M,w) the set of symplectomorphisms of (M,w) that is
symplectically isotopic to the identity.

Definition 16.3. A vector field X on M is called a symplectic (or locally Hamil-
tonian) vector field if its flow ¢; is a symplectic isotopy.

A straightforward calculation shows the following.

Proposition 16.4. Let ¢, with t € [0,1] is an isotopy with ¢y symplectic. Denote
by X; the associated vector field

¢ _
t=37;°¢t1~

Then ¢ is symplectic for all t if and only if X¢]w is a closed one-form.

X

Proof. Suppose that ¢; is symplectic and so ¢;w = w for all . We have the Lie
derivative formula

d * *
%Qstw = ¢t (‘Cth)'
Therefore by differentiating w = ¢jw in ¢, we obtain 0 = ¢} (Lx,w). Since ¢; is a
diffeomorphism, this implies
Extw =0
for all ¢. On the other hand, by Cartan’s formula, we obtain

Lx,w = d(X;|w) + X, |dw = d(X, |w)



ELEMENTARY DIFFERENTIAL GEOMETRY 51

Combining the two, we have obtained d(X;|w) = 0, i.e., X¢]w is closed.
Conversely suppose that X;|w is closed. By reading the above proof backwards,
we have obtained

d .

%(btw =0.
Integrating this out over ¢ € [0, 1] and applying the fundamental theorem of calcu-
lus, we obtain

1
qﬁw:gbéer/ <d¢>fw) dt = pjw = w
o \dt

where the last equality holds by the assumption that ¢ is symplectic. This finishes
the proof. |

Definition 16.5. We call a vector field X Hamiltonian if the one-form X |w is
exact and call its primitive h a Hamiltonian function of X, i.e., dH = X |w. We
denote by X = Xy the Hamiltonian vector of H.

An isotopy ¢! is called a Hamiltonian isotopy if its associated vector field X,
is Hamiltonian for all t. We call a function H = H(t,z) satisfying X; = Xp, its
time-dependent Hamiltonian.

By a slight abuse of notation, we still denote by Xy the time dependent vector
field

Xpu(t,z) = Xg,(z)
and its generated isotopy by ¢g the isotopy given by ¢ — ¢%; which is the time-

dependent flow of the non-autonomous first order ODE & = Xy (¢, z) which we call
Hamilton’s equation.

Definition 16.6. A symplectic diffeomorphism ¢ is called Hamiltonian if ¢ = ¢},
for some Hamiltonian H = H (¢, z) for t € [0,1]. We denote by

Ham(M, w) C Symp(M,w)
the set of Hamiltonian diffeomorphisms.
Proposition 16.7. The set Ham(M,w) is a subgroup of Symp(M,w).

Proof. Clearly id € Ham(M,w) as the constant function generates constant flow.
Now let ¢, v € Ham(M,w). By definition, there are Hamiltonians H, K such
that ¢ = ¢k, 9 = ¢k. Obviously the flow t > ¢l ¢t generates the product ¢ip.
Therefore it is is enough to show that this flow is Hamiltonian. For this purpose
we compute its generating vector field

d
S (Bhol) 0 (Bhd) ™!

explicitly. We show that this is the Hamiltonian vector field Xt with the Hamil-
tonian L = L(t,x) given by
L(t,x) = H(t,z) + K(t, (¢5) ().

We denote this Hamiltonian by H#K. o
Similarly we show that the flow ¢ — (4% )~ is generated by H defined by

F(ta x) = _H(ta ¢§{(x))
This finishes the proof. O
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The remarkable Hofer’s pseudo-norm of Hamiltonian diffeomorphisms is defined
by
¢l = inf |H|| = leng(¢m) (16.1)
—¢

where ||H|| is the L1'*°-norm of H = H(t,z)
1
|H| = / (max Hy — min Hy) dt.
0

Proposition 16.8. Let ¢, ©» € Ham®(M,w). Then the following holds:

(1) (Symmetry) ||gll = |6~ ||
(2) (Triangle inequality) ||¢y|| < ||| + |[¥||
(3) (Symplectic invariance) ||hgph=t|| = ||¢| for all h € Symp(M,w)

Proof. We recall the formula for the inverse Hamiltonian H(¢,z) = —H (¢, ¢%;(z))
generating (¢%;)~!. Obviously we have
max H; = —min H,, min H; = — max H,.

It then follows || H|| = ||H||. Furthermore we know (H) = H. Combining these we
derive (1) by taking the infimum of |[H|| = ||H|| over all H + ¢.
For (2), we recall the composition Hamiltonian H#F defined by

H#F(t,x) = H(t,2) + F(t, (¢5) ' ()

generates ¢y if H — ¢ and F' +— . The latter fact in particular implies
< i . .
lovl <, _inf  |H#F] (16.2)
On the other hand, we have
max(H#F); < max H; + max F;
—min(H#F); > —minH; — min F}.
x x x

Then we derive

1
|H#F|| / (maX(H#F)t - min(H#F)t) dt
0 x x

IA

1
/ (max H; + max F} — min H; — min F}) dt
0 xT xT xT xT

]+ [1F]- (16.3)
Combining (16.2) and (16.3), we have proved (2).

For the proof of (3), we first recall that for given Hamiltonian H the pull-back
h*H = H oh generates h™! o ¢%; o h for any symplectic diffeomorphism h : M — M.
Obviously we have ||H|| = ||H o h|| = ||h*H]||. Taking the infimum over all H — ¢,
we have proved (3). O

Theorem 16.9 (Hofer, Polterovich, Lalonde-McDuff). The norm || - || is nonde-
generate, 1.e.,

(4) (Nondegendracy) ||¢|| = 0 if and only if ¢ = id.

This norm, called the Hofer norm, then gives rise to a natural metric topology
on Ham(M,w), which we call the Hofer topology of Ham(M,w).

A crucial ingredient in the proof of this nondegeneracy that Hofer introduced is
the following
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Definition 16.10 (Displacement energy). Let A C (M, w) be a relatively compact
closed subset. The displacement energy of A, denoted by e(A), is defined to be

e(A) = inf{||H|| | AN 3 (A) = 0}.

Outline of the proof. Enough to show that if ¢ # id, then ||¢|| > 0. Since ¢ # id,
there is a point p € M such that ¢(p) # p. By continuity of ¢, there exists a small
symplectic ball B such that p € Int B such that BN ¢(B) = 0. Therefore it will
be enough to prove e(B) > 0. This is an immediate consequence of the following
theorem whose proof relies on the machinery of pseudoholomorphic curves and
Hamiltonian dynamics.

Theorem 16.11 (Hofer, Lalonde-McDuff, Usher). Let B be a symplectic ball of
radius R, i.e., B = ¢(B*"(R)) in (M,w). Then e(B) = cg(B).
Corollary 16.12. Provided cg(B) < cg(M,w), then e(B) > 0. In particular

nondegeneracy of || - || holds.

This finishes the proof. (]

17. AUTONOMOUS HAMILTONIANS AND CONSERVATION LAW

We specialize to the case of autonomous Hamiltonian H = H(z), i.e., time-
independent function. The assignment H — Xpg for autonomous Hamiltonians
induces the following exact sequence: Suppose M is compact connected without
boundary. Then we have an exact sequence

0 — C®(M) — symp(M,w) — H'(M,R) =0

where the first map in the middle is H — Xy and the second map is X —
[X |w]. The image of the first map is precisely the set of Hamiltonian vector fields
ham(M,w) and we have

symp(M, w)
ham(M, w)

Furthermore we have the following fundamental conservation law.

~ Y (M,w).

Proposition 17.1 (Conservation law). Let H = H(x) be time-independent and
@Yy be its flow. Then H (¢4 (x)) = H(x) for all (t,z) € R x M.

Definition 17.2 (Characteristic flow). Let H be an autonomous Hamiltonian and
¢ be its regular value. We call the induced flow of X on H~!(c) the characteristic
flow and each trajectory of Xy a characteristic (curve) of H in H~(c).

Example 17.3 (Geodesic flow). Let (IV,g) be a Riemannian manifold and F :
TN — R be the kinetic energy density function defined by

1 1
E(Q? 1)) = 59(1}7 U) = 5 ‘U‘Z
Consider the bundle isomorphism g : TN — T*N given by

Cllaxs g(/U7 )
Equip M = T*N with the canonical symplectic form wg = >, , dg; Adp;. Consider
the (autonomous) Hamiltonian H : T*N — R given by

H,=FEog!
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and its associated Hamiltonian vector field X Hy- Then we have
9+G = Xg,
where G is the geodesic vector field of g on T'N.

More generally, we consider another autonomous function G that is invariant
under the Hamiltonian flow of Xgy. Such a conserved quantity is called a first
integral of H. This conservation law enables us to reduce the number of variables
in solving the Hamilton’s equation & = X g (z) by restricting the system to the level
set

G (c).

Theorem 17.4 (Reduction of variables). Let (M,w) be a symplectic manifold. Let
¢ be its reqular value of H. Denote by My . the set of leaves of H=1(c). Suppose
that My . is Hausdorff. Then Mpy . carries a natural symplectic form w. uniquely
determined by the equality

TaWe = Taw
where i. : H=Y(c) = M and 7. : H'(¢) — My, are the canonical injection and
projection respectively.

Proof. Since c is a regular value H 1(c) is a smooth manifold. Furthermore it
carries a nowhere vanishing vector field induced by Xy and so defines a one-
dimensional foliation thereon.

Let p € H!(c) C M and consider i}w|, thereon. This is a closed two form and
has one-dimensional kernel. The Hamiltonian vector field X is tangent to H~*(c)
and

Ty M, = T,G7H(e) /R{Xu(p))-
We define a two-form
wi (V,0) = w(v, w) (17.1)
for any lifts v, w € T,G7(c) of v, w € TipMp,c. Check that this form is well-
defined and satisfies 7w, = ijw. Once this is satisfied, we have 7}dw. = i5dw = 0.
Since 7. is a submersion, we obtain dw. = 0. Nondegeneracy is obvious.
The proof of Statement (2) is easy to prove. O

Exercise 17.5. Prove that the definition (17.1) is well-defined by showing that
the right hand side does not depend on the choice p € [p] and of the lifts v, w €
T,G1(c).

We call the above reduction process a symplectic reduction.

Remark 17.6. We would like to point out that the leaf space My . may not be
Hausdorff, but the reduced symplectic form still make sense.

Proposition 17.7. Suppose that F, G are two first integrals of the Hamiltonian
H. Then {F,G} is also a first integral of H.

In this way, we can construct more independent conserved quantities as long as
{F,G} =0.
Definition 17.8. We say two functions F, G are in involution if {F,G} = 0.

If F, G are first integrals of H that are in involution, we can repeat the above

symplectic reduction to further reduce the variables. This can be repeated at most
n times, the number of freedoms in configuration coordinates.
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Definition 17.9. A Hamiltonian system of H = H(x) is called completely inte-
grable if it admits first integrals Fi,--- , F}, in involution such that the map

x = (Fy(x), -, Fu(x)) =: ®(x)
is a submersion on a dense open subset of M.

When a given mechanical system is completely integrable, there are two ways of
obtaining the first integrals:

e Find a canonical transformation (¢,p) — (Q, P) such that Q; are the first
integrals of the given Hamiltonian H — Hamilton-Jacobi method,

e Find maximal possible number of independent (commuting) symmetries —
Lie group action.

We start with the Hamilton-Jacobi method in the next section.

18. COMPLETELY INTEGRABLE SYSTEMS AND ACTION-ANGLE VARIABLES

(Reference: Arnold’s book “Mathematical Methods of Classical Mechanics, 2nd
edition, Section 49 - 50)

In this section, we explain a general theorem of completely integrable system,
sometimes called the Liouville theorem or Arnold-Avez theorem.

We start with the definition of the following fundamental geometric objects,
Lagrangian submanifolds in symplectic geometry.

Definition 18.1. Let (M,w) be a symplectic manifold.

(1) A submanifold L € M is called isotropic (resp. coisotropic) if T, L is
isotropic (resp. if (T, L)“ is isotropic) in T, M.

(2) A submanifold L C (M,w) is called Lagrangian if L is maximally isotropic,
ie., if w|p, =0 and dim L = n. More generally, a map i : N — M is called
a Lagrangian immersion if dim N = n and ¢*w = 0.

Theorem 18.2 (Darboux-Weinstein theorem). Let L C (M,w) be any Lagrangian
submanifold. There exist neighborhoods U C M of L and V. C T*L of the zero
section Z = o, and a diffeomorphism

¢ :U—->V

such that w = ®*wg on U. We call ® a Darboux- Weinstein chart and U a Weinstein
neighborhood of L.

We denote by (¢1,---,qn,P1, " ,Pn) the canonical coordinates of U associated
to a coordinates (qi,...,q,) of L (with respect to the chart ®).

The proof is a generalization of Moser’s deformation method whose proof will
be left as a homework.

Corollary 18.3. There exists a neighborhood U of any Lagrangian submanifold
L C (M,w) the restriction of w to U is exact.

Liouville proved that any completely integrable system can be solved by quadra-
tures. More precisely, we have the following whose proof will be occupied by this
section.
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Theorem 18.4 (Liouville, Arnold-Avez). Suppose that we are given n functions
{Fy,...,F,} in involution on a symplectic (M?",w). Consider the map ® : M —
R™ defined by ® = (F1,...,F,) and a regular value ¢ = (c1,...,c,) of ®. Consider
the level set M. := ®~1(c). Then
(1) M. is a smooth manifold invariant under the flow of the Hamiltonian H =
Fy.
(2) If M, is compact and connected, then it is diffeomorphic to the n-dimensional
torus T™.
(3) The phase flow of the Hamiltonian H determines a conditionally periodic
motion on Me, i.e., in angular coordinates ¢ = (¢1,...,¢n) we have

dy B
a =
(4) The canonical equations with the Hamiltonian H can be integrated by quadra-
tures in the action-angle variable coordinates.

w = w(c).

We start with the following lemma

Lemma 18.5. T M, carries a global frame of vector fields Xy, -+ , X, such that
[X;, X;] =0.

Proof. Since dF;(z) are linearly independent at all x € M, and F; = ¢; constants,
we have only to set X; = Xp, |as.. O

In particular, the flows X; on M, commute one another, and M, is a Lagrangian
submanifold.

18.1. Construction of angle coordinates. If we denote by ¢! : M. — M, the
phase flow of X; on M., we have a well-defined smooth map
G R = My;  (ty,ta, ... t,) > git - gln,
Then we have gt¢g* = ¢**+S. Therefore we have a map
Guo  R™ = Me; by (t) = gt (o)
for each z¢ € M,. It follows that ¢,, is a submersion.

Lemma 18.6. If M. is compact and connected, then it is diffeomorphic to an
n-torus T™.

Proof. Since ¢, is a submersion, it is an open map. Since M. is compact, it is also
a closed map. Therefore the map is surjective since M. is connected.
We consider the isotropy group of xg

L = ¢y (0) = {t € R™ | ¢y, (t) = w0}
It follows that this set does not depend on the choice of zg and that 0 € T'.
Since M, is compact, I' is a discrete subgroup of R™ such that the map ¢,
descends to
T o R™"/T — M,
which is a diffeomorphism. This finishes the proof. O
Exercise 18.7. Prove that I' is indeed a discrete subgroup of R™ isomorphic to

the integral lattice Z™ C R™ by proving that there is an open neighborhood of the
origin 0 € R™ such that UNT = {0}.
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Next we take an integral basis {e1,...,en} of I' which satisfies
gZ?:1 kiei (gjo) =1z
where T' = spanj{ei,...,en,} C R™. The associated angular coordinates ¢ =

(¢1,--+,pn) of M, is uniquely determined ( mod 27) by the requirement that the
map
(<)017 o a@n) = 921:1 pici (]"0)
is an R™-equivariant submersion and is one-one on [0, 27)".
By definition, under the action of the phase flow of H = Fj, we have
i =wi, w; =uwi(c)
and so ¢(t) = ¢(0) + wt for some vector w € R™, called the angular velocity.

So far we have solved the problem for a given value c. To cover the whole phase
space, we now vary c¢ and perform the construction smoothly in c. In terms of the
map

d: M — R,
we consider a local trivialization of ® on a neighborhood B C R" of the given
regular value c,
& HB) - M x B=T" x B.
By identifying the neighborhood with Weinstein neighborhood of M, we put a
canonical coordinates (q1,-*+ ,qn,P1,** ,Pn) o0 T™ x B C T*T™. Denote by f a
point in B and by w(f the associated angular velocity for Mjs.

Denoting by ¢ also the lift of the angle coordinates of M, to M. x B — B under

the cotangent projection 7 : T* M. — M., we have achieved a coordinate system

(@aF):(wla'-w(pnaFlv"' 7Fn)

In this coordinates, the phase flow of H = F}; on ®~!(B) is given by
dF dy
— =0, — =w(F
dt Todt w(F),
which can be easily integrated along the phase flow of F;:
E(t) =F(0), ¢(t) =(0)+w(F(0))t.

Therefore in order to explicitly integrate the original system & = Xpg(z), it
suffices to find an explicit formula of the angle coordinates in terms of (¢,p) by
quadratures. For this purpose, we will need to adjust the definition of angle coor-
dinates while we solving the equation

n
w = Z de; N dI;,
i=1
so that the coordinate system (¢, I') becomes a (Hamiltonian) canonical coordinate,
which we call the action-angle coordinates. We will solve this in two steps:

e First, we will construct the action variables I = I(F), I = (I3,...,1,) by
quadratures,

e Then we will define the final angle coordinates (1, ..., ¢,) by differentia-
tion.

18.2. Construction of action coordinates. Let us start with the case of one
degree of freedom.
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18.2.1. The case of one degree of freedom.

Example 18.8. We illustrate the construction of action-angle coordinates in the
case R? of one degree of freedom for the harmonic oscillator Hamiltonian

1
H=3(¢"+p)

which governs the dynamics of harmonic oscillator. In this case, ® = H and H is
regular everywhere except on H~1(0) = {0}. Let co > 0 which is a regular value of
H and consider a open neighborhood (a,b) containing ¢y in R.

We are looking for a symplectic map

¢: H  (a,b) = H (co) x (a,b) = S x (a,b)
such that (¢, ) becomes an action-angle variable in that

o d.wyg=dpANdl,
o I =1(h), §H*1(h) do = 2.
Actually in this case, it is very easy to construct the action-angle coordinates by
noting that H = 1r? for the polar coordinates (r, ) of R? \ 0 by noting that
dgNdp=di Ad(r?)2) :

The action-angle coordinate of the harmonic oscillator H = (¢* + p?)/2 is nothing
but (¢,I) = (6, H). We also note

Area({H < h}) = / wo = / df NdI = 2rth
{H<h} {H<}

and hence we have

I(h) = Area(H < h).
In other words, the action coordinate measures the area of the disc bounded by the
circle H=*(h).

For the general case of one degree of freedom we consider a Weinstein neighbor-
hood M, x B of M.. We note that the form wq is exact M, x B C T*M,, we fix
a primitive © with wg = —d©. Then we have a one-form i;© on M, = H'(h)
(which is (automatically) closed in the case of one degree of freedom).

Definition 18.9 (Period). For each h € B = (¢ — d,c+ 0), we define

II(h) == / i;©
Mp
and call it the period of Mj,.

Denote by (gq,p) a canonical coordinate of T*R also regarded as a canonical
coordinate of M, x B C T*M, with ¢ mod 2.
We will find the generating function of the form

S=8(¢g, ) :RxR=2T*R—-R
such that

(1) On each fixed level set {H = h} C T*R, we have ;O = d;(S|r=p) where
© = pdq is the Liouville one-form,
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(2) the map
ash
- Sh=9=
q— oI |I—h
is 2m-periodic on each level set H~1(h) =: Mj,.
(3) The Hamiltonian H factorizes into H(q,p) = h(I(g,p))-

The generating function S = S(q, I) is one that satisfies

_o9s  _95.
If so, we derive
oS o [0S
= —_— = N - I
dg N dp dq/\(aq) 3 (8q>d

dg N\ i
0 (08 0 (08
- (== Z (=2 ) ar = T
3q(6‘]>dq/\8q(31>d deNd

which does our purpose.
To find such a function S = S(q,Q), we solve a (stationary) Hamilton-Jacobi

equation
oS
H — =h
(q7 94 (Q)>

for each h which gives rise to h-family of functions, i.e., represent M; C H~'(h)
by the image Image dS" in T M, for a solution of the equation by S". We write

S(g,h) := S"(q).
The solution S" is nothing but the primitive of i} ©
ir© = ds"
where iy, : M, — T*M,. is the map i, = (7|pr,) " : M. — T*M,.. We can find S”
by integration

5 (q) = /q itO (18.1)

for S with ¢ € Mj, with a fixed reference point go(h) € Mj, for each h. Since ;O

is closed but may not be exact, the function S h(g) may not be single-valued. Then
the above definition (18.1) is well-defined modulo

e the period II(h) of the closed one-form ¢} ©, and
e the choice of reference points go(h), i.e., a choice of section

q:B— M. x B, hw(qo(h),h).
To fulfill the condition

do = 2.
Mp,
We re-define I to be
_ 1I(h)
I(h) o7

Now we invert the function I = I(h) so that h = h(I), and define

S(g, 1) = S(q, h(1)).
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It leads to a multi-valued function

7 =% (18.2)

on Mj, = St which is well-defined modulo TI(h([)).
This will complete construction of action coordinates I and hence the construc-

tion of action-angle coordinate (i, I) for the one degree of freedom by setting ¢ to
be (18.2).

18.2.2. The case of higher degree of freedom. Now let
My = @71(h) = {JU eM ‘ Fl(ﬂi) = hz}

for a regular value h of ®. We fix a sufficiently convex neighborhood B C R™ of h
so that @ is submersive on ®~!(B).

Lemma 18.10. The pushforward form ®.w =: W' is exact on
d~Y(B)=~ My x B
for a contractible neighborhood of h in R"™.
Proof. Let ns be the deformation retraction of ®71)(B) to ®~1(h) given by
ns(x) = s®(z) + (1 — s)h.

Then we have njw = 0 and 1, = id. Therefore

o =d (/ (V) )

which explicitly constructed a primitive

1
@z/ ni(Ys)w') ds.
0
]

Since w is exact on a neighborhood of any Lagrangian submanifold (e.g., see
Darboux-Weinstein theorem) we can write

w=—dO

for a choice of primitive on ®~!(B). We may take © = pdg in the canonical
coordinates of Darboux-Weinstein chart.

Lemma 18.11. For each h = (hq,...,h,) € B C R, the form i},© is closed with
the map in : My — ®~1(B) is the inclusion map.

Proof. This follows from the property that M), is Lagrangian. O

Definition 18.12 (Period group). We define
I(h) := {%i;@‘V:SlﬁMh} CR
8!

and call it the period group of My,.
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This is a subgroup of R which is either discrete or countable dense in R.
We pick a basis {e1,...,e,} of

H(My,Z) = H (9" Y(B), 7).
Then for each j =1,...,n, we set

~ 1
T;(h) —f ihe

:27r

which induces a base change map I= (fl, ..oy, I,) B—= R

Definition 18.13. The functions I = (I3,...,I, with I; = fj o F are called the
action variables of H.

Then we define the generating function
q
90

where the integral path from ¢o = go(h) to ¢ is chosen insider My ). We then
consider the canonical transformation

(¢,p) = (&, 1)
given by the generating function S = S(g,I) of type I such that

_os _os
It follows that the angle coordinates (1, ..., ;) defined this way indeed satisfies
the quantization condition

f dg@z = 271'5,']' < <dgﬁi,6j> = 27T(Sij.

€j

By the same calculation as in the case of one degree of freedom, we derive
id Ndp; = f:d -Azﬂa ; dI;
; Bnap = ; & — 0q;01; 4 @
i=1 i=1 j=1
g (oS
JZ dq; (ag) @R

Z <Z %?dql‘> Ndl; = Zd%‘ Adl;.

j \i=1 =1

This finishes construction of the required action-angle coordinates (@, I).

We note that all our constructions involve only “algebraic operations” of invert-
ing functions and “quadrature” of calculating of the integrals of known functions.
This completes the proof of the Liouville-Arnold-Avez theorem.

18.3. Underlying geometry of the Hamilton-Jacobi method. We now de-
scribe the geometry governing the construction of action-angle variables. There are
two important ingredients used in the construction, one is the generating function
of canonical transformation of the type I .S = S(¢, @) and the other is a usage of
the system of stationary Hamilton-Jacobi equations

Fz(q7g§>h“ Z:L,’ﬂ
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Definition 18.14. Let ¢ : L — T*N be an exact Lagrangian immersion. We call
a function f : L — R satisfying i*0 = df a Liouville primitive of i. When ¢ is
embedding, we just say it a Liouville primitive of L.

Let ¢ : T*R™ — T*R"™ be a canonical transformation and consider its graph
'y C T*"R" x T*R"™.
We equip the product with the symplectic form
Q = miwy — T wp.

We denote by (g, p, @, P) the natural coordinates pulled-back from T*R" via 7y, ma.
Then I'y is a Lagrangian submanifold of €2. Furthermore

Q=dQ NdP — dq A dp = d(pdqg — PdQ).

Set © = pdg—Pd(Q). Therefore we know that I'y is an exact Lagrangian submanifold
of 2 and so there is a Liouville primitive of I'y.

We consider the projection m, o : T*R™ — T*R"™ — R" x R™ and assume that its
restriction to I'y is invertible. Then this inverse, denoted by ¢4, defines a Lagrangian
embedding of R™ x R™ into (T*R™ x T*R"™,Q)). Then we can write the Liouville
primitive as a function of Sy = Sy(¢, @) such that

L;@ = dS¢,

This Sy is precisely the generating function of ¢ of type IL.
Next we turn our attention to the method of solving the system of Hamilton-

Jacobi equations
oS )
H/L' (q,(aq) :hi7 1= 1,...,7’L. (183)

We have already established
My =@ (0) = (M%)
i=1

is a Lagrangian torus. Then we vary f in B, each My is a Lagrangian torus with
action coordinates (o1, ..., p,) arising from Mj,. Identifying ®~!(B) with a neigh-
borhood of the zero section of T* My, we are given a foliation of ®~1(B) by exact
Lagrangian tori. A solution to (18.3) is nothing but construction of a smooth family
of Liouville primitives S™ so that the image of its differential dS® parameterizes
My, which is equivalent to asking S” to satisfy the system (18.3).

An additional point of Liouville’s theorem and action-angle variables is that
construction of solutions of Hamilton’s equation of H = F} just involves “inverting
maps” and “quadratures”, when it admits maximal number of explicitly given first
integrals Fy,--- | F,.

19. LIE GROUPS AND LIE ALGEBRAS

From now on, we will carry out a systematic study of Hamiltonian systems with
continuous symmetry and a method of symplectic reductions and moment maps.

A topological group G is a group equipped with a topology with respect to which
the group operations are continuous. More precisely, the product

GxG—=G; (g,h)—gh
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and the inverse operation
G—G;, g—g!
are continuous maps with respect to the given topology.
A Lie group G is a smooth manifold that carries a group structure whose group
operations are smooth. More precisely, the product and the inverse operation are

smooth with respect to the smooth structure of G.

Remark 19.1. (1) (Yamabe) Any arc-wise connected locally compactly topo-
logical group can be given a compatible smooth structure and so a Lie
group.

(2) An important example is the general linear group GL(n,R) C M™*"(R)
R™ under the matrix product and inverse operations which are indeed
polynomial functions and rational functions respectively.

[as3

There is a canonically associated Lie algebra g := Lie(G) to each Lie group G.
To construct Lie(G), we first note that a multiplication by g € G defines two self-
diffeomorphisms, called the left multiplication L, and the right multiplication R,
defined by

Ly(h) = gh, Ry(h) = hg.

Definition 19.2. We call a vector field X on G, not necessarily continuous, left-
invariant (resp. right-invariant) if (Lg).X = X (resp. if (Ry). X = X.

Lemma 19.3. Every left invariant vector field X on a Lie group G is smooth. The
same holds for the right invariant vector fields.

Proof. Enough to prove that X is smooth in a neighborhood V of the identity e € G
which would imply (Lg).X is smooth on g(V') of g.

Then prove that X|[z;] are smooth for any coordinate functions (z1,...,z,) at
eeG. O

Corollary 19.4. A Lie group G always has trivial tangent bundle (and hence is
also orientable).

Proof. Let V =T,G and fix a basis {ey,...,e,} thereof. ® : G x R — T'G defined
by ®(g, (s1,...,8n)) = TLgy(D> ,_; siei), which is clearly smooth.

Denote by X; the left-invariant vector field defined by X;(g) = T'Ly(e;). Then
The inverse ¥ : TG — G x R of ® is given as follows: Any vector v in T,G can be
written as a linear combination

v = Z ¢iXi(g).
i=1

Then we define ¥(v) = (7(v), (¢1,...,¢n)). O

Lemma 19.5. The Lie bracket [X,Y] of two left-invariant vector fields X, Y are
left-invariant.

Proof. This is immediately follows from the property of Lie bracket of vector fields
¢*[X7 Y] = [d)*X, ¢*Y]
for any diffeomorphism ¢. O

This lemma shows that the set of left-invariant vector fields on a Lie group G
becomes a Lie algebra under the restriction of Lie bracket of vector fields.
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Definition 19.6. The Lie algebra, denoted by g, is the tangent space T.G equipped
with the bracket defined as follows: Let a, b € g and X,, X} the left-invaraint vector
field of G such that X,(w) = a, Xp(e) = b. Then we defind

[a,b] := [Xa, Xp](€).
Example 19.7. Consider the general linear group GL(n,R) C M™*™(R). We have
a natural Lie algebra structure on M"™*™(R) given by the commutator bracket
[A,B] = AB — BA, A, B € M™"(R).
Consider the natural group structure on GL(n,R) induced by the matrix multipli-

cation. Then its induced Lie algebra, denoted by gl(n,R), is isomorphic to this Lie
algebra (Mnxn(R% ['a ])

Definition 19.8. Let g be a Lie algebra. A subspace h C g is called a Lie subal-
gebra, if [h, h] C b.

In this sense, the set of left-invariant (resp. right-invariant) vector fields on G is
a Lie subalgebra of the set of vector fields on G.

Theorem 19.9. Let G be a Lie group, and h) C g a subalgebra. Then there exists
a unique connected Lie subgroup H of G whose Lie algebra is g.

Proof. We have a natural distribution # C T'G defined by
Hy = {TLy(v) [ v € b}

This distribution is involutive since ) is a Lie subalgebra and so integrable. Let H
be the maximal integral manifold of H that passes through e € G. We claim that
H is a Lie subgroup. O

Example 19.10. Consider GL(n,R) and its Lie algebra gl(n,R) = M"*"(R).
Consider the set of skew-symmetric matrices, denoted by o(n). Then o(n) is a Lie
subalgebra of gl(n,R) whose associated (connected) Lie subgroup is nothing but

GO(n).
Theorem 19.11 (Ado). Every Lie algebra is isomorphic to a subalgebra of gl( N, R)
for some N.

Therefore any Lie algebra is the Lie algebra of a connected Lie group.

Definition 19.12. A Lie group homomorphism ¢ : G — H is a group homomor-
phism that is smooth.

(In fact, any continuous group homomorphism between two Lie groups is auto-
matically smooth.)
For any Lie group homomorphism ¢ : G — H, the derivative map

de¢p: T.G — T.H

is a Lie algebra homomorphism. The converse also holds locally in the following
sense.

Theorem 19.13. Let G and H be Lie groups, and let £ : g — b be a Lie algebra
homomorphism. There there is a neighborhood U of e € G and a smooth map

¢ :U — H such that
o(gh) = ¢(g)d(h) when g, h,gh € U
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and such that for every & € g, we have

de¢(&) = £(8)-

Moreover, if there are two smooth homomorphisms ¢, ¥ : G — H with de¢p = d),
and G is connected, then ¢ = ).

Proof. Let £ C g x b be the set of all (§,£(£)) for £ € g. Since /¢ is a Lie algebra
homomorphism, ¢ is a subalgebra of g x h. By Theorem 19.9, we have a unique
connected Lie subgroup K C G x H. Denote by

m:GxH—G, m:GxH—H

the natural projections, and by w = (71 )|k the restriction of 7 to K C G x H. It
follows that w is a homomorphism.

By construction, we have dw(e)(&,£(£)) = & which is an isomorphism. By the
inverse function theorem, we can find a neighborhood V of (e,e) € K such that
w takes V diffeomorphically onto an open neighborhood U of e € G. Then the
composition ¢ := my ow™! : U — H is the required map.

Finally for given ¢, ¥ : G — H, we define the one-one map 6 : G — G x H by

0(g,h) = (9,9(9))-

The image K’ C G x H is a Lie subgroup of G x H and d.0(¢) = (&, £(§)) and hence
T.K' = T.K. By the uniqueness, we have K = K’ which implies 1(g) = ¢(g) for
all g € G. |

Corollary 19.14. If two Lie groups G and H have isomorphic Lie algebras, then
they are locally isomorphic.

Exercise 19.15. Prove that two simply connected Lie groups whose Lie algebras
are isomorphic are isomorphic, and that all connected Lie groups with a given Lie
algebras are covered by the same simply connected Lie group.

Example 19.16. The following example shows that SO(3) and SU(2) have iso-
morphic Lie algebras but are not globally isomorphic as a Lie group:
(1) Let us consider the case G = SO(3). Its associated Lie algebra is given by
so(3) ={L € M¥3R)| L' = ~L} = R>.
With respect to the basis

0 10 00 —1 0 0 0
E=|-1 0 0|,F=(0 0 o0]|,G=(0 0 1
0 0 0 10 0 0 -1 0

we have the simple structure equation

[E,F| =G, [F,G]=E, G, E] =F

which is isomorphic to the cross product i, 3 k for the standard basis of
R3.
(2) Consider the SU(2)
SU(2)={U € M**(C)|U*U =UU* =1, detU = 1}

where U* = U is the Hermitian conjugate. It can be written as
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with |al? + [b]* = 1. Tts Lie algebra su(2) is given by the traceless skew-

Hermitian matrix
V-1 m
-m, —lv/-1

with ¢ real. Therefore if we consider the basis

reg(o 5)or=s(ha) =3 o)
then they satisfy the same commutation relation
[E,F|=G,|[F,G]=E, [G,E|=F
as that of so(3) = R3.

Corollary 19.17. A connected Lie group G with an abelian Lie algebra is itself
abelian.

Proof. We recall that R™ is a abelian Lie group under the coordinatewise addition
whose Lie algebra is also R™ with trivial Lie bracket. Therefore the Lie group G is
locally abelian, i.e., that there exists a neighborhood U of o such that gh = hg for
all g, h, gh € U. It follows that G is abelian since any neighborhood of G generates
G. O

Exercise 19.18. Let G be a topological group and H C G a subgroup. Prove

(1) If H is open, then so is every coset gH.

(2) If H is open, the H is closed.
Exercise 19.19. Let G be a connected topological group, and U a neighborhood
of e € G. Let U™ denote all products g1, - , g, for g; € U.

(1) Show that U™*! is a neighborhood of U™.
(2) Conclude U,,U™ = G.

An implication of this exercise is that the connected topological group is generated
by any neighborhood of the identity.
Let us specialize to the case R and a Lie group G.

Proposition 19.20. For every & € T.G = g, there is a unique homomorphism
¢ : R — G such that
do _¢

dt lt=0
Proof. Note that h := {t£} C g is an abelian subalgebra and the map ¢ +— £ defines
a Lie algebra homomorphism onto f. Therefore there is an open neighborhood
(—e,e) of 0 € R and a map ¢ : (—e,e) — G such that for all s, ¢t € (—e,€) with
s +tl, €, ¢(s + 1) = ¢(s) x ¢(t) and
do)
dt li=0
To extend ¢ to R, we write ¢ with |t| > € uniquely as
t=k(e/2)+r, k an integer, |r| < ¢€/2
and define
o(t) = d(e/2) - p(e/2) - P(r) (¢(€e/2) appears k times) k > 0,
) d(—€/2) - p(—€/2) - p(r)  (H(e/2) appears k times) k < 0.
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d

A homomorphism ¢ : R — G above is called a one-parameter subgroup of G.
We define

exp& = ¢(1)
which defines a map exp : g — G which we call the exponential map of G. Obviously
we have ¢(t) = exp(t§).

Example 19.21. Consider the case G = GL(n,R). In this case, we have the map
exp: M™"*"(R) = GL(n,R)
defined by the convergent power series

A? An
exp(A):I+A+§+...+H+...
which indeed satisfies exp((t + s)A) = exp(tA) exp(sA) and so coincides with the

above defined exponential map.
In general exp(A 4+ B) # exp Aexp B unless AB = BA.

Proposition 19.22. The map exp : g — G is a local diffeomorphism. If¢ : G — H
is a homomorphism, then we have

expode1) = 1 oexp.

Corollary 19.23. (1) FEvery one-one smooth homomorphism ¢ : G — H is
an immersion.
(2) Ewery continuous homomorphism ¢ : R — T' is smooth.
(3) Ewvery continuous homomorphicm ¢ : G — H is smooth.

20. GROUP ACTIONS AND ADJOINT REPRESENTATIONS

Let G be a Lie group and M be a manifold. A (Lie) group left-action is a smooth
map
O:GxM—->M
that satisfies
®(g,®(h,z)) = P(gh,z), P(e,z)=x.
A right-action is one that satisfies
®(g,®(h,m)) = ®(hg, m).

We denote the left action by g - x or gx and the right action by zg. We call a
manifold M with action of G a G-manifold.

From now on, we will focus on the left action unless otherwise said. We call the
set G-z :={gx € M | g € G} the G-orbit of z € M.

For each g € G, the map ®, := ®(g,-) defined a diffeomorphism whose inverse
is given by CI)g_l. In this regard, each group action induces a group homomorphism

G — Diff(M); g+— D,.

Definition 20.1. A linear action of G on a vector space V, i.e., a group homo-
morphism of G to GL(V) for a vector space V is called a representation of G. In
that case, we say the vector space V' a G-module. We say that the representation
is irreducible if the G-module RY has no invariant submodule other than {0} and
V itself.
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By considering the natural curve t — exp(t€)x through z, each £ defines a vector
field &3 on M whose value is given by

@) = 5, explte)e (20.)

at each © € M. For any of G on (M,w), the map £ — &) induces an infinitesimal
action of g on TM in that a Lie algebra homomorphism g — X (M) whose proof
will be given shortly.

Recall that G acts on G in two different ways and that the left invariant vector
field is defined by

~ d
£(9) = |, _ 9 exp(t€) = dLy(&).
Note that any conjugation action of g € G on G defined by
g+ ghg™' = LyR,~1(h)

fixes the identity and so its derivative defines a linear map on g. We denote

Ady(€) = du(LyRy)(€) = | gexpli)g™

Definition 20.2. The adjoint representation of G is the homomorphism
Ad: G — GL(g); g+ Ad,.
Proposition 20.3. Ad, : g — g is a Lie algebra homomorphism, i.e.,

dy([€,n]) = [Adg &, Adyn].
Proof. By definition,

—

Ady([6,n) = dLydRy-([€.1](e)) = dLydRy— (dLy) " ([€,7)(9))
= dR, ([, n)(9) = RyE,nl(e)
= [RE R:7(e) = [Ady €, Ady ] (e)
= [Ady & Adyn)(e) = [Ad, €, Ad, ).
O

Example 20.4. In fact, using the isomorphism SU(2) = S3 = unit quarternions =
Spin(3), we can identify the Lie algebra su(2) with the imaginary quarternion

spang{i, j, k} = T(1,0,0,0)5°-
Then the conjugation by ¢
P qpg~t = qpq
for the imaginary quarternion p induces an orientation preserving isometry on R3
and hence defines a surjective homomorphism

Ad: SU(2) = SO(R?) = SO(3)
which is a covering of degree 2.

We also define a linear map ad,, : g — g by

ad’ﬂ(é-) = [7776]
for each n € g. Then we have
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Proposition 20.5. Consider the linear maps Adexp(i) : 8 — @ Then

4 Ad

dt g Cexpltn) = ad, .

Proof. Recall we denoted by 7] the left invariant vector field on G with 7j(e) = 7.
Consider the map ¥ : G — G defined by
¢t (g) =9 eXP(tU) = Rexp(n) (g)
Then by definition the one-parameter subgroup associated to the left-invariant vec-
tor field 7 is given by
d5(9) = gexp(tn) = 1i(g)-

Therefore we compute

-~ ~ d ~

€] = [m,&l(e) = L5(§)(e) = T tzo(wt)*f
d ~
= Gl -l
d ~
= @L:OdRepon)f(eXp(tn))
d d
- % tZOdReXP(_tU)dLeXP(tTI) (5) = @ =0 Adexp(tn) (g)

In other words, we have proved ad,, = di

tli_o Adexp(tn)- U

Proposition 20.6. For all &, n € g,
[n.€] = [, €]-

FEquivalently, & — 75 is a Lie algebra homomorphism.

Proof. We recall £(g) = dL,(§) and

e d e d .
1,€l(g) = %‘tZO(Rethn) £(g9) = %‘t=odReXp ~tn(&(gexptn))
d d
= % t:OdRCXp 7tndLg exp tng = a ‘t:OdRCXp 7tndLgchxp tnf
d d
= % ‘t:OdLngexp 7t77dLexp t'r]g = dLg <dt ‘t:O Adexp tn (5))
= dLy([n,€]) = [n,€](9)
which finishes the proof. |

21. LIE POISSON SPACE g* AND THE COADJOINT ACTION OF G

We start with a general discussion on the Lie group actions on smooth manifolds.
Consider the action of G on M for an arbitrary smooth manifold.

Proposition 21.1. The vector field £y satisfies

for all g € G.
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Proof. By definition, we have

_ d —
g:&m(z) = dq’g(fM(‘I)g 1(33))) = ﬁ‘t:()@g(exp(tg))q@ 1(95)
d _
= 2| (@g(exp(t)) @) () = (Ady &) ur ().
t=0
O
This gives rise to
Corollary 21.2. The assignment € — £y is a Lie algebra homomorphism, i.e.,
—[&n, ] = € M-
Proof. We just differentiate (exptn).&y = (Adexpn §)n in t at t = 0. O

Now we specialize to the case of the Lie-Poisson space (g*,{-,-}rp). By taking
the dual of the adjoint representation Ad of G on g

Ad": G — GL(g"); g+ Ady-,
we obtain the coadjoint (left) action of G on defined by
(A2 (1), €) = ( Ady 1 (€)):
We call Ad* the coadjoint representation of G.
Definition 21.3 (Coadjoint orbit). Let p € g* and consider its orbit
0, = {Ad (1) | g € G)
under the coadjoint action Ad* of G. We call the orbit the coadjoint orbit of p.

Definition 21.4. Let G be a Lie group. Let P be a Poisson manifold. We say the
action is Poisson if ® is a Poisson map for all g € G, i.e., if

{fihto®y={fo®,,hod,}, f, heC®P)
for all g € G. Equivalently, if (®,),IT = II.

Lemma 21.5. Let (g*,{-,-}) be a Lie-Poisson space.

(1) Each Adg-1 is a Poisson map and Ad* : G — Diffr(g*) is a homomorphism
into the group of Poisson maps of g*. B

(2) For any & € g, its associated vector field & = {-,&} on g* regarded & as a
linear function on g* is tangent to the coadjoint leaves. In particular, the
Lie Poisson bracket induces a canonical Poisson bracket on each orbit O,,.

We recall that any tangent vector v of O, at v € O, has the form

d

v=—
dt lt=0

IAdep(tf)—1 (V) = fg* (V)
for some £ € g.
Lemma 21.6. We have

- (v) = —adgy = —voade.
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Proof. We compute

d d
&g (V) = 7 t=0(V 0 Adexp(e)-1) =vo <dt’t=0 Adcxp(t§)1> =—voade (21.1)
as an element 7,0, C T,g" = g*. This is also the same as —adZv. This finishes
the proof. 0

Theorem 21.7. The induced Poisson bracket on each coadjoint orbit O, is non-
degenerate, i.e., carries a natural G-invariant symplectic form w, defined by

Wi (&g (V), 19+ (V) = (v, [€;71])

at any v € O,.

Proof. Let € g*. Regarding &, n € g as linear functions on g*, their Poisson
bracket {&,n} is defined by

{&n(v) = (v, [& 1))
for v € g*. If v = Adj -1 (), we have

{6} (A1 (1) = {€ 0 Ady1,m 0 Ady 1} (1). (21.2)

Now we define a two-form w, on O, by

wu (&g (¥), ng- (V) = (v, [, 7))
(21.2) proves the Ad*-invariance of w, on O,. It remains to show closedness and
nondegeneracy of w,,.

For the nondegeneracy of w,,, suppose w,(v1,v2) = 0 with vy, vo € T,,0,, for all
ve. We know v; = — ad; v for some &; € g, ¢ = 1, 2. Then it is equivalent to saying
(v, [€1,&2]) = 0 for all §. This then is equivalent to saying adg, v = 0. This proves
vy = 0 by (21.1) which finishes the proof of nondegeneracy.

Finally the closedness follows from the Jacobi identity of the Poisson bracket on
O,.

O

Corollary 21.8. All coadjoint orbits are even dimensional and g is the union of

0,.

Definition 21.9 (Kirillov-Kostant-Souriou symplectic form). We call the above
defined w, the KKS symplectic form on the coadjoint orbit O,. We call each
coadjoint orbit a symplectic leaf of the Lie-Poisson space g*.

In this regard, g* carries a natural singular foliations whose leaves are all even
dimensional of varying dimension.

It is easier to visualize the adjoint orbit than the coadjoint orbit, if the Lie
algebra g admits an invariant inner product. One distinguished class of Lie algebras
is semi-simple Lie algebras. We recall the linearized adjoint representation

ad : g — gl(g); ad(n) = ad,, .
Definition 21.10 (Killing form). Let g be a Lie algebra. The bilinear form

B(&,n) == Tr(ad(§) ad(n))

is called the Killing form of g. g is called semi-simple if the Killing form B is
nondegenerate.
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Therefore if g is semi-simple, we can pull-back all discussion on g* to g via the
isomorphism

=B );g—0"
For example, the adjoint orbits of g carry a symplectic form pulled-back from the
KKS form on the coadjoint orbits.
Example 21.11. Let us consider the case G = SO(3). Its associated Lie algebra
is given by
so(3) 2R3 ={L e M*3R)|L' = —L}.
With respect to the basis

0 10 00 -1 0 0 0
E=|-100|,F=|0 0 0o],G=[0 0 1
0 00 10 0 0 -1 0

we have the simple structure equation
[E,F|=G, |[F,G]=E, [G,E|=F

which is isomorphic to the cross product ;, f, k for the standard basis of R3.
We have a natural bilinear from on M3*3(R) defined by

(L1, L) = Tr (L1 Lo).

Lemma 21.12. This restricts to a nondegenerate pairing on so(3), which is the
same as the Killing form B.

Proof. A general element A of so(3) is given by

0 a b
L=|-a 0 c
b —c 0

A direct calculation shows
<L1,L2> = —2’1)1 )

where v; = (a;, b;, ¢;) and vy - vy is the dot product on R3.
On the other hand, a straightforward computation proves

B(Ll,Lg) = 721)1 sV = rI‘r(LlLQ)
]

Note that the above bilinear form is invariant under the adjoint action of SO(3)
on 80(3). The inner product induces identification of g* with g, and the coadjoint
action on g* with the adjoint action on g and with R? with the standard action of
SO(3) on R3.

Therefore each coadjoint orbit O, equipped with its KKS form is symplecto-
morphic to a two-sphere S?(r) of some radius r equipped with the standard area
form.

Exercise 21.13. Make precise the discussion in the last paragraph of the above
example by quantifying all the relationships between p and r and others.
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22. SYMPLECTIC ACTION AND THE MOMENT MAP

We start with the definition of symplectic action of a Lie group G on (M, w). Let
G x M — M be an action of G on M. Denote by ®, the diffeomorphism associated
to the group element g € M.

Definition 22.1. We say a group G acts on M symplectically if it preserves the
given symplectic form, i.e., Pjw =w for all g € G.

Recall that for the simplicity of notation, we just denote ®4(z) = gz.

Proposition 22.2. G acts on M symplectically if and only if d(Epr]w) = 0 for all
£.
Therefore the assignment £ — &)y actually induces a Lie algebra homomorphism
g — symp(M,w).

Definition 22.3. We say an action of G on M is pre-Hamiltonian if 5] is exact
for all €.

Recall that the choice of Hamiltonian for the given Hamiltonian vector field is
unique up to addition by constants.

Suppose M is compact connected without boundary. Then we have a commuta-
tive diagram of exact sequences

0—>R—>C®(M)—% > ZY(M) —— H'(M,R) —=0

R S

0——R——=C>(M) ?symp(M,w) —— HY(M,R) ——=0
{}

where the second map in the lower exact sequence is H — Xy and the third map is
X — [X|w]. The image of the first map is precisely the set of Hamiltonian vector
fields ham(M,w) and we have

symp(M, w)
ham(M, w)

For given pre-Hamiltonian action of G on M, for each £ € g, there is associated
to an element Jz € C*°(M) satisfying

ng = fMJOJ

This is equivalent to saying that X; = &y for all §, n € g. But the choice of J¢
for &)/ is unique only up to addition by constant.
We collect them all to introduce the notion of moment map.

~ Y (M,w).

Definition 22.4. Suppose that the action of G on (M, w) is pre-Hamiltonian. A
moment map (or moment mapping) is a map J : M — g* that satisfies

d{J, &) = EmJw (22.1)

for all £ € g where (J,&) = Je with J regarded as a vector-valued function on M
valued in g*.

The moment map provides a canonical way of producing first integrals of any
G-invariant Hamiltonian H in the following sense.
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Theorem 22.5. Let ® be a symplectic action of G on (M,w) with a moment map
J. Suppose H : M — R is invariant under the action, i.e., H(z) = H(®4(x)) for
all (g,x). Then J is preserved under the flow, i.e., J o ¢ty = J. In particular, Je
are first integrals of H for all £ € g.

We next ask the questions whether for a given pre-Hamiltonian action of G such
an assignment & — J¢ actually can be made so that the following
e (Equivariance) J o ®, = Ad;_. J for g € G,
e (Lie algebra homomorphism) J¢ ,j = {J¢, J,} for £n € g.
We will see that the equivariance also implies the second property and so focus on
the question on the equivariance property. In general there is some cohomological
obstruction to achieve such an equivariance property.

Definition 22.6. A moment map J is called Ad*-equivariant provided the associ-
ated cocycle o becomes 0, i.e, provided

Jo (bg = Ad;—l J
for every g € G.

Definition 22.7 (Hamiltonian G-space). We say (M,w) is a Hamiltonian G-
manifold if there is given a pre-Hamiltonian G-action on M with Ad*-equivariant
moment map J. In this case, we say a pre-Hamiltonian action of G on (M,w)
is Hamiltonian and call the quadruple (M,w,®,J) a Hamiltonian G-space or a
Hamiltonian G-manifold.

Now we describe the obstruction to the Ad*-equivariance of the moment map.
For this purpose, we recall the following standard definition of group cohomology.
(See [Wb94] for example.)

Definition 22.8 (Group cohomology). Let G be a Lie group linearly acting on
a vector space V. (Such a vector space is called a G-module.) Let V be a left
G-module. Let (C*(G,V),d) be the complex where C,,(G,V) is the module of
functions ¢ : G — V and the boundary map § : C"(G,V) — C"TY(G, V) is given
by

(60) (915> 9ns1) = 91 -9(92, -+, gnt1)

A (D91, 6115 9iGit1, Giv2r - Gni1) + (1) T0(gr, - gn)-
i=1
(22.2)
A function ¢ : G¥ — V is called a group k-cocycle, if ¢ = 0 and a coboundary
if ¢ = 1 for some cochain 3 : G¥=! — V. The cohomology groups of G' with

coefficients in the left G-module V' are the homology groups, denoted by H*(G, V),
of the complex (C*(G,V),9).
Using the G-action ® on M and the coadjoint action on g*, it induces a natural
G representation on V = C*°(M, g*) by
g-f=Ad;i fod, ' feC™(M,g").

Lemma 22.9. Define a group 1-cochain

Y:G— C®(M,g")
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by setting
(¥(9), &) (x) := Je — Adg1 Je(®, ' ()
for each £ € g. Then v is 1-cocycle.

Proof. We need to prove 1) = 0 which is equivalent to saying
0 =0v(g, h) <= P(gh) = gv(h) +(g). (22.3)

For each given ¢ and x € M, we compute
(1p(gh), &) ()
((J = Ad(gh 1 J 0@ 6) ()
(J = Adj-1 Jo @1, &)(x) + (Adj—1 J 0 1 () — Ad[ypy-1 J 0 @)} (2),€)
(J — Ad*_1 Jo®, 1 &) (x) 4+ (Ad) 1 (J — Adj 1 Jo @, ) o @t &) ()
(¥(9),€)(x) + (Ady—r ¥(h) 0 @1, €)(2).
Therefore we have obtained

P(gh) = ¥(g) + Adj-1 (k) 0o @1 = ¥(g) + gvo(h)
which finishes the proof of (22.3). O

Proposition 22.10. Let (M,w, ®, J) be as above and M is connected. The function
e = (¥(9),&) is a constant function on M for all g, . Welet oy : G — g* be
defined by

(04(g),&) = the constant value of g ¢.
In particular oy is a 1-cocycle valued in g*, i.e., satisfies
a;(gh) = 0;(g9) + Ady-1 0;(h). (22.4)

We call it the coadjoint cocycle associated to J.
Proof. We just take the differential of the function 1) ¢:

dll)g’g(x) = d<J7 €> _d<JO(I)g_1aAdg_1 €>
dJe — (d(J o d®, ", Ady— &)
= XJgJW - (XJAd971 ng) ° dq)g_1

— (€no) — (Ady s )y o d!
= (m)w) — ((R;énr)|w) 0 d®, .

But we evaluate

(Ppém]w)(Y (@) = w(@gn(2),Y (2)) = w(d®y Err(Py(x)), Y ()
= Wl (Py(2)), dyY (2)) = (Ear]w)(dPy (Y (2))

where we use the symplectic property of d®, for the first equality in the second
line. Therefore dipy ¢(x) = 0 for all z and hence 94 ¢ is a constant function.
For the last statement, we evaluate 1(gh) = gu(h) + ¥ (g) at any point € M

and get 1(gh)(z) = (99 (h))(z) + ¢ (g)(x). But
(g (h)(x) = Adg ¥ (h) (D5 () = Adg-s 9 (h) ()

since ¥ (h) is a constant function. By definition of o, (22.4) follows. O
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In general the cocycle on G associated to a G-module V' measures the equivari-
ance of the action ®. We denote by [0;] the associated cohomology class of the
1-cocycle 0.

Proposition 22.11. Let ® be a pre-Hamiltonian action of G on M. If J, J' be
two moment maps associated to ® with cocycles oy, oy, then [oj] = [op]. We
denote the common cohomology class by [®] € H*(G,g*) and call it the coadjoint
cohomology class of the G-action ® on M.

Proof. By definition, we have
d{(J —J &) =0
for all £ € g. In particular, (J — J’,£) is a constant function, say v, and hence
01(9) = 0 (9) = J(By(x)) — J' (B4 (x)) — Ad: (J (&) — J' () = v — Ad}-s 1.
This proves oy — o5 = dv and so finishes the proof. O

Therefore the cohomology class [0 7] does not depend on the choice of moment
maps J but depends only on the pre-Hamiltonian action of G on (M, w).

Theorem 22.12. Suppose that the action of G on (M,w) is pre-Hamiltonian. Let
J be a moment map of the action and o be its coadjoint cycle. If [o;] =0, we can
translate J to J' := J — v for some v € g* so that J' is Ad™-equivariant.

Proof. By the hypothesis [0;] = 0, we can express
gy = v

for some zero-chain v which is nothing but a constant function valued at v € }*.
Then by definition, for any x € M, we have

J(x) = Ad; 1 J(g("H(z) =0y =v—Ad; v
which is equivalent to
(J = v)(x) =J(€) —v=Ad, 1 J(®, ' (z)) — Ad}- v.
But the latter is the same as

Ad; 1 (J(@, (x) —v) = Ad; 1 (J — 1/)(<I>;1(x)) = Ad; J’(@;l(x)).

Combining the two, we have proved J'(x) = Ad;-. J'(®,'(x)) which is equivalent
to J'(®4(z)) = Adj-1 J'(z) and hence the proof. O

In other words, one can rephrase the definition of Hamiltonian G-spaces as a
symplectic manifold (M,w) equipped with a pre-Hamiltonian action ® such that
[®] = 0.

Corollary 22.13. Let (M,w,®,J) be a pre-Hamiltonian G-space. Then

Jig) = {Jes In}-

In particular the homomorphism g — symp(M,w); £ — &y can be lifted to a Lie
algebra homomorphism to g — C*(M); & — J¢ under the Poisson bracket {-,-})
of C*(M) associated to w.

Proof. A straightforward calculation. O



ELEMENTARY DIFFERENTIAL GEOMETRY 7

Example 22.14 (Abelian Lie group). When G is a commutative Lie group, such as
G =T", then the adjoint action and hence the coadjoint action is trivial. Therefore
the equivariance is equivalent to the G-invariance

J(gx) = J(x)
for all g € G and in particular, J also satisfies

{Je; Jn} =0
for all £ n € g, i.e., the functions J¢ are in involution. Finally oy : G — g* being
a cocyle means its G-invariance o;(gh) = os(g) for all h, and [o;] = 0 implies

(TJ:O.

Corollary 22.15. Let ® : T" x M — M be a pre-Hamiltonian torus action. Then
it is Hamiltonian.

Proof. Let J be a moment map ®. Then we have the coadjoint cycle is given by
o1(9) = ¥

which we know is a constant vector in g* when J is regarded as a g*-valued function.
We then average ®7.J and consider the new map

J’:/" ®;J du

for the Haar measure du of the torus 7" with fG dp = 1. By the T"-invariance of
dJ, it follows J’ is also a moment map of the action ®. But obviously J’ satisfies
®;J' = J' by definition. This finishes the proof. O

Many of important mechanical examples arise from the following theorem.

Theorem 22.16. Let (M, w) be an exact symplectic manifold with w = dX. Suppose
w admits a G-invariant primitive A with w = dX\. Then the map J : M — g* defined
by

(J(2), &) = —A(€m)(x)
18 an Ad*-equivariant moment map for the action.
Proof. By the G-invariance ¢y A = A of A, we obtain

d(€am]A) +E&mJdr =0,
which is equivalent to —d({g|N\) = &|dA for all £ € g. Therefore if we define
J : M — g* so that

Je = =& A = =M (€mr),
it satisfies the defining equation of the moment map d(J,&) = &y |w. To see the
Ad”*-equivariance, we recall

D = (Ad}l Em-
We then compute
<Ad;*1 J7 £> (SU)

(J(x), Adg-1 &) = =X ((Adg-1 &) m(2))

—M@génr(2)) = —A(dP, " (Ear(Ry(2))) = —A(Enr(Dy(2)))
= (J(Qy(2).£)

for all ¢ € g. This is equivalent to Ad}l J = ®,.J. This finishes the proof. (]
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Example 22.17 (Mechanical examples). Let N be a configuration space and ® be
an action of G on N. Let X be a vector field on V.
We consider the phase space T*N and the function Py : T*N — R defined by

PX(O‘q) = <O‘an(Q)>-

We call Px the momentum corresponding to X. For example, if X is the generating
vector field of a circular symmetry, then Px is the associated angular momentum.

This leads to the algorithm to produce a conserved quantity when there is a
continuous symmetry in the (Lagrangian) mechanical system.

(N6ther’s principle) Let ® be an action of G on N and let ®T" be its cotangent
lift on M = T*N. Then this action is symplectic and admits an Ad*-equivariant
moment map given by

Je(ag) = (g, En(q)) = Pey (),
i.e., J5 = P&N.

Proof. By Theorem 22.16, we have

Je(ag) = =(=0)(Er~c(aq)) = 0(&r-c (o)) = aq(dm(§r-clag))) = aq(én(q))-
By definition of Py with X = £y above, we have finished the proof. O

23. MARSDEN-WEINSTEIN SYMPLECTIC REDUCTION THEOREM

Let us examine some general properties of the moment map.
We first rephrase Corollary 22.13 in the following Poisson property of the map
when the symplectic manifold (M, w) is regarded as a Poisson manifold.

Proposition 23.1. Let (M,w,®,J) be a Hamiltonian G-space. Then the moment
map J : M — g* is a Poisson map.

Proof. This is just a translation of Corollary 22.13. g

One of the most fundamental property of the moment map is that it provides
a canonical procedure of reducing the number of degrees of freedom for any G-
invariant Hamiltonian system even when G is not abelian. When the group G is
abelian, this reduction is a special case of coisotropic reduction. However when the
group is non-abelian, this does not belong to the coisotropic reduction and its proof
is more subtle. It was formulated by Marsden and Weinstein [MW] and is often
called the Marsden-Weinstein reduction or the symplectic reduction.

Similarly as for the discussion on the completely integrable system, we consider
a regular value p of J : M — g*. Then J~!(u) becomes a submanifold of M.
Denote by G, the isotropy group of the coadjoint action of G on g*. Then G, acts
on J~1(u).

Theorem 23.2 (Marsden-Weinstein reduction). Suppose the group G,, acts freely
on J=Y(u). Denote by i, : J~'(u) — M and 7, : J~Y(u) — M, for the quotient

TN (1)/G, = M,,.

Then M, carries a canonical symplectic form w,, that is characterized by the identity

* gk
ﬂ'uw” = zuw.

If the action is proper, then M,, is a Hausdorff manifold.
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Proof. We start with proving the following lemma.

Lemma 23.3. For x € J~(u), we have
(1) Ty(Guz) = Ty(G - x) N T, J () for each y € Gz, and
(2) TyJ~H(p) = (Ty(G - @)~

In particular for each y € G,z with x € J~ (1),

T,(Gua) = (T, ()* N T, T~ (). (23.1)

Proof. Let v € Ty(G - ). Then we can write v = {3;(y) for some £ € g. By the
Ad*-equivariance, we derive

—adg (p) = dJ (Em(y))
for all £ € g. In particular, if y € G,2 and £ € g, = Lie G, then

4T (€ar(y)) = — adf (1) = 0 : (23.2)

*

The vanishing follows by differentiating Adexp(_t@ i = pint at 0, since exp(—t¢) €
G, for all t € R if £ € g,,. This proves T, (G,x) C kerdr|, = T,,J~*(u) where the
equality comes from the regularity of y. This proves Ty (G ) C Ty (Gz)NT,J ()
for y € G x. Conversely if &y (y) € Ty JJ(p), then dJ(Ep(y)) = 0. Combining
this with (23.2), we obtain

0=dJ(&uly)) = —adf(p)

which proves ¢ € g, = Lie G,,. This finishes the proof of (1).
For (2), we note that if £ € g and w € TyM at y € Gz,

w(€nm(y), w) = d(J(y), &) (w)

by definition of J. Therefore w € ker dJ(y) = T,J ! (u) if and only if w(&r(y), w) =
0 for all £ € g. Since T, (G - x) is spanned by & (y), € € g, this is equivalent to
w e (Ty(G - x))*. O

For x € J~!(u), we denote by [z] the coset G,z in M,,. We know by definition
that for each given v € Ty, (J~(1)/G), two lifts v, o' € T, J ~*(p) with y € G
of ¥ must satisfy

v—v € Ty(G,x)
By (23.1), v —v' € (TyJ *(u))* NT,J 1 (p).
Therefore if we define
w#('ﬁl, 52) = w(vl, ’UQ)
for v; € T, J () with y € Gz, i = 1, 2, the right hand side does not depend
on the representatives v; but depend only on v;. By definition, the two form w,,
satisfies
Wy = 1,0
In particular, 7},dw, = 0. Since 7, is a submersion, this implies dw,, = 0.

Finally let v € Tj;)M,, and w, (v, w) = 0 for all w € Tj,)M,,. Here the lifts v, w

are unique modulo
T,(Gur) = Tyjil(.u) N (Tyjil(ﬂ))u{
This implies that for a (and so any) lift v of v,

w(v,w) =0
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for all w € T,,J~!(u). Therefore again by (23.1)
v e (T, W) NT,J (p) =T,(G, - z).

This proves 0 = dm,(v) = v which proves nondegeneracy of w,,.
The last statement follows because the given condition guarantees that the quo-
tient

I )G
becomes Hausdorff. This finishes the proof of the theorem. O

Obviously M,, is even dimensional, which is manifest from its dimension formula:
dim M, = dimJ () —dimG, = dim M — dimg* — dim G,
= dimM —2dimg* + (dimg* — dimG,,)
= dimM —2dimg* 4+ dim O,
where O, is the coadjoint orbit whose dimenision we already know is even dimen-
sional. Here the first equality is by definition of M, = J~!/G,, and from the free

action of G, on J~!(p), the second from the regularity of u for J, and the last
from the definition of the G-orbit O, and that of G,,.

Remark 23.4. (1) If the group G is compact, the properness hypothesis in
the theorem is automatic and so M,, becomes a Hausdorff manifold.

(2) An important generalization of the theorem is the case where the isotropy
group G, acts on J~!(p) not freely but with a finite isotropy group. In this
case, the reduced phase space M, becomes a symplectic smooth orbifold,
instead of a smooth manifold.

Example 23.5 (Symplectic quotient). Let (M,w, ®, J) be a Hamiltonian G-space.
If p =0, then G, = G. We often call the corresponding reduced space the sym-
plectic quotient of M by G, and denote it by

M ) G:=J0)/G.

Example 23.6 (Coadjoint orbit as a reduced space). Let M = T*G and consider
the left action of G on M by

g- (haah) = (ghvdL:;*l(ah))'
Let &7+ be the vector field generated by £ € g. Then by definition, we have
dr(&r-c(h,an)) = &a(h).

Denote by J : T*G — g* be the moment map of this action of G on T*G. Then by
Theorem 22.16 applied to A = —6, we have

(J(h,an), &) = 0(&r-c(h,an)) = an(éa(h)) = an(dRn(€)) = (dRn)*an(§).
Therefore J(h, ap) = (dRp)*ap.
Lemma 23.7. Let J(h,ap) = p and B* be the right invariant one-form with its
value B*(e) = u, i.e., f*(h) = (dRp-1)*p for h € G.

(1) Then J=Y(p) is the graph of B*, i.e.,

I () = {(h, (dRp-1)"n) | h € g} (23.3)

(2) Let G, be the isotropy group of Ad”"-action on g* and B = " be as above.
Then

Gu={9€G|dLys=p}.
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Proof. 1t remains to show Statement ((2). If g € G, then (dLg)"dR}_.p = p
by definition of Ad*-action. By definition and the right invariance of 8, we have
B(e) = and

B(g) = dRy - .
Therefore g € G, is equivalent to saying (dL;3)(e) = B(e). Then by the right
invariance, this is also equivalent to global equality dL;5 = 5. (Il

Now we consider a map ¢ : J~!(u) — O, defined by
¢(h,an) = dLjan = Ady, ().

Obviously, this map descends to [¢] : J~!(u)/G, — O, and is surjective. Since
the action of G on T*G is free, so is that of G, on J~'(u). We denote by
mt JJ N w) = J Y (w) /G, and iy, : J7H(u) — T*G the canonical projection and
inclusion respectively.

Finally we will prove

Proposition 23.8. Let waS be the KKS symplectic form on the coadjoint orbit
O,,. Consider the two-form w' := —d)*w{fKS. Then it satisfies

mhw' =W (23.4)

and W' is Gy-tnvariant. In particular the reduced symplectic form (wo), on the
reduced space O, = J~Y(u)/G,, is given by

(wo) = —[g] wi 5.

Proof. Let ¢(h,ay) = v with v = Ady,(u). It follows from the expression of J~1(u)
in (23.3) any tangent vector X at (h, o) can be expressed as

X =¢&rc(h,an)
for some £ € g. Let
X =&r-c(h,an), Y =nr-g(h,on)
for some &, n € g. From the expression of ¢, we compute
do(X) = adg v.
Therefore we obtain
wu(do(X), do(Y)) = wy(ad v, ad, v) = (v, [€,7]).

By definition, we have

§=¢(e) =&ale) = dnér-cle)
since £(e) = £g(e) for the left-invariant vector field € on G. Then we can rewrite
w6 = v(lér-ale,v),nr-ale,v)]) = bO(c ) (=[€r-c,n1-6l(e, V)
= df (gT*G(ea V)a 77T*G(€7 V)) = —Wo (ET*G(ev V)7 nT*G(€7 V))
= —wo (§r-c(dR,-1p), nr+c(h, dR} -1 p1)) = —wo (§r+c (o), nr-c (an))

where we use the invariance of wy under the induced action on T*G from the right
action Ry, : G — (. This proves

wo(X,Y) = —w,u(do(X), d¢(Y))
forall X, Y € T(h,ah)Jfl(p). This finishes the proof. a
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24. FUNCTORIAL PROPERTIES OF MOMENT MAP
In this section, we gather some functorial properties of the moment map.

Proposition 24.1. Let (M;,w;, ®;, J;)be Hamiltonian G; spaces fori =1, 2. Then
their product
(M1 X Mg,wl X OJQ,(I>1 X @27J1 X Jg)
is a Hamiltonian (G x G2)-space.
Obviously when G acts on (M, w) as an Hamiltonian action, so does any subgroup

H C G and so we have the associated moment map. We have a natural inclusion
1:h C g and projection 7 :=* : g* — bh*.

Proposition 24.2. Let (M,w, ®, J) be a Hamiltonian G-space. Then (M,w, ®|g,mo
J) is a Hamiltonian G-space such that the following diagram commutes:

M*J>g* .

_i l

M wodJ [')*
Proof. We have only to check the defining equation of the moment map

d(J',€) = EmrJw
foral e h C g with J =moJ.
But we have
(J',6) = (mo J,§) = (i" 0 J,§) = (Ji(§)) = (. §).
Therefore we derive
d(J',&) = d(J,€) = Em|w
for all £ € h. This proves that woJ is the moment map of the subgroup H C G. O

In particular, we have

Corollary 24.3. Let (M;,w;, ®;,J;) be two Hamiltonian G-spaces, i.e., for G; = G
for both i = 1, 2 in Proposition 24.1. Then the moment map for this action is given
by

J(Il, 1‘2) = Jl(itl) + JQ(£2)~
Proof. We first note that the moment map J for the diagonal action is the compo-
sition

My x My — g* xg" — g

where the first map is the production map J; x J5 and the second map is the adjoint
map A* of the diagonal inclusion

A:6—(£¢); g—gxg.

But the latter map A* : g* x g* — g* is nothing but the sum (u,v) — p+ v which
finishes the proof.
O

So far we have reduced symplectic manifold alone. Now we want to reduce the
Hamiltonian systems.
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Theorem 24.4. Let (M,w,®,J) be a Hamiltonian G-space and let H : M — R be
a G-invariant Hamiltonian. Then the following hold:

(1) The flow of X leaves J~(u) for all u € g*, and hence canonically induces
a flow on the reduced space M, == J~'(u)/G,, at every pu € g*.
(2) Furthermore the resulting flow is also a Hamiltonian flow generated by a
unique function, denoted by H, : M, — R, that satisfies
Hyom,=Hoi,

on J=Yp). In particular, under this reduction of the flow, the level of
Hamiltonian is unchanged.

Proof. The G-invariance of H means H o ®, = H. By differentiating ®7H = H at
t =0 for g = expt&, we obtain dH (&) = 0. We can rewrite

dH (En) = w(Xn,8nm) = —(Em]w)(Xn) = =d(J,§)(Xn) = —Xnu[Je]-
This proves Xg[Je] = 0 and so the flow of H leaves the function J¢ invariant for
all £ € g. It is equivalent to saying that it leaves the value of J unchanged under
the flow of Xp. This proves Statement (1).

For (2), we also see that H is invariant under the action of G, and so the
function H|;-1(,) descends to a function H, on the quotient M, = J~'(u)/G,.
By definition, we have

m,dH, = i,dH
which is equivalent to
7, (X, Jwu) = i7, (Xuw) (24.1)
on J~*(p). It remains to show m o ¢f; is the flow of Xp,. This is a consequence of
the following lemma by considering the derivative

dm, X1 (6 ()
of ol intatze J ().

Lemma 24.5. Xpy|;-1(, is projectible to the quotient M, = J~'(n)/G, and its
projection is the Hamiltonian vector field Xy, on M, i.e.,

drXpy(z) = Xp, (7(x))
at every x € J 71 ().

Proof. Denote y = m,(z). We evaluate
(dm, Xu (2) Jwy)(v) = wu(dm, X (), v)
for v € Ty, M,,. By considering v = dr(u) for some u € T,,J ™!, we arrive at
(dm, X (y)]w)(v) = (druXu(y)|w,)(dr () = (77w,) (Xu(2), )
Gpw(Xp (1), u) = 7, (Xa, Jw,) (u)
X, Jwp(dr(u)) = (X, Jwu) (v)-

This proves
dr, Xn (y) oy = X, Jwu
at each y € M,,. By nondegeneracy of w,,, we obtain
dr, Xp(r) = Xp, (r(z))

for all z € J=!(u). This proves that Xgls-1(u) is projectible and its projection is
Xy, . O

n
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This lemma proves that the projected flow 7 o ¢!, is again a Hamiltonian flow
generated by the Hamiltonian vector field associated to the reduced Hamiltonian
H,, and hence the proof of (2). O
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