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Part 1. Riemannian Geometry

1. Parallelism and Ehresman connection

For a given vector bundle π : E →M , we have natural exact sequence

0→ ker deπ → TeE
deπ→ Tπ(e)M → 0.

The kernel ker dπ ⊂ TE forms a subbunle of rank k = rankE which defines an
integrable distribution on the manifold E. Its integral submanifolds are nothing
but the fibers π−1(x), x ∈M . We denote V TeE = ker deπ and call it as the vertical
tangent space of E at e, and the union

V TE =
⋃
e∈E

V TeE =: VeE

the vertical subbundle. There is no canonical notion of horizontal subspaces.

Definition 1.1. An Ehresmann connection is an assignment of subspaces He ⊂
TeE complementary to VeE in TeE at each e ∈ E such that

(1) HE := ∪e∈EHe is a subbundle of TE such that TeE = HeE ⊕ VeE,
(2) For any e ∈ E and λ ∈ R, Hλe = dmλ(He) where mλ : E → E is the scalar

multiplication by λ.

Statement (2) in particular implies H0x = T0x0E for the zero section 0E ∼= M
and 0x ∈ 0E is the point corresponding to x ∈M .

Postponing the discussion on the existence of Ehresmann connection till later,
we proceed. Denote an Ehresmann connection of E as a splitting

Γ : TE = HE ⊕ V E

for HE ⊂ TE the aforementioned subbundle.
We now recall the definition of the pull-back bundle f∗E for a smooth map

f : N →M :

f∗E := {(n, e) ∈ N × E | f(n) = π(e)}.
Denote by [n, e] the element of f∗E represented by (n, e) ∈ N × E. Then we can
express

T[n,e](f
∗E) = {(v, ξ) ∈ TnN × TeE | df(v) = dπ(ξ)}.

Definition 1.2 (Pull-back connection). Let π : E → M be a vector bundle and
f : N →M be a smooth map. The pull-back connection f∗Γ is given by the choice
of a horizontal subbunle of T (f∗E) given by

H[n,e](f
∗E) := {(v, ξ) ∈ TnN × TeE | df(v) = dπ(ξ), ξ ∈ Hf(n)E} ∼= Hf(n)E.
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Let π : E →M be a the vector bundle of rank k. Consider the pull-back bundle
γ∗E → I = [0, 1] for the given path γ : I →M .

Let me start with more abstract terms. The parallel transport has the following
interpretation. Let F = γ∗E → [0, 1] = B be the above pull-back bundle and
TF = H ⊕ V its splitting induced by the pull-back connection. Note that H is a
one-dimensional distribution on F and that the projection dπ : H → TB induces
an isomorphism that TB = T [0, 1] carries a canonical global frame { ∂∂t}. Therefore
this lifts to a smooth (autonomous) vector field X on F = γ∗E (regarded as a
manifold) given by

X(e) := (deπ|H)−1

(
∂

∂t

)
on F . By definition

deπ(X(e)) =
∂

∂t

∣∣∣
t
.

Therefore we can use t itself as the time for the ODE ė = X(e) on F .
We consider the integral curve γ̃ of X issued at e ∈ γ∗E, i.e., satisfying the ODE

dγ̃

dt
= X(γ̃(t)), γ̃(0) = e.

This exists by the existence theorem of the first-order ODE on whole [0, 1] and is
smooth by the smooth dependence of the solution of ODE on its initial data.

By denoting the solution by γ̃e, we have γ̃e(t) ∈ γ∗E|t and interpret is as a curve
in E noting that

γ∗E|t = Eγ(t)

Definition 1.3. The parallel transport Πγ : Eγ(0) → Eγ(1) is defined by

Πγ(e) := γ̃e(1).

Proposition 1.4. The map Πγ : Eγ(0) → Eγ(1)) is a linear map.

Proof. We start with proving Πγ(λe) = λΠγ(e). Let γ̃e is the horizontal lift of γ
with γ̃e(0) = e. We consider the curve ` : [0, 1] → E defined by `(t) = λγ̃e(t).

Clearly `(t) = λe and dγ̃e
dt |t ∈ Hγ̃e(t) since γ̃e is the horizontal lift of γ. We compute

the derivative

˙̀(t) =
d

dt
(λγ̃e)

∣∣
t

= dmλ

(
dγ̃e
dt

∣∣∣
t

)
∈ Hλγ̃e(t)

by the defining property of the horizontal subspace in the definition of Ehresmann
connection.

It is also a lift of γ. Therefore by the uniqueness of the lift, we must have

λγ̃e(t) = γ̃λe(t)

for all t ∈ [0, 1]. In particular, we have λγ̃e(1) = γ̃λe(1). By definition, the last is
equivalent to Πγ(λe) = λΠγ(e).

Next we quote the following lemma

Lemma 1.5. Let V , W be vector spaces and f : V → W be a map differentiable
at 0 ∈ V . If f satisfies f(λv) = λf(v) for all λ ∈ R and v ∈ V . Then f = df(0).
In particular f is a linear map.
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Proof. First by setting λ = 0, we obtain f(0) = 0. Therefore for λ 6= 0, we have

f(v) =
1

c
f(cv) =

1

c
(f(cv)− f(0)).

By letting c→ 0, we obtain

lim
c→0

1

c
(f(cv)− f(0)) = df(0)(v)

since f is assumed to be differentiable at 0. This finishes the proof. �

Combining the above, we have proved the proposition. �

Now we introduce the notion of covariant derivative.

Definition 1.6. Let Γ : TE = HE ⊕ V E be an Ehresmann connection. Let
s ∈ Γ(E) be a section of E. Then we define the covariant derivative ∇vs of s along
v ∈ TxM to be

∇vs :=
d

dt

∣∣∣
t=0

(Πγ |t0)−1(s(γ(t)))

for a (and so any) germ of curves γ : (−ε, ε) → M , where Πγ |t0 is the parallel
transport along γ from 0 to t.

It can be checked that this definition does not depend on the choice of γ satisfying
γ′(0) = v.

Remark 1.7. We can also write

∇vs = Πv
Γ(ds(v)) ∈ V Ts(x)

∼= Ex

i.e., ‘the covariant derivative is the vertical projection of ds(v) ∈ Ts(x)E with respect
to the Ehresmann connection Γ : TE ⊕HE ⊕ V E after identification of V Ts(x)

∼=
Ex.”

The following properties can be also checked easily.

Lemma 1.8. Let x ∈M . The assignment

s ∈ Γ(E)→ Ex

satisfies

(1) ∇v1+v2
s = ∇v1

s+∇v2
s for v1, v2 ∈ TxM ,

(2) ∇cvs = c∇cs for all c ∈ R and v ∈ TxM ,
(3) ∇v(fs) = f(x)∇vs+ v[f ]∇vs for any f ∈ C∞(M), where v[f ] is the direc-

tional derivative of f along v at x,
(4) ∇v(s1 + s2) = ∇vs1 +∇vs2 for si ∈ Γ(E) and v ∈ TxM .

We would like to mention that when E is the trivial line bundle M × R, ∇v is
the same as the tangent vector v as a derivation at x with values in R.

2. Affine connections on vector bundles

Definition 2.1. Let x ∈ M . A linear map D : Γ(E) → Ex is called defines a
derivation at x with values in E if D satisfies the properties (1) - (4) above. A
smooth family of such D over M is called a differential operator of order 1 on
Γ(E).

An example of a differential operator of order 1 on Γ(E) is ∇X for any vector
field X on M .
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Definition 2.2 (Affine connection). An affine connection on E → M is the as-
signment of X 7→ ∇X that satisfies

(1) ∇X1+X2
s = ∇X1

s+∇X2
s,

(2) ∇cXs = c∇Xs,
(3) ∇X(fs) = f∇Xs+X[f ]∇Xs for any f ∈ C∞(M),
(4) ∇X(s1 + s2) = ∇Xs1 +∇Xs2 for si ∈ Γ(E).

In particular, ∇ defines a differential operator of order 1

∇ : Ω0(E) = Γ(E)→ Ω1(E) = Γ(T ∗M ⊗ E).

If we denote by Ωk(E) the E-valued differential k-form on M Γ(Λk(T ∗M) ⊗ E)
for k = 0, 1, . . . ,, and extend ∇ to

d∇ : Ωk(E)→ Ωk+1(E)

as a derivation under the wedge product of T ∗M by anti-symmetrization as for the
exterior derivative d : Ωk(M)→ Ωk+1(M) with d∇ = ∇ on Ω0(E).

Lemma 2.3. Denote the space of connections on E →M by A(E). Then A(E) is
an (infinite dimensional) affine space modelled by Ω1(End(E)).

Proof. Let ∇, ∇′ be two affine connections of E. We will show that X → ∇X−∇′X
is a tensor, i.e.,

(∇X −∇′X)(fs) = f(∇X −∇′X)(s)

for all s ∈ Γ(E) and f ∈ C∞(M). But

(∇X −∇′X)(fs) = ∇X(fs)−∇′X(fs) = (f∇Xs+X[f ]s)− (f∇′Xs+X[f ]s)

= f(∇Xs−∇′Xs) = f(∇X −∇′X)(s).

This proves the assignment s 7→ (∇−∇′)s defines a one-form valued at End(E). �

In other words, for a given affine connection ∇, any other affine connection ∇′
can be written as

∇′ = ∇+ ω

for an element ω ∈ Ω1(End(E)).
Now we prove existence of an affine connection.

Theorem 2.4. For any vector bundle E → M , there exists an affine connection
and so A(E) is a nonempty affine space modeled by Ω1(End(E)).

Proof. Let {Uα} be an atlas of M and {(Φα, Uα)} a compatible system of trivial-
ization of E. We denote

Φ(ex) = (x, hα(x)), hα : Uα → Rk.
For given s, locally we have Φα ◦ s(x) = (x, sα(x)) for sα : Uα → Rk. Then we have
the compatibility relation

(x, sβ(x)) = (x, gαβsα(x))

where gαβ is the transition map defined by

Φβ ◦ Φα(x, eα) = (x, gαβ(x)eβ)

where (x, eα) = Φ(x, e) = (x, eβ). By definition, we have local representatives of s
which satisfy

sβ(y) = gαβ(y)sα(y)
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for any x ∈ Uα ∩ Uβ .
Define

∇v(s)(x) := Φ−1
α (x, v[sα])

for x ∈ Uα. By taking the directional derivative of this in v at x,

∇αv (s)(x) := Φ−1
α (x, v[sα])

and the sum

∇v(s)(x) :=
∑
α

χα(x)Φ−1
α (x, v[sα]).

for a partitions of unity {χα} adapted to {Uα}. We check all the defining properties
of a connection. �

Definition 2.5. Let ∇ be an affine connection on E →M .

(1) The dual connection on E∗ is define by the derivation relation

X[α(s)] = ∇Xα(x) + α(∇Xs)

i.e.,

∇Xα(x) := X[α(s)]− α(∇Xs)
(2) The induced connection on T `k (E) = Γ(E⊗k ⊗ (E∗)⊗`) is given by the

Leibnitz rule starting from action on C∞(M), Γ(E), Γ(E∗). We just denote
this extended connection by ∇ by an abuse of notation.

2.1. Local expression of covariant derivatives. Let s be any given local section
on U and represent

Φ ◦ s(p) = (p, sΦ(p))

where sΦ : U → Rk be the local representative map of s. Then we can express

Φ(∇s|p) = (p, dps
Φ + ωΦ

p s
φ(p)).

We set (∇s)Φ = dsΦ + ωΦ
p s

φ which is the local representative of ∇s and which is a

Rk-valued one-form. We usually write this as

∇sΦ = dsΦ + ωΦsΦ

where ωΦ = (ωβα)1≤α,β≤k is a matrix valued one-form.
In terms of the local frame {Eα}, we can determine ωΦ = (ωβα) by the formula

∇Eα =
∑
β

ωβαEβ . (2.1)

We call ωΦ = (ωβα) the connection matrix and ωβα are connection forms of the frame
{Eα} (associated to Φ.)

In particular, the (local) section

∇ ∂

∂xj
s

has the local representative given by ∂sΦ

∂xj (p) + ωΦ
p ( ∂

∂xj )sΦ(p). In other words,

(∇ ∂

∂xj
(s))Φ =

∂sΦ

∂xj
+ ωΦ

(
∂

∂xj

)
sΦ

with Γβjα = ωβα
(
∂
∂xj

)
.
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For general section s =
∑k
α=1 sαEα, we denote

∇js =

k∑
α=1

(∇jsα)Eα

where we write the α’s coefficient of ∇js denoted by ∇jsα are given by

∇jsα :=
∂sα
∂xj

+

k∑
β=1

Γβjαsβ (2.2)

for k = 1, . . . , n and α = 1, . . . , k. The {Γβjα} are called the Christoeffel’s symbols.

2.2. Affine connection recovers Ehresmann connection. We can recover the
Ehresmann connection Γ out of the affine connection ∇ as follows.

Definition 2.6. We say a germ of section s ∈ Γ(E) is parallel in direction v ∈ TxM ,
if ∇vs = 0, and just parallel if it is parallel in all direction of TxM .

Theorem 2.7. Let ∇ be an affine connection on the vector bundle π : E →M . At
each point e ∈ E, define the subset

HeE = {ξ ∈ TeE | ξ = ds(π(e)), ∇vs = 0, ∀v ∈ Tπ(e)M}.
Prove that TeE = HeTE ⊕ VeTE where VeTE = ker deπ for the tangent map dπ :
TE → TM and the bundle HE → E is R-equivariant, i.e., dRc(HeTE) = HceTE.

Proof. It is easy to check that indeed HeTE forms a subspace of TeE. Next we show
that TeE = HeTE ⊕ VeTE, i.e., HeTE + VeTE = TeE and HeTE ∩ VeTE = {0}.
Denote p = π(e) ∈M .

Step 1: We prove HeTE ∩ VeTE = {0}. Suppose ξ = dxs(v) for some local
section s satisfying ∇us = 0 for all u ∈ TpM and deπ(ξ) = 0. But we have
0 = deπ(ξ)dps(v) = dp(π ◦ s)(v) = dp(id)(v) = v. Hence finishes the proof.

Step 2: We next prove that for any given ξ ∈ TeE, there exists some local
section s at p such that

∇s|p = 0, s(p) = e, ξ − dxs(deπ(ξ)) ∈ VeTE = ker deπ. (2.3)

In other words, once we find such s, ξ can be decomposed into

ξ = dxs(deπ(ξ)) + (ξ − dxs(deπ(ξ))) ∈ HeTE + VeTE.

This combined with Step 1 then proves

TeE = HeTE ⊕ VeTE.
To solve (2.3), we take a trivialization Φ : π−1(U)→ U ×Rk where we may assume
U is a coordinate neighborhood at p in M . Let ϕ = (x1, . . . , xn) be the associated
coordinate chart on U centered at p. It will be enough to find a set of local sections
{s1, · · · , sn} satisfying

∇sj |p = 0, sj(p) = e, dπ(dsj(p)) =
∂

∂xj
, j = 1, · · · , n. (2.4)

Let s be any given local section on U and represent

Φ ◦ s(p) = (p, sΦ(p))

where sΦ : U → Rk be the local representative map of s. Then

(∇ ∂

∂xk
(s))Φ =

∂sΦ

∂xk
+ ωΦ

(
∂

∂xk

)
sΦ. (2.5)
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Therefore ∇s|p = 0 which is equivalent to

(∇ ∂

∂xk
s)Φ|p = 0

for for all k = 1, · · · , n. This is in turn equivalent to

∂sΦ

∂xk
(p) + ωΦ

p

(
∂

∂xk

)
sΦ(p) = 0 (2.6)

for each given k = 1, · · · , n, which we want to solve at the given point p.
Denote ωΦ( ∂

∂xj ) =: ωΦ
j which is a linear map Ep → Ep.

Recalling sΦ is a vector valued (smooth) function sΦ : U → Rk, we can take the
Tayler expansion

sΦ(y) = sΦ(p) +

n∑
j=1

xj
∂sΦ

∂xj
+ o(|x|)

where x = (x1, · · · , xn) at p in terms of the coordinates (x1, · · · , xn). Therefore
(2.6) can be written as

∂sΦ

∂xj
(p) + ωΦ

j (p)sΦ(p) = 0.

Therefore if we set s(p) = e, this equation determines the first derivative of sΦ at
p by

∂sΦ

∂xj
(p) = −ωΦ

j (p)eΦ

in terms of the given e at p for any section s satisfying (2.6) and s(p) = e. (Note
here that the value sΦ(p) can be arbitrarily prescribed, which was set to be e as one
of the standing conditions (2.3).)

In conclusion, we take sj by its local expression

sΦ
j (x) := eΦ − xjωΦ

j (p)eΦ. (“ No summation over j involved!”)

Note that this is a function of x = (x1, · · · , xn) depending only on xj. Now we need
to show that sj indeed satisfies

∇ ∂

∂xk
sj |p = 0

for all k = 1, · · · , n. But this can be easily checked by construction using the
general local formula (2.5) applied to s = sj , which is omitted. (But you should
check it!)

Step 3: Prove the R-equivariance. Let ξ ∈ HeTE. We will show dRc(ξ) ∈ TceE
is contained in HceTE. By definition, there exists a section s defined near p such
that

s(p) = e, ξ = ds(p)(v)

for some s and v ∈ TpM . Now consider the section Rc(s) = cs. Obviously we have

Rc(s)|p = cs(p) = ce.

By the linearity of the affine connection over R, we have

∇(cs) = c∇s
In particular if ∇s|p = 0, then ∇(cs)|p = 0. Furthermore

dp(cs)(v) = dp(Rc ◦ s)(v) = deRcdps(v) = deRc(ξ)

which shows that deRc(ξ) ∈ HceTE, and hence dRc(HeTE) ⊂ HceTE.
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For c 6= 0, Rc has its inverse (Rc)
−1 = R1/c : HceTE → HeTE. By the same

argument applied to 1/c, we prove

dR1/c(HceTE) ⊂ HeTE

which is equivalent to HceTE ⊂ dRc(HeTE). This proves HceTE = dRc(HeTE)
also when c 6= 0.

On the other hand, when c = 0, R0 is the zero map and ce = 0 for any
e. Considering e = op, we have op = Rc(op). Denote by 0 the zero section of
E → M . Obviously R0 ◦ 0 = 0 which again defines a section. Therefore we have
dπ(dopR0dp0(v)) = dπd(R0 ◦ 0)(v) = v since R0 ◦ 0 is again a (zero) section. This
equation then implies dim dR0(HopTE) ≥ n = dimTpM . By dimension counting,
we must have dR0(HopTE) = HopTE.

This finishes the proof. �

2.3. Curvature. Recall that an Ehresmann connection associates the horizontal
distribution H ⊂ TE on E. In general this distribution may not be integrable.
How much non-integrable this distribution is can be quantified by the notion of
curvature.

Let (E,∇) be a vector bundle equipped with an affine connection.

Definition 2.8. The curvature R of ∇ is defined by the formula

R(X,Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s.

We call ∇ a flat connection if R = 0.

Proposition 2.9. R is a tensor field in that the assignment (X,Y, s) 7→ R(X,Y )s
are linear over C∞(M) for all 3 arguments which is skew-symmetric over X, Y .

Remark 2.10. (1) In terms of the operation d∇ : Ωk(E)→ Ωk+1(E), we have

d∇d∇ = Ω ∈ Ω2(End(E))

where Ω is the E-valued two-form defined by its values

Ω(X,Y ) · s := R(X,Y )s.

(2) In fact H is integrable if and only if the curvature of its associated affine
connection is flat.

When we are given a frame {Eα} and its dual frame {θα}, the local representative
of Ω is a matrix valued two form (Ωβα).

Proposition 2.11. The curvature two-form is given by

Ωβα = dωβα +
∑
γ

ωβγ ∧ ωγα.

2.4. Metrics and Euclidean connections.

Definition 2.12. A metric on E, denoted by g = 〈·, ·〉, is a smooth assignment
x 7→ g(x) = 〈·, ·〉x of a positive definite bilinear form on Ex, i.e., a linear map
Ex ⊗ Ex → R.

Proposition 2.13. Any vector bundle E → M over a (paracompact) manifold
carries a metric.
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Definition 2.14. A connection ∇ on (E, g) is called Euclidean if it preserves the
metric g in that:

X〈s1, s2〉 = 〈∇Xs1, s2〉+ 〈s1,∇Xs2〉,
which is equivalent ∇Xg = 0.

Let {Eα} be an orthonormal frame of (E, g). Express

∇Eα =
∑
β

ωβαEβ

where ωβα are the associated connection one-forms.

Proposition 2.15. A connection is Euclidean if and only if the matrix (ωβα(X))
is skew-symmetric for any vector field X.

Proof. Since Eα is orthonormal, we have 〈Eα, Eβ〉 = δαβ . Therefore we have

0 = X〈Eα, Eβ〉 = 〈∇XEα, Eβ〉+ 〈Eα,∇XEβ〉

=
∑
γ

ωγα(X)δβγ +
∑
γ

ωγβ(X)δαγ = ωβα(X) + ωαβ (X).

This finishes the proof. �

3. Riemannian metrics and Levi-Civita connection

Now let us consider the tangent bundle TM →M . Let ∇ be an affine connection
on TM .

Definition 3.1 (Torsion tensor). The torsion of ∇ is a (2, 1)-tensor defined by

T (X,Y ) = ∇XY −∇YX − [X,Y ]

for any vector fields X, Y on M .

In terms of the coordinate frames

Ej =
∂

∂xj
, j = 1, . . . , n,

we have

∇ ∂

∂xj

∂

∂xk
=
∑
i

Γijk
∂

∂xi

for the associated Christoefl symbols Γijk.

Proposition 3.2. An affine connection ∇ on M is torsion-free if and only if Γijk
is symmetric for j, k.

Because of this, a torsion-free connection on M is also called a symmetric con-
nection.

Definition 3.3. An Euclidean connection on (M, g) is called a Riemannian con-
nection.

Recall that for an Euclidean connection, Γijk is skew-symmetric for i and k.

Definition 3.4. We call a torsion-free Riemannian connection on (M, g) a Levi-
Civita connection of the metric g.

Theorem 3.5 (Levi-Civita connection). Let (M, g) be a Riemnnaian manifold.
Then there exists a unique torsion-free Riemannian connection.
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Proof. We have only to determine ∇XY for all vector fields X, Y or its pairing
〈∇XY, Z〉 for any Z. Assume that there is such a connection ∇. We will express
〈∇XY, Z〉 in terms of the known quantities and then check its torsion freeness and
Rimannian property afterwards.

Start from the Riemannian property

X〈Y,Z〉 = 〈∇XY,Z〉+ 〈Y,∇XZ〉
Y 〈Z,X〉 = 〈∇Y Z,X〉+ 〈Z,∇YX〉
Z〈X,Y 〉 = 〈∇ZY,X〉+ 〈X,∇ZY 〉.

Add the first two and subtract the third therefrom, apply the torsion freeness and
then get

X〈Y,Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉
= 〈∇XY, Z〉+ 〈Y,∇XZ〉+ 〈∇Y Z,X〉+ 〈Z,∇YX〉

−〈∇ZX,Y 〉 − 〈X,∇ZY 〉
= 2〈∇XY,Z〉+ (〈Z,∇YX〉 − 〈∇XY,Z〉)

+(〈Y,∇XZ〉 − 〈Y,∇ZX〉) + (〈∇Y Z,X〉 − 〈∇ZY,X〉)
= 2〈∇XY,Z〉+ 〈Z, [Y,X]〉+ 〈Y, [X,Z]〉+ 〈[Y,Z], X〉.

This suggests the definition of ∇ which must be given by

1

2
〈∇XY, Z〉 = X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉

−(〈Z, [Y,X]〉+ 〈Y, [X,Z]〉+ 〈[Y,Z], X〉). (3.1)

We note that the right hand side is already determined when X, Y, Z and g are
given and hence it uniquely determines ∇XY .

It remains to check that the ∇ defined by this last identity satisfies the defining
property of the affine connection and the resulting connection are both torsion free
and Riemannian. But this immediately follows from its definition.

The connection property can be directly checked from this defining identity.
Once this is done both Riemannian and torsion-freeness follow from the definition.

�

We write

g =
∑
i,j

gijdx
i ⊗ dxj

in terms of the local coordinates (x1, . . . , xn). Then the formula (3.1) also provides
the coordinate expression of the Levi-Civita connection as follows: Set

Y =
∂

∂xi
, X =

∂

∂xj
, Z =

∂

∂x`
.

Then it becomes

〈∂`,
∑
k

Γkij∂k〉 =
1

2
{∂gi`
∂xj

+
∂gj`
∂xi
− ∂gij
∂x`

and hence ∑
k

Γkijgk` =
1

2
{∂gi`
∂xj

+
∂gj`
∂xi
− ∂gij
∂x`
}.

If we denote by (gk`) the inverse matrix of )(g`k, then we obtain
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Proposition 3.6. The Christoefl symbols are determined by the metric by the
formula

Γkij =
1

2

∑
`

{∂gi`
∂xj

+
∂gj`
∂xi
− ∂gij
∂x`
}g`k.

This is the classicical expression of the Christoffel symbols. In terms of the
notation we introduced before, the covariant derivative ∇iX for X =

∑
j v

j ∂
∂xj , is

expressed as ∇jX =
∑
k(∇kvj) ∂

∂xk
with

∇ivj =
∂vj

∂xi
+ Γjikv

k.

3.1. Examples of Riemannian manifolds.

Definition 3.7. Let (M, g) and (N,h) be two Riemannian manifolds. An isometry
from (M, g)→ (N,h) is a map f : M → N is a diffeomorphism that preserves the
metric, i.e., if g = f∗h. More explicitly, it is an isometry if

h(df(v), df(w)) = g(v, w)

for all x ∈M . When f is not a diffemorphism, it is called an isometric immersion.
If f is an embedding, it is called an isometric embedding.

Definition 3.8 (Induced metric). Let (N,h) be a Riemannian manifold. For a
given immersion, f : M → N , we define the induced metric g = f∗h by

g(v, w) := h(df(v), df(w)). (3.2)

The injectivity dxf : TxM → Tf(x)N makes this bilinear form is again positive
definite. Obviously it is symmetric and so defines a metric.

Exercise 3.9. Consider the unit sphere Sn ⊂ R2n+1 and equip R2n+1 with the
standard metric given by the standard constant inner product 〈·, ·〉

hx(v, w) = 〈v, w〉

at each x ∈ R. Let (y1, . . . , yn) the coordinate functions on U = Sn \ {southpole}
of the stereographic projection ϕ : U → Rn. Express the induced metric ϕ∗h in
this coordinates

g =
∑
i,j

gijdy
idyj

i.e., express the function gij = gij(y
1, · · · , yn) in terms of the coordinates (y1, . . . , yn).

Example 3.10. Consider the torus T ⊂ R3 a surface of revolution obtained by
revolving the circle

{(0, y, z) | (y − 1)2 + z2 =
1

4
}.

It carries the induced metric g. This metric is not flat: Its Gaussian curvature is
not zero.

Definition 3.11 (Product metric). Consider two Riemannian manifolds (M1, g1)
and (M2, g2). The product manifold M1 ×M2 has a natural metric g = g1 × g2

defined by

g((v1, u1), (v2, u2)) := g(v1, v2) + g(u1, u2)

for each pair (vi, ui) ∈ T(x,y)(M1 ×M2) = TxM1 ⊕ TyM2.
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Example 3.12. Consider the unit circle S1 ⊂ R2 equipped with the induced
metric h. The product metric h× h on S1 × S1 is isometric to the induced metric
on S1×S1 ⊂ R2×R2, but not isometric to the T ⊂ R3 because this product metric
is flat.

3.2. Covariant derivative along the curve.

Definition 3.13 (Vector field over a map f : M → N). We call a section ξ ∈
Γ(f∗TN) a vector field over the map f .

Recall the definition of pull-back

f∗E = {(x, e) ∈M × E | f(x) = π(e)}.

The defining condition is equivalent to saying e ∈ Ef(x). Then the tangent space
T(x,e)(f

∗E) is represented by the pair (v, ξ) ∈ TxM × Te(f∗E) satisfying

df(v) = dπ(ξ), v ∈ TxM, ξ ∈ Te(f∗E)

at (x, e). For given Ehresmann connection Γ : TE = HTE ⊕ V TE, we denote by
Πv

Γ (resp. Πh
Γ) the projections to the vertical tangent space (resp. to the horizontal

space). The pull-back connection f∗Γ is provided by the splitting

f∗Γ : T (f∗E) = HT (f∗E)⊕ V T (f∗E)

where we have

HT(x,e)(f
∗E) = {(v, ξ) | df(v) = dπ(ξ), ξ ∈ HTeE}

V T(x,e)(f
∗E) = {(v, ξ) | df(v) = dπ(ξ), ξ ∈ V TeE}

at (x, e) ∈ f∗E. We denote by f∗∇ the associated affine connection.

Proposition 3.14. Let (E → N,∇) be a vector bundle with affine connection, and
let f : M → N . Consider the pull-back connection f∗∇ =: ∇f on f∗E =: F . Let s
be a section of f∗E and let v ∈ TxM . Then for given section s : M → F , we have

∇fvs = ∇df(v)s̃

for any local section s̃ around f(x).

Proof. Now by definition if (x, e) = (x, s̃(f(x)) for some local section s̃ around f(x),
we have

∇fvs = Πv
f∗Γ(d(x, e)(v)) = Πv

f∗Γ(v, d(s̃ ◦ f)(v)) = Πv
Γ(d(s̃ ◦ f)(v))

= Πv
Γ(d(s̃(df)(v))) = Πv

Γ(d(s̃)(df(v)) = ∇df(v)s̃

This finishes the proof. �

We apply the above to curves γ : I →M be a curve. A vector field along γ is a
section of the pull-back bundle γTM . In other words, it is an assignment

t 7→ V (t) ∈ Tγ(t)M

A good example is the tangent vector γ̇ which is given by

γ̇(t) =
dγ

dt
(t) ∈ Tγ(t)M.
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Proposition 3.15 (Covariant derivative of V along γ). Let M be equipped with an
affine connection ∇. For any curve γ : I → M , the pull-back affine connection on
γ∗TM is equivalent to the following assignment

V 7→ DV

dt
; Γ(γ∗TM)→ Γ(γ∗TM)

called the covariant derivative along γ which satisfies

(1) D
dt (V +W ) = DV

dt + DW
dt for any V, W ∈ Γ(γ∗TM),

(2) D
dt (fV ) = df

dtV + f DVdt for all function f : I → R,
(3) If V is induced by a vector field X on M locally near γ(t), i.e., if V (t) =

X(γ(t)) on (t0 − ε, t0 + ε), then

DV

dt
(t) = ∇γ̇(t)X.

Recall we have
∇ws = Πv

Γ(ds(w))

in general where Πv
Γ is the vertical projection with respect to the splitting Γ : TE =

HTE ⊕ V TE.
Let V (t) = X(γ(t)) on (t0−ε, t0+ε). We express X =

∑
j X

j ∂
∂xj for a coordinate

system (x1, . . . , xn) on U containing γ(t0), and assume that γ(t0 − ε, t0 + ε) ⊂ U .
We can also express

V (t) =
∑
j

vj(t)
∂

∂xj
∣∣
γ(t)

with vj(t) = Xj(γ(t)). By applying the defining property of the pull-back connec-
tion D

dt along γ, we compute

D

dt
V =

D

dt

∑
j

Xj(γ(t))
∂

∂xj
∣∣
γ(t)


=

∑
j

D

dt

(
Xj(γ(t))

∂

∂xj
∣∣
γ(t)

)

=
∑
j

(
d(Xj ◦ γ))

dt
(t)

)
∂

∂xj
∣∣
γ(t)

+
∑
j

Xj(γ(t))
D

dt

(
∂

∂xj
∣∣
γ

)
.

However we have

D

dt

(
∂

∂xj
∣∣
γ

)
(t) = ∇γ̇(t)

(
∂

∂xj
∣∣
γ

)
=
∑
i

γ̇i∇ ∂

∂xi

∂

∂xj
= γiΓkij

∂

∂xk
.

Therefore we have derived the coordinate formula
DV

dt
= v̇j

∂

∂xj
+ γ̇ivjΓkij

∂

∂xk
(3.3)

when γ̇ = γ̇i ∂
∂xi and V = vj ∂

∂xj .

Definition 3.16. A vector field V along γ is called parallel if DVdt = 0 for all t ∈ I.

In coordinates, V (t) = vj(t) ∂
∂xj |γ(t), the equation is equivalent to

v̇j + γ̇ivkΓjik(γ(t)) = 0, j = 1, · · · , n. (3.4)

This is a system of linear first order ODE which defines the parallel transport along
γ.
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4. Riemann curvature tensor

Recall that a curvature for an affine connection of a vector bundle E → M is a
C∞(M)-bilinear operator R : Γ(TM)× Γ(TM)→ Γ(End(E)) defined by

R(X,Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s

for X, Y ∈ Γ(TX), s ∈ Γ(E).
For given coordinates ϕ = (x1, . . . , xn) of M and a local frame F = {e1, . . . , ek}

on U = dom(ϕ) ⊂M , we write

R(∂i, ∂j)eα = Rβijαeβ

and call Rβijα the components of R with respect to the coordinates ϕ and the frame
F .

A straightforward computation shows the formula

Rβijα =
∂

∂xi
Γβjα −

∂

∂xj
Γβiα + ΓγjαΓβiγ − ΓγiαΓβjγ .

Now we specialize to the case of E = TM and the Levi-Civita connection ∇ and
the coordinate frame F = { ∂

∂xi , . . . ,
∂
∂xn }. Then all the Greek letters become the

same roman letters and do not make difference between them.

Proposition 4.1. Let R be the curvature of the Levi-Civita connection of (M, g).
Then

(1) (Trilinearity) The assignment (X,Y, Z) 7→ R(X,Y )Z is trilinear over C∞(M),
(2) (Bianchi identity) For all triples (X,Y, Z),

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0.

Proof. By definition,

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

we derive

R(X,Y )Z +R(Y,Z)X +R(Z,X)Y

= ∇X(∇Y Z −∇ZY ) +∇Y (∇ZX −∇XZ) +∇Z(∇XY −∇YX)

−∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

= ∇X([Y,Z]) +∇Y ([Z,X]) +∇Z([X,Y ])

−∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

= [Z, [X,Y ] + [X, [Y,Z]] + [Y, [Z,X]] = 0.

�

Using the metric, we pair R(X,Y )Z with W to get a function

〈R(X,Y )Z,W 〉.

Proposition 4.2. We have

〈R(X,Y )Z,W 〉 = −〈R(Y,X)Z,W 〉
〈R(X,Y )W,Z〉 = −〈R(X,Y )Z,W 〉
〈R(W,X)Y,Z〉 = 〈R(Y, Z)W,X〉.
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Proof. We will just prove the third equality. We write the Bianchi identities for
X, Y, Z, W by permuting them and add them up to get

2〈R(W,X)Y,Z〉 = 〈R(Y, Z)W,X〉

which finishes the proof. �

Alternatively, we can look at the quad-linear function

(X,Y, Z,W ) = 〈R(X,Y )Z,W 〉 =: R(X,Y, Z,W )

In coordinates, we write

Rijkl = 〈R(∂i, ∂j)∂k, ∂`〉 = gm`R
m
ijk :

Then the Bianchi identity corresponds to

Rijk` +Rjki` +Rkij` = 0

and similarly we can write other symmetries of Rijk`.

Definition 4.3 (Sectional curvatures). The section curvature function at p is a
quantity K(σ) associated to each 2-dimensional subspace σ of TpM defined by

K(σ) =
〈R(X,Y )Y,X〉
|X ∧ Y |2

where σ = span{X,Y }.

By the calculation similar to the proof of the polarization identity, we have
derived that the sectional curvature functions uniquely determine the Riemannian
curvature.

Proposition 4.4. The sectional curvature function determine the curvature R in
the following sense: Let V be an inner vector space of dimension ≥ 2 with inner
product 〈·, ·〉. Suppose R, R′ : V ×V ×V → V be two tri-linear mappings such that
both R and R′ satisfy the identities

〈R(X,Y )Z,W 〉+ 〈R(Y,Z)X,W 〉+ 〈R(Z,X)Y,W 〉 = 0

and

〈R(X,Y )Z,W 〉 = −〈R(Y,X)Z,W 〉
〈R(X,Y )W,Z〉 = −〈R(X,Y )Z,W 〉
〈R(W,X)Y,Z〉 = = 〈R(Y,Z)W,X〉.

If K(σ) = K ′(σ) for all σ, then R = R′.

This provides the following characterization of Riemann curvature for the con-
stant sectional curvatures.

Corollary 4.5. Let (M, g) be a Riemannian manifold and consider a trilinear
mapping R′0 : TM × TM × TM → TM by

〈R′0(X,Y )Z,W 〉 = 〈X,W 〉〈Y,Z〉 − 〈X,Z〉〈Y,W 〉.

Then M has constant sectional curvatures c if and only if R = cR′0.
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Proof. One easily checks that R′0 satisfies all the aforementioned symmetries. On
the other hand, if R has constant sectional curvature, then we have

〈R(X,Y )Y,X〉
|X ∧ Y |2

= c

i.e., we have

〈R(X,Y )Y,X〉 = c|X ∧ Y |2 = c(〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2)

for all X, Y . This is equivalent to saying K(σ) = cK ′0(σ). Then by the proposition,
we obtain R = cR′0. �

5. Raising and lowering indices and contractions

If g = 〈·, ·〉 is an inner product on a vector space V , its dual vector space V ∗

carries the dual inner product. It is described as follows: Consider the isomorphism

g̃ : V → V ∗; v 7→ 〈v, 〉̇

Then the dual metric is nothing but the pushforward

〈·, ·〉∗ = g̃∗〈·, ·〉.

In other words, we define it by choosing an orthonormal basis {E1, · · · , En} of V ,
considering its dual basis {f1, · · · , fn} and then declaring it to be orthonormal for
the inner product.

For a Riemannian metric g on TM , let g = gijdx
i ⊗ dxj , then its dual metric

h = (g̃)∗g on T ∗M can be expressed as

h = gij
∂

∂xi
⊗ ∂

∂xj

with (gij) is the inverse matrix of (gij). The bundle map g̃ : TM → T ∗M has its
inverse T ∗M → TM . Combining the two, we have the induced isomorphisms

g̃ : T rs (M)→ T sr (M).

In coordinates, the map corresponds to

ti1···irj1···js 7→ gj1k1
· · · gjskst

k1···kr
`1···`r g

i1`1 · · · gir`r

when applied to the tensor field

T = ti1···irj1···jsdx
j1 · · · dxjs ⊗ ∂

∂xi1
· · · ∂

∂xir
.

Using the multi-indices, I = (i1, · · · , ir) and etc, we can simplify the writing as

tIJ 7→ gJKt
K
L g

LI .

Example 5.1. (1) For a vector field X = Xi ∂
∂xi , we have its dual field X[ =

〈X, ·〉 has the expression

X[ = X[
i dx

i, for X[
i = gijX

j .

(2) For the curvature tensor R = R`ijk, the lowering operation corresponds to
the tensor

(X,Y, Z,W ) 7→ 〈R(X,Y )Z,W 〉 ⇐⇒ R`ijk 7→ Rijkl := gi`R
`
ijk.
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Next, we have a canonical isomorphism

Hom(V, V ) ∼= V ∗ ⊗ V

and an element A ∈ Hom(V, V ) is written as A = Aijdx
j ⊗ ∂

∂xi . Then we have

tr(A) = Aii

(
=

n∑
i=1

Aii

)
.

For a general tensor field of type (r, s), this contraction operation gives rise to a
tensor of type (r − 1, s− 1)

ti1···irj1 · · · js 7→ ti1···k···jrj1···k···js

(
=

n∑
k+1

ti1···k···jrj1···k···js

)
.

Definition 5.2 (Ricci curvature). For each given vector fields (X,Y ), we have the
linear map RX,Y : W 7→ R(W,X)Y which we call the Ricci operator. The Ricci
curvature tensor Ricg is defined to be

Ricg(X,Y ) = tr(RX,Y ) =

n∑
i=1

〈R(Ei, X)Y,Ei〉

where {E1, ·, En} is an (and so any) orthonormal frame fields.

So Ric = Ricg is a covariant symmetric 2-tensor which defines a symmetric
bilinear form on the tangent space TpM at each p ∈M .

Definition 5.3. (1) (Ricci curvature) We call

1

n− 1
Ric(X,X)|p

the Ricci curvature of (M, g) along X at p ∈M .
(2) (Scala curvature) We call

K(p) =
1

n(n− 1)

n∑
j=1

Ric(Ei, Ej) =
1

n(n− 1)

n∑
j=1

n∑
i=1

〈R(Ei, Ej)Ej , Ei〉

for a (and so any) orthonormal basis {Ei}.

The components of Ricg are given by the contraction

Rij := Rkkij(= Rkij`g
k`)

when we write the Ricci tensor as Ricg = Rijdx
i ⊗ dxj . The Ricci curvature along

( ∂
∂xi ,

∂
∂xj ) is given by

1

n− 1
Ric(∂i, ∂j)|p =

1

n− 1
Rij .

Proposition 5.4. In coordinates, we have

K(p) =
1

n− 1
Rijg

ij .

Proof. Let {E1, · · · , En} be an orthonormal frame and express

Ei = aki
∂

∂xk
.
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Then we evaluate
n∑
j=1

Ric(Ej , Ej) =

n∑
j=1

Ric(akj ∂k, a
`
j∂`) =

∑
j

Rk`a
k
j a
`
j .

By the orthonormality 〈Ei, Ej〉 = δij we obtain

gk`a
k
i a
`
j = δij

and hence

aki a
`
j = gk`δij .

Substituting this into above, we have derived
n∑
j=1

Rk`a
k
j a
`
j =

n∑
j=1

Rk`g
k`δjj = nRk`g

k`

Therefore we have

K(p) =
1

n(n− 1)

n∑
j=1

Ric(Ei, Ej) =
1

n− 1
Rk`g

k`.

�

Exercise 5.5. Prove that for 3-dimensional Riemannian manifolds (M, g), the
Ricci curvature determines the curvature tensor of (M, g). In coordinates, express
the curvature tensor Rijkl in terms of the Ricci curvatures {Rij}.

6. Geodesics and exponential maps

By applying V = γ̇, we obtain the notion of a geodesic.

Definition 6.1 (Geodesic). A curve γ : I → M is called a gedesic if γ̇ is parallel,

i.e., if Dγ̇
∂t = 0 on I.

In coordinates, we substitute vj = γ̇j into (3.4) and obtain

γ̈k + Γkij γ̇
iγ̇j = 0. (6.1)

This is a system of nonlinear second-order ODE. To uniquely solve the equation,
we need to put the initial conditions γ(0) = x0, γ̇(0) = v. (In general, the equation
may not be able to solve for all time.)

To solve this 2nd-order ODE, we transform it to a first-order ODE by lifting
the equation to an equation on TM . For this purpose, we introduce the canonical
coordinates of TM .

Definition 6.2 (Canonical coordinates of TM). The canonical coordinates of TM
(or T ∗M) associated to the coordinates (x1, . . . , xn) on U is the coordinates of
TU = π−1(U) associated to

dϕ = (x1, . . . , xn, v1, . . . , vn) : TU → ϕ(U)× Rn ⊂ Rn × Rn

where

xi = si ◦ (π1 ◦ dϕ), vj = sj ◦ π2, ◦dϕ.

For any vx ∈ TxM for x ∈ U , we can uniquely express

vx =
∑

vj
∂

∂xj
|x.
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Remark 6.3. (1) Similarly, we define the canonical coordinates denoted by

(q1, . . . , qn, p1, . . . , pn)

by
qi = si ◦ (π∗,1 ◦ d(ϕ−1)∗, pj = sj ◦ π∗,2 ◦ (dϕ−1)∗ :

For any element α ∈ T ∗M |U , we can uniquely express

α =
∑
i

pi(α)dqi|x.

(2) Note that both vj and pj are fiberwise linear functions on TM |U and T ∗M |U
respectively.

In the canonical coordinates (x1, . . . , xn, v1, . . . , vn) of TM , the geodesic equa-
tion can be reduced to the first-order ODE

ẋk = vk, v̇k = −Γkijv
ivj : (6.2)

For any geodesic γ, if we set vk(t) = γ̇k(t), then (γk, vk), satisfy (6.2), and vice
versa.

Exercise 6.4. Prove that RHS of the equation is indeed the coordinate expression
of a vector field on TM , i.e., a section of T (TM) → TM .(Hint: Prove that it
satisfies the transformation rule of vector fields on T (TM).)

We call the flow of this vector field on TM the geodesic flow of (M, g).
By the general existence, uniqueness and continuous dependence theorems on

the first-order ODE, we have proven.
From now on, we will restrict ourselves to the Levi-Civita connection of the

Riemannian manifold (M, g).

Lemma 6.5 (from ODE theory). For each p ∈ M , there exists an open subset
U ⊂ TM with (p, 0) ∈ U , δ > 0 and a smooth map

ϕ : (−δ, δ)× U → TM

such that t 7→ ϕ(t, q, v) is the unique trajectory of the vector field G with ϕ(0, q, v) =
(q, v). Choosing V and ε1 > 0 small enough, we may assume

{(q, v) | q ∈ V, v ∈ TqM, |v| < ε1}
where V is a neighborhood of p ∈M .

Translating this into the original geodesic equation, we obtain

Proposition 6.6. Given p ∈ M , there exist an open subset V ⊂ M with p ∈ V ,
δ > 0, ε1 > 0 and a smooth map

γ : (−δ, δ)× U →M, U as above

such that the curve t 7→ γ(t, q, v), t ∈ (−δ, δ) is the unique geodesic of M which at
t = 0 passes through q with velocity v for each given (q, v) ∈ TM |V with |v| < ε1.

By the uniqueness, we have

γ(at, q, v) = γ(t, q, av)

whenever both sides are defined. Therefore by letting ε1 small enough, we may
assume δ = 2 in the above proposition.

By choosing ε > 0 sufficiently small so that γ : (−2, 2) × U → M is defined for
all q ∈ V and v with |v| < ε.
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Definition 6.7 (Exponential map). Let U be as above. We define a map, called
the exponential map at q, expq : TqM →M by

expq(v) := γ(1, q, v)

when it is defined, i.e, if |v| < εq.

Proposition 6.8. Given q ∈ M , there exists some ε = εq > 0 such that expq :
Bε(0) ⊂ TqM →M is a diffeomorphism of Bε(0) onto an open subset of M .

Proof. By the implicit function theorem, it is enough to prove that the derivative
d0 expq : T0(TqM)→ TqM is an isomorphism.

By the canonical identification of T0(TqM) ∼= TqM , we have

d0 expq(v) =
d

dt

∣∣∣
t=0

expq(tv) =
d

dt

∣∣∣
t=0

γ(1, q, tv) =
d

dt

∣∣∣
t=0

γ(t, q, v) = v.

Therefore we have d0 expq = id|TqM under the identification of T0(TqM) ∼= TqM .
�

Example 6.9. (1) M = Rn: Since the covariant derivative coincides with the

usual derivative, ∇̃XY = X̃[Ỹ ], the geodesics are the straight lines with
constant speed parameterization. Therefore expq(v) = q + v.

(2) M = Sn ⊂ Rn+1 equipped with the induced metric: In this case, the
geodesics are the great circles parameterized by arc length.

Definition 6.10 (Arc length). Let γ : I →M be a differentiable curve.

(1) The arc length of the curve γ : I →M is defined by

L(γ) =

∫ t1

t0

∣∣∣∣dγdt (u)

∣∣∣∣ du.
(2) By varying t1, we define the arc-length function s : I → R+ by

s(t) =

∫ t

t0

∣∣∣∣dγdt (u)

∣∣∣∣ du =: L(γ|[t0,t]).

We can also define the arc-length of a piecewise differentiable function.

If γ̇(t) 6= 0, then it is a local diffeomorphism at t and so the function s has a local
inverse t = t(s). The new parameterization γ̃(s) := γ(t(s)) is called the arc-length
parameterization of γ. With respect to this parameterization, we have

| ˙̃γ(s)| =
∣∣∣∣dγdt dtds

∣∣∣∣ ≡ 1.

We state a basic property of geodesics.

Proposition 6.11. If γ is a geodesic, then the parameter t is the same with the
arc-length up to a multiplication by a nonzero constant c and a translation.

Proof. Enough to show that any geodesic has constant speed. �

We say a geodesic is normalized if it is parameterized by the arc-length.

Definition 6.12 (Distance). For given points x, y ∈ M , we define the function
d : M ×M → R+ by

d(p, q) = inf
γ
{L(γ) | γ(0) = p, γ(1) = q, γ piecewise differentiable}.
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Theorem 6.13. Then d defines a metric on M , i.e., it satisfies

(1) d(p, q) = d(q, p),
(2) d(p, q) + d(q, r) ≥ d(p, r),
(3) d(p, q) ≥ 0 and equality holds only when p = q.

The points (1), (2) are obvious. But we will need preliminary works to prove
(3).

7. First variation of arc-length

Let γ : [a, b]→ M be a smooth curve and recall the definition of the arc length
of the curve γ : [a, b]→M is defined by

L(γ) =

∫ b

a

∣∣∣∣dγdt (t)

∣∣∣∣ dt.
This function is defined for a piecewise smooth curve and does not depend on the
parametrization of the curve.

A more useful quantity than the length function for the variational study of
geodesics is the (kinetic) energy

Definition 7.1 (Energy functional). Let γ : [a, b] → M be a (piecewise) differen-
tiable curve

E(γ) =
1

2

∫ b

a

|γ̇|2 dt.

Lemma 7.2. For any differentiable curve γ : [a, b]→M , we have

L(γ)2 ≤ 2|b− a|E(γ)

and the equality holds when |γ̇| is constant.

Proof. A direct calculation shows

L(γ)2 =

(∫ b

a

∣∣∣∣dγdt (t)

∣∣∣∣ dt
)2

≤

∣∣∣∣∣
∫ b

a

12 dt

∣∣∣∣∣ ·
∣∣∣∣∣
∫ b

a

|γ̇(t)|2 dt

∣∣∣∣∣ = 2|b− a|E(γ)

and equality holds when |γ̇(t)| is constant. �

A variation of a curve γ is a a smooth map C : (−ε, ε) × [a, b] → M satisfying
C(0, t) = γ(t). Denote

∂C

∂s
(0, t) =: V (t)

which we call an infinitesimal variation along γ, which is nothing but a vector field
along γ.

Writing γs := C(s, ·), we will compute

d

ds

∣∣∣
s=0

E(γs) =
1

2

∫ b

a

∣∣∣∂C
∂t

∣∣∣2 dt.
We compute

1

2

∂

∂s

∣∣∣∂C
∂t

∣∣∣2 =
∂

∂s

〈
∂C

∂t
,
∂C

∂t

〉
=

〈
D

∂s

∂C

∂t
,
∂C

∂t

〉
=

〈
D

∂t

∂C

∂s
,
∂C

∂t

〉
=

∂

∂t

〈
∂C

∂s
,
∂C

∂t

〉
−
〈
∂C

∂s
,
D

∂t

∂C

∂t

〉
.

Here we use the following for the penultimate equality.
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Exercise 7.3. Let ∇ be any torsion-free affine connection on M . Consider a
smooth map C : (−ε, ε) × [a, b] → M and denote by D

∂t = ∇ ∂C
∂t
, D

∂s = ∇ ∂C
∂s

the

covariant derivatives along C in the direction of ∂
∂t and ∂

∂s respectively. Prove

D

∂t

∂C

∂s
=
D

∂s

∂C

∂t
.

Therefore we have derived

Proposition 7.4 (The first variation of the energy). Let γ be a differentiable curve
and C : (−ε, ε)× [a, b]→M be a variation of γ. Denote V (t) := ∂C

∂t (0, t). Then

d

ds

∣∣∣
s=0

E(γs) = −
∫ b

a

〈
V (0, t),

Dγ̇

∂t
(0, t)

〉
dt+ 〈V (0, b), γ̇(0, b)〉

∣∣∣b
a
. (7.1)

Corollary 7.5. Consider the variation C = {γ}s∈(−ε,ε) with the same end points.
Then we have

d

ds

∣∣∣
s=0

E(γs) = −
∫ b

a

〈
V (0, t),

Dγ̇

∂t
(0, t)

〉
dt.

Define the subset of maps

P = P[a,b](p, q) = {γ : [a, b]→M | γ(a) = p, γ(b) = q, γ smooth}.

Proposition 7.6. Let γ be a curve that minimizes the energy among curves in P.
Then γ satisfies D

dt γ̇ = ∇γ̇ γ̇ = 0, i.e., γ is a geodesic.

Since the geodesic has constant speed, any energy minimizing curve is also length
minimizing by the lemma. Indeed, it also uniquely determines a parametrization
of constant speed.

Proof of Proposition 7.6. We start with the following lemma

Lemma 7.7. For any given variation V along γ with V (a) = V (b) = 0, there exists

a variation {γs} ⊂ P[a,b](p, q) with ∂γs
∂s

∣∣∣
s=0

= V (t).

Proof. Just take γs(t) = expγ(t) sV (t). �

Since γ minimizes E on P the function s 7→ E(γs) takes its minimu at s = 0.
Therefore we have

d

ds
E(γs)

∣∣∣
s=0

= 0

for any variation and in particular for γs = expγ sV . By the first variation formula,
we derive ∫ b

a

〈V (t),
Dγ̇

dt
〉 dt = 0

for all infinitesimal variation V with V (a) = V (b) = 0.
The proposition will follow from

Exercise 7.8. Let W0 be a smooth (and so continuous) vector field along γ such
that ∫ b

a

〈V,W0〉 dt = 0

for all variations V along γ with V (a) = V (b) = 0. Prove W0 = 0.

�



24 YONG-GEUN OH

Now we are ready to study the length minimizing property of geodesics. Here is
a key lemma whose proof is an application of the first variation formula.

Theorem 7.9 (Gauss lemma). If ρ(t) = tv is a ray through the origin in TpM in
the direction of v and if w ∈ Tv(TpM) is perpendicular to ρ̇(1) ∈ Tv(TpM), then

dv expp(ρ̇(1)) ⊥ dv expp(w).

Proof. Let v(s) be a curve in TpM such that v(0) = v, v′(0) = w and |v(s)| = const..
Define

α(s, t) = expp(ρs(t)), ρs(t) := tv(s)

where ρs : [0, 1]→ TpM is the ray segment from ~0 to v(s) in TpM . We put

γv(t) := expp(tv)

which is the geodesic with γ̇v(0) = v.
Then γv(s) satisfy

(1) γv(s)(0) = p and so ∂α
∂s (s, 0) = 0 for all s,

(2) γ̇v(s)(t) = dρs(t) expp(ρ̇s(t)),
(3) |γ̇v(s)(t)| = |v(s)| = |v| for all s, t since γv(s) is a geodesic with initial

velocity v(s).

Therefore the energy function

s 7→ 1

2

∫ 1

0

|γ̇v(s)|2 dt =
1

2

∫ 1

0

∣∣∣∣∂α∂s
∣∣∣∣2 dt

is a constant function. By the first variation formula, we derive

0 =
d

dt

∣∣∣
s=0

1

2

∫ 1

0

∣∣∣∣∂α∂s
∣∣∣∣2 dt

=

〈
∂α

∂s
(0, t), γ̇v(0)(t)

〉 ∣∣∣1
0

=

〈
∂α

∂s
(0, 1), γ̇v(t)

〉
= 〈dv expp(w), dv expp(v)〉.

Here the term ρ̇v(1) = v through the canonical identification Tv(TpM) ∼= TpM .
�

Exercise 7.10. Let N , N be submanifolds of a Riemannian manifold (M, g) and
let γ : [0, 1]→M be a geodesic from N to N . Prove that γ satisfies

γ̇(0) ⊥ Tγ(0)N, γ̇(1) ⊥ Tγ(1)N.

For a piecewise smooth curve γ with possible kinks at

a = t0 < t1 < . . . < tN−1 < tN = b

we consider the piecewise smooth variation V along γ which is continuous especially
at ti’s. Then

Proposition 7.11. Let γ and V as above. Then

d

ds

∣∣∣
s=0

E(γs) = −
∫ b

a

〈V, Dγ̇
dt
〉 dt−

N−1∑
i=0

〈V, γ̇(ti + 0)− γ̇(ti − 0)〉.

We denote
d

ds

∣∣∣
s=0

E(γs) =: δE(γ)(V ).
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Corollary 7.12. If γ is any piecewise smooth energy minimizing curve with fixed
end points, it is a smooth geodesic.

Proof. Since γ is energy minimizing, we have

δE(γ)(V ) = 0

for all such variation.
By considering the infinitesimal variation V such that

V (ti) = 0

for all i, we show −
∫ b
a
〈V, Dγ̇dt 〉 dt = 0. This proves that

Dγ̇

dt
= 0

and so a geodesic on (ti, ti+1) for all i. By the hypothesis, γ is continuous.
By substituting this into the variation formula, we have derived

0 = δE(γ)(V ) = −
N−1∑
i=0

〈V, γ̇(ti + 0)− γ̇(ti − 0)〉.

for all infinitesimal variation of γ. In particular by considering a variation with

V (ti) = γ(ti + 0)− γ̇(ti − 0),

we obtain

0 = −
N−1∑
i+1

|γ(ti + 0)− γ̇(ti − 0)|2

and hence γ(ti + 0) = γ̇(ti − 0) must hold.
Once this is proved, we derive that its second derivative continuously extends to

the points ti by the geodesic equation

γ̈i + Γijk(γ1, . . . , γn)γ̇iγ̇j = 0.

Similarly by differentiating the equation, we derive that all of its higher derivatives
continuously extends to whole interval [a, b]. �

Remark 7.13. Such an argument is called the bootstrap argument to increase the
regularity of a solution of a differential equation.

8. Geodesic normal coordinates and geodesic balls

Definition 8.1 (Normal coordinates). A local coordinate system (x1, . . . , xn) is
called normal coordinates at p, if it satisfies

(1) xi(p) = 0,
(2) gij(p) = δij ,

(3)
∂gij
∂xk

(p) = 0 for all i, j, k.

In this coordinates, we can Taylor-expand gij as

gij(x) = δij + “2nd or higher order terms of xi”.



26 YONG-GEUN OH

Definition 8.2 (Geodesic normal coordinates). Let p ∈ M and choose an or-
thonormal coordinates (x1, . . . , xn) at 0 of TpM ∼= Rn. Define a coordinate system
by

xi = xi ◦ exp−1
p .

We call this the geodesic normal coordinates at p.

Proposition 8.3. Geodesic normal coordinates are indeed normal.

Proof. (1) is obvious. For (2), we compute

gij(p) = 〈 ∂
∂xi

,
∂

∂xj
〉p =

〈
d0 expp(

∂

∂xi

∣∣∣
0
), d0 expp(

∂

∂xj

∣∣∣
0
)

〉
=

〈
∂

∂xi

∣∣∣
0
,
∂

∂xj

∣∣∣
0

〉
= δij

For the proof of (3), we compute

∂gij
∂xk

(p) =
∂

∂xk
〈 ∂
∂xi

,
∂

∂xj
〉|p = 〈∇k

∂

∂xi
,
∂

∂xj
〉|p + 〈 ∂

∂xi
,∇k

∂

∂xj
〉|p.

Now we claim

∇ ∂

∂xk

∂

∂xi

∣∣∣
p

= 0 (8.1)

for all i, k.
We first recall

∂

∂xk

∣∣∣
p

= d0 exp(
∂

∂xk
).

Since t 7→ expp(t
∂
∂xi

) =: γi is a geodesic and d0 exp( ∂
∂xk

) = dγ
dt (0), Dγ̇idt = 0. On the

other hand, by definition we have

γ̇i =
∂

∂xi

∣∣∣
γi(t)

.

Therefore

∇ ∂

∂xi

∂

∂xi

∣∣∣
p

= ∇γ̇i(0)
∂

∂xi
=
Dγ̇i
dt

(0) = 0

for all i. Since ∂
∂xk
|p + ∂

∂xj |p is the tangent vector at 0 for the geodesic

t 7→ expp t

(
∂

∂xk
+

∂

∂xj

)
we also obtain

∇ ∂

∂xk
+ ∂

∂xj
(
∂

∂xk
+

∂

∂xj
)
∣∣∣
p

= 0

for all k, j. This proves ∇ ∂

∂xk

∂
∂xj

∣∣∣
p

+ ∇ ∂

∂xj

∂
∂xk

∣∣∣
p

= 0. By the torsion freeness of

the Levi-Civita connection and [ ∂
∂xk

, ∂
∂xj ] = 0, we obtain

∇ ∂

∂xk

∂

∂xj
+∇ ∂

∂xj

∂

∂xk
= 2∇ ∂

∂xk

∂

∂xj
.

Combining the above discussions, we have proved the claim. �

Exercise 8.4. Prove that Condition (3) for the normal coordinate is equivalent to
the vanishing of the Christoeffl symbols:

Γkij(p) = 0

for all i, j, k.
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Corollary 8.5 (Geodesic polar coordinates). Let r, θ1, . . . , θn−1 be a spherical co-
ordinates of TpM ∼= Rn and define

r = r ◦ exp−1
p , θj = θj ◦ exp−1

p , j = 1, . . . , n− 1.

Then we can express the metric

ds2 = dr2 + r2
n−1∑
j=1

hij(r, θ)dθ
idθj

for a positive definite matrix (hij(r, θ)) such that

hij(r, θ) = h0
ij +O(r) (8.2)

with h0
ij ≡ hij(0, ·).

Proof. By the Gauss lemma, we have ∂
∂r ⊥

∂
∂θi for all i. i.e., 〈 ∂∂r ,

∂
∂θi 〉 = 0 for all i.

Next, we claim

〈 ∂
∂r
,
∂

∂r
〉 = 〈 ∂

∂r
,
∂

∂r
〉 = 1.

We first prove ∂
∂r = d expp(

∂
∂r ). By definition, we have dr = dr ◦d exp−1

p and hence

1 = dr

(
∂

∂r

)
= dr

(
d exp−1

p

∂

∂r

)
.

Since
(
d exp−1

p
∂
∂r

)
⊥ ∂

∂θ
j again by the Gauss lemma, we prove ∂

∂r = d expp(
∂
∂r ).

We also have
1

r2
〈 ∂
∂θi

,
∂

∂θj
〉 =: hij(r, θ)

for some positive definite symmetric matrix (hij(r, θ)) for r > 0. Since

〈1
r

∂

∂θi
,

1

r

∂

∂θj
〉
∣∣∣
p=0

= 〈1
r

∂

∂θ
i
,

1

r

∂

∂θ
j
〉
∣∣∣
0

= h0
ij

where (h0
ij) is a positive definite (n− 1)× (n− 1) matrix. This proves

1

r2
hij(r, θ) = h0

ij +O(r).

�

Suppose that

expp : Bp(ε)→M

is a diffeomorphism onto its image. We denote Bp(ε) = expp(B0(ε)) and call it a
normal ε-ball at p. Any open neighborhood W ⊂ Bp(ε) of p a normal neighborhood
of p.

Definition 8.6 (Injectivity radius). Define

inj(p) = sup{ε | expp : B0(ε)→M is injective}

is injective. We call inj(p) the injectivity radius of p. We then call

inj(M) := inf
p∈M

inj(p)

the injectivity radius of M .

We mention that inj(M) could be 0.



28 YONG-GEUN OH

Example 8.7. The injectivity radius of Rn is ∞. The injectivity radius of Sn(1)
is 2π.

Proposition 8.8. For each point p ∈M , there exists εp > 0 such that any geodesic
issued at p ending at q ∈ Bp(εp) is the shortest curve joining p and q in Bp(εp). In
particular, geodesics are locally distance minimizing.

Proof. Put εp = inj(p). Let q ∈ Bp(εp) and v = exp−1
p (q) ∈ TpM . Consider the

geodesic
γv : [0, 1]→M, γv(t) = expp(tv).

Then we have γv(0) = p, γv(1) = q and L(γv) = |v|.
Let c : [0, 1]→ U be any curve c(0) = p, c(1) = q. In geodesic normal coordinates

at p, we express

ċ =
d(r ◦ c)
dt

∂

∂r
+

n−1∑
j=1

d(θj ◦ c)
dt

∂

∂θj
.

Write cr = r ◦ c and cj = θj ◦ c for j = 1, . . . , n− 1. Therefore we obtain

L(c) =

∫ 1

0

|ċ(t)| dt =

∫ 1

0

√√√√(ċr)2 +

n−1∑
j=1

hij ċiċj dt

≥
∫ 1

0

√
(ċr)2 dt ≥

∫ 1

0

ċr dt = cr(1)− cr(0) = |v|

for v = exp−1
p q.

The first equality holds when cj = θj ◦ c are constants and the second equality
holds when |ċr| = ċr i.e., cr = r ◦ c is monotonically increasing. Therefore we have

L(c) ≥ L(γv)

for any smooth curve joining p and q inside Bp(εp) and equality holds only when
c = γv. �

Corollary 8.9. The distance function d is nondegenerate, i.e., d(p, q) = 0 iff p = q.

Proof. Let p be given. Suppose q 6= p. We will show that d(p, q) > 0. We consider
two cases, q ∈ Bp(ε) and q 6∈ Bp(εp) separately.

First consider the case q ∈ Bp(ε). Then denote v = exp−1
p (q) ∈ TpM which

is well-defined. Suppose that c : [0, 1] → M is any piecewise smooth curve with
c(0) = p and c(1) = q. If Image c ⊂ Bp(εp), then we have

L(c) ≥ L(γv) = |v| > 0. (8.3)

If Image c 6⊂ Bp(εp), , let t0 be the first exit time from Bp(εp) such that

c([0, t0]) ⊂ Bp(εp).
Then the above proof shows that

L(c) ≥ L(c|[0,t0) ≥ L(γv′) = εp (8.4)

where v′ = exp−1
p (c(t0)).

If q ∈ Bp(εp), then any curve c : [0, 1] → M connecting p and q must not
be contained in Bp(εp). By the same argument as the second half of the case
q ∈ Bp(εp), we conclude L(c) ≥ εp again.

Combining the above three, we have proved that either L(c) ≥ εp or L(c) ≥
| exp−1

p (q)|. This proves that if d(p, q) = 0, then p = q. �
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Next we ask the following two questions: Let p ∈M be given and let εp = inj(p).

(1) Is there a geodesic between any two given points q, q′ ∈ Bp(εp)?
(2) If so, is the geodesic fully contained in Bp(ε)?

The answer is no in general, unless we make the radius of the normal ball smaller.

Proposition 8.10. For any p ∈M , there is a open neighborhood W of p and δ =
δp > 0 such that for each q ∈ W , expq : Bq0(δ) → TqM → M is a diffeomorphism

onto its image, and W ⊂ expq(B
q
0(δ)) = Bq(δ).

Proof. Let ε > 0 and V ⊂M be an open neighborhood p. Consider U ⊂ TM given
by

U = {(q, v) | q ∈ V, v ∈ TqM, |v| < ε} =
⋃
q∈V
{q} ×Bq0(ε) ⊂ TM.

Define a map Exp : U →M ×M by

Exp(q, v) = (q, expq v).

We compute

d(p,0) Exp : T(p,0)(TM) ∼= TpM ⊕ TpM → TpM ⊕ TpM

by computing its partial derivatives in the horizontal and vertical directions:

d1 Exp(p,0) = id|TpM ⊕ id|TpM , d2 Exp(p,0) = 0⊕ id|TpM ,

i.e., we have

dExp(p,0) =

(
id 0
id id

)
.

Therefore d(p,0) Exp is an isomorphism. By the inverse function theorem, there is a
neighborhood U ′ ⊂ U of (p, 0) such that Exp |U ′ is a diffeomorphism onto its image.
Since M is locally compact, we can choose U ′ as a box neighborhood of the type

U ′ = {(q, v) | q ∈ V ′, |v| < δ}

for some smaller neighborhood V ′ ⊂ V of p. Now we choose a sufficiently small
W ⊂ V ′ so that W ×W ⊂ Exp(U ′). Then the choice we made for W and δ > 0
will do our purpose. �

The proposition tells us in particular that there is a unique geodesic between
q1, q2 ∈ W contained in Bq1(δ) ∩ Bq2(δ). In general, the whole geodesic may not
be completely contained in W , i.e., W may not be convex.

Definition 8.11. An open set U ⊂ M is called (geodesically) convex if for any
p, q ∈ U , there exists a unique minimal unit speed geodesic joining p and q com-
pletely contained in U . It is called strongly convex if the same holds for any
q1, q2 ∈ U except possibly the end points of the geodesic.

Theorem 8.12. For each p ∈M , there exists εp > 0 such that the geodesic εp-ball
Bp(εp) is strongly convex. Moreover εp can be chosen uniformly over on a compact
neighborhood of p.

Corollary 8.13. Any manifold has good covering {Uα}: Any finite intersection of
Uα’s are contractible.
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Proof of Theorem 8.12. Fix a geodesic normal coordinates ϕ = (x1, . . . , xn) cen-
tered at p. We define a function ‖ · ‖ϕ : TM |Bp(ε0) → R by

‖v‖ϕ :=
∑
i=1

(ẋi(v))2

for v =
∑n
i=1 ẋ

i(v) ∂
∂xi . On the other hand, we have

‖v‖ =
√
gij ẋi(t)ẋj(t)

for gij = δij +O(r2). Therefore we can choose ε0 > 0 such that

ε0
5
< 1

and there is some K ≥ 1 depending only on ε0 such that

1

K
‖v‖ϕ ≤ ‖v‖ ≤ K‖v‖ϕ

for all v ∈ TM |Bp(ε0). (Here we use the fact that any two norms are equivalent on
a given vector space.)

Then we choose 0 < εp <
ε0
5 < 1 so small that

(1) For any q ∈ Bp(εp), geodesics issued at q are distance minimizing inBq(3εp).
Choose 3εp < δ in the above proposition.

(2) ‖gij − δij‖C0;Bp(3εp) <
1

10K2 ,

(3) ‖Γkij‖C0;Bp(3εp) <
1

10K2n3 .

We claim that with these choices Bp(εp) is indeed strongly convex.
Suppose q, q′ ∈ Bp(εp) and let γ : [0, a]→M be a unit speed distance minimizing

geodesic with γ(0) = q, γ(a) = q′ ∈ Bp(εp). By (1), Image γ ⊂ Bq(3εp). Then we
have

L(γ) ≤ d(p, q) + d(p, q′) ≤ 2εp

and hence a ≤ 2εp.
By the choices we made above, Bq(3εp) ⊂ Bp(5εp) and

γ(t) ∈ Bq(3εp)

for all t ∈ [0, a], and d(p, γ(0), d(p, γ(1)) ≤ εp.
Now we put

f(t) = (d(p, γ(t))2 = γ1(t)2 + . . .+ cn(t)2, γi = xi ◦ γ.

It suffices to show that

f ′′(t) > 0 for all t ∈ (0, a).

We compute
1

2
f ′′(t) =

∑
i=1

γ̇i(t)2 +
∑
j=1

γi(t)γ̈i(t)

and

γ̈j(t) + Γjkm(γ(t))γ̇k(t)γ̇m(t) = 0.

Therefore
1

2
f ′′(t) = ‖γ̇‖2ϕ −

∑
j

γj
(

Γjkm(γ(t))γ̇k(t)γ̇m(t)
)
.
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Then

1

2
f ′′(t) ≥

(
‖γ̇‖ − 1

10K2
K2‖γ̇(t)‖2

)2

−

∣∣∣∣∣∣
∑
j

γj(t)
(

Γjkm(γ(t))γ̇k(t)γ̇m(t)
)∣∣∣∣∣∣

≥
(

81

100
−−3εp

1

10K2n3
(K2n3)

)
‖γ̇(t)‖2

=
81

100
− 3εp

10
>

81

100
− 3

10
> 0.

This finishes the proof. �

9. Hopf-Rinow Theorem

Question 9.1. (1) When is the exponential map expp defined on whole TpM?
(2) Let p, q ∈M . Is it possible to join p and q by a length minimizing geodesic?

Theorem 9.2 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold. Let
p ∈M be given. TFAE:

(1) expp is defined on all of TpM .
(2) The closed and bounded sets of M are compact.
(3) M is Cauchy complete with respect to the Riemannian distance.
(4) M is geodesically complete: any geodesic is defined for all time.

In addition, any of the above implies

(5) For any q ∈M , there exists a gedesic γ joining p to q with L(γ) = d(p, q).

Proof. We will prove the theorem in the following chain of logical sequence:

1) =⇒ 5), 1) & 5) =⇒ 2) =⇒ 3) =⇒ 4) =⇒ 1).

1) =⇒ 5): Let d(p, q) = r and let Bp(δ) be a geodesic normal ball at p with
S = Sp(δ) = ∂Bp(δ). Let x0 ∈ S be a point where the continuous function
x 7→ d(q, x), x ∈ S attains a minimum. Then x0 = expp(δv) for some v ∈ TpM
with |v| = 1. Then we consider the geodesic γ = γv defined by γv(s) = expp sv
which is defined for all s by the Hypothesis 1). We will show γv(r) = q. To prove
this, we consider the equation

d(γv(s), q) = r − s (9.1)

for s ∈ [δ, r]. Define the subset

A = {s ∈ [δ, r] | (9.1) holds}.

We will show A = [δ, r] by proving that A is nonempty, open and closed in [0, r].
Since curve connecting p and q intersect ∂Bp(δ), we have

d(p, q) = min
p′∈∂Bp(δ)

(d(p, p′) + d(p′, q)) = δ + d(p0, q)

and hence d(p0, q) = d(p, q) − δ = r − δ. This implies δ ∈ A and so A 6= ∅. Since
d, γ are continuous, A is also closed.

To prove A is open in [δ, r], let s0 ∈ A. If s0 = r, we will be done. Suppose
δ ≤ s0 < r. Consider geodesic normal balls Bγ(s0)(δ

′) for all sufficiently small
δ′ > 0. Similarly as before we put S′ = ∂Bγ(s0)(δ

′) and let x′0 ∈ S′ be a point at
which d(x, q) attains a minimum in S′.
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Again we gave

d(γ(s0), q) = min
x∈S′

(d(γ(s0), x) + min
x∈S′

d(x, q) = δ′ + d(x′0, q),

from which we derive

d(x′0, q) = r − s0 − δ′ = r − (s0 + δ′).

Therefore

d(p, x′0) ≥ d(p, q)− d(x′0, q) = r − (r − (s0 + δ′)) = s0 + δ′.

On the other hand, the path from p to x0 = γ(s0) followed by the minimal geodesic
from x0 to x′0 has length s0 + δ′ and hence we have proved

d(p, x′0) = s0 + δ′.

This implies that the concatenated path has length same as the distance between p
and x′0, it must be indeed smooth by Corollary 7.12, and in particular x′0 = γ(s0+δ′)
for all sufficiently small δ′ > 0 and hence A is open. This finishes the proof of
1) =⇒ 5).

1) & 5) =⇒ 2): Let A ⊂ M be closed and bounded. Since A is bounded, we
may assume A ⊂ Bdp(R) for some metric ball of radius R at p. Then we have

Bdp(R) ⊂ expp(B0(R))

for the Euclidean ball B0(R) ⊂ TpM . But B0(R) is compact by Heine-Borel.

Then since expp is continuous, expp(B0(R)) is compact and hence the closed set

A ⊂ expp(B0(R)) is compact.
2) =⇒ 3): is easy since any Cauchy sequence is bounded.
3) =⇒ 4): Let γ be a geodesic with γ(0) = p and γ̇(0) = v and define

s0 = sup
s
{s ∈ R+ | γ(t) is defined for all 0 ≤ t ≤ s}.

If s0 =∞, we are done. So suppose s0 <∞.
Take an increasing sequence sj ↗ s0. Then γ(sj) is a Cauchy sequence and so

converges to p0 ∈ M . Let W , δ > 0 be the pair of a neighborhood of p and a
positive constant fo p0 given as in Proposition 8.10.

Take sufficiently large N > 0 such that if n, m > N with n > m, then

γ(sn), γ(sm) ∈W, sn ≥ sm

and |sn− sm| < δ
4 . Then there exists a unique geodesic γ between γ(sn) and γ(sm)

whose length is ≤ δ.
Since expγ(sm) is a diffeomorphism on B0(δ) ⊂ Tγ(sm)M and expγ(sm)(B0(δ)) ⊃

W , γ indeed extends γ to the interval [0, sm + δ). Since sm → s0 as m → ∞, we
have sm + δ

2 > s0 eventually, a contradiction to the definition of s0.
4) =⇒ 1): Obvious. �

Definition 9.3. We call (M, g) a complete Riemannian manifold if it satisfies any
(and so all) of 1) - 4).
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10. Classification of constant curvature surfaces

Example 10.1. (1): S2(1) ⊂ R3 equipped with the induced metric. In geodesic
polar coordinates around the south pole S with r(S) = 0, the metric is given by

ds2 = dr2 + sin2 rdθ2, 0 < r ≤ π, 0 ≤ θ < 2π,

and in the stereographic coordinates on S2(1) \ {N}, we have ds2 = dx2+dy2

1+ 1
4 r

2 . This

metric has its sectional curvature K = 1.
(2): R2 with ds2 = dx2 + dy2. In geodesic polar coordinates,

ds2 = dr2 + r2dθ2, K = 0.

(3): H2 = {(x, y) | r > 0} equipped with

ds2 =
dx2 + dy2

y2
.

In the disc model, it is given by

ds2 =
dx2 + dy2

1− 1
4r

2
.

In geodesic polar coordinates

ds2 = dr2 + sinh2 rdθ2, K = −1.

Theorem 10.2. Any constant curvature surfaces with K = 1, 0 − 1 are locally
isometric to one of the aboves.

Recall that in geodesic polar coordinates (r, θ), ∇ ∂
∂r

∂
∂r = 0. We will also need

to compute ∇ ∂
∂r

∂
∂θ .

Lemma 10.3. Write J =
∂
∂θ

| ∂∂θ |
. Then J is parallel along the radial curve, i.e.,

∇ ∂
∂r
J = 0.

Proof. It is enough to prove

〈∇ ∂
∂r
J, J〉 = 0 = 〈∇ ∂

∂r
J,

∂

∂r
〉.

The first follows since 〈J, J〉 = 1. For the second, we compute

〈∇ ∂
∂r
J,

∂

∂r
〉 =

∂

∂r
〈J, ∂

∂r
〉 − 〈J,∇ ∂

∂r

∂

∂r
〉 = 0.

�

Corollary 10.4. For any function g ∈ C∞(M), we have

∇ ∂
∂r

(g · J) =
∂g

∂r
J.

Proof of 10.2. Consider a geodesic polar coordinate (r, θ) on M so that we can
write

ds2 = dr2 + f2(r, θ)dθ2.

Then we have

〈∂r∂r〉 = 1, 〈∂θ, ∂θ〉 = f2(r, θ), 〈∂r∂θ〉 = 0.
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Therefore we have the (unique) sectional curvature

〈R(∂r, ∂θ)∂θ, ∂r〉 = c
(
〈∂R, ∂r〉〈∂θ, ∂θ〉 − 〈∂r, ∂θ〉2

)
= cf2(r, θ). (10.1)

On the other hand, using the definition of R, we compute

〈R(∂r, ∂θ)∂θ, ∂r〉 = −〈R(∂r, ∂θ)∂r, ∂θ〉
R(∂r, ∂θ)∂r = ∇r∇θ∂r −∇θ∇r∂r = ∇r∇r∂θ

= ∇r∇r(fJ) =
∂2f

∂r2
J.

Therefore we obtain

〈R(∂r, ∂θ)∂θ, ∂r〉 =

〈
∂2f

∂r2

1

f
∂θ, ∂θ

〉
=
∂2f

∂r2

1

f
〈∂θ, ∂θ〉 = f

∂2f

∂r2
. (10.2)

Combining (10.1) and (10.2), we have obtained

f
∂2f

∂r2
+ cf2 = 0 =⇒ ∂2f

∂r2
+ cf = 0.

Combining the fact that f2(r, θ) = r2 +O(r), we obtain the boundary condition

lim
r→0

f(r, θ) = 0, lim
r→

∂f

∂r
= 1

for all θ = 0. Applying the uniqueness of the solution to the initial value problem{
∂2f
∂r2 + cf = 0

f(0, θ) = 0, ∂f∂r (0, θ) = 1

we derive that f is independent of θ. Therefore we conclude

(1) (Case c = 0) f(r, θ) = r =⇒ ds2 = dr2 + r2dθ2,
(2) (Case c = 1) f(r, θ) = sin r =⇒ ds2 = dr2 + sin2 rdθ2,
(3) ICase c = −1) f(r, θ) = sinh r =⇒ ds2 = dr2 + sinh2 rdθ2.

�

11. Second variation of energy

Next we recall the general second variation formula.

Theorem 11.1 (Second variation formula). Let γ : [0, a]→ (N, g) be a geodesic on
a Riemannian manifold. Let C : (−ε, ε)× [0, a]→ N be a variation of γ i.e, a map

satisfying C(0, t) = γ(t) Denote V (s, t) =
∂C

∂s
(s, t) and cs := C(s, ·). The second

variational formula at a geodesic γ is given by

d2E(cs)

ds2

∣∣∣
s=0

=

∫ 1

0

〈
DV

∂t
,
DV

∂t

〉
−
∫ 1

0

〈R(V, γ̇)γ̇, V 〉 dt

−
〈
DV

∂s
(0), γ̇(0)

〉
+

〈
DV

∂s
(a), γ̇(a)

〉
. (11.1)

= −
∫ 1

0

〈
D2V

∂t2
+R(V, γ̇)γ̇, V

〉
dt

−
〈
DV

∂s
(0), γ̇(0)

〉
+

〈
DV

∂s
(a), γ̇(a)

〉
−
〈
DV

∂t
(0), V (0)

〉
+

〈
DV

∂t
(a), V (a)

〉
(11.2)
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Proof. We start with the following lemma

Lemma 11.2. Let ξ be a vector field over a map f : (−ε, ε)× [0, a]→M . Then

D

ds

Dξ

dt
− D

∂t

Dξ

∂s
= R(

∂f

∂s
,
∂f

∂t
)ξ.

Applying this to C and ξ = ∂C
∂s , we compute the derivatives of E(cs) = 1

2

∫ a
0
|ċs|2,

dE(cs)

ds
=

∫ a

0

〈
D

∂s

∂C

∂t
,
∂C

∂t

〉
dt

and

d2E(cs)

ds2
=

∫ a

0

〈
D

∂s

∂C

∂t
,
D

∂s

∂C

∂t

〉
dt+

∫ a

0

〈
D

∂s

D

∂s

∂C

∂t
, ∂C∂t

〉
dt

=

∫ a

0

〈
D

∂t

∂C

∂s
,
D

∂t

∂C

∂s

〉
dt+

∫ a

0

〈
D

∂s

D

∂t

∂C

∂s
,
∂C

∂t

〉
dt.

The first term becomes∫ a

0

〈
D

∂s

∂C

∂t
,
D

∂s

∂C

∂t

〉
dt =

∫ a

0

〈
D

∂t

∂C

∂s
,
D

∂t

∂C

∂s

〉
dt

=

∫ 1

0

〈
DV

∂t
,
DV

∂t

〉
dt.

For the second term, using the lemma, we rewrite∫ a

0

〈
D

∂s

D

∂t

∂C

∂s
,
∂C

∂t

〉
dt =

∫ a

0

〈
D

∂t

D

∂s

∂C

∂s
,
∂C

∂t

〉
dt+

∫ a

0

〈
R

(
∂C

∂s
,
∂C

∂t

)
∂C

∂s
,
∂C

∂t

〉
dt.

We do integration by pars,∫ a

0

〈
D

∂t

D

∂s

∂C

∂s
,
∂C

∂t

〉
dt =

∫ a

0

∂

∂t
〈D
∂s

∂C

∂s
,
∂C

∂t
〉 − 〈∂C

∂s
,
D

∂t

∂C

∂t
〉 dt

= 〈∂C
∂t
,
D

∂s

∂C

∂s
〉
∣∣∣a
0
.

By evaluating s = 0, we derive (11.1).
For (11.2), we further apply the integration by parts to∫ 1

0

〈
DV

∂t
,
DV

∂t

〉
dt =

∫ 1

0

d

dt

〈
DV

∂t
, V

〉
dt−

∫ 1

0

〈
D2V

∂t2
, V

〉
dt

= −
∫ 1

0

〈
D2V

∂t2
, V

〉
dt+

〈
DV

∂t
, V

〉 ∣∣∣a
0
.

�

Remark 11.3. We would like to emphasize that the general second variation for-
mula allowing the end points to move contains the boundary terms appearing in
the last line of (11.1) which is the same as

−
〈
D

∂s

∂C

∂s
, γ̇

〉
(0, 0) +

〈
D

∂s

∂C

∂s
, γ̇

〉
(0, 1).

(These terms will not appear in (11.1) when the variation is fixed at the end t = 0, 1.
See e.g., [Sp2, p.303] or [dC, Remark 2,10] for such a discussion.)
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Under the fixed boundary condition i.e., with cs(0) = p, cs(a) = q, or the periodic
boundary condition, i.e., with cs(0) = cs(a) and ċs(0) = ċs(a), the boundary terms
drop out and the formula (11.1) and (11.2) are reduced to∫ a

0

〈
DV

∂t
,
DV

∂t

〉
− 〈R(V, γ̇)γ̇, V 〉 dt

and

−
∫ a

0

〈
D2V

∂t2
+R(V, γ̇)γ̇, V

〉
dt

respectively.

Definition 11.4 (Jacobi field). A variation V over a geodesic γ is called a Jacobi
field if V satisfies the equation

D2V

dt2
+R(V, γ̇)γ̇ = 0.

Definition 11.5 (Index form). For two infinitesimal variations of a geodesic γ, we
define the index form Ia by

Ia(V,W ) =

∫ a

0

〈DV
∂t

,
DV

∂t
〉 − 〈R(V, γ̇)γ̇,W 〉 dt.

This form defines a symmetric quadratic form on the tangent space of the set of
paths with the following boundary conditions:

• (Two-point boundary condition)

Pq,p(a) = {c : [0, a]→M | c(0) = p, c(a) = q}

• (Periodic boundary condition)

Ω(a) = {c : RZ→M | c is a-periodic }

Equip V with the L2-inner product

〈〈V,W 〉〉 =

∫ 1

0

〈V (t), 〈W (t)〉 dt

We decompose V = V+ ⊕V0 ⊕V− into the positive, zero and negative eigenspaces
of the symmetric (Why is it symmetric?) quadratic form Ia on V.

Proposition 11.6. Consider the index form

Ia(V,W ) =

∫ 1

0

〈
DV

∂t
(t),

DW

∂t
(t)

〉
− 〈R(V (t), γ̇(t))γ̇(t),W (0, t)〉 dt

on the set V of vector fields along γ with either of the following boundary conditions:

V (0) = V (a) = 0, V (0) = V (a)

Then the index and the nullity of Ia are finite.

Proof. We will use the following well-known fact in the functional analysis

Lemma 11.7. A Hilbert space H (i.e., a complete inner product space) whose closed
unit ball is compact if and only if dimH is finite.
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To apply this lemma, we will take the L2-completion of V0 ⊕ V− and consider
the closed L2 unit-ball thereof. Denote the closed L2 unit-ball by

B1
L2(V) = {V ∈ V | ‖V ‖L2 ≤ 1}.

We will show that

B := V0 ⊕ V− ∩B1
L2(V)

is pre-compact in L2. This in particular implies that the L2-closure

B = V0 ⊕ V− ∩B1
L2(V)

is compact which implies V0 ⊕ V− is finite-dimensional by the above lemma. This
in turn implies that V0 ⊕V− itself is finite dimensional which we wanted to prove.

It remains to prove that B is pre-compact in L2 on [0, a]. Actually we will prove
that B is pre-compact in C0-topology on [0, a]. We first observe that if V ∈ V0⊕V−
with ‖V ‖L2 ≤ 1,

0 ≥ Ia(V, V ) =

∫ 1

0

〈
DV

dt
(t),

DV

dt
(t)

〉
− 〈R(V (t), γ̇(t))γ̇(t), V (0, t)〉 dt

and hence we have∫ 1

0

〈
DV

dt
(t),

DV

dt
(t)

〉
dt ≤ 〈R(V (t), γ̇(t))γ̇(t), V (0, t)〉 dt

and so ∥∥∥∥DVdt
∥∥∥∥2

L2

≤ ‖R(γ)‖C0‖γ̇‖2C0‖V ‖2L2

where ‖R(γ)‖C0 is the C0-norm of the function t 7→ R(γ(t)). In particular, we have∥∥∥∥DVdt
∥∥∥∥
L2

< C <∞

for all ‖V ‖L2 ≤ 1 with

C =
√
‖R(γ)‖C0‖γ̇‖C0 <∞

which is independent of V but depends only on g and γ. Let t0 ∈ [0, a] be any
given point. Then

(Πt
t0)−1(V (t)) = V (t0) +

∫ t

t0

(
(Πs

t0)−1(
DV

dt
(s)

)
ds

Lemma 11.8. The section V ∈ Γ(γ∗TM) is equi-continuous in the sense that the
function t 7→ (Πt

t0)−1(V (t)) ∈ Tγ(t0)M is equicontinuous on [0, a] uniformly over
B.

Proof. We compute

|(Πt
t0)−1(V (t))− V (t0)| ≤

∫ t

t0

∣∣∣∣(Πs
t0)−1(

DV

dt
(s))

∣∣∣∣ ds
≤

√
|t− t0|

√∫ t

t0

∣∣∣∣DVdt (t)

∣∣∣∣2 dt
≤

√
|t− t0|

∥∥∥∥DVdt
∥∥∥∥
L2

< C
√
|t− t0|.
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Here we use Hölder’s inequality for the second inequality and the property that the
parallel transport map Πt

t0 preserves the norm. Noting that C does not depend on
V , t0 and t, we have finished the proof. �

Since [0, a] is compact, Ascoli-Arzela theorem implies that B is pre-compact in
C0-topology. This finishes the proof. �

Remark 11.9. (1) In the above proof, we in fact have

V0 ⊕ V− ∩B1
L2(V) = (V0 ⊕ V−) ∩B1

L2(V)

since the latter is a dense subspace of the former in L2 which is finite
dimensional.

(2) The argument used in the above proof is the essence of the proofs of the
Sobolev embedding theorem and the Reillich compactness theorem

C0 ↪→W 1,p, 1− n

p
> 0

in functional analysis. The current case corresponds to p = 2 and n = 1.

We have the following comparison theorem which is the beginning of global
Riemannian geometry.

Theorem 11.10 (Bonnet-Myers). Let M be a complete Riemannian manifold.
Suppose that the Ricci-curvature of M positively-pinched, i.e., satisfies

Ricp(v, v) ≥ 1

r2
> 0

for all p ∈M and for all v ∈ TpM . Then M is compact and has the diameter ≤ πr.

Proof. Let p and q be any pair of points in M . Since M is complete, there exists
a length-minimizing geodesic γ between them. It is enough to prove that L(γ) =:
` ≤ πr.

Suppose to the contrary that L(γ) > πr. Choose parallel fields E1(t), . . . , En−1(t)

which are orthonormal and perpendicular to γ′(t). Write En(t) = γ′(t)
` . Then

{E1(t), . . . , En(t)} form an orthonormal parallel frame of TM along γ. Consider
the vector fields along γ defined by

Vj(t) = (sinπt)Ej(t), j = 1, . . . , n− 1.

Surely we have Vj(0) = Vj(1) = 0. Therefore the second variation formula gives
rise to

E′′j (0) = −
∫ 1

0

〈D
2Vi
dt2

+R(Vj , γ̇), Vj〉 dt.

But we evaluate

〈D
2Vi
dt2

+R(Vj , γ̇), Vj〉 = −π2 sin2 πt+ `2Kj(t) sin2 πt

where Kj(t) := 〈R(Ej(t), En(T ))En(t), Ej(t)〉, and hence

E′′j (0) =

∫ 1

0

`2 sin2 πt(−π2 +Kj(t)) dt.
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By summing up over j = 1, . . . , n− 1, we have derived

n−1∑
j=1

E′′j (0) =

∫ 1

0

(n− 1)`2π2 sin2 πt− `2 sin2 πt

n−1∑
j=1

Kj(t) dt

=

∫ 1

0

(
`2(n− 1)π2 sin2 πt− (n− 1)`2 Ricγ(t)(En(t), En(t))

)
dt.

Since Ricγ(t)(En(t)) ≥ 1
r2 and ` > πr, we have

(n− 1)`2 Ricγ(t)(En(t), En(t)) > (n− 1)π2.

This implies E′′(0) < 0 and hence there is some j = 1 such that E′′j (0) < 0. This
contradicts that γ is a minimizing geodesic between p and q. �

Since the curvature assumption is local, the same applies to the universal covering
space of M .

Corollary 11.11. Under the same hypothesis, the universal covering space M is
compact. In particular M has finite fundamental group.

Example 11.12. (1) Tn cannot be given a metric of positive Ricci-curvature.
(2) If M has sectional curvatures ≥ 1

r2 > 0, then M is compact and diam(M) ≤
πr.

(3) We cannot weaken the hypothesis K ≥ 1
r2 > 0 to just K > 0, since the

paraboloid
{(x, y, z) ∈ R3 | z = x2 + y2}

has positive curvature K > 0 which is complete and non-compact.

Part 2. Symplectic Geometry

12. Geometry of cotangent bundles

Let N be any smooth manifold and T ∗N be its cotangent bundle. WhenN = Rn,

T ∗N ∼= Rn × (Rn)∗ ∼= R2n ∼= Cn.
The first isomorphism arises by the canonical coordinates of an element α ∈ T ∗N

α 7→ (q(α), p(α)), q = (q1, . . . , qn), p = (p1, . . . , pn),

and the second follows by

(qi, pi) 7→ qi +
√
−1pi.

In classical mechanics, R2n ∼= T ∗Rn equipped with standard canonical coordinates
(q1, q2, . . . , qn, p1, . . . , pn).

Definition 12.1 (Lagrange-Poisson bracket). For given pair F, G of functions on
R2n, the Lagrange-Poisson bracket is defined to be

{F,G}LP =

n∑
i=1

(
∂F

∂qi

∂G

∂pi
− ∂G

∂qi

∂F

∂pi

)
(12.1)

Regard the bracket operation (f, g) 7→ {f, g}LP as a bilinear map

C∞(R2n)× C∞(R2n)→ C∞(R2n).

Proposition 12.2. The bracket {·, ·} = {·, ·}LP satisfies the following properties:
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(1) (Skew symmetry) {F,G} = −{G,F},
(2) (Bilinearity) {F +G,H} = {F,H}+ {G,H},
(3) (Leibniz rule) {FG,H} = F{G,H}+ {F,H}G,
(4) (Jacobi identity) {F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} = 0,
(5) (Nondegeneracy) {F,G} = 0 for all G if and only if F is a constant func-

tion.

Definition 12.3. We call a (local) coordinate (y1, · · · , y2n) is called a Hamiltonian
canonical coordinate if it can be permuted to (Q1, P1, Q2, P2, · · · , Qn, Pn) such that

{Qi, Qj}LP = 0 = {Pi, Pj}LP , {Qi, Pj}LP = δij .

Exercise 12.4. Let (Q1, P1, Q2, P2, · · · , Qn, Pn) be any coordinate system on R2n.
Prove that the coordinate system is Hamiltonian-canonical if and only if for any
function F, G : R2n → R

n∑
i=1

(
∂F

∂qi

∂G

∂pi
− ∂G

∂qi

∂F

∂pi

)
=

n∑
i=1

(
∂F

∂Qi

∂G

∂Pi
− ∂G

∂Qi

∂F

∂Pi

)
.

In particular, under the identification of R2n ∼= T ∗Rn, we have

Proposition 12.5. Under the identification of R2n ∼= Rn × (Rn)∗ = T ∗Rn, any
canonical coordinates associated to a coordinate (x1, · · · , xn) on Rn is Hamiltonian
canonical.

Proof. We denote by (q1, . . . , qn, p1, · · · , pn) the canonical coordinates associated
to the standard coordinates of Rn.

Recall a general canonical coordinates is associated to a coordinates (x1, · · · , xn)
of the base Rn is defined by (Q1, . . . , Qn, P1, . . . , Pn) is defined to be

Qi(α) = xi ◦ π(α), Pj = α

(
∂

∂xj

)
.

We compute {Qi, Qj}, {Qi, Pj} and {Pi, Pj} separately. By definition, Qi does not
depend on pi’s but depends only on qi’s. Therefore we have {Qi, Qj} = 0.

By definition of canonical coordinates, we have∑
i

PidQi =
∑
j

pjdqj . (12.2)

(Why does this follow from the definition?) The RHS can be written as

∑
i

∑
j

pj
∂qj
∂Qi

dQi =
∑
i

∑
j

pj
∂qj
∂Qi

 dQi.

This proves

Pi =
∑
j

pj
∂qj
∂Qi

. (12.3)

We compute

∂Pi
∂pj

=
∂qj
∂Qi

. (12.4)
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Therefore

{Pk, P`}LP =

n∑
i=1

(
∂Pk
∂qi

∂P`
∂pi
− ∂P`
∂qi

∂Pk
∂pi

)

=

n∑
i=1

(
∂Pk
∂qi

∂qi
∂Q`

− ∂P`
∂qi

∂qi
∂Qk

)
=

∂Pk
∂Q`

− ∂P`
∂Qk

= 0− 0 = 0 (12.5)

where the penultimate equality follows since ∂pk
∂qj

= 0 for all j and so ∂pk
∂Qj

= 0 as
∂
∂Qj

is a linear combination of ∂
∂qi

’s not involving ∂
∂p`

’. The last equality from the

definition of canonical coordinates (Q1, . . . , Qn, P1, . . . , Pn).
Finally we compute

{Qk, P`}LP =

n∑
i=1

(
∂Qk
∂qi

∂P`
∂pi
− ∂P`
∂qi

∂Qk
∂pi

)
. (12.6)

Substituting (12.4) into (12.6), we obtain

{Qk, P`}LP =

n∑
i=1

(
∂Qk
∂qi

∂qi
∂Q`

− ∂qi
∂Q`

∂Qk
∂pi

)
=

n∑
i=1

∂Qk
∂qi

∂qi
∂Q`

=
∂Qk
∂Q`

= δk`.

Here again the first equality follows by the same reason and the second equality
from the vanishing ∂Qk

∂pi
= 0 since Qk = Qk(q1, · · · , qn). This finishes the proof. �

This indicates existence of some geometric structure associated to the bracket
operation on the cotangent bundle T ∗N any smooth manifold N , in particular on
the classical phase space R2n.

Indeed (12.2) shows that there is a globally defined one-form on T ∗N whose
coordinate expression given by

∑
i=1 pidqi and a two-form given by

∑
i dpi ∧ dqi.

Definition 12.6 (Canonical symplectic form). The Liouville one-form on T ∗N is
defined by the formula

θα(ξ) = α(dπ(ξ))

for ξ ∈ Tα(T ∗N). The canonical symplectic form on T ∗N is defined by

ω0 := −dθ.

One can check that in coordinates we have θ =
∑
i pidqi and ω0 =

∑
i dqi ∧ dpi.

By definition, ω0 is a closed (in fact exact) two-form and nondegenerate.

Definition 12.7. A two form ω on a manifold M is called nondegenerate if the
bundle map

ω̃ : v 7→ vcω; TxM → T ∗xM

is an isomorphism.

Since ω is a skew-symmetric bilinear form on each tangent space, M must be
even dimensional.
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13. Poisson manifolds and Schouten-Nijenhuis bracket

We start with the notion of Lie algebra.

Definition 13.1 (Lie algebra). A Lie algebra is a vector space g equipped with a
bilinear map

[·, ·] : g× g→ g

that satisfies the following properties:

(1) (skew-symmetry) [a, b] = −[b, a],
(2) (Jacobi identity)

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0.

When dim g < ∞, we can provide the coordinate description as follows: Let
{e1, · · · , en} be a basis. Then we have

[ei, ej ](µ) = Cijkek

for some constants {Cijk} called the structure constants. Then they satisfy the
structure equations

Cijk = −Cjik,
n∑
h=1

(CijhChk` + CjkhChi` + CkihChj`) = 0.

When the elements a, b carries grading and the above two properties hold in the
graded sense, we call such a Lie algebra a graded Lie algebra.

Definition 13.2 (Poisson algebra). A Poisson algebra is an algebra A that also
carries a Lie bracket, denoted by {·, ·} : A × A → A, that is compatible with the
algebra structure, i.e., that satisfies the properties (1) - (4) stated in Proposition
12.2. Such a bracket is called a Poisson bracket.

When the associated Lie algebra and algebra are graded, the resulting graded
Poisson algebra is also called a super Poisson algebra.

Definition 13.3. A smooth manifold P for which A := C∞(M) carries a Poisson
bracket {·, ·} compatible with the usual product operation of C∞(P ) is called a
Poisson manifold. When the Poisson bracket is nondegenerate, we call it a sym-
plectic manifold.

Definition 13.4 (Poisson maps). A Poisson map is a C∞ map ϕ : (P1, {·, ·}1) →
(P2, {·, ·}2) such that the map ϕ∗ : C∞(P2)→ C∞(P1) satisfies

{ϕ∗f, ϕ∗g}1 = ϕ∗{f, g}2

for all f, g ∈ C∞(P2).

By definition, the map f 7→ {·, f} is a derivation on C∞(P ) and so defines a
vector field on P .

Definition 13.5. We call the vector field associated to the derivation {·, f} the
Hamiltonian vector field of f which is denoted by Xf .
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13.1. Poisson tensor and Jacobi identity. A bi-vector field is a section of TP⊗
TP . Given a Poisson bracket {·, ·}, we can define a bi-vector Π so that the equality

{f, g} = Π(df, dg) f, g ∈ C∞(P )

holds. More precisely, we have

Definition 13.6. Define a bilinear map Πx : T ∗xP ×T ∗xP → R as follows: For each
given α1, α2 ∈ T ∗xP , we define

Πx(α1, α2) := {f, g}(x)

for f, g ∈ C∞(P ) such that df(x) = α1, dg(x) = α2.

Because {C, ·} = 0 for any constant function, this definition indeed defines a
skew-symmetric bi-vector field Π. What would correspond to the Jacobi identity
for the bi-vector field Π, called the Poisson tensor associated to the Poisson bracket?

To understand this we need to consider the whole of (dual) exterior algebra,
Γ(∧∗(TP )), the set of multi-vector fields, and an extension of the Lie algebra of
vector fields to the graded Lie algebra of multi-vector fields.

Definition 13.7 (Schouten-Nijenhuis bracket). is a (graded) bilinear map

[·, ·] : Γ(∧k(TP ))⊗ Γ(∧`(TP ))→ Γ(∧k+`−1(TP ))

for k, ` ≥ 0 that satisfies the following properties:

(1) If X ∈ Γ(TP ) = Γ(TP ),[X,Y]= LXY ,
(2) (Graded skew-symmetric) [X(k), Y (`)] = −(−1)(k−1)(`−1)[Y (`), X(k)],
(3) (Graded derivation)

[X(k), Y (`) ∧ Z(m)] = [X(k), Y (`)] ∧ Z(m) + (−1)(k−1)`Y (`) ∧ [X(k), Z(m)].

(4) (Graded Jacobi identity) For A = X(k), B = Y (`), C = Z(m),

(−1)(k−1)(m−1)[A, [B,C]]+(−1)(`−1)(k−1)[B, [C,A]]+(−1)(m−1)(`−1)[C, [A,B]] = 0

Hence the multi-bracket puts a super-Poisson algebra structure on Γ(∧∗(TP )) with
respect to the wedge product and grading |X(k)|′ = k − 1.

Exercise 13.8. Define adA = [A, ·] and [adA, adB ] = adAadB−(−1)(a−1)(b−1)adBadA.

(1) Check that the graded Jacobi identity is equivalent to [adA, adB ] = ad[A,B].

(2) We know adA(B ∧ C) = adAB ∧ C + (−1)(a−1)bB ∧ adAC. What is the
formula for adA[B,C]?

Proposition 13.9. Let Π be the Poisson tensor associated to the Poisson structure
on P .

(1) For a function f on P , let Xf = {·, f} be the Hamiltonian vector field
associated to f . Then [Π, f ] = Xf .

(2) The Jacobi identity on C∞(P ) is equivalent to [Π,Π] = 0.

Proof. Let (x1, · · · , xn) be a coordinates and express

Π =
1

2
πij

∂

∂xi
∧ ∂

∂xj
.
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We first express the Hamiltonian vector field Xf = {·, f} in coordinates. For this
we compute {xi, f} for the function f . By definition of Π, we compute

{xi, f} = Π(dxi, df) = Π(dxi,
∂f

∂xj
dxj)

=
∂f

∂xj

1

2
πk`

(
∂

∂xk
∧ ∂

∂x`

)
(dxi, dxj)

=
∂f

∂xj

1

2
πk`

∣∣∣∣dxi( ∂
∂xk

) dxj(
∂
∂xk

)

dxi(
∂
∂x`

) dxj(
∂
∂x`

)

∣∣∣∣
=

∂f

∂xj

1

2
πk`(δikδj` − δi`δjk) =

∂f

∂xj
πij

and hence we have Xf = πij
∂f
∂xj

∂
∂xi

.

We then compute

2[Π, f ] = [πij
∂

∂xi
∧ ∂

∂xj
, f ] = πij

∂

∂xj
∧ [

∂

∂xi
, f ]− πij

∂

∂xi
∧ [

∂

∂xj
, f ]

= πij
∂

∂xi

∂f

∂xj
− πji

∂

∂xi

∂f

∂xj
= 2πij

∂

∂xi

∂f

∂xj
= 2Xf .

This proves (1).
Then a direct calculation shows

[Π,Π] = −1

2

(
∂πik
∂xj

πj` + ‘cyclic sum over ik`’

)
∂

∂xi
∧ ∂

∂xk
∧ ∂

∂x`
.

On the other hand, we have

πij = {xi, xj}
and so

{xi, {xj , xk}} = {xi, πjk} = −Xxi(πjk) = −[Π, xi](πjk) = −π`i
∂πjk
∂x`

.

By comparing the two, we have proved [Π,Π] = 0 if and only if

{xi, {xj , xk}}+ ‘cyclic sum over ijk’ = 0

for all i, j, k. This finishes the proof. �

13.2. Lie-Poisson space. Let g be a (finite dimensional) Lie algebra and g∗ its
dual space. Regarding P = g∗ as a manifold, we will put a Poisson structure as
follows:

First we identify (g∗)∗ ∼= g and

df(µ) ∈ T ∗µg∗ ∼= (g∗)∗ ∼= g

for µ ∈ g∗ and f ∈ C∞(g∗). By this identification we can define a bracket on
C∞(g∗) by setting

{f, g}(µ) = 〈µ, [df(µ), dg(µ)]〉.
We can provide the coordinate description as follows: Let {e1, · · · , en} be a basis
of g ⊂ C∞(g∗) and x1, · · · , xn the corresponding linear functions g∗. Then

{xi, xj}(µ) = 〈µ, [ei, ej ]〉 = 〈µ,Cijkxk〉 = Cijkxk(µ)
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where Cijk are the structure constants of the Lie algebra g for the basis {e1, · · · , en}.
Therefore the corresponding Poisson tensor has the coordinate expression

πij = {xi, xj} = Cijkxk.

The structure equation of the Lie algebra implies that the Lie-Poisson bracket
satisfies the Jacobi identity. The derivation rule holds from the fact that exterior
differential satisfies derivation rule.

Definition 13.10. Let g be any Lie algebra. The Lie-Poisson space is the pair
(g∗, {·, ·}).

In this way, for any Lie algebra g, its dual space g∗ carries a canonical Poisson
structure which we call the Lie Poisson structure. This Poisson structure is special
in that it admits a coordinate with respect to which the functions πij are all linear
functions. For a general Poisson structure, such a coordinate does not exist in
general.

14. Symplectic forms and the Jacobi identity

From now on, we assume that the bracket is nondegenerate but it may not satisfy
the Jacobi identity.

One might wonder what if we drop the condition ω being closed as the skew-
symmetric analog to the Riemannian metric which is symmetric positive-definite
(and so nondegenerate) bilinear form.

Definition 14.1. We call a nondegenerate two-form ω a quasi-symplectic form on
M , which is not necessarily closed. Consider h ∈ C∞(M).

(1) The quasi-Hamiltonian vector field, associated to h, denoted by Xh, is the
vector field defined by

Xh = ω̃−1(dh). (14.1)

(2) The quasi-Poisson bracket, denoted by {f, h}, is defined by

{f, h} = ω(Xf , Xh). (14.2)

We first mention that we can equivalently write

{f, h} = df(Xh) = Xh[f ]. (14.3)

It immediately follows from the definition that the quasi-Poisson bracket associ-
ated to any nondegenerate two-form satisfies skew-symmetry, bilinearity and the
Leibnitz rule. The remaining question is on what condition of ω the associated
quasi-Poisson bracket satisfies the Jacobi identity. The following is a consequence
of nondegeneracy.

Exercise 14.2. Prove that the set of quasi-Hamiltonian vector fields is ample in
that the following holds: Let x ∈M be any given point. Then we have

{X(x) | X = Xh, h ∈ C∞(M)} = TxM.

Here comes a fundamental relationship between the closedness of the nondegen-
erate two form and the Jacobi identity of the associated quasi-Poisson bracket.

Theorem 14.3. Let ω be a nondegenerate two-form and {·, ·} be its associated
quasi-Poisson bracket. Then ω is closed if and only if the quasi-Poisson bracket
satisfies the Jacobi-identity.
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Proof. We first derive the following general identity for any nondegenerate two
form.

Lemma 14.4. Let ω be as above. Then

dω(Xf , Xg, Xh) = −({{g, h}, f}+ {{h, f}, g}+ {{f, g}, h}). (14.4)

Proof. From the definition of the exterior derivative, we have

dω(X,Y, Z) = X[ω(Y, Z)]− Y [ω(X,Z)] + Z[ω(X,Y )]

−ω([X,Y ], Z) + ω([X,Z], Y )− ω([Y, Z], X). (14.5)

Substituting X = Xf , Y = Xg, Z = Xh, we derive

dω(Xf , Xg, Xh) = Xf [ω(Xg, Xh)]−Xg[ω(Xf , Xh)] +Xh[ω(Xf , Xg)]

−ω([Xf , Xg], Xh) + ω([Xf , Xh], Xg)− ω([Xg, Xh], Xf ).

The first line becomes

{{g, h}, f}+ {{h, f}, g}+ {{f, g}, h}
from the definition of the bracket. On the other hand, we compute

−ω([Xf , Xg], Xh) = dh([Xf , Xg]) = [Xf , Xg](h) = (LXfLXg − LXgLXf )(h)

= {{h, g}, f} − {{h, f}, g}
and similarly

ω([Xf , Xh], Xg) = −{{g, h}, f}+ {{g, f}, h}
−ω([Xg, Xh], Xf ) = {{f, h}, g} − {{f, g}, h}.

By adding them up, we have derived (14.4). �

It immediately follows from Lemma 14.4 that closedness of ω implies the Jacobi
identity.

The converse also follows from (14.4) together with the ampleness of the set of
quasi-Hamiltonian vector fields (Exercise 14.2) whose detail is in order. We first
get

dω(Xf , Xg, Xh) = −{{f, g}, h} − {{h, f}, g} − {{g, h}, f} = 0

for all f, g, h from (14.5). At any point x ∈M , we evaluate dω(u, v, w) against the
three quasi-Hamiltonian vector fields Xf , Xg, Xh satisfying Xf (x) = u, Xg(x) =
v, Xh(x) = w. This proves that the Jacobi-identity implies the closedness of ω and
finishes the proof of the theorem. �

In symplectic canonical coordinates (q1, · · · , qn, p1, · · · , pn) i.e., one for which

{qi, pi} = δij , {qi, qj} = 0 = {pi, pj}
which is equivalent to saying

ω =

n∑
i=1

dqi ∧ pi

, the Hamiltonian vector field XH is given by

XH =
∑
i=1

∂H

∂pi

∂

∂qi
− ∂H

∂qi

∂

∂pi
.

Question 14.5. For given symplectic form ω, can we find a canonical coordinates?
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Theorem 14.6 (Darboux Theorem). For any symplectic manifold (M,ω), there is
a (symplectic) canonical coordinates (q1, · · · , qn, p1, · · · , pn) under which we have

ω =

n∑
i=1

dqi ∧ dpi.

Proof. We postpone its proof until the next section. �

Remark 14.7. One may ask similar question for a Riemannian manifold (M, g):
Can we find a coordinate (x1, · · · , xn) such that g =

∑
i=1 dx

idxi? There is an
obstruction to the existence of such a coordinate. Riemann proved that such a
coordinate exists if and only if g is flat. For the quasi-symplectic form ω, closedness
thereof is the only condition for such an existence result. In this regard, symplectic
geometry is much more topological than Riemannian geometry in that all symplectic
forms are locally isomorphic if there ranks are the same.

Definition 14.8. Let M be a smooth manifold. A symplectic structure on M is a
differential two-form ω which is closed and nondegenerate on M . The pair (M,ω)
is called a symplectic manifold.

Example 14.9. (1) Any cotangent bundle T ∗N with the canonical symplectic
form,

(2) Any surface equipped with an area form,
(3) Complex projective space CPn equipped with the Fubini-Study form

Ωn =
i

2π

∑
0≤k, `≤n(zkdw` − z`dwk)(zkdz` − z`dzk)∑n

k=0 |zk|2

for the homogeneous coordinates [z0; z1; · · · ; zn] of CPn.
(4) Any complex submanifold M ⊂ CPN for some N equipped with ω = i∗ΩN .
(5) (Gompf, 1995) For any finitely presented group G, there exists a compact

symplectic four-manifold M such that G = π1(M) where π1(M) is the
fundamental group.

15. Proof of Darboux’ Theorem

In this section, we provide the proof of Darboux theorem. It consists of two
steps:

• Some linear algebra,
• Moser’s deformation argument.

15.1. Symplectic linear algebra. Let (S,Ω) be a vector space with a symplectic
bilinear form, i.e., a nondegenerate skew-symmetric bilinear form.

Definition 15.1. We call a linear map A : S → S a symplectic linear map if
A∗Ω = Ω. Denote by Sp(S,Ω) the set of symplectic automorphisms of (S,Ω).

It follows that each element A ∈ Sp(S) is invertible and so Sp(S) ⊂ GL(S).

Lemma 15.2. There exists a basis {e1, . . . , en, f1, . . . , fn} such that

Ω(ei, ej) = 0 = Ω(fi, fj), Ω(ei, fj) = δij .

We call any such basis a symplectic basis or a Darboux basis.
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This lemma says that any (S,Ω) is isomorphic to the canonical symplectic vector
space

SV := V ⊕ V ∗(∼= T ∗V )

with the canonical symplectic inner product ωV defined by

ΩV ((v1, α1), (v2, α2)) = α2(v1)− α1(v2).

For SV , any choice of basis {u1, . . . , un} of V and its dual basis {u∗1, . . . , u∗n} for
V ∗,

ei = (ui, 0), fj = (0, u∗j )

form a symplectic basis. This choice of the basis provides an isomorphism

(V ⊕ V ∗,ΩV ) ∼=

(
Rn ⊕ (Rn)∗,

n∑
i=1

dqi ∧ dpi =: ω0

)
by considering the linear coordinates (q1, . . . , qn, p1, . . . , pn =: ω0) associated to the
basis {e1, . . . , en, f1, . . . , fn}. We denote by

Sp(R2n)

the automorphism group of (R2n, ω0).
Another consequence of the above lemma is that any two symplectic forms

(V1,Ω1), (V2,Ω2) are isomorphic to each other.

15.2. Moser’s deformation method. Let p ∈ M be given and consider a coor-
dinate chart ϕ : U → R2n centered at p. We consider the symplectic form

ω′ = ϕ∗ω0.

We are given two symplectic forms ω′ and ω. After composing a linear transforma-
tion A : R2n → R2n with ϕ we can achieve

ω′|p = ω|p
on TpM as a symplectic inner product. We still denote the resulting composition
ϕ by re-choosing the coordinate chart ϕ.

Now we apply Moser’s deformation method to construct a local diffeomorphism
ψ : V → U such that

ψ∗ω′ = ω, ψ(p) = p

on a possibly smaller neighborhood V ⊂ U .
For this purpose, we consider the forms

ωt := (1− t)ω + tω′, t ∈ [0, 1] (15.1)

Since ωt|p = ω|p for all t ∈ [0, 1], we may assume that ωt are all nondegenerate on
V ′ by shrinking V ′ if necessary.

We then will construct a family of local diffeomorphisms ψt with

ψ0 = id, ψt(p) = p

such that
ψ∗t ωt = ω, ω0 = ω, ω1 = ω′ (15.2)

for all t ∈ [0, 1] on some even smaller neighborhood V ′ such that V
′ ⊂ V . It will be

enough to find the vector field Xt whose flow is given by ψt. To find such a vector
field, we differentiate (15.2) to find the necessary condition for Xt to satisfy

ψ∗t (LXtωt +
∂ωt
dt

) = 0.
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Since ψt are diffeomorphisms fixing the point p and [0, 1] is compact, we can find a

neighborhood V ′ of p such that ψt(V ′) ⊂ V and so

LXtωt +
∂ωt
dt

= 0

on V ′. But we have ∂ωt
dt = ω′ − ω and hence the equation is reduced to

d(Xtcωt) = ω − ω′

since ωt are closed forms. Therefore to determine Xt, we have only to solve the
following system of equations {

β = Xtcωt,
dβ = ω − ω′ =: Ω.

We now apply Poincaré’s lemma to solve dβ = ω − ω′ for β: Let ηs : V ′ → V ′ be
the deformation retraction of V ′ to the point p ∈ V ′. Then we have

Ω = η∗1Ω = η∗0Ω +

∫ 1

0

d

ds
η∗sΩ ds =

∫ 1

0

η∗s (d(YscΩ)) dt = d

(∫ 1

0

η∗s (YscΩ) ds

)
.

From this, we obtain

β =

∫ 1

0

η∗s (YscΩ) ds.

Since ηs fix p and Ω|p = 0, it follows that β|p = 0. We solve the equation

Xtcωt = β

using the nondegeneracy of ωt on V ′. Since β|p = 0, Xt(p) = 0 for all t.
It remains to prove that the ODE ẋ = Xt(x) has its domain D ⊂ R × V of

existence contains the tube

[0, 1]× V ′′

for some sufficiently small neighborhood of p such that V ′′ ⊂ V so that ψt are
defined on V ′′ for t ∈ [0, 1]. But since Xt(p) = 0 for all t ∈ [0, 1], D contains
[0, 1] × {p}. Since D is open in R × V and [0, 1] × {p} is compact, D contains an
open set (−ε, 1 + ε)× V ′′, which finishes the construction of ψ satisfying

ψ∗ω′ = ω

which in turn implies

ψ∗(ϕ∗ω0) = ω

on V ′′. By considering a new coordinate chart

ϕ̃ = ϕ ◦ ψ : V ′′ → R2n

we have finished the proof of Darboux Theorem. �

Corollary 15.3. For any symplectic manifold (M,ω), there exists some r > 0 such
that there exists a symplectic embedding B2n(r)→M .

Definition 15.4 (Gromov capacity). The Gromov capacity denoted by cG(M,ω)
is defined to be

cG(M,ω) = sup{πr2 | ∃ a symplectic embedding φ : B2n(r)→M}.
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Definition 15.5. Let (M1, ω1) and (M2, ω2) be symplectic manifolds. We call a
differentiable map f : M1 → M2 a symplectic map if f∗ω2 = ω1, and a symplectic
diffeomorphism if f is a diffeomorphism in addition. We say that two symplectic
forms are diffeomorphic to each other if there exists a symplectic diffeomorphism
between them.

Note that any symplectic map must be an immersion and so dimM1 ≤ dimM2.
Obviously, we have cG(M1, ω1) ≤ cG(M2, ω2) if there exists a symplectic embed-

ding (M1, ω1)→ (M2, ω2).

Theorem 15.6 (Gromov’s nonsqueezing theorem). Let B2n(R) be a standard
closed ball of radius R and Z2n(r) = D2(r) × Cn−1 the cylinder over D2(r) ⊂ C
as subsets of Cn ∼= (R2n, ω0). Then there exists a symplectic embedding B2n(R)→
IntZ2n(r) if and only if r > R. In particular cG(Z2n(r)) = πr2.

16. Hamiltonian vector fields and diffeomorhpisms

We denote by Symp(M,ω) the group of symplectic self-diffeomorphisms.

Exercise 16.1. Let φ : R2n → R2n be a diffeomorphism. We call φ a canonical
transformation if the new coordinate system (Q1, . . . , Qn, P1, · · · , Pn) defined by

Qi = qi ◦ φ, Pj = pj ◦ φ
is also canonical. Prove that φ is canonical if and only if φ is symplectic with
respect to the canonical symplectic structure ω0 =

∑n
i=1 dqi ∧ dpi.

Definition 16.2. Two diffeomorphisms φ, ψ : M1 →M2 are called symplectically
isotopic if there exists an isotopy φt such that φ∗tω2 = ω1 for all t ∈ [0, 1] and
φ0 = φ and φ1 = ψ. We call such an isotopy a symplectic isotopy.

We denote by Symp0(M,ω) the set of symplectomorphisms of (M,ω) that is
symplectically isotopic to the identity.

Definition 16.3. A vector field X on M is called a symplectic (or locally Hamil-
tonian) vector field if its flow φt is a symplectic isotopy.

A straightforward calculation shows the following.

Proposition 16.4. Let φt with t ∈ [0, 1] is an isotopy with φ0 symplectic. Denote
by Xt the associated vector field

Xt =
∂φt
∂t
◦ φ−1

t .

Then φt is symplectic for all t if and only if Xtcω is a closed one-form.

Proof. Suppose that φt is symplectic and so φ∗tω = ω for all t. We have the Lie
derivative formula

d

dt
φ∗tω = φ∗t (LXtω).

Therefore by differentiating ω = φ∗tω in t, we obtain 0 = φ∗t (LXtω). Since φt is a
diffeomorphism, this implies

LXtω = 0

for all t. On the other hand, by Cartan’s formula, we obtain

LXtω = d(Xtcω) +Xtcdω = d(Xtcω)
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Combining the two, we have obtained d(Xtcω) = 0, i.e., Xtcω is closed.
Conversely suppose that Xtcω is closed. By reading the above proof backwards,

we have obtained
d

dt
φ∗tω = 0.

Integrating this out over t ∈ [0, 1] and applying the fundamental theorem of calcu-
lus, we obtain

φ∗1ω = φ∗0ω +

∫ 1

0

(
d

dt
φ∗tω

)
dt = φ∗0ω = ω

where the last equality holds by the assumption that φ0 is symplectic. This finishes
the proof. �

Definition 16.5. We call a vector field X Hamiltonian if the one-form Xcω is
exact and call its primitive h a Hamiltonian function of X, i.e., dH = Xcω. We
denote by X = XH the Hamiltonian vector of H.

An isotopy φt is called a Hamiltonian isotopy if its associated vector field Xt

is Hamiltonian for all t. We call a function H = H(t, x) satisfying Xt = XHt its
time-dependent Hamiltonian.

By a slight abuse of notation, we still denote by XH the time dependent vector
field

XH(t, x) := XHt(x)

and its generated isotopy by φH the isotopy given by t 7→ φtH which is the time-
dependent flow of the non-autonomous first order ODE ẋ = XH(t, x) which we call
Hamilton’s equation.

Definition 16.6. A symplectic diffeomorphism φ is called Hamiltonian if φ = φ1
H

for some Hamiltonian H = H(t, x) for t ∈ [0, 1]. We denote by

Ham(M,ω) ⊂ Symp(M,ω)

the set of Hamiltonian diffeomorphisms.

Proposition 16.7. The set Ham(M,ω) is a subgroup of Symp(M,ω).

Proof. Clearly id ∈ Ham(M,ω) as the constant function generates constant flow.
Now let φ, ψ ∈ Ham(M,ω). By definition, there are Hamiltonians H, K such
that φ = φ1

H , ψ = φ1
K . Obviously the flow t 7→ φtHφ

t
K generates the product φψ.

Therefore it is is enough to show that this flow is Hamiltonian. For this purpose
we compute its generating vector field

d

dt
(φtHφ

t
K) ◦ (φtHφ

t
K)−1

explicitly. We show that this is the Hamiltonian vector field Xt
L with the Hamil-

tonian L = L(t, x) given by

L(t, x) = H(t, x) +K(t, (φtH)−1(x)).

We denote this Hamiltonian by H#K.
Similarly we show that the flow t 7→ (φtH)−1 is generated by H defined by

H(t, x) = −H(t, φtH(x)).

This finishes the proof. �
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The remarkable Hofer’s pseudo-norm of Hamiltonian diffeomorphisms is defined
by

‖φ‖ = inf
H 7→φ

‖H‖ = leng(φH) (16.1)

where ‖H‖ is the L1,∞-norm of H = H(t, x)

‖H‖ =

∫ 1

0

(maxHt −minHt) dt.

Proposition 16.8. Let φ, ψ ∈ Hamc(M,ω). Then the following holds:

(1) (Symmetry) ‖φ‖ = ‖φ−1‖
(2) (Triangle inequality) ‖φψ‖ ≤ ‖φ‖+ ‖ψ‖
(3) (Symplectic invariance) ‖hφh−1‖ = ‖φ‖ for all h ∈ Symp(M,ω)

Proof. We recall the formula for the inverse Hamiltonian H(t, x) = −H(t, φtH(x))
generating (φtH)−1. Obviously we have

max
x

Ht = −min
x
Ht, min

x
Ht = −max

x
Ht.

It then follows ‖H‖ = ‖H‖. Furthermore we know (H) = H. Combining these we
derive (1) by taking the infimum of ‖H‖ = ‖H‖ over all H 7→ φ.

For (2), we recall the composition Hamiltonian H#F defined by

H#F (t, x) = H(t, x) + F (t, (φtH)−1(x))

generates φψ if H 7→ φ and F 7→ ψ. The latter fact in particular implies

‖φψ‖ ≤ inf
H 7→φ,F 7→ψ

‖H#F‖. (16.2)

On the other hand, we have

max
x

(H#F )t ≤ max
x

Ht + max
x

Ft

−min
x

(H#F )t ≥ −min
x
Ht −min

x
Ft.

Then we derive

‖H#F‖ =

∫ 1

0

(
max
x

(H#F )t −min
x

(H#F )t

)
dt

≤
∫ 1

0

(max
x

Ht + max
x

Ft −min
x
Ht −min

x
Ft) dt

= ‖H‖+ ‖F‖. (16.3)

Combining (16.2) and (16.3), we have proved (2).
For the proof of (3), we first recall that for given Hamiltonian H the pull-back

h∗H = H ◦h generates h−1 ◦φtH ◦h for any symplectic diffeomorphism h : M →M .
Obviously we have ‖H‖ = ‖H ◦ h‖ = ‖h∗H‖. Taking the infimum over all H 7→ φ,
we have proved (3). �

Theorem 16.9 (Hofer, Polterovich, Lalonde-McDuff). The norm ‖ · ‖ is nonde-
generate, i.e.,

(4) (Nondegendracy) ‖φ‖ = 0 if and only if φ = id.

This norm, called the Hofer norm, then gives rise to a natural metric topology
on Ham(M,ω), which we call the Hofer topology of Ham(M,ω).

A crucial ingredient in the proof of this nondegeneracy that Hofer introduced is
the following
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Definition 16.10 (Displacement energy). Let A ⊂ (M,ω) be a relatively compact
closed subset. The displacement energy of A, denoted by e(A), is defined to be

e(A) := inf{‖H‖ | A ∩ φ1
H(A) = ∅}.

Outline of the proof. Enough to show that if φ 6= id, then ‖φ‖ > 0. Since φ 6= id,
there is a point p ∈M such that φ(p) 6= p. By continuity of φ, there exists a small
symplectic ball B such that p ∈ IntB such that B ∩ φ(B) = ∅. Therefore it will
be enough to prove e(B) > 0. This is an immediate consequence of the following
theorem whose proof relies on the machinery of pseudoholomorphic curves and
Hamiltonian dynamics.

Theorem 16.11 (Hofer, Lalonde-McDuff, Usher). Let B be a symplectic ball of
radius R, i.e., B = φ(B2n(R)) in (M,ω). Then e(B) = cG(B).

Corollary 16.12. Provided cG(B) < cG(M,ω), then e(B) > 0. In particular
nondegeneracy of ‖ · ‖ holds.

This finishes the proof. �

17. Autonomous Hamiltonians and conservation law

We specialize to the case of autonomous Hamiltonian H = H(x), i.e., time-
independent function. The assignment H 7→ XH for autonomous Hamiltonians
induces the following exact sequence: Suppose M is compact connected without
boundary. Then we have an exact sequence

0→ C∞(M)→ symp(M,ω)→ H1(M,R)→ 0

where the first map in the middle is H → XH and the second map is X →
[Xcω]. The image of the first map is precisely the set of Hamiltonian vector fields
ham(M,ω) and we have

symp(M,ω)

ham(M,ω)
∼= H1(M,ω).

Furthermore we have the following fundamental conservation law.

Proposition 17.1 (Conservation law). Let H = H(x) be time-independent and
φtH be its flow. Then H(φtH(x)) = H(x) for all (t, x) ∈ R×M .

Definition 17.2 (Characteristic flow). Let H be an autonomous Hamiltonian and
c be its regular value. We call the induced flow of XH on H−1(c) the characteristic
flow and each trajectory of XH a characteristic (curve) of H in H−1(c).

Example 17.3 (Geodesic flow). Let (N, g) be a Riemannian manifold and E :
TN → R be the kinetic energy density function defined by

E(q, v) =
1

2
g(v, v) =

1

2
|v|2g.

Consider the bundle isomorphism g̃ : TN → T ∗N given by

v 7→ g(v, ·).
Equip M = T ∗N with the canonical symplectic form ω0 =

∑
i=1 dqi∧dpi. Consider

the (autonomous) Hamiltonian H : T ∗N → R given by

Hg = E ◦ g̃−1
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and its associated Hamiltonian vector field XHg . Then we have

g̃∗G = XHg

where G is the geodesic vector field of g on TN .

More generally, we consider another autonomous function G that is invariant
under the Hamiltonian flow of XH . Such a conserved quantity is called a first
integral of H. This conservation law enables us to reduce the number of variables
in solving the Hamilton’s equation ẋ = XH(x) by restricting the system to the level
set

G−1(c).

Theorem 17.4 (Reduction of variables). Let (M,ω) be a symplectic manifold. Let
c be its regular value of H. Denote by MH,c the set of leaves of H−1(c). Suppose
that MH,c is Hausdorff. Then MH,c carries a natural symplectic form ωc uniquely
determined by the equality

π∗cωc = i∗cω

where ic : H−1(c) ↪→ M and πc : H−1(c) → MH,c are the canonical injection and
projection respectively.

Proof. Since c is a regular value H−1(c) is a smooth manifold. Furthermore it
carries a nowhere vanishing vector field induced by XH and so defines a one-
dimensional foliation thereon.

Let p ∈ H−1(c) ⊂M and consider i∗cω|p thereon. This is a closed two form and
has one-dimensional kernel. The Hamiltonian vector field XH is tangent to H−1(c)
and

T[p]MH,c
∼= TpG

−1(c)/R〈XH(p)〉.
We define a two-form

ωH,c(ṽ, w̃) = ω(v, w) (17.1)

for any lifts v, w ∈ TpG
−1(c) of ṽ, w̃ ∈ T[p]MH,c. Check that this form is well-

defined and satisfies π∗cωc = i∗cω. Once this is satisfied, we have π∗cdωc = i∗cdω = 0.
Since πc is a submersion, we obtain dωc = 0. Nondegeneracy is obvious.

The proof of Statement (2) is easy to prove. �

Exercise 17.5. Prove that the definition (17.1) is well-defined by showing that
the right hand side does not depend on the choice p ∈ [p] and of the lifts v, w ∈
TpG

−1(c).

We call the above reduction process a symplectic reduction.

Remark 17.6. We would like to point out that the leaf space MH,c may not be
Hausdorff, but the reduced symplectic form still make sense.

Proposition 17.7. Suppose that F, G are two first integrals of the Hamiltonian
H. Then {F,G} is also a first integral of H.

In this way, we can construct more independent conserved quantities as long as
{F,G} = 0.

Definition 17.8. We say two functions F, G are in involution if {F,G} = 0.

If F, G are first integrals of H that are in involution, we can repeat the above
symplectic reduction to further reduce the variables. This can be repeated at most
n times, the number of freedoms in configuration coordinates.
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Definition 17.9. A Hamiltonian system of H = H(x) is called completely inte-
grable if it admits first integrals F1, · · · , Fn in involution such that the map

x 7→ (F1(x), · · · , Fn(x)) =: Φ(x)

is a submersion on a dense open subset of M .

When a given mechanical system is completely integrable, there are two ways of
obtaining the first integrals:

• Find a canonical transformation (q, p) → (Q,P ) such that Qi are the first
integrals of the given Hamiltonian H – Hamilton-Jacobi method,
• Find maximal possible number of independent (commuting) symmetries –

Lie group action.

We start with the Hamilton-Jacobi method in the next section.

18. Completely integrable systems and action-angle variables

(Reference: Arnold’s book “Mathematical Methods of Classical Mechanics, 2nd
edition, Section 49 - 50)

In this section, we explain a general theorem of completely integrable system,
sometimes called the Liouville theorem or Arnold-Avez theorem.

We start with the definition of the following fundamental geometric objects,
Lagrangian submanifolds in symplectic geometry.

Definition 18.1. Let (M,ω) be a symplectic manifold.

(1) A submanifold L ⊂ M is called isotropic (resp. coisotropic) if TxL is
isotropic (resp. if (TxL)ω is isotropic) in TxM .

(2) A submanifold L ⊂ (M,ω) is called Lagrangian if L is maximally isotropic,
i.e., if ω|L = 0 and dimL = n. More generally, a map i : N → M is called
a Lagrangian immersion if dimN = n and i∗ω = 0.

Theorem 18.2 (Darboux-Weinstein theorem). Let L ⊂ (M,ω) be any Lagrangian
submanifold. There exist neighborhoods U ⊂ M of L and V ⊂ T ∗L of the zero
section Z = oT∗L, and a diffeomorphism

Φ : U → V

such that ω = Φ∗ω0 on U . We call Φ a Darboux-Weinstein chart and U a Weinstein
neighborhood of L.

We denote by (q1, . . . , qn, p1, · · · , pn) the canonical coordinates of U associated
to a coordinates (q1, . . . , qn) of L (with respect to the chart Φ).

The proof is a generalization of Moser’s deformation method whose proof will
be left as a homework.

Corollary 18.3. There exists a neighborhood U of any Lagrangian submanifold
L ⊂ (M,ω) the restriction of ω to U is exact.

Liouville proved that any completely integrable system can be solved by quadra-
tures. More precisely, we have the following whose proof will be occupied by this
section.
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Theorem 18.4 (Liouville, Arnold-Avez). Suppose that we are given n functions
{F1, . . . , Fn} in involution on a symplectic (M2n, ω). Consider the map Φ : M →
Rn defined by Φ = (F1, . . . , Fn) and a regular value c = (c1, . . . , cn) of Φ. Consider
the level set Mc := Φ−1(c). Then

(1) Mc is a smooth manifold invariant under the flow of the Hamiltonian H =
F1.

(2) If Mc is compact and connected, then it is diffeomorphic to the n-dimensional
torus Tn.

(3) The phase flow of the Hamiltonian H determines a conditionally periodic
motion on Mc, i.e., in angular coordinates ϕ = (ϕ1, . . . , ϕn) we have

dϕ

dt
= ω, ω = ω(c).

(4) The canonical equations with the Hamiltonian H can be integrated by quadra-
tures in the action-angle variable coordinates.

We start with the following lemma

Lemma 18.5. TMc carries a global frame of vector fields X1, · · · , Xn such that
[Xi, Xj ] = 0.

Proof. Since dFi(x) are linearly independent at all x ∈ Mc and Fi ≡ ci constants,
we have only to set Xi = XFi |Mc . �

In particular, the flows Xi on Mc commute one another, and Mc is a Lagrangian
submanifold.

18.1. Construction of angle coordinates. If we denote by gti : Mc → Mc the
phase flow of Xi on Mc, we have a well-defined smooth map

gt : Rn →Mc; (t1, t2, . . . , tn) 7→ gt11 · · · gtnn .
Then we have gtgx = gt+s. Therefore we have a map

φx0
: Rn →Mc; φx0

(t) = gt(x0)

for each x0 ∈Mc. It follows that φx0
is a submersion.

Lemma 18.6. If Mc is compact and connected, then it is diffeomorphic to an
n-torus Tn.

Proof. Since φx0 is a submersion, it is an open map. Since Mc is compact, it is also
a closed map. Therefore the map is surjective since Mc is connected.

We consider the isotropy group of x0

Γ = φ−1
x0

(x0) := {t ∈ Rn | φx0(t) = x0}.
It follows that this set does not depend on the choice of x0 and that 0 ∈ Γ.

Since Mc is compact, Γ is a discrete subgroup of Rn such that the map φx0

descends to

πx0
: Rn/Γ→Mc

which is a diffeomorphism. This finishes the proof. �

Exercise 18.7. Prove that Γ is indeed a discrete subgroup of Rn isomorphic to
the integral lattice Zn ⊂ Rn by proving that there is an open neighborhood of the
origin 0 ∈ Rn such that U ∩ Γ = {0}.
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Next we take an integral basis {e1, . . . , en} of Γ which satisfies

g
∑n
i=1 kiei(x0) = x0

where Γ = spanZ{e1, . . . , en} ⊂ Rn. The associated angular coordinates ϕ =
(ϕ1, . . . , ϕn) of Mc is uniquely determined ( mod 2π) by the requirement that the
map

(ϕ1, · · · , ϕn) 7→ g
∑n
i=1 ϕiei(x0)

is an Rn-equivariant submersion and is one-one on [0, 2π)n.
By definition, under the action of the phase flow of H = F1, we have

ϕ̇i ≡ ωi, ωi = ωi(c)

and so ϕ(t) = ϕ(0) + ωt for some vector ω ∈ Rn, called the angular velocity.
So far we have solved the problem for a given value c. To cover the whole phase

space, we now vary c and perform the construction smoothly in c. In terms of the
map

Φ : M → Rn,
we consider a local trivialization of Φ on a neighborhood B ⊂ Rn of the given
regular value c,

Φ−1(B)→Mc ×B ∼= Tn ×B.
By identifying the neighborhood with Weinstein neighborhood of Mc, we put a
canonical coordinates (q1, · · · , qn, p1, · · · , pn) on Tn × B ⊂ T ∗Tn. Denote by f a
point in B and by ω(f the associated angular velocity for Mf .

Denoting by ϕ also the lift of the angle coordinates of Mc to Mc×B → B under
the cotangent projection π : T ∗Mc →Mc, we have achieved a coordinate system

(ϕ,F) = (ϕ1, . . . , ϕn, F1, · · · , Fn).

In this coordinates, the phase flow of H = F1 on Φ−1(B) is given by

dF

dt
= 0,

dϕ

dt
= ω(F),

which can be easily integrated along the phase flow of Fi:

F(t) = F(0), ϕ(t) = ϕ(0) + ω(F(0))t.

Therefore in order to explicitly integrate the original system ẋ = XH(x), it
suffices to find an explicit formula of the angle coordinates in terms of (q, p) by
quadratures. For this purpose, we will need to adjust the definition of angle coor-
dinates while we solving the equation

ω =

n∑
i=1

dϕi ∧ dIi,

so that the coordinate system (ϕ, I) becomes a (Hamiltonian) canonical coordinate,
which we call the action-angle coordinates. We will solve this in two steps:

• First, we will construct the action variables I = I(F), I = (I1, . . . , In) by
quadratures,
• Then we will define the final angle coordinates (ϕ1, . . . , ϕn) by differentia-

tion.

18.2. Construction of action coordinates. Let us start with the case of one
degree of freedom.
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18.2.1. The case of one degree of freedom.

Example 18.8. We illustrate the construction of action-angle coordinates in the
case R2 of one degree of freedom for the harmonic oscillator Hamiltonian

H =
1

2
(q2 + p2)

which governs the dynamics of harmonic oscillator. In this case, Φ = H and H is
regular everywhere except on H−1(0) = {0}. Let c0 > 0 which is a regular value of
H and consider a open neighborhood (a, b) containing c0 in R.

We are looking for a symplectic map

φ : H−1(a, b)→ H−1(c0)× (a, b) ∼= S1 × (a, b)

such that (ϕ, I) becomes an action-angle variable in that

• φ∗ω0 = dϕ ∧ dI,
• I = I(h),

∮
H−1(h)

dϕ = 2π.

Actually in this case, it is very easy to construct the action-angle coordinates by
noting that H = 1

2r
2 for the polar coordinates (r, θ) of R2 \ 0 by noting that

dq ∧ dp = dθ ∧ d(r2/2) :

The action-angle coordinate of the harmonic oscillator H = (q2 + p2)/2 is nothing
but (ϕ, I) = (θ,H). We also note

Area({H ≤ h}) =

∫
{H≤h}

ω0 =

∫
{H≤}

dθ ∧ dI = 2πh

and hence we have

I(h) = Area(H ≤ h).

In other words, the action coordinate measures the area of the disc bounded by the
circle H−1(h).

For the general case of one degree of freedom we consider a Weinstein neighbor-
hood Mc × B of Mc. We note that the form ω0 is exact Mc × B ⊂ T ∗Mc, we fix
a primitive Θ with ω0 = −dΘ. Then we have a one-form i∗hΘ on Mh = H−1(h)
(which is (automatically) closed in the case of one degree of freedom).

Definition 18.9 (Period). For each h ∈ B = (c− δ, c+ δ), we define

Π(h) :=

∫
Mh

i∗hΘ

and call it the period of Mh.

Denote by (q, p) a canonical coordinate of T ∗R also regarded as a canonical
coordinate of Mc ×B ⊂ T ∗Mc with q mod 2π.

We will find the generating function of the form

S = S(q, I) : R× R ∼= T ∗R→ R

such that

(1) On each fixed level set {H = h} ⊂ T ∗R, we have i∗hΘ = dq(S|I=h) where
Θ = pdq is the Liouville one-form,
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(2) the map

q 7→ ∂Sh

∂I
; Sh := S|I=h

is 2π-periodic on each level set H−1(h) =: Mh.
(3) The Hamiltonian H factorizes into H(q, p) = h(I(q, p)).

The generating function S = S(q, I) is one that satisfies

p =
∂S

∂q
, ϕ =

∂S

∂I
:

If so, we derive

dq ∧ dp = dq ∧
(
∂S

∂q

)
= dq ∧ ∂

∂I

(
∂S

∂q

)
dI

=
∂

∂q

(
∂S

∂I

)
dq ∧ ∂

∂q

(
∂S

∂I

)
dI = dϕ ∧ dI

which does our purpose.
To find such a function S = S(q,Q), we solve a (stationary) Hamilton-Jacobi

equation

H

(
q,
∂S

∂q
(q)

)
= h

for each h which gives rise to h-family of functions, i.e., represent Mh ⊂ H−1(h)
by the image Image dSh in T ∗Mc for a solution of the equation by Sh. We write

S̃(q, h) := Sh(q).

The solution Sh is nothing but the primitive of i∗hΘ

i∗hΘ = dSh

where ih : Mc → T ∗Mc is the map ih = (π|Mh
)−1 : Mc → T ∗Mc. We can find Sh

by integration

S̃h(q) :=

∫ q

q0

i∗hΘ (18.1)

for S with q ∈ Mh with a fixed reference point q0(h) ∈ Mh for each h. Since i∗hΘ

is closed but may not be exact, the function S̃h(q) may not be single-valued. Then
the above definition (18.1) is well-defined modulo

• the period Π(h) of the closed one-form i∗hΘ, and
• the choice of reference points q0(h), i.e., a choice of section

q0 : B →Mc ×B, h 7→ (q0(h), h).

To fulfill the condition ∮
Mh

dϕ = 2π.

We re-define I to be

I(h) =
Π(h)

2π
.

Now we invert the function I = I(h) so that h = h(I), and define

S(q, I) = S̃(q, h(I)).
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It leads to a multi-valued function

∂S

∂I
=: ϕ (18.2)

on Mh
∼= S1 which is well-defined modulo Π(h(I)).

This will complete construction of action coordinates I and hence the construc-
tion of action-angle coordinate (ϕ, I) for the one degree of freedom by setting ϕ to
be (18.2).

18.2.2. The case of higher degree of freedom. Now let

Mh = Φ−1(h) = {x ∈M | Fi(x) = hi}

for a regular value h of Φ. We fix a sufficiently convex neighborhood B ⊂ Rn of h
so that Φ is submersive on Φ−1(B).

Lemma 18.10. The pushforward form Φ∗ω =: ω′ is exact on

Φ−1(B) ∼= Mh ×B

for a contractible neighborhood of h in Rn.

Proof. Let ηs be the deformation retraction of Φ−1)(B) to Φ−1(h) given by

ηs(x) = sΦ(x) + (1− s)h.

Then we have η∗0ω = 0 and η1 = id. Therefore

ω′ = d

(∫ 1

0

η∗s (Yscω′) ds
)

which explicitly constructed a primitive

Θ =

∫ 1

0

η∗s (Yscω′) ds.

�

Since ω is exact on a neighborhood of any Lagrangian submanifold (e.g., see
Darboux-Weinstein theorem) we can write

ω = −dΘ

for a choice of primitive on Φ−1(B). We may take Θ = pdq in the canonical
coordinates of Darboux-Weinstein chart.

Lemma 18.11. For each h = (h1, . . . , hn) ∈ B ⊂ Rn, the form i∗hΘ is closed with
the map ih : Mh → Φ−1(B) is the inclusion map.

Proof. This follows from the property that Mh is Lagrangian. �

Definition 18.12 (Period group). We define

Γ(h) :=

{∮
γ

i∗hΘ
∣∣∣ γ : S1 →Mh

}
⊂ R

and call it the period group of Mh.



ELEMENTARY DIFFERENTIAL GEOMETRY 61

This is a subgroup of R which is either discrete or countable dense in R.
We pick a basis {e1, . . . , en} of

H1(Mh,Z) ∼= H1(Φ−1(B),Z).

Then for each j = 1, . . . , n, we set

Ĩj(h) =
1

2π

∮
ej

i∗hΘ

which induces a base change map Ĩ = (Ĩ1, . . . , Ĩn) B → Rn.

Definition 18.13. The functions I = (I1, . . . , In with Ij = Ĩj ◦ F are called the
action variables of H.

Then we define the generating function

S(q, I) =

∫ q

q0

i∗h(I)Θ

where the integral path from q0 = q0(h) to q is chosen insider Mh(I). We then
consider the canonical transformation

(q, p) 7→ (ϕ, I)

given by the generating function S = S(q, I) of type I such that

p =
∂S

∂q
, ϕ =

∂S

∂I
.

It follows that the angle coordinates (ϕ1, . . . , ϕi) defined this way indeed satisfies
the quantization condition∮

ej

dϕi = 2πδij ⇐⇒ 〈dϕi, ej〉 = 2πδij .

By the same calculation as in the case of one degree of freedom, we derive
n∑
i=1

dqi ∧ dpi =

n∑
i=1

dqi ∧
∑
j=1

∂2S

∂qi∂Ij
∂qi dIj

=
∑
j,i

∂

∂qi

(
∂S

∂Ij

)
dqi ∧ dIj

=
∑
j

(
n∑
i=1

∂ϕj
∂qi

dqi

)
∧ dIj =

n∑
j=1

dϕj ∧ dIj .

This finishes construction of the required action-angle coordinates (ϕ, I).
We note that all our constructions involve only “algebraic operations” of invert-

ing functions and “quadrature” of calculating of the integrals of known functions.
This completes the proof of the Liouville-Arnold-Avez theorem.

18.3. Underlying geometry of the Hamilton-Jacobi method. We now de-
scribe the geometry governing the construction of action-angle variables. There are
two important ingredients used in the construction, one is the generating function
of canonical transformation of the type I S = S(q,Q) and the other is a usage of
the system of stationary Hamilton-Jacobi equations

Fi

(
q,
∂S

∂q

)
= hi, i = 1, . . . , n.
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Definition 18.14. Let i : L → T ∗N be an exact Lagrangian immersion. We call
a function f : L → R satisfying i∗θ = df a Liouville primitive of i. When i is
embedding, we just say it a Liouville primitive of L.

Let φ : T ∗Rn → T ∗Rn be a canonical transformation and consider its graph

Γφ ⊂ T ∗Rn × T ∗Rn.

We equip the product with the symplectic form

Ω = π∗2ω0 − π∗1ω0.

We denote by (q, p,Q, P ) the natural coordinates pulled-back from T ∗Rn via π1, π2.
Then Γφ is a Lagrangian submanifold of Ω. Furthermore

Ω = dQ ∧ dP − dq ∧ dp = d(pdq − PdQ).

Set Θ = pdq−PdQ. Therefore we know that Γφ is an exact Lagrangian submanifold
of Ω and so there is a Liouville primitive of Γφ.

We consider the projection πq,Q : T ∗Rn → T ∗Rn → Rn×Rn and assume that its
restriction to Γφ is invertible. Then this inverse, denoted by ιφ, defines a Lagrangian
embedding of Rn × Rn into (T ∗Rn × T ∗Rn,Ω). Then we can write the Liouville
primitive as a function of Sφ = Sφ(q,Q) such that

ι∗φΘ = dSφ.

This Sφ is precisely the generating function of φ of type I.
Next we turn our attention to the method of solving the system of Hamilton-

Jacobi equations

Hi

(
q,
∂S

∂q

)
= hi, i = 1, . . . , n. (18.3)

We have already established

Mh = Φ−1(h) =

n⋂
i=1

F−1
i (h)

is a Lagrangian torus. Then we vary f in B, each Mf is a Lagrangian torus with
action coordinates (ϕ1, . . . , ϕn) arising from Mh. Identifying Φ−1(B) with a neigh-
borhood of the zero section of T ∗Mh, we are given a foliation of Φ−1(B) by exact
Lagrangian tori. A solution to (18.3) is nothing but construction of a smooth family
of Liouville primitives Sh so that the image of its differential dSh parameterizes
Mh which is equivalent to asking Sh to satisfy the system (18.3).

An additional point of Liouville’s theorem and action-angle variables is that
construction of solutions of Hamilton’s equation of H = F1 just involves “inverting
maps” and “quadratures”, when it admits maximal number of explicitly given first
integrals F1, · · · , Fn.

19. Lie groups and Lie algebras

From now on, we will carry out a systematic study of Hamiltonian systems with
continuous symmetry and a method of symplectic reductions and moment maps.

A topological group G is a group equipped with a topology with respect to which
the group operations are continuous. More precisely, the product

G×G→ G; (g, h) 7→ gh
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and the inverse operation
G→ G; g 7→ g−1

are continuous maps with respect to the given topology.
A Lie group G is a smooth manifold that carries a group structure whose group

operations are smooth. More precisely, the product and the inverse operation are
smooth with respect to the smooth structure of G.

Remark 19.1. (1) (Yamabe) Any arc-wise connected locally compactly topo-
logical group can be given a compatible smooth structure and so a Lie
group.

(2) An important example is the general linear group GL(n,R) ⊂Mn×n(R) ∼=
Rn2

under the matrix product and inverse operations which are indeed
polynomial functions and rational functions respectively.

There is a canonically associated Lie algebra g := Lie(G) to each Lie group G.
To construct Lie(G), we first note that a multiplication by g ∈ G defines two self-
diffeomorphisms, called the left multiplication Lg and the right multiplication Rg
defined by

Lg(h) = gh, Rg(h) = hg.

Definition 19.2. We call a vector field X on G, not necessarily continuous, left-
invariant (resp. right-invariant) if (Lg)∗X = X (resp. if (Rg)∗X = X.

Lemma 19.3. Every left invariant vector field X on a Lie group G is smooth. The
same holds for the right invariant vector fields.

Proof. Enough to prove that X is smooth in a neighborhood V of the identity e ∈ G
which would imply (Lg)∗X is smooth on g(V ) of g.

Then prove that X[xi] are smooth for any coordinate functions (x1, . . . , xn) at
e ∈ G. �

Corollary 19.4. A Lie group G always has trivial tangent bundle (and hence is
also orientable).

Proof. Let V = TeG and fix a basis {e1, . . . , en} thereof. Φ : G× R→ TG defined
by Φ(g, (s1, . . . , sn)) = TLg(

∑
i=1 siei), which is clearly smooth.

Denote by Xi the left-invariant vector field defined by Xi(g) = TLg(ei). Then
The inverse Ψ : TG→ G× R of Φ is given as follows: Any vector v in TgG can be
written as a linear combination

v =
∑
i=1

ciXi(g).

Then we define Ψ(v) = (π(v), (c1, . . . , cn)). �

Lemma 19.5. The Lie bracket [X,Y ] of two left-invariant vector fields X, Y are
left-invariant.

Proof. This is immediately follows from the property of Lie bracket of vector fields

φ∗[X,Y ] = [φ∗X,φ∗Y ]

for any diffeomorphism φ. �

This lemma shows that the set of left-invariant vector fields on a Lie group G
becomes a Lie algebra under the restriction of Lie bracket of vector fields.
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Definition 19.6. The Lie algebra, denoted by g, is the tangent space TeG equipped
with the bracket defined as follows: Let a, b ∈ g and Xa, Xb the left-invaraint vector
field of G such that Xa(w) = a, Xb(e) = b. Then we defind

[a, b] := [Xa, Xb](e).

Example 19.7. Consider the general linear group GL(n,R) ⊂Mn×n(R). We have
a natural Lie algebra structure on Mn×n(R) given by the commutator bracket

[A,B] = AB −BA, A, B ∈Mn×n(R).

Consider the natural group structure on GL(n,R) induced by the matrix multipli-
cation. Then its induced Lie algebra, denoted by gl(n,R), is isomorphic to this Lie
algebra (Mn×n(R), [·, ·]).

Definition 19.8. Let g be a Lie algebra. A subspace h ⊂ g is called a Lie subal-
gebra, if [h, h] ⊂ h.

In this sense, the set of left-invariant (resp. right-invariant) vector fields on G is
a Lie subalgebra of the set of vector fields on G.

Theorem 19.9. Let G be a Lie group, and h ⊂ g a subalgebra. Then there exists
a unique connected Lie subgroup H of G whose Lie algebra is g.

Proof. We have a natural distribution H ⊂ TG defined by

Hg = {TLg(v) | v ∈ h}.
This distribution is involutive since h is a Lie subalgebra and so integrable. Let H
be the maximal integral manifold of H that passes through e ∈ G. We claim that
H is a Lie subgroup. �

Example 19.10. Consider GL(n,R) and its Lie algebra gl(n,R) = Mn×n(R).
Consider the set of skew-symmetric matrices, denoted by o(n). Then o(n) is a Lie
subalgebra of gl(n,R) whose associated (connected) Lie subgroup is nothing but
SO(n).

Theorem 19.11 (Ado). Every Lie algebra is isomorphic to a subalgebra of gl(N,R)
for some N .

Therefore any Lie algebra is the Lie algebra of a connected Lie group.

Definition 19.12. A Lie group homomorphism φ : G → H is a group homomor-
phism that is smooth.

(In fact, any continuous group homomorphism between two Lie groups is auto-
matically smooth.)

For any Lie group homomorphism φ : G→ H, the derivative map

deφ : TeG→ TeH

is a Lie algebra homomorphism. The converse also holds locally in the following
sense.

Theorem 19.13. Let G and H be Lie groups, and let ` : g → h be a Lie algebra
homomorphism. There there is a neighborhood U of e ∈ G and a smooth map
φ : U → H such that

φ(gh) = φ(g)φ(h) when g, h, gh ∈ U
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and such that for every ξ ∈ g, we have

deφ(ξ) = `(ξ).

Moreover, if there are two smooth homomorphisms φ, ψ : G→ H with deφ = deψ,
and G is connected, then φ = ψ.

Proof. Let k ⊂ g × h be the set of all (ξ, `(ξ)) for ξ ∈ g. Since ` is a Lie algebra
homomorphism, k is a subalgebra of g × h. By Theorem 19.9, we have a unique
connected Lie subgroup K ⊂ G×H. Denote by

π1 : G×H → G, π2 : G×H → H

the natural projections, and by ω = (π1)|K the restriction of π1 to K ⊂ G×H. It
follows that ω is a homomorphism.

By construction, we have dω(e)(ξ, `(ξ)) = ξ which is an isomorphism. By the
inverse function theorem, we can find a neighborhood V of (e, e) ∈ K such that
ω takes V diffeomorphically onto an open neighborhood U of e ∈ G. Then the
composition φ := π2 ◦ ω−1 : U → H is the required map.

Finally for given φ, ψ : G→ H, we define the one-one map θ : G→ G×H by

θ(g, h) = (g, ψ(g)).

The image K ′ ⊂ G×H is a Lie subgroup of G×H and deθ(ξ) = (ξ, `(ξ)) and hence
TeK

′ = TeK. By the uniqueness, we have K = K ′ which implies ψ(g) = φ(g) for
all g ∈ G. �

Corollary 19.14. If two Lie groups G and H have isomorphic Lie algebras, then
they are locally isomorphic.

Exercise 19.15. Prove that two simply connected Lie groups whose Lie algebras
are isomorphic are isomorphic, and that all connected Lie groups with a given Lie
algebras are covered by the same simply connected Lie group.

Example 19.16. The following example shows that SO(3) and SU(2) have iso-
morphic Lie algebras but are not globally isomorphic as a Lie group:

(1) Let us consider the case G = SO(3). Its associated Lie algebra is given by

so(3) = {L ∈M3×3(R) | Lt = −L} ∼= R3.

With respect to the basis

E =

 0 1 0
−1 0 0
0 0 0

 , F =

0 0 −1
0 0 0
1 0 0

 , G =

0 0 0
0 0 1
0 −1 0


we have the simple structure equation

[E,F ] = G, [F,G] = E, [G,E] = F

which is isomorphic to the cross product ~i, ~j, ~k for the standard basis of
R3.

(2) Consider the SU(2)

SU(2) = {U ∈M2×2(C) | U∗U = UU∗ = I, detU = 1}

where U∗ = U
t

is the Hermitian conjugate. It can be written as

U =

(
a b

−b a

)
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with |a|2 + |b|2 = 1. Its Lie algebra su(2) is given by the traceless skew-
Hermitian matrix (

l
√
−1 m
−m, −l

√
−1

)
with ` real. Therefore if we consider the basis

E =
1

2

(
i 0
0 −i

)
, F =

1

2

(
0 1
−1 0

)
, G =

1

2

(
0 i
i 0

)
,

then they satisfy the same commutation relation

[E,F ] = G, [F,G] = E, [G,E] = F

as that of so(3) ∼= R3.

Corollary 19.17. A connected Lie group G with an abelian Lie algebra is itself
abelian.

Proof. We recall that Rn is a abelian Lie group under the coordinatewise addition
whose Lie algebra is also Rn with trivial Lie bracket. Therefore the Lie group G is
locally abelian, i.e., that there exists a neighborhood U of o such that gh = hg for
all g, h, gh ∈ U . It follows that G is abelian since any neighborhood of G generates
G. �

Exercise 19.18. Let G be a topological group and H ⊂ G a subgroup. Prove

(1) If H is open, then so is every coset gH.
(2) If H is open, the H is closed.

Exercise 19.19. Let G be a connected topological group, and U a neighborhood
of e ∈ G. Let Un denote all products g1, · · · , gn for gi ∈ U .

(1) Show that Un+1 is a neighborhood of Un.
(2) Conclude ∪nUn = G.

An implication of this exercise is that the connected topological group is generated
by any neighborhood of the identity.

Let us specialize to the case R and a Lie group G.

Proposition 19.20. For every ξ ∈ TeG = g, there is a unique homomorphism
φ : R→ G such that

dφ

dt

∣∣∣
t=0

= ξ.

Proof. Note that h := {tξ} ⊂ g is an abelian subalgebra and the map t 7→ tξ defines
a Lie algebra homomorphism onto h. Therefore there is an open neighborhood
(−ε, ε) of 0 ∈ R and a map φε : (−ε, ε) → G such that for all s, t ∈ (−ε, ε) with
|s+ t|, ε, φ(s+ t) = φ(s)× φ(t) and

dφ

dt

∣∣∣
t=0

= ξ.

To extend φ to R, we write t with |t| ≥ ε uniquely as

t = k(ε/2) + r, k an integer, |r| < ε/2

and define

φ(t) =

{
φ(ε/2) · · ·φ(ε/2) · φ(r) (φ(ε/2) appears k times) k ≥ 0,

φ(−ε/2) · · ·φ(−ε/2) · φ(r) (φ(ε/2) appears k times) k < 0.
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�

A homomorphism φ : R→ G above is called a one-parameter subgroup of G.
We define

exp ξ = φ(1)

which defines a map exp : g→ G which we call the exponential map of G. Obviously
we have φ(t) = exp(tξ).

Example 19.21. Consider the case G = GL(n,R). In this case, we have the map

exp : Mn×n(R)→ GL(n,R)

defined by the convergent power series

exp(A) = I +A+
A2

2!
+ · · ·+ An

n!
+ · · ·

which indeed satisfies exp((t + s)A) = exp(tA) exp(sA) and so coincides with the
above defined exponential map.

In general exp(A+B) 6= expA expB unless AB = BA.

Proposition 19.22. The map exp : g→ G is a local diffeomorphism. If ψ : G→ H
is a homomorphism, then we have

exp ◦deψ = ψ ◦ exp .

Corollary 19.23. (1) Every one-one smooth homomorphism ψ : G → H is
an immersion.

(2) Every continuous homomorphism φ : R→ Γ is smooth.
(3) Every continuous homomorphicm φ : G→ H is smooth.

20. Group actions and adjoint representations

Let G be a Lie group and M be a manifold. A (Lie) group left-action is a smooth
map

Φ : G×M →M

that satisfies
Φ(g,Φ(h, x)) = Φ(gh, x), Φ(e, x) = x.

A right-action is one that satisfies

Φ(g,Φ(h,m)) = Φ(hg,m).

We denote the left action by g · x or gx and the right action by xg. We call a
manifold M with action of G a G-manifold.

From now on, we will focus on the left action unless otherwise said. We call the
set G · x := {gx ∈M | g ∈ G} the G-orbit of x ∈M .

For each g ∈ G, the map Φg := Φ(g, ·) defined a diffeomorphism whose inverse
is given by Φ−1

g . In this regard, each group action induces a group homomorphism

G→ Diff(M); g 7→ Φg.

Definition 20.1. A linear action of G on a vector space V , i.e., a group homo-
morphism of G to GL(V ) for a vector space V is called a representation of G. In
that case, we say the vector space V a G-module. We say that the representation
is irreducible if the G-module RN has no invariant submodule other than {0} and
V itself.
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By considering the natural curve t 7→ exp(tξ)x through x, each ξ defines a vector
field ξM on M whose value is given by

ξM (x) =
d

dt

∣∣∣
t=0

exp(tξ)x (20.1)

at each x ∈M . For any of G on (M,ω), the map ξ → ξM induces an infinitesimal
action of g on TM in that a Lie algebra homomorphism g → X (M) whose proof
will be given shortly.

Recall that G acts on G in two different ways and that the left invariant vector
field is defined by

ξ̃(g) =
d

dt

∣∣∣
t=0

g exp(tξ) = dLg(ξ).

Note that any conjugation action of g ∈ G on G defined by

g 7→ ghg−1 = LgRg−1(h)

fixes the identity and so its derivative defines a linear map on g. We denote

Adg(ξ) = de(LgRg−1)(ξ) =
d

dt

∣∣∣
t=0

g exp(tξ)g−1

Definition 20.2. The adjoint representation of G is the homomorphism

Ad : G→ GL(g); g 7→ Adg .

Proposition 20.3. Adg : g→ g is a Lie algebra homomorphism, i.e.,

Adg([ξ, η]) = [Adg ξ,Adg η].

Proof. By definition,

Adg([ξ, η]) = dLgdRg−1([̃ξ, η](e)) = dLgdRg−1(dLg)
−1([̃ξ, η](g))

= dRg−1([̃ξ, η](g)) = R∗g [̃ξ, η](e)

= [R∗g ξ̃, R
∗
g η̃](e) = [Ãdg ξ, Ãdg η](e)

= ˜[Adg ξ,Adg η](e) = [Adg ξ,Adg η].

�

Example 20.4. In fact, using the isomorphism SU(2) ∼= S3 = unit quarternions =
Spin(3), we can identify the Lie algebra su(2) with the imaginary quarternion

spanR{i, j, k} ∼= T(1,0,0,0)S
3.

Then the conjugation by q

p 7→ qpq−1 = qpq

for the imaginary quarternion p induces an orientation preserving isometry on R3

and hence defines a surjective homomorphism

Ad : SU(2)→ SO(R3) = SO(3)

which is a covering of degree 2.

We also define a linear map adη : g→ g by

adη(ξ) := [η, ξ]

for each η ∈ g. Then we have
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Proposition 20.5. Consider the linear maps Adexp(tη) : g→ g. Then

d

dt

∣∣∣
t=0

Adexp(tη) = adη .

Proof. Recall we denoted by η̃ the left invariant vector field on G with η̃(e) = η.
Consider the map ψt : G→ G defined by

ψt(g) = g exp(tη) = Rexp(η)(g).

Then by definition the one-parameter subgroup associated to the left-invariant vec-
tor field η̃ is given by

φtη̃(g) = g exp(tη) = ψt(g).

Therefore we compute

[η, ξ] = [η̃, ξ̃](e) = Lη̃(ξ̃)(e) =
d

dt

∣∣∣
t=0

(ψt)
∗ξ̃

=
d

dt

∣∣∣
t=0

dψ−tξ̃(ψt(e))

=
d

dt

∣∣∣
t=0

dRexp(−tη)ξ̃(exp(tη))

=
d

dt

∣∣∣
t=0

dRexp(−tη)dLexp(tη)(ξ) =
d

dt

∣∣∣
t=0

Adexp(tη)(ξ).

In other words, we have proved adη = d
dt

∣∣∣
t=0

Adexp(tη). �

Proposition 20.6. For all ξ, η ∈ g,˜[η, ξ] = [η̃, ξ̃].

Equivalently, ξ 7→ −ξ̃ is a Lie algebra homomorphism.

Proof. We recall ξ̃(g) = dLg(ξ) and

[η̃, ξ̃](g) =
d

dt

∣∣∣
t=0

(Rexp tη)∗ξ̃(g) =
d

dt

∣∣∣
t=0

dRexp−tη(ξ̃(g exp tη))

=
d

dt

∣∣∣
t=0

dRexp−tηdLg exp tηξ =
d

dt

∣∣∣
t=0

dRexp−tηdLgdLexp tηξ

=
d

dt

∣∣∣
t=0

dLgdRexp−tηdLexp tηξ = dLg

(
d

dt

∣∣∣
t=0

Adexp tη(ξ)

)
= dLg([η, ξ]) = [̃η, ξ](g)

which finishes the proof. �

21. Lie Poisson space g∗ and the coadjoint action of G

We start with a general discussion on the Lie group actions on smooth manifolds.
Consider the action of G on M for an arbitrary smooth manifold.

Proposition 21.1. The vector field ξM satisfies

g∗ξM = (Adg ξ)M

for all g ∈ G.
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Proof. By definition, we have

g∗ξM (x) = dΦg(ξM (Φ−1
g (x))) =

d

dt

∣∣∣
t=0

Φg(exp(tξ))Φ−1
g (x)

=
d

dt

∣∣∣
t=0

(
Φg(exp(tξ))Φ−1

g

)
(x) = (Adg ξ)M (x).

�

This gives rise to

Corollary 21.2. The assignment ξ 7→ ξM is a Lie algebra homomorphism, i.e.,

−[ξM , ηM ] = [ξ, η]M .

Proof. We just differentiate (exp tη)∗ξM = (Adexp tη ξ)M in t at t = 0. �

Now we specialize to the case of the Lie-Poisson space (g∗, {·, ·}LP ). By taking
the dual of the adjoint representation Ad of G on g

Ad∗ : G→ GL(g∗); g 7→ Ad∗g−1 ,

we obtain the coadjoint (left) action of G on defined by

〈Ad∗g−1(µ), ξ〉 := 〈µ,Adg−1(ξ)〉.

We call Ad∗ the coadjoint representation of G.

Definition 21.3 (Coadjoint orbit). Let µ ∈ g∗ and consider its orbit

Oµ = {Ad∗g−1(µ) | g ∈ G}

under the coadjoint action Ad∗ of G. We call the orbit the coadjoint orbit of µ.

Definition 21.4. Let G be a Lie group. Let P be a Poisson manifold. We say the
action is Poisson if Φg is a Poisson map for all g ∈ G, i.e., if

{f, h} ◦ Φg = {f ◦ Φg, h ◦ Φg}, f, h ∈ C∞(P )

for all g ∈ G. Equivalently, if (Φg)∗Π = Π.

Lemma 21.5. Let (g∗, {·, ·}) be a Lie-Poisson space.

(1) Each Ad∗g−1 is a Poisson map and Ad∗ : G→ DiffΠ(g∗) is a homomorphism
into the group of Poisson maps of g∗.

(2) For any ξ ∈ g, its associated vector field ξ̃ = {·, ξ} on g∗ regarded ξ as a
linear function on g∗ is tangent to the coadjoint leaves. In particular, the
Lie Poisson bracket induces a canonical Poisson bracket on each orbit Oµ.

We recall that any tangent vector v of Oµ at ν ∈ Oµ has the form

v =
d

dt

∣∣∣
t=0

Ad∗exp(tξ)−1(ν) =: ξg∗(ν)

for some ξ ∈ g.

Lemma 21.6. We have

ξg∗(ν) = −ad∗ξν = −ν ◦ adξ.
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Proof. We compute

ξg∗(ν) =
d

dt

∣∣∣
t=0

(ν ◦Adexp(tξ)−1) = ν ◦
(
d

dt

∣∣∣
t=0

Adexp(tξ)−1

)
= −ν ◦ adξ (21.1)

as an element TνOµ ⊂ Tνg
∗ ∼= g∗. This is also the same as −ad∗ξν. This finishes

the proof. �

Theorem 21.7. The induced Poisson bracket on each coadjoint orbit Oµ is non-
degenerate, i.e., carries a natural G-invariant symplectic form ωµ defined by

ωµ(ξg∗(ν), ηg∗(ν)) = 〈ν, [ξ, η]〉
at any ν ∈ Oµ.

Proof. Let µ ∈ g∗. Regarding ξ, η ∈ g as linear functions on g∗, their Poisson
bracket {ξ, η} is defined by

{ξ, η}(ν) = 〈ν, [ξ, η]〉
for ν ∈ g∗. If ν = Ad∗g−1(µ), we have

{ξ, η}(Ad∗g−1(µ)) = {ξ ◦Adg−1 , η ◦Adg−1}(µ). (21.2)

Now we define a two-form ωµ on Oµ by

ωµ(ξg∗(ν), ηg∗(ν)) = 〈ν, [ξ, η]〉.
(21.2) proves the Ad∗-invariance of ωµ on Oµ. It remains to show closedness and
nondegeneracy of ωµ.

For the nondegeneracy of ωµ, suppose ωµ(v1, v2) = 0 with v1, v2 ∈ TνOµ for all
v2. We know vi = − ad∗ξi ν for some ξi ∈ g, i = 1, 2. Then it is equivalent to saying

〈ν, [ξ1, ξ2]〉 = 0 for all ξ2. This then is equivalent to saying ad∗ξ1ν = 0. This proves
v1 = 0 by (21.1) which finishes the proof of nondegeneracy.

Finally the closedness follows from the Jacobi identity of the Poisson bracket on
Oµ.

�

Corollary 21.8. All coadjoint orbits are even dimensional and g is the union of
Oµ.

Definition 21.9 (Kirillov-Kostant-Souriou symplectic form). We call the above
defined ωµ the KKS symplectic form on the coadjoint orbit Oµ. We call each
coadjoint orbit a symplectic leaf of the Lie-Poisson space g∗.

In this regard, g∗ carries a natural singular foliations whose leaves are all even
dimensional of varying dimension.

It is easier to visualize the adjoint orbit than the coadjoint orbit, if the Lie
algebra g admits an invariant inner product. One distinguished class of Lie algebras
is semi-simple Lie algebras. We recall the linearized adjoint representation

ad : g→ gl(g); ad(η) = adη .

Definition 21.10 (Killing form). Let g be a Lie algebra. The bilinear form

B(ξ, η) := Tr(ad(ξ) ad(η))

is called the Killing form of g. g is called semi-simple if the Killing form B is
nondegenerate.
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Therefore if g is semi-simple, we can pull-back all discussion on g∗ to g via the
isomorphism

ξ → B(ξ, ·); g→ g∗.

For example, the adjoint orbits of g carry a symplectic form pulled-back from the
KKS form on the coadjoint orbits.

Example 21.11. Let us consider the case G = SO(3). Its associated Lie algebra
is given by

so(3) ∼= R3 = {L ∈M3×3(R) | Lt = −L}.

With respect to the basis

E =

 0 1 0
−1 0 0
0 0 0

 , F =

0 0 −1
0 0 0
1 0 0

 , G =

0 0 0
0 0 1
0 −1 0


we have the simple structure equation

[E,F ] = G, [F,G] = E, [G,E] = F

which is isomorphic to the cross product ~i, ~j, ~k for the standard basis of R3.
We have a natural bilinear from on M3×3(R) defined by

〈L1, L2〉 = Tr(L1L2).

Lemma 21.12. This restricts to a nondegenerate pairing on so(3), which is the
same as the Killing form B.

Proof. A general element A of so(3) is given by

L =

 0 a −b
−a 0 c
b −c 0

 .

A direct calculation shows

〈L1, L2〉 = −2v1 · v2

where vi = (ai, bi, ci) and v1 · v2 is the dot product on R3.
On the other hand, a straightforward computation proves

B(L1, L2) = −2v1 · v2 = Tr(L1L2).

�

Note that the above bilinear form is invariant under the adjoint action of SO(3)
on so(3). The inner product induces identification of g∗ with g, and the coadjoint
action on g∗ with the adjoint action on g and with R3 with the standard action of
SO(3) on R3.

Therefore each coadjoint orbit Oµ equipped with its KKS form is symplecto-
morphic to a two-sphere S2(r) of some radius r equipped with the standard area
form.

Exercise 21.13. Make precise the discussion in the last paragraph of the above
example by quantifying all the relationships between µ and r and others.
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22. Symplectic action and the moment map

We start with the definition of symplectic action of a Lie group G on (M,ω). Let
G×M →M be an action of G on M . Denote by Φg the diffeomorphism associated
to the group element g ∈M .

Definition 22.1. We say a group G acts on M symplectically if it preserves the
given symplectic form, i.e., Φ∗gω = ω for all g ∈ G.

Recall that for the simplicity of notation, we just denote Φg(x) = gx.

Proposition 22.2. G acts on M symplectically if and only if d(ξMcω) = 0 for all
ξ.

Therefore the assignment ξ 7→ ξM actually induces a Lie algebra homomorphism

g→ symp(M,ω).

Definition 22.3. We say an action of G on M is pre-Hamiltonian if ξMcΩ is exact
for all ξ.

Recall that the choice of Hamiltonian for the given Hamiltonian vector field is
unique up to addition by constants.

Suppose M is compact connected without boundary. Then we have a commuta-
tive diagram of exact sequences

0 // R

��

// C∞(M)

��

d // Z1(M)

ω̃−1

��

// H1(M,R)

��

// 0

0 // R // C∞(M)
X{·}

// symp(M,ω) // H1(M,R) // 0

where the second map in the lower exact sequence is H → XH and the third map is
X → [Xcω]. The image of the first map is precisely the set of Hamiltonian vector
fields ham(M,ω) and we have

symp(M,ω)

ham(M,ω)
∼= H1(M,ω).

For given pre-Hamiltonian action of G on M , for each ξ ∈ g, there is associated
to an element Jξ ∈ C∞(M) satisfying

dJξ = ξMcω.
This is equivalent to saying that XJξ = ξM for all ξ, η ∈ g. But the choice of Jξ
for ξM is unique only up to addition by constant.

We collect them all to introduce the notion of moment map.

Definition 22.4. Suppose that the action of G on (M,ω) is pre-Hamiltonian. A
moment map (or moment mapping) is a map J : M → g∗ that satisfies

d〈J, ξ〉 = ξMcω (22.1)

for all ξ ∈ g where 〈J, ξ〉 = Jξ with J regarded as a vector-valued function on M
valued in g∗.

The moment map provides a canonical way of producing first integrals of any
G-invariant Hamiltonian H in the following sense.
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Theorem 22.5. Let Φ be a symplectic action of G on (M,ω) with a moment map
J . Suppose H : M → R is invariant under the action, i.e., H(x) = H(Φg(x)) for
all (g, x). Then J is preserved under the flow, i.e., J ◦ φtH = J . In particular, Jξ
are first integrals of H for all ξ ∈ g.

We next ask the questions whether for a given pre-Hamiltonian action of G such
an assignment ξ 7→ Jξ actually can be made so that the following

• (Equivariance) J ◦ Φg = Ad∗g−1 J for g ∈ G,
• (Lie algebra homomorphism) J[ξ,η] = {Jξ, Jη} for ξ η ∈ g.

We will see that the equivariance also implies the second property and so focus on
the question on the equivariance property. In general there is some cohomological
obstruction to achieve such an equivariance property.

Definition 22.6. A moment map J is called Ad∗-equivariant provided the associ-
ated cocycle σ becomes 0, i.e, provided

J ◦ Φg = Ad∗g−1 J

for every g ∈ G.

Definition 22.7 (Hamiltonian G-space). We say (M,ω) is a Hamiltonian G-
manifold if there is given a pre-Hamiltonian G-action on M with Ad∗-equivariant
moment map J . In this case, we say a pre-Hamiltonian action of G on (M,ω)
is Hamiltonian and call the quadruple (M,ω,Φ, J) a Hamiltonian G-space or a
Hamiltonian G-manifold.

Now we describe the obstruction to the Ad∗-equivariance of the moment map.
For this purpose, we recall the following standard definition of group cohomology.
(See [Wb94] for example.)

Definition 22.8 (Group cohomology). Let G be a Lie group linearly acting on
a vector space V . (Such a vector space is called a G-module.) Let V be a left
G-module. Let (C∗(G,V ), δ) be the complex where Cn(G,V ) is the module of
functions ϕ : Gn → V and the boundary map δ : Cn(G,V )→ Cn+1(G,V ) is given
by

(δϕ) (g1, . . . , gn+1) = g1 · ϕ(g2, . . . , gn+1)

+

n∑
i=1

(−1)iϕ(g1, . . . , gi−1, gigi+1, gi+2, . . . , gn+1) + (−1)n+1ϕ(g1, . . . , gn).

(22.2)

A function ϕ : Gk → V is called a group k-cocycle, if δϕ = 0 and a coboundary
if ϕ = δψ for some cochain ψ : Gk−1 → V . The cohomology groups of G with
coefficients in the left G-module V are the homology groups, denoted by H∗(G,V ),
of the complex (C∗(G,V ), δ).

Using the G-action Φ on M and the coadjoint action on g∗, it induces a natural
G representation on V = C∞(M, g∗) by

g · f = Ad∗g−1 f ◦ Φ−1
g ; f ∈ C∞(M, g∗).

Lemma 22.9. Define a group 1-cochain

ψ : G→ C∞(M, g∗)
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by setting

〈ψ(g), ξ〉(x) := Jξ −Ad∗g−1 Jξ(Φ
−1
g (x))

for each ξ ∈ g. Then ψ is 1-cocycle.

Proof. We need to prove δψ = 0 which is equivalent to saying

0 = δψ(g, h)⇐⇒ ψ(gh) = gψ(h) + ψ(g). (22.3)

For each given ξ and x ∈M , we compute

〈ψ(gh), ξ〉(x)

= (〈J −Ad∗(gh)−1 J ◦ Φ−1
gh , ξ〉(x)

= 〈J −Ad∗g−1 J ◦ Φ−1
g , ξ〉(x) + 〈Ad∗g−1 J ◦ Φ−1

g (x)−Ad∗(gh)−1 J ◦ Φ−1
gh (x), ξ〉

= 〈J −Ad∗g−1 J ◦ Φ−1
g , ξ〉(x) + 〈Ad∗g−1(J −Ad∗h−1 J ◦ Φ−1

h ) ◦ Φ−1
g , ξ〉(x)

= 〈ψ(g), ξ〉(x) + 〈Ad∗g−1 ψ(h) ◦ Φ−1
g , ξ〉(x).

Therefore we have obtained

ψ(gh) = ψ(g) + Ad∗g−1 ψ(h) ◦ Φ−1
g = ψ(g) + gψ(h)

which finishes the proof of (22.3). �

Proposition 22.10. Let (M,ω,Φ, J) be as above and M is connected. The function
ψg,ξ := 〈ψ(g), ξ〉 is a constant function on M for all g, ξ. We let σJ : G → g∗ be
defined by

〈σJ(g), ξ〉 = the constant value of ψg,ξ.

In particular σJ is a 1-cocycle valued in g∗, i.e., satisfies

σJ(gh) = σJ(g) + Ad∗g−1 σJ(h). (22.4)

We call it the coadjoint cocycle associated to J .

Proof. We just take the differential of the function ψg,ξ:

dψg,ξ(x) = d〈J, ξ〉 − d〈J ◦ Φ−1
g ,Adg−1 ξ〉

= dJξ − 〈d(J ◦ dΦ−1
g ,Adg−1 ξ〉

= XJξcω − (XJAd
g−1 ξ
cω) ◦ dΦ−1

g

= (ξMcω)− ((Adg−1 ξ)Mcω) ◦ dΦ−1
g

= (ξMcω)− ((Φ∗gξM )cω) ◦ dΦ−1
g .

But we evaluate

(Φ∗gξMcω)(Y (x)) = ω(Φ∗gξM (x), Y (x)) = ω(dΦ−1
g ξM (Φg(x)), Y (x))

= ω(ξM (Φg(x)), dΦgY (x)) = (ξMcω)(dΦg(Y (x))

where we use the symplectic property of dΦg for the first equality in the second
line. Therefore dψg,ξ(x) = 0 for all x and hence ψg,ξ is a constant function.

For the last statement, we evaluate ψ(gh) = gψ(h) + ψ(g) at any point x ∈ M
and get ψ(gh)(x) = (gψ(h))(x) + ψ(g)(x). But

(gψ(h))(x) = Ad∗g−1 ψ(h)(Φ−1
g (x)) = Ad∗g−1 ψ(h)(x)

since ψ(h) is a constant function. By definition of σJ , (22.4) follows. �
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In general the cocycle on G associated to a G-module V measures the equivari-
ance of the action Φ. We denote by [σJ ] the associated cohomology class of the
1-cocycle σJ .

Proposition 22.11. Let Φ be a pre-Hamiltonian action of G on M . If J, J ′ be
two moment maps associated to Φ with cocycles σJ , σJ′ , then [σJ ] = [σJ′ ]. We
denote the common cohomology class by [Φ] ∈ H1(G, g∗) and call it the coadjoint
cohomology class of the G-action Φ on M .

Proof. By definition, we have

d〈J − J ′, ξ〉 = 0

for all ξ ∈ g. In particular, 〈J − J ′, ξ〉 is a constant function, say ν, and hence

σJ(g)− σJ′(g) = J(Φg(x))− J ′(Φg(x))−Ad∗g−1(J(x)− J ′(x)) = ν −Ad∗g−1 ν.

This proves σJ − σJ′ = δν and so finishes the proof. �

Therefore the cohomology class [σJ ] does not depend on the choice of moment
maps J but depends only on the pre-Hamiltonian action of G on (M,ω).

Theorem 22.12. Suppose that the action of G on (M,ω) is pre-Hamiltonian. Let
J be a moment map of the action and σJ be its coadjoint cycle. If [σJ ] = 0, we can
translate J to J ′ := J − ν for some ν ∈ g∗ so that J ′ is Ad∗-equivariant.

Proof. By the hypothesis [σJ ] = 0, we can express

σJ = δν

for some zero-chain ν which is nothing but a constant function valued at ν ∈ }∗.
Then by definition, for any x ∈M , we have

J(x)−Ad∗g−1 J(Φg(
−1(x)) = σJ = ν −Ad∗g−1 ν

which is equivalent to

(J − ν)(x) = J(ξ)− ν = Ad∗g−1 J(Φ−1
g (x))−Ad∗g−1 ν.

But the latter is the same as

Ad∗g−1(J(Φ−1
g (x))− ν) = Ad∗g−1(J − ν)(Φ−1

g (x)) = Ad∗g−1 J ′(Φ−1
g (x)).

Combining the two, we have proved J ′(x) = Ad∗g−1 J ′(Φ−1
g (x)) which is equivalent

to J ′(Φg(x)) = Ad∗g−1 J ′(x) and hence the proof. �

In other words, one can rephrase the definition of Hamiltonian G-spaces as a
symplectic manifold (M,ω) equipped with a pre-Hamiltonian action Φ such that
[Φ] = 0.

Corollary 22.13. Let (M,ω,Φ, J) be a pre-Hamiltonian G-space. Then

J[ξ,η] = {Jξ, Jη}.

In particular the homomorphism g → symp(M,ω); ξ 7→ ξM can be lifted to a Lie
algebra homomorphism to g 7→ C∞(M); ξ 7→ Jξ under the Poisson bracket {·, ·})
of C∞(M) associated to ω.

Proof. A straightforward calculation. �
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Example 22.14 (Abelian Lie group). When G is a commutative Lie group, such as
G = Tn, then the adjoint action and hence the coadjoint action is trivial. Therefore
the equivariance is equivalent to the G-invariance

J(gx) = J(x)

for all g ∈ G and in particular, J also satisfies

{Jξ, Jη} = 0

for all ξ η ∈ g, i.e., the functions Jξ are in involution. Finally σJ : G → g∗ being
a cocyle means its G-invariance σJ(gh) = σJ(g) for all h, and [σJ ] = 0 implies
σJ = 0.

Corollary 22.15. Let Φ : Tn×M →M be a pre-Hamiltonian torus action. Then
it is Hamiltonian.

Proof. Let J be a moment map Φ. Then we have the coadjoint cycle is given by

σJ(g) = Φ∗gJ − J
which we know is a constant vector in g∗ when J is regarded as a g∗-valued function.
We then average Φ∗gJ and consider the new map

J ′ =

∫
Tn

Φ∗gJ dµ

for the Haar measure dµ of the torus Tn with
∫
G
dµ = 1. By the Tn-invariance of

dJ , it follows J ′ is also a moment map of the action Φ. But obviously J ′ satisfies
Φ∗gJ

′ = J ′ by definition. This finishes the proof. �

Many of important mechanical examples arise from the following theorem.

Theorem 22.16. Let (M,ω) be an exact symplectic manifold with ω = dλ. Suppose
ω admits a G-invariant primitive λ with ω = dλ. Then the map J : M → g∗ defined
by

〈J(x), ξ〉 = −λ(ξM )(x)

is an Ad∗-equivariant moment map for the action.

Proof. By the G-invariance φ∗gλ = λ of λ, we obtain

d(ξMcλ) + ξMcdλ = 0,

which is equivalent to −d(ξGcλ) = ξcdλ for all ξ ∈ g. Therefore if we define
J : M → g∗ so that

Jξ = −ξMcλ = −λ(ξM ),

it satisfies the defining equation of the moment map d〈J, ξ〉 = ξMcω. To see the
Ad∗-equivariance, we recall

Φ∗gξM = (Ad∗g−1 ξ)M .

We then compute

〈Ad∗g−1 J, ξ〉(x) = 〈J(x),Adg−1 ξ〉 = −λ
(
(Adg−1 ξ)M (x)

)
= −λ(Φ∗gξM (x)) = −λ(dΦ−1

g (ξM (Φg(x))) = −λ(ξM (Φg(x)))

= 〈J(Φg(x),ξ〉
for all ξ ∈ g. This is equivalent to Ad∗g−1 J = Φ∗gJ . This finishes the proof. �
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Example 22.17 (Mechanical examples). Let N be a configuration space and Φ be
an action of G on N . Let X be a vector field on N .

We consider the phase space T ∗N and the function PX : T ∗N → R defined by

PX(αq) = 〈αq, X(q)〉.
We call PX the momentum corresponding to X. For example, if X is the generating
vector field of a circular symmetry, then PX is the associated angular momentum.

This leads to the algorithm to produce a conserved quantity when there is a
continuous symmetry in the (Lagrangian) mechanical system.

(Nöther’s principle) Let Φ be an action of G on N and let ΦT
∗

be its cotangent
lift on M = T ∗N . Then this action is symplectic and admits an Ad∗-equivariant
moment map given by

Jξ(αq) = 〈αq, ξN (q)〉 = PξN (αq),

i.e., Jξ = PξN .

Proof. By Theorem 22.16, we have

Jξ(αq) = −(−θ)(ξT∗G(αq)) = θ(ξT∗G(αq)) = αq(dπ(ξT∗G(αq))) = αq(ξN (q)).

By definition of PX with X = ξN above, we have finished the proof. �

23. Marsden-Weinstein symplectic reduction theorem

Let us examine some general properties of the moment map.
We first rephrase Corollary 22.13 in the following Poisson property of the map

when the symplectic manifold (M,ω) is regarded as a Poisson manifold.

Proposition 23.1. Let (M,ω,Φ, J) be a Hamiltonian G-space. Then the moment
map J : M → g∗ is a Poisson map.

Proof. This is just a translation of Corollary 22.13. �

One of the most fundamental property of the moment map is that it provides
a canonical procedure of reducing the number of degrees of freedom for any G-
invariant Hamiltonian system even when G is not abelian. When the group G is
abelian, this reduction is a special case of coisotropic reduction. However when the
group is non-abelian, this does not belong to the coisotropic reduction and its proof
is more subtle. It was formulated by Marsden and Weinstein [MW] and is often
called the Marsden-Weinstein reduction or the symplectic reduction.

Similarly as for the discussion on the completely integrable system, we consider
a regular value µ of J : M → g∗. Then J−1(µ) becomes a submanifold of M .
Denote by Gµ the isotropy group of the coadjoint action of G on g∗. Then Gµ acts
on J−1(µ).

Theorem 23.2 (Marsden-Weinstein reduction). Suppose the group Gµ acts freely
on J−1(µ). Denote by iµ : J−1(µ)→M and πµ : J−1(µ)→Mµ for the quotient

J−1(µ)/Gµ =: Mµ.

Then Mµ carries a canonical symplectic form ωµ that is characterized by the identity

π∗µωµ = i∗µω.

If the action is proper, then Mµ is a Hausdorff manifold.
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Proof. We start with proving the following lemma.

Lemma 23.3. For x ∈ J−1(µ), we have

(1) Ty(Gµx) = Ty(G · x) ∩ TyJ−1(µ) for each y ∈ Gµx, and
(2) TyJ

−1(µ) = (Ty(G · x))ω.

In particular for each y ∈ Gµx with x ∈ J−1(µ),

Ty(Gµx) = (TyJ
−1(µ))ω ∩ TyJ−1(µ). (23.1)

Proof. Let v ∈ Ty(G · x). Then we can write v = ξM (y) for some ξ ∈ g. By the
Ad∗-equivariance, we derive

− ad∗ξ(µ) = dJ(ξM (y))

for all ξ ∈ g. In particular, if y ∈ Gµx and ξ ∈ gµ = LieGµ, then

dJ(ξM (y)) = − ad∗ξ(µ) = 0 : (23.2)

The vanishing follows by differentiating Ad∗exp(−tξ) µ = µ in t at 0, since exp(−tξ) ∈
Gµ for all t ∈ R if ξ ∈ gµ. This proves Ty(Gµx) ⊂ ker dπ|y = TyJ

−1(µ) where the
equality comes from the regularity of µ. This proves Ty(Gµx) ⊂ Ty(Gx)∩TyJ−1(µ)
for y ∈ Gµx. Conversely if ξM (y) ∈ TyJ−1(µ), then dJ(ξM (y)) = 0. Combining
this with (23.2), we obtain

0 = dJ(ξM (y)) = − ad∗ξ(µ)

which proves ξ ∈ gµ = LieGµ. This finishes the proof of (1).
For (2), we note that if ξ ∈ g and w ∈ TyM at y ∈ Gx,

ω(ξM (y), w) = d〈J(y), ξ〉(w)

by definition of J . Therefore w ∈ ker dJ(y) = TyJ
−1(µ) if and only if ω(ξM (y), w) =

0 for all ξ ∈ g. Since Ty(G · x) is spanned by ξM (y), ξ ∈ g, this is equivalent to
w ∈ (Ty(G · x))ω. �

For x ∈ J−1(µ), we denote by [x] the coset Gµx in Mµ. We know by definition
that for each given ṽ ∈ T[x](J

−1(µ)/Gµ), two lifts v, v′ ∈ TyJ−1(µ) with y ∈ Gµx
of ṽ must satisfy

v − v′ ∈ Ty(Gµx)

By (23.1), v − v′ ∈ (TyJ
−1(µ))ω ∩ TyJ−1(µ).

Therefore if we define

ωµ(ṽ1, ṽ2) := ω(v1, v2)

for vi ∈ TyJ
−1(µ) with y ∈ Gµx, i = 1, 2, the right hand side does not depend

on the representatives vi but depend only on ṽi. By definition, the two form ωµ
satisfies

π∗µωµ = i∗µω.

In particular, π∗µdωµ = 0. Since πµ is a submersion, this implies dωµ = 0.
Finally let ṽ ∈ T[x]Mµ and ωµ(ṽ, w̃) = 0 for all w̃ ∈ T[x]Mµ. Here the lifts v, w

are unique modulo

Ty(Gµx) = TyJ
−1(µ) ∩ (TyJ

−1(µ))ω.

This implies that for a (and so any) lift v of ṽ,

ω(v, w) = 0
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for all w ∈ TyJ−1(µ). Therefore again by (23.1)

v ∈ (TyJ
−1(µ))ω ∩ TyJ−1(µ) = Ty(Gµ · x).

This proves 0 = dπµ(v) = ṽ which proves nondegeneracy of ωµ.
The last statement follows because the given condition guarantees that the quo-

tient
J−1(µ)/Gµ

becomes Hausdorff. This finishes the proof of the theorem. �

Obviously Mµ is even dimensional, which is manifest from its dimension formula:

dimMµ = dim J−1(µ)− dimGµ = dimM − dim g∗ − dimGµ

= dimM − 2 dim g∗ + (dim g∗ − dimGµ)

= dimM − 2 dim g∗ + dimOµ
where Oµ is the coadjoint orbit whose dimenision we already know is even dimen-
sional. Here the first equality is by definition of Mµ = J−1/Gµ and from the free
action of Gµ on J−1(µ), the second from the regularity of µ for J , and the last
from the definition of the G-orbit Oµ and that of Gµ.

Remark 23.4. (1) If the group G is compact, the properness hypothesis in
the theorem is automatic and so Mµ becomes a Hausdorff manifold.

(2) An important generalization of the theorem is the case where the isotropy
group Gµ acts on J−1(µ) not freely but with a finite isotropy group. In this
case, the reduced phase space Mµ becomes a symplectic smooth orbifold,
instead of a smooth manifold.

Example 23.5 (Symplectic quotient). Let (M,ω,Φ, J) be a Hamiltonian G-space.
If µ = 0, then Gµ = G. We often call the corresponding reduced space the sym-
plectic quotient of M by G, and denote it by

M �G := J−1(0)/G.

Example 23.6 (Coadjoint orbit as a reduced space). Let M = T ∗G and consider
the left action of G on M by

g · (h, αh) = (gh, dL∗g−1(αh)).

Let ξT∗G be the vector field generated by ξ ∈ g. Then by definition, we have

dπ(ξT∗G(h, αh)) = ξG(h).

Denote by J : T ∗G→ g∗ be the moment map of this action of G on T ∗G. Then by
Theorem 22.16 applied to λ = −θ, we have

〈J(h, αh), ξ〉 = θ(ξT∗G(h, αh)) = αh(ξG(h)) = αh(dRh(ξ)) = (dRh)∗αh(ξ).

Therefore J(h, αh) = (dRh)∗αh.

Lemma 23.7. Let J(h, αh) = µ and βµ be the right invariant one-form with its
value βµ(e) = µ, i.e., βµ(h) = (dRh−1)∗µ for h ∈ G.

(1) Then J−1(µ) is the graph of βµ, i.e.,

J−1(µ) = {(h, (dRh−1)∗µ) | h ∈ g} (23.3)

(2) Let Gµ be the isotropy group of Ad∗-action on g∗ and β = βµ be as above.
Then

Gµ = {g ∈ G | dL∗gβ = β}.
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Proof. It remains to show Statement ((2). If g ∈ Gµ, then (dLg)
∗dR∗g−1µ = µ

by definition of Ad∗-action. By definition and the right invariance of β, we have
β(e) = µ and

β(g) = dR∗g−1µ.

Therefore g ∈ Gµ is equivalent to saying (dL∗gβ)(e) = β(e). Then by the right
invariance, this is also equivalent to global equality dL∗gβ = β. �

Now we consider a map φ : J−1(µ)→ Oµ defined by

φ(h, αh) = dL∗hαh = Ad∗h(µ).

Obviously, this map descends to [φ] : J−1(µ)/Gµ → Oµ and is surjective. Since
the action of G on T ∗G is free, so is that of Gµ on J−1(µ). We denote by
πµ : J−1(µ) → J−1(µ)/Gµ and iµ : J−1(µ) → T ∗G the canonical projection and
inclusion respectively.

Finally we will prove

Proposition 23.8. Let ωKKSµ be the KKS symplectic form on the coadjoint orbit

Oµ. Consider the two-form ω′ := −φ∗ωKKSµ . Then it satisfies

π∗µω
′ = i∗µω0 (23.4)

and ω′ is Gµ-invariant. In particular the reduced symplectic form (ω0)µ on the
reduced space Oµ ∼= J−1(µ)/Gµ is given by

(ω0)µ = −[φ]∗ωKKSµ .

Proof. Let φ(h, αh) = ν with ν = Adh(µ). It follows from the expression of J−1(µ)
in (23.3) any tangent vector X at (h, αh) can be expressed as

X = ξT∗G(h, αh)

for some ξ ∈ g. Let

X = ξT∗G(h, αh), Y = ηT∗G(h, αh)

for some ξ, η ∈ g. From the expression of φ, we compute

dφ(X) = ad∗ξ ν.

Therefore we obtain

ωµ(dφ(X), dφ(Y )) = ωµ(ad∗ξ ν, ad∗η ν) = 〈ν, [ξ, η]〉.
By definition, we have

ξ = ξ̃(e) = ξG(e) = dπξT∗G(e)

since ξ̃(e) = ξG(e) for the left-invariant vector field ξ̃ on G. Then we can rewrite

〈ν, [ξ, η]〉 = ν([ξT∗G(e, ν), ηT∗G(e, ν)]) = θ(e,ν) (−[ξT∗G, ηT∗G](e, ν))

= dθ (ξT∗G(e, ν), ηT∗G(e, ν)) = −ω0 (ξT∗G(e, ν), ηT∗G(e, ν))

= −ω0 (ξT∗G(dR∗h−1µ), ηT∗G(h, dR∗h−1µ)) = −ω0 (ξT∗G(αh), ηT∗G(αh))

where we use the invariance of ω0 under the induced action on T ∗G from the right
action Rh : G→ G. This proves

ω0(X,Y ) = −ωµ(dφ(X), dφ(Y ))

for all X, Y ∈ T(h,αh)J
−1(µ). This finishes the proof. �
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24. Functorial properties of moment map

In this section, we gather some functorial properties of the moment map.

Proposition 24.1. Let (Mi, ωi,Φi, Ji)be Hamiltonian Gi spaces for i = 1, 2. Then
their product

(M1 ×M2, ω1 × ω2,Φ1 × Φ2, J1 × J2)

is a Hamiltonian (G1 ×G2)-space.

Obviously whenG acts on (M,ω) as an Hamiltonian action, so does any subgroup
H ⊂ G and so we have the associated moment map. We have a natural inclusion
i : h ⊂ g and projection π := i∗ : g∗ → h∗.

Proposition 24.2. Let (M,ω,Φ, J) be a Hamiltonian G-space. Then (M,ω,Φ|H , π◦
J) is a Hamiltonian G-space such that the following diagram commutes:

M

=

��

J // g∗

π

��
M

π◦J // h∗

.

Proof. We have only to check the defining equation of the moment map

d〈J ′, ξ〉 = ξMcω

for all ξ ∈ h ⊂ g with J ′ = π ◦ J .
But we have

〈J ′, ξ〉 = 〈π ◦ J, ξ〉 = 〈i∗ ◦ J, ξ〉 = 〈J, i(ξ)〉 = 〈J, ξ〉.

Therefore we derive

d〈J ′, ξ〉 = d〈J, ξ〉 = ξMcω
for all ξ ∈ h. This proves that π◦J is the moment map of the subgroup H ⊂ G. �

In particular, we have

Corollary 24.3. Let (Mi, ωi,Φi, Ji) be two Hamiltonian G-spaces, i.e., for Gi = G
for both i = 1, 2 in Proposition 24.1. Then the moment map for this action is given
by

J(x1, x2) = J1(x1) + J2(x2).

Proof. We first note that the moment map J for the diagonal action is the compo-
sition

M1 ×M2 → g∗ × g∗ → g∗

where the first map is the production map J1×J2 and the second map is the adjoint
map ∆∗ of the diagonal inclusion

∆ : ξ → (ξ, ξ); g→ g× g.

But the latter map ∆∗ : g∗ × g∗ → g∗ is nothing but the sum (µ, ν) 7→ µ+ ν which
finishes the proof.

�

So far we have reduced symplectic manifold alone. Now we want to reduce the
Hamiltonian systems.
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Theorem 24.4. Let (M,ω,Φ, J) be a Hamiltonian G-space and let H : M → R be
a G-invariant Hamiltonian. Then the following hold:

(1) The flow of XH leaves J−1(µ) for all µ ∈ g∗, and hence canonically induces
a flow on the reduced space Mµ := J−1(µ)/Gµ at every µ ∈ g∗.

(2) Furthermore the resulting flow is also a Hamiltonian flow generated by a
unique function, denoted by Hµ : Mµ → R, that satisfies

Hµ ◦ πµ = H ◦ iµ
on J−1(µ). In particular, under this reduction of the flow, the level of
Hamiltonian is unchanged.

Proof. The G-invariance of H means H ◦Φg = H. By differentiating Φ∗gH = H at
t = 0 for g = exp tξ, we obtain dH(ξM ) = 0. We can rewrite

dH(ξM ) = ω(XH , ξM ) = −(ξMcω)(XH) = −d〈J, ξ〉(XH) = −XH [Jξ].

This proves XH [Jξ] = 0 and so the flow of H leaves the function Jξ invariant for
all ξ ∈ g. It is equivalent to saying that it leaves the value of J unchanged under
the flow of XH . This proves Statement (1).

For (2), we also see that H is invariant under the action of Gµ and so the
function H|J−1(µ) descends to a function Hµ on the quotient Mµ = J−1(µ)/Gµ.
By definition, we have

π∗µdHµ = i∗µdH

which is equivalent to
π∗µ(XHµcωµ) = i∗µ(XHcω) (24.1)

on J−1(µ). It remains to show π ◦ φtH is the flow of XHµ . This is a consequence of
the following lemma by considering the derivative

dπµXH(φtH(x))

of π ◦ φtH in t at x ∈ J−1(µ).

Lemma 24.5. XH |J−1(µ) is projectible to the quotient Mµ = J−1(µ)/Gµ and its
projection is the Hamiltonian vector field XHµ on Mµ, i.e.,

dπXH(x) = XHµ(π(x))

at every x ∈ J−1(µ).

Proof. Denote y = πµ(x). We evaluate

(dπµXH(x)cωµ)(v) = ωµ(dπµXH(x), v)

for v ∈ TyMµ. By considering v = dπ(u) for some u ∈ TxJ−1, we arrive at

(dπµXH(y)cωµ)(v) = (dπµXH(y)cωµ)(dπ(u)) = (π∗ωµ)(XH(x), u)

= i∗µω(XH(x), u) = π∗µ(XHµcωµ)(u)

= XHµcωµ(dπ(u)) = (XHµcωµ)(v).

This proves
dπµXH(y)cωµ = XHµcωµ

at each y ∈Mµ. By nondegeneracy of ωµ, we obtain

dπµXH(x) = XHµ(π(x))

for all x ∈ J−1(µ). This proves that XH |J−1(µ) is projectible and its projection is
XHµ . �
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This lemma proves that the projected flow π ◦ φtH is again a Hamiltonian flow
generated by the Hamiltonian vector field associated to the reduced Hamiltonian
Hµ and hence the proof of (2). �
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