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1. INTRODUCTION

This is an answer to question 5 below.

5.)

How is equality of Floer and Morse differential for the Arnold conjecture

proven?

(1)

Is there an abstract construction along the following lines: Given a com-
pact topological space X with continuous, proper, free S'-action, and a
Kuranishi structure for X/S?* of virtual dimension —1, there is a Kuranishi
structure for X with [ XV = 0.

How would such an abstract construction proceed?

Let X be a space of Hamiltonian Floer trajectories between critical points of
index difference 1, in which breaking occurs (due to lack of transversality).
How is a Kuranishi structure for X/S! constructed?

If the Floer differential is constructed by these means, why is it chain homo-
topy equivalent to the Floer differential for a non-autonomous Hamiltonian?

Also some more in the post of March 23.

Q5 Could you write a little longer proof of this point in [FOn1]? Reading it there,
it sounds to me as if there is an abstract notion. In your answer now you again talk
about S'-equivariant Kuranishi structure, and I honestly don’t quite know what

that is ....

is, and

or, more to the point, what an S!'-equivariant good coordinate system
how it is constructed.

Answer (copied from [Fu2].)

(1)(2) We do not think it is possible in completely abstract setting. At least I do
not know how to do it. In a geometric setting such as one appearing in [FOnl, page
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1036], Kuranishi structure is obtained by specifying the choice of the obstruction
space E, for each p. We can take E, in an S' equivariant way so the Kuranishi
structure on the quotient X /S is obtained. And it is a quotient of one on X. S?
equivariant multisection can be constructed in an abstract setting so if the quotient
has virtual dimension —1 the zero set is empty.

(3) We can take a direct sum of the obstruction bundles, the support of which
is disjoint from the points where two trajectories are glued. In the situation of (1)
the obstruction bundle is S' x S! equivariant. The symmetry is compatible with
the diagonal S! action nearby.

(4) Tt is [FOn2, Theorem 20.5].

In this note, we explain the proof of [FOnl] in more detail. Section 2 contains
abstract theory of S!'-equivariant Kuranishi structure. We define the notion of
Kuranishi structure which admits a locally free S! action and its good coordinate
system. We explain how the construction of [FOn2] (that is basically the same as
[FOn1] and [FOOOL1, Sectin A1]) can be modified so that all the constructions are
Sl-equivariant. (So this part contains a detailed answer to the additional question
in the post of March 23.)

In Section 3 we review the moduli space of Floer’s equation (the Cauchy-Riemann
equation perturbed by a Hamiltonian vector field).

In Section 4 we study the case of time independent Hamiltonian and prove in
detail that the Floer’s moduli space has an S' equivariant Kuranishi structure in
that case. Thus this section completes the detail of the answer to (1)-(3).

In Section 5, we prove in detail that the Floer homology of periodic Hamiltonian
system is isomorphic to the singular homology. Namely it provides the detail of the
proof of [FOn2, Theorem 20.5] and is the answer to (4).

We also remark that, at the stage of the year 2012 (when this note is written),
there are two proofs of isomorphism between Floer homology of periodic Hamilton-
ian system and ordinary homology of M. One is in [FOnl] and uses identification
with Morse complex in the case Hamiltonian is small and time independent. This
proof is the same as the one taken in this note. (Namely the proof given in this
note coincides with the one in [FOnl] except some technical detail.) The other uses
Bott-Morse and de Rham theory and is in [FOOO3, Section 26]. (Several other
proofs are written in 1996 by Ruan [Ru], Liu-Tian [LT] also.) This second proof
has its origin in (the proof of) [Ful, Theorem 1.2].

Actually there is a third method using the Lagrangian Floer homology of the
diagonal. In this third method we do not need to study S' equivariant Kuranishi
structure at all. See Remark 5.18.

2. DEFINITION OF S! EQUIVARIANT KURANISHI STRUCTURE, ITS GOOD
COORDINATE SYSTEM AND PERTURBATION.

We define an S' equivariant Kuranishi structure below. A notion of T™ equivari-
ant Kuranishi structure (in the strong sense) is defined in [FOOO2, Definition B.4].
However that definition applies to the case when T acts on the target. The S!
equivariant Kuranishi structure we use to study time independent Hamiltonian is
different therefrom since our S* action comes from the automorphism of the source.
Definition 2.1 gives a definition in the current case. We use the notation of [FOn2,
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Section 1]. Let X be a Hausdorff metrizable space on which S! acts. We assume
that the isotropy group of every element is finite.

Definition 2.1. Let (V,, Ep,T'p, ¥y, sp) be a Kuranishi neighborhood of p € X as
in [FOn2] Definition 1.1, except we do not assume o, = o, for v € T',.> We define
a locally free S' action on this chart as follows.
(1) There exists a group G,, acting effectively on V, and E,,.
(2) G, DT, and the I', action extends to the G, action.
(3) The identity component G, o of G,, is isomorphic to S*. We fix an isomor-
phism b, : ST = G, 0.
) G, is generated by I', and G .
) Gp,0 commutes with the action of T',.
) The isotropy group at every point of G, action on V,, is finite.
(7) sp and 1, are G, equivariant.

Remark 2.2. Note the Conditions (4), (5) imply that G, is isomorphic to the
direct product ' x S
The next example shows a reason why we remove the assumption yo, = op.

Example 2.3. We take V,, = S* x D? and I', = Zs such that the nontrivial element
of I', acts by (¢, 2) +— (t+1/2,—2). (Here S' = R/Z.) G, o = S* acts on V), by
rotating the first factor S*. The action of I, is free. The quotient space V, /I, is
a manifold. The induced S! action on V},/T, is locally free but is not free. The
quotient space V,/G), is an orbifold D?/Zs. See Example 4.26.
Definition 2.4. Let (V,,, Ep, Ty, ¢p, sp) and (Vy, Eq, T, ¢q, 84) be Kuranishi neigh-
borhoods of p € X and ¢q € wp(sgl(O)/Fp), respectively. We assume that they carry
locally free S1 actions. (G, and G,.) Let a triple ((ﬁpq,(épq,hpq) be coordinate
change in the sense of [FOn2, Definition 1.2]. We say it is S equivariant if the
following holds.

(1) hpq extends to a group homomorphism G, — Gy, which we denote by b,.

(2) V,q is G, invariant.

(3) ¢pq : Vog — Vp is hpg-equivariant.

(4) ¢pq is hpg-equivariant.

(5) Bpgoby = by
Definition 2.5. Let (V,, E,, T, 1¥,, sp) and ((Zﬁpq, ®pg, hpq) define Kuranishi struc-
ture in the sense of [FOn2, Definition 1.3] on X. A locally free S' action is assigned

by S! actions in the sense of Definition 2.1 on each chart (Vs Ep, T, 1y, sp) so that
the coordinate change is S equivariant.

Remark 2.6. Let 7 € 1((Vpq N 's;'(0))/Ty), g € ¥p(s,'(0)/Tp). There exists
Your € Tp for each connected component (¢! (Vog) N Vor NV )a of ¢, (Vi) NV N
Vpr by [FOn2, Definition 1.3 (2)]. We automatically have

bpq © th = ,qur . hpr . (W;er)_17 (21)
because S lies in the center and this formula is already assumed for T,..

Lemma-Definition 2.7. If X has a Kuranishi structure with a locally free S!
action then X/S' has an induced Kuranishi structure.

10p € Vp is a point such that ¢ ([op]) = p.
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Proof. Let p € X. We take o, € V], and choose a local transversal V, to the S*
orbit G 00p. We put

F; ={v € Gy |v0p = 0p}.
F;‘ is a finite group. We may choose V, so that it is invariant under F;‘. We

restrict £, to Vp to obtain Fp. The Kuranishi map s, induces 5,.
We may shrink our Kuranishi neighborhood and may assume that

Vo =Gpo 'Vp (22)

for all p.

For x € V,, satisfying s,(z) = 0, we define Jp(:c) to be the equivalence class of
Yp(z) in X/St. Tt is easy to see that (VP,F;,EP,Ep,ip) is a Kuranishi chart of
X/St at [p)].

Let [q] € @p((j), where ¢ € V,. Choose g € X such that ¢ = 1,(§). We have a

coordinate transformation (Vpq, ¢pq, épq) and a group homomorphism b,, : G4 —
G, such that

4 = 9pq(0q) - Ppq(0q)
holds for some g,q(04) € Gp,0. Moreover there exists a smooth map
9pq * Vg = Gpo

such that it coincides with g,,(04) at o4 and

Ipq(T) - Ppg(T) € Vp-

Here V,, is a neighborhood of o, in V,. We define

¢pq(x) = Gpq(T) * Ppg(T).

We shrink V,,, and may assume

By definition
Fq+ ={v € Gy |04 =04}
Using the fact that
{v €Ty |7 bpgl0g) = Ppq(0g)} = hypg(L'g)

and G, o is contained in the center, we find that
{’Y € GP | ryapq(oq) = apq(oq)} = hPQ(F(—;) C F;_

We denote by qu the restricticzn of hpe to I‘q+. It is easy to see that apq is qu

equivariant. We can lift apq to apq using ¢,q and G, action on Ej,.
We have thus constructed a coordinate change of our Kuranishi structure on
X/St. Tt is straightforward to check the compatibility among the coordinate

changes. O

We next define a good coordinate system. We remark that in [FOn2] we defined
a chart of good coordinate system as an orbifold that is not necessarily a global
quotient. So we define a notion of locally free S! action on orbifold.
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Definition 2.8. Let U be an orbifold on which S acts effectively as a topological
group. We assume that the isotropy group of this S! action is always finite. We say
that the action is a smooth action on orbifold if the following holds for each p € U.

There exists an S! equivariant neighborhood U, of p in U and V), a manifold on
which G, acts. (V,,Tp,%,) is a chart of U as an orbifold. The conditions (1)-(6) in
Definition 2.1 hold and ), is G, equivariant. Moreover the S* action on V,,/S' Cc U
induced by b, : S — G, o coincides with the given S' action.

Let S! act effectively on X and assume that that its isotropy group is finite.

Definition 2.9. Suppose X has a locally free S' equivariant Kuranishi structure.
An S equivariant good coordinate system on it is (Uy, Ey, 1y, Sp), (qu,quq,cbpq)
as in [FOn2, Definition 2.2]. We require furthermore the following in addition.

(1) There exists a smooth S action on U, and E,,.

(2) 9y, sp are ST equivariant.

(3) Upq is S* invariant and qASpq, Ppq are S equivariant.

Note the notion of S'-equivariance of maps or subsets are defined set theoreti-
cally.

Lemma 2.10. If (Up, Ep, ¥y, Sp), (qu,épq,qﬁpq) is an S' equivariant good coordi-
nate system then it induces a good coordinate system of X/S*, that is (Uy, Ey, Vs 5p),

(Upmapq)apq); where Up = Up/Sl etc..
Proof. Apply the construction of Lemma-Definition 2.7 locally. O

Proposition 2.11. For any locally free S' equivariant Kuranishi structure we can
find an S* equivariant good coordinate system.

Proof. The proof uses the construction of good coordinate system in [FOn2, Section
4]. We defined and used the notion of pure and mixed orbifold neighborhood there.
We constructed them for Kuranishi structure. We will use pure and mixed orbifold
neighborhood of the Kuranishi structure on X/S! and extend them to ones on X.
The detail follows.

We stratify X = X/S' = |J, X(9) where [p] € X(0) if dimUp,) = 0. So X (0 +
1)/S' = X(d). Let K, be a compact subset of X (0). Let K. be an S'-invariant
compact subset of X () such that K, = K./S!. In [FOn2, Proposition 4.4] we
constructed a pure orbifold neighborhood U, of K, /S L

Lemma 2.12. There exists a pure orbifold neighborhood U, of K. on which St
acts and U, /S* = U,.

Remark 2.13. This lemma is somewhat loosely stated, since we did not define
the notion of S action on pure orbifold neighborhood. The definition is: U, has
locally free effective smooth S! action and all the structure maps commute with S*
action.

Proof. We can prove this lemma by examining the proof of [FOn2, Proposition
4.4]. Namely U, is obtained by gluing various Kuranishi charts and restricting it
to suitable open subsets. We take the inverse image of U, — U, of those charts.
We can then glue and restrict them in the same way to obtain U,. We omit the
detail. (]
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In [FOn2, Section 4] we then proceed to define mixed orbifold neighborhood of
X (D) for an ideal D C ®. For an ideal D C ® we put D™ = {0+ 1|0 € D}.

Lemma 2.14. We assume that {Uy} together with other data provide the mized
orbifold neighborhood of X (D) obtained in [FOn2, Proposition 4.13].

Then we can take S equivariant mized orbifold neighborhood {Uy,1} (plus other
data) on X(D*Y) such that Uy = Uy41/S*.

Proof. This is proved again by examing the proof of [FOn2, Proposition 4.13] and
checking that the gluing process there can be lifted. This is actully fairly obvious.
|

‘We remark that the chart of good coordinat system on X constructed in [FOn2)]
is Uy and other data of good coordinate system is obtained by the structure maps
etc. of mixed orbifold neighborhood. Therefore U441 becomes the required S*

equivariant good coordinate system of X. The proof of Proposition 2.11 is complete.
O

Lemma 2.15. If the dimension of X/S' in the sense of Kuranishi structure is —1
then there exists an S equivariant multisection on the good coordinate system Uy
of X whose zero set is empty.

Proof. 1t suffices to define an appropriate notion of pull back of the multisection of
U, to ones of U,. This is routine. ([l

3. FLOER’'S EQUATION AND ITS MODULI SPACE

In this section we concern with the moduli space of solutions of Floer’s perturbed
Cauchy-Riemann equation. Such a moduli space appears in the proof of Arnold’s
conjecture of various kinds. In the next section, we prove existence of S! equivariant
Kuranishi structure of such a moduli space in the case when our Morse function is
time independent.

Let H : X x S — R be a smooth function on a symplectic manifold X. We
put Hy(z) = H(t,x) where t € S* and € X. The function H, generates the
Hamiltonian vector field Xg, by

ix,,w = dH,.

We denote it by P(H) the set of the all 1-periodic orbit of the time dependent
vector field Xp,. We put

BH) = {(v,w) | v € B(H), u: D* = X, u(e®™) =1(t)}/ ~,
where (y,w) ~ (7/,w’) if and only if v =+ and
w([w] = [w]) =0, ¢ ([w] - [w]) =0.
(Here w is the symplectic form and ¢! is the first Chern class.)

Assumption 3.1. All the 1-periodic orbits of the time dependent vector field X,
are non-degenerate.

Following [F12], we consider the maps h: R x S' — X that satisfiy
oh oh

- =0. A4

87‘+J<8t %Hf,) 0 (3.4)
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Here 7 and ¢ are the coordinates of R and S' = R/Z, respectively. For 5+ =
(v, w*) € P(H) we consider the boundary condition

limh(r,t) = YE(®). (3.5)

The following result due to Floer [F12] is by now well established.

2

Proposition 3.2. We assume Assumption 3.1. Then for any solution h of (3.4)
—|| drdt < o0

with
/RX S1 87'

there exists v£ € SB(H) such that (3.5) is satisfied.
Let 3% = (v*, w*) € PB(H).

Definition 3.3. We denote by Mreg(X, H;5~,77T) the set of all maps h : Rx S —
X that satisfy (3.4), (3.5) and

wH#Hh ~wT.
Here # is an obvious concatenation.
The translation along 7 € R defines an R action on M™8(X, H;5~,5"). This

R action is free unless 4~ = 4. We denote by M*&(X, H;5~,5") the quotient
space of this action.

Theorem 3.4. ([FOnl, Theorem 19.14]) We assume Assumption 3.1.
(1) The space M™8(X, H; 5~ ,4T) has a compactification M(X, H;5~,57).
(2) The compact space M(X, H;5~,5") has an oriented Kuranishi structure

with corners.
(3) The codimension k corner of M(X, H;5~,5%") is identified with the union

of

k . .
[IMmx, 15,57
=0

over the k + 1-tuples (7°,...,7%TY) such that 3° = 3=, ¥**! = 3+ and
¥ € P(H).

The proof is in Section 5.

The main purpose of this section is to explain the proof of the next result. We
consider the case when H is time independent. In this case, Assumption 3.1 implies
that H : X — R is a Morse function. We also assume the following:

Assumption 3.5. (1) The gradient vector field of H is Morse-Smale.
(2) Any 1-periodic orbit of Xy is a constant loop. (Namely it corresponds to
a critical point of H.)

Condition (1) is satisfied for generic H. We can replace H by eH for small € so
that (2) is also satisfied.
By assumption, elements of 3(H) are constant loops. We write r € X to denote
its element. We put
o= Immo(X) — H*(X;Z)
~ Ker(c!) NKer(w) NIm(ma(X) — H2(X;Z))'
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(Here we regard ¢' : H*(X;7Z) — Z, w : H*(X;Z) — R.) An element of P(H) is
regarded as a pair (3, «), where 3 is a critical point of H and « € II.

We put

M (X, Hi37 57 0) = MPS(X, H; (37, 07), (37, a7 +a)).

It is easy to see that the right hand is independent of o~ € II.

Let M(X, H;37,3%; ) be its compactification as in Theorem 3.4.

Let M™8(X, H;3,3; oz)S1 be the fixed point set of the S! action obtained by
toh(r,t) = h(1,t 4+ to). It is easy to see that this set is empty unless & = 0 and in
the case o = 0 the fixed point set /\/l‘"eg(X,H;;f,g,Jr;O)S1 can be identified with

the set of gradient lines of H joining 3~ to 37. This identification can be extended
to their compactifications.

Assumption 3.6. (1) M(X,H;3,3; O)S1 is an open subset of M (X, H;37,3%;0).
Namely any solution of (3.4) which is sufficiently close to an S* equivariant
solution is S! equivariant.

(2) The moduli space M(X, H;37,3";0) is Fredholm regular at each point of
M(X, H;37,3750)%.

Lemma 3.7. Assumption 3.6 is satisfied if we replace H by eH for a sufficiently
small €.

Proof. (2) is proved in [FOnl, page 1038]. More precisely it is proved there that
for sufficiently small € the following holds. Let ¢ be a gradient line joining 3~ to
37 and hy be the corresponding element of M(X,eH;37,3"; O)Sl. We consider the
deformation complexes of the gradient line equation at ¢ and of the equation (3.4)
at hy. The kernel and the cokernel of the former are contained in the kernel and
the cokernel of the later, respectively. It is proved in [FOnl, page 1038] that they
actually coincide each other if € is sufficiently small.

Since H is Morse-Smale the element ¢ is Fredholm regular in the moduli space
of gradient lines. Therefore by the above mentioned result the moduli space
M8(X eH;37,37;0) is Fredholm regular at hy. This implies (2). (1) is a con-
sequence of the same result and the implicite function theorem. (We remark that we
can prove the same result at the point M (X, eH;37,37"; a)Sl\Mreg(X, eH;37 3T, a)sl

in the same way.) O
We put
Mo(X, Hyx™,¥50) = M(X, H;y ™, §750) \ M(X, Hr™ §7:0)% (3.6)

Lemma 3.7 implies that Mo (X, H;x~,£";0) is open and closed in M(X, H;z™,£7;0).
Theorem 3.8. ([FOnl, page 1036]) If we assume Assumptions 3.1, 3.5 and 3.0,
then the following holds.

(1) In case a # 0 the Kuranishi structure on M(X, H;x™,t7; ) can be taken
to be S' equivariant.
(2) In case a =0 the same conclusion holds for Mo(X, H;x™,";0).

4. St EQUIVARIANT KURANISHI STRUCTURE FOR THE FLOER HOMOLOGY OF
TIME INDEPENDENT HAMILTONIAN.

In this section we prove Theorem 3.8 in detail. We begin with describing the com-
pactification M(X, H;37,3"; @) of the moduli space M*(X, H;37,37;a). Here
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we include the case o = 0 and the S! fixed point since it will appear in the fiber
product factor of the compactification.
We consider (3, z_, z1 ), a genus zero semistable curve with two marked points.

Definition 4.1. Let X be the union of the irreducible components of ¥ such that

(1) z—,2z4 € Xo.

(2) 3 is connected.

(3) X is smallest among those satisfying (1),(2) above.
We call X the mainstream of ¥. An irreducible component of ¥ that is not con-
tained in X is called a bubble component.

Let ¥, C ¥ be an irreducible component of the mainstream. If z_ ¢ ¥, then

there exists a unique singular point 2z, _ of ¥ contained in ¥, such that

(1) z— and X, \ {24,—} belong to the different connected components of X \
{#a,— }.
(2) z4 and ¥, \ {24, } belong to the same connected components of X\ {z, —}.
In case z_ € X, we set z_ = z4,_.
We define z, 4 in the same way.
A parametrization of the mainstream of (X,z_,z4) is ¢ = {ps}, where ¢, :
R x 81 — ¥, for each irreducible component ¥, of the mainstream such that:

(1) g is a biholomorphic map ¢, : R x S 2 ¥, \ {24 —, 24+ }-
(2) lim; 400 @a("_a t) = Za,*-

Definition 4.2. We consider the triple ((X, 2—, 24 ), u, ¢) where:

(1) (%, 2—,24+) is a genus zero semistable curve with two marked points.

(2) ¢ is a parametrization of the mainstream.

(3) u:X¥ — X a continuous map from ¥ to X.

(4) If 3, is an irreducible component of the mainstream and ¢, : R x St — 3,
is as above then the composition h, = u o @, satisfies the equation (3.4).

(5) If ¥, is a bubble component then u is pseudo-holomorphic on it.

(6) u(> ) =5, u(zy) = 5.

(7) [u«[X]] = a. Here a € 1.

We denote by M\(X,H;g,*,jﬂa) the set of all such ((2,2_,24),u, ¢).

Definition 4.3. On the set M\(X,H;g‘,;ﬁ, a)) we define three equivalence rela-
tions ~q, ~9, ~3 as follows.
(B, 2, 24),u, ) ~1 (X, 22, 20),4',¢) if and only if there exists a biholomor-
phic map v : ¥ — X/ with the following properties:
(1) v =uow.
(2) v(2-) = 2~ and v(z4) = #/,. In particular v sends the mainstream of ¥ to
the mainstream of ¥'.
(3) If X, is an irreducible component of the mainstream of ¥ and v(%,) = X/,
then we have
Vo, = @h. (4.7)
The equivalence relation ~s is defined replacing (4.7) by the existence of 7, such
that
(vopa)(r,t) = ¢u(T + 7a, t). (4.8)
The equivalence relation ~3 is defined by requiring only (1), (2) above. (Namely
by removing condition (3).
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Remark 4.4. After taking the ~3 equivalence class, the data ¢ does not remain.
Namely ((27 Z—y Z+)7 U, 90) ~3 ((Ea ) Z+)a u, 50/) for any ¢, 90/'

Definition 4.5. We put

M(X, Hi5™ 3" ) = M(X, Hi3™ 5%, 0)/ ~1,
M(X,Hi3™ 57, 0) = M(X, H3 7,57, )/ ~a

MX Hi5™.5%,0) = M(X, Hi57.5%,0)/ ~a -
We use p etc. to denote an element of M(X,H;37,5%,a). We denote by [p] its
equivalence class in M(X, H;37,3%, ).

Let ((2,2-,24),u,¢) be an element of M(X, H;3,3",«). Suppose the main-
stream of ¥ has k irreducible components. We add the bubble tree to the irreducible
component of the mainstream where it is rooted. We thus have obtained a decom-
position

k
D= % (4.9)
i=1

Here z_ € ¥4, z4 € ¥ and #(X; N X;41) = 1. We call each summand of (4.9)
a mainstream component. We put z;11 = ¥; N 3;41 and call it (i + 1)-th transit
point. We put 3; = u(z;) and call it a transit image.

Let p = ((,2-,24),u, ) € /\//Y(X, H;37,3",a) and 3; be one of its mainstream
component. We restrict u, ¢ to X; and obtain p;. We say that ¥; is a gradient line
component if p; is a fixed point of the S* action.

In the definition of M\(X, H;37,3", a) we forget the map u but remember only
the homology classes of u|y, of each irreducible components and the image u(z;)
of the transit points (that are critical points of H). We then obtain a decorated
moduli space of domain curves, ./(/t\(;,’, 3T, a). We define equivalence relation ~;
(j = 1,2,3) on it in the same way and obtain M(37,3", ), M(37,3", ), and
MG™05%, ). . -

For each element p of M(X, H;37,3", ) etc., we obtain an element r, of M(37,31, a)
etc. by forgetting\u.

For each p € M(X,H;3,37,a) etc. orr € ./T/l\(;f,;,*, a) ete., we define a graph
Gy or G, in the same way as [FOOOb5, Section 2.1]. (We include the data of the
homology class of each component and the image of the transit point in G, (resp.
G:). We call G, (resp. G,) the combinatorial type of p (resp. r). We denote by
./T/l\(X,H;gf,;ﬁ,a;Q) etc. or /\7(;,*,3+,a;g) etc. the subset of the objects with
combinatorial type G.

We consider the subset M\reg(X,H;;,‘,3+,a) of M\(X,H;ﬁ_,3+,a) consisting
of the elements ((X,z_,24),u,¢) such that ¥ = S%. Let ./,\/lvreg(X,H;g,_,;,“‘,a),
M8(X H;37,37, ), ﬂreg(X,H;f,;ﬁ, a) be the ~1, ~g, ~3 equivalence classes
of M\reg(X, H;37,3", a), respectively.

It is easy to see that Mreg(X, H;37,37,a), M™8(X,H;3,3",a) coincide with
the ones in Definition 3.3. In particular

M8(X, H; 37,57, 0) = MU8(X, H;37,57,a)/R. (4.10)
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Here the R action is obtained by the translation along the R direction of the source
and is free.
Moreover we have
—_—reg
M (X, H;37 5T, ) 2 M™8(X, H; 37,57, 0)/5". (4.11)
Here the S! action is obtained by the S! action of the source.
We however remark that the fiber of the canonical map

M(X,H;37,57,a) = M(X,H;37,35%,a) (4.12)

between the compactified moduli spaces may be bigger than S1. In fact if (3, 2_, 2 )
has k mainstream components then the fiber of [(X, 2_, 21 ), u, @] in M(X, H; 37,37, a)
is (S1)* for the generic points.

On the other hand there exists an S* action on M(X, H;37,3", a) obtained by

to - [(B,2—, 24),u, 0] = [(B,2—, 24 ), us to - ]
where
(to - @)a(T,t) = pa(7,t + to).
Definition 4.6.
M(X, Hy5™ 5%, 0) = M(X, Hi37,57,0) /8"

The map (4.12) factors through M(X, H;37,3%, ).

We can prove that M(X, H;37,3",a) is compact in the same way as [FOnl,
Theorem 11.1].

In place of taking the quotient by the R action in (4.10) we can require the
following balancing condition. (In other words we can take a global section of this
R action.)

Definition 4.7. Let ((X, 2,24 ),u,p) € M(X,H;;,_,fr,a). Suppose that it has
only one mainstream component. We define a function A : R\ a finite set — R as
follows.

Let 70 € R. We assume ({79} x S!) does not contain a root of the bubble
tree. (This is the way how we remove a finite set from the domain of A.) Let X,
i =1,...,m be the set of the irreducible components that is in a bubble tree rooted
on R<,, x S'. We define

A(ro) = ;/Ev u*w—|—/T:700 /teSI(uogo)*w—!— o H(u(p(ro,t)))dt. (4.13)

This is a nondecreasing function and satsifies

im A()=HGo), i A(r) = H(z) +anw.

T—+00
We say ¢ satisfies the balancing condition if

lim A7) < 3 (H(3) + H(31) +0nw) < T A(7). (1.14)

In case ((X,2_,24),u,p) € M(X, H;37,3",a) we require the balancing condition
in mainstream-component-wise.
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Remark 4.8. We remark that there exists unique ¢ satisfying the balancing condi-
tion in each of the R orbits, except the following case: u is constant on the (unique)
irreducible component in the mainstream. (In this case there must occur a non-
trivial bubble.) The uniqueness breaks down in the case when there exists 79 such

that
i/ wrw = 1w Na
i=1 Z"i 2

in addition. (Here {v; |7 =1,...,m} is the bubbles associated to 7y as in Definition
4.7.) In such a case we replace A by the following reguralized version

/ _ l / —(17—70)? d
To) = e T)dT.
A'(7o) N A(T)
The first derivative of A’ is always strictly positive. So there exists a unique ¢
satisfying the modified balanced codition (using .A") in each R orbit.

Note however the balancing condition will be mainly used later to define canon-
ical marked point. In the case there is a sphere bubble we will not take a canonical
marked point. So this remark is only for consistency of the terminology.

We have thus defined a compactification of M™8(X, H;37,3%,a). We will con-
struct a Kuranishi structure with corner on it. The construction is mostly the same
as the proof of [FOOO5, Theorem 2.3|, which is a detailed version of the proof of
[FOnl, Theorem 7.10]. Here we explain this proof in more detail than [FOnl].

We first remark that M(X, H;37,3",a) does not have Kuranishi structure in
general. (Even in the case a # 0.) This is because there is an element in this moduli
space whose isotropy group is of positive dimension. Namely if 3J; is a gradient line
component, then the biholomorphic S! action on the component ¥; is in the group
of automorphisms of this element of M(X, H;37,37, ). So a neighborhood of this
element may not be a manifold with corner.

On the other hand, the S action on M(X, H;37,3%,a) is always locally free
(namely its isotropy group is a finite group) in case a # 0. In the case of o = 0 the
St action on Mo(X, H;37,3%,0) is locally free.

To define obstruction bundle on the compactification we need to take an obstruc-
tion bundle data in the same way as [FOOO5, Definition 2.33]. To keep consistency
with the fiber product description of the boundary or corner of M(X, H;37,3%, )
we will define it in a way invariant not only under the S! action but also un-
der the (S1)* action on the part where there are k irreducible components in the
mainstream.

We also need to consider the case of gradient line component at the same time.
Note we assumed that the map « is an immersion at the additional marked points
in [FOOO5, Definition 2.31 (3)] (the definition of symmetric stabilization). In case
of gradient line component, there is no such point. However since we assumed that
the gradient flow of our Hamiltonian H is Morse-Smale and satisfying Assumption
3.6 (2), we actually do not need to perturb the equation on such a component. So
our obstruction bundle there is, by definition, a trivial bundle. (And we do not
need to stabilize such a component to define obstruction bundle.)

Taking this into account we define the obstruction bundle data in our situation
as the following Definition 4.12.
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Definition 4.9. A symmetric stabilization of ((X,2_,24),u,®) is @ such that
wWNX; is a symmetric stabilization of ¥; in the sense of [FOOOS5, Definition 2.31]
if 3; is not a gradient line component, and W N X; = @ if ¥; is a gradient line
component.

Definition 4.10. Let p = ((X,2_,24),u,p) be as above. We assume %; is a
gradient line component. Note, then ¢(7) = u(p;(7,t)) is a gradient line joining
transit images 3; and 3;41. There exists a unique 7y such that

1
H(l(mo)) = 5 (H(3:) + H(3i41)) -
We put w; = ¢;(79,0), which we call the canonical marked point of our gradient
line component.

Remark 4.11. We remark that the pair (p,w;) where w; is the canonical marked
point depends only on the ~3 equivalece class of p in the following sense. Suppose
p ~3 p’. We define w] in the i-th mainstream component of 3, as above. Then
there exists an isomorphism v : ¥, — X, satisfying Definition 4.3 (1), (2) and such
that v(w;) = w!. This is because u is S* equivariant on this irreducible component.

On the other hand, if the homology class u.([2;]) is nonzero, the pair (p,w;) is
not ~3 equiviant to (p,w}) in the above sense, where w} = ¢; (79, 0) -

We remark that, if the i-th mainstream component J; consists of a gradient line
and sphere bubbles, then we put @ only on the part of the sphere bubble. Note
the irreducble component that is the intersection of this mainsteam component and
the mainstream is (source) stable since the root of the bubble is the third marked
point.

Definition 4.12. An obstruction bundle data €, centered at

] = (S, 20, 24 u, 0] € M(X, H337 5%, )

is the data satisfying the conditions described below. We put r = (2,2_,2).
Let r; be the i-th mainstream component. (It has two marked points.) We put
Q; = U*[Ez} e IL

(1) A symmetric stabilization @ of p. We put w® = @ Ny;.

(2) The same as [FOOOS5, Definition 2.33 (2)].

(3) A universal family with coordinate at infinity of r, U@ Uw*". Here we put
canonical marked points (Definition 4.10) for each gradient line components
and denote it by wW". We require some additional condition (Condition
4.13 below) for the coordinate at infinity.

(4) The same as [FOOO5, Definition 2.33 (4)]. Namely compact subsets K°Pst
of ¥,. (The support of the obstruction bundle.) We do not put Kot on
the gradient line components. In case the i-th mainstream component ¥;
consists of a gradient line and sphere bubbles, then we put K°P* only on
the bubble.

(5) The same as [FOOOb5, Definition 2.33 (5)]. Namely, finite dimensional
complex linear subspaces E, (9,u). We do not put them on the gradient
line components. In case i-th mainstream component ¥; consists of the
gradient line and a sphere bubble, then we put them only on the bubble.
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(6) The same as [FOOOS5, Definition 2.33 (6)] except the differential operator
there
D3 L7, 1 5((Sy, 0%y, );u"TX,u*TL)

4.15
— L?n,é(Zm;U*TX @A"Y /By (9, u) ( )

is replaced by the linearization of the equation (3.4)

(7) The same as [FOOOS5, Definition 2.33 (7)].

(8) We take a codimension 2 submanifold D; for each of w; € & in the same
way as [FOOOS5, Definition 2.33 (8)]. We remark that we do not take such
submanifolds for the canonical marked points € wW". (In fact since u is
not an immersion at the canonical marked points we can not choose such
submanifolds.)

We require that the deta KoPst E, (9, u) depend only on the mainstream com-
ponent p; = [(X;, zi—1, i), u, ¢] (Here z; is the i-th transit point.) that contains the
v-th irreducible component. We call this condition mainstream-component-wise.

The additional condition we assume in item (3) above is as follows.

Condition 4.13. (1) Let z;41 be the (i41)-th transit point, which is contained
in ¥; and in ¥;11. Then the coordinate at infinity near z; 1 coincides with
the parametrization ¢; or ;11 up to the R x S! action. Namely it is
(1,t) = @i(T + T0,t + to) (resp. @iy1(T + 10,1+ to)) for some 7y and ty.

(2) Let z be a singular point that is not a transit point and 3, an irreducible
component containing z. Since X, is a sphere there exists a biholomorphic
map

¢: Y, 2CU{oc}

such that ¢(z) = 0.
Then a coordinate at infinity around z is given as

(7_7 t) — ¢—1 (6i2w(7+ﬁt))’

for some choice of ¢. Here £+ depends on the orientation of the edge corre-
sponding to z.

Note the choice of coordinate at infinity satisfying the above condition is not
unique.

Remark 4.14. In (2) above we make full use of the fact that our curve is of genus
0. The construction of [FOOO5] is designed so that it works in the case of arbitrary
genus without change. So we did not put this condition in [FOOOS5]. Condition
4.13 (2) will be used to simplify the discussion on how to handle the Hamiltonian
perturbation in the gluing analysis. See Lemma 4.24.

We can prove the existence of an obstruction bundle data in the same way
as [FOOO5, Lemma 2.37]. For example we can choose the marked points o as
follows: We remark that the restriction of u to the irreducible component X, is not
homologous to zero except the following two cases. So we can find a point of 3, at
which v is an immersion and take it as an additional marked point.

(1) Xy is in the mainstream and is not a root of the sphere bubble.
(2) X, is in the mainstream and is a root of the sphere bubble.
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In Case (1), we take only the canonical marked point on this component. In Case
(2), this irreducible component is stable. So we do not take additional marked point
on this component. Thus we can define .

We take and fix obstruction bundle data for each element of M(X, H;37,3", a).

We defined the moduli spaces /\//\l(g_,5+,a), M(37,3F,a), and M(37,3", ) in
Definition 4.5. We add ¢ additional marked points on it and denote the moduli space
of such objects as /\//\15(3_,5+,a), My(37 .37, @), and My(37,31,a). We denote
by MeGG™,37,0:G), My(G™,37,0:G), and My(37,3T,;G) its subset so that its
combinatorial type is G. (We include the datum on how the additional marked
points W in G are distributed over the irreducible components.)

Let ((3,2-,24),u,) Ul UW = pUwU T be as in Definition 4.9 with
decomposition (4.9). We put ¢ = # (& U @) and denote by B(p U @ U ") a
neighborhood of r, U@ U@ in My (37,3, ; Gpugudean).

In the same way as [FOOO5, Definition 2.14] we define a map

O V(pUdUT™) x (T,00] x SY) = M35, ), (4.16)
that is an isomorphism onto an open neighborhood of [z, U W U @W"]. Here the
notation ((T',00] x $1) is similar to [FOOO5, Definition 2.13].

We next add the parametrization ¢ of the mainstream to the map (4.16) and
define its M,(37,3", a)-version below.

We define a manifold with corner D(k; Tp) as follows. We put

D(k;Ty) = {(Th,...,Tx) €ER* | Ty —T; > Ty} (4.17)

We (partially) compactify D(k;fg) to E(k;fo) by admitting T;11 — T; = oo as
follows. We take s; = 1/(T;41 —T;) then T} and s7,. .., s, define another param-
eters. So (4.17) is identified with R x [T, (0,1/Ty]. We (partially) compactify it
to R x [TV ,[0,1/Tp,].

By taking the quotient of the R action T(T1,...,Tx) = (Th+T,..., Tx + T), we
obtain D(k; Ty) and D(k; Tp). B

Let V(p U U ) C Me(37,3", a5 Gpuguaen) be the inverse image of B(p U
w U W) under the projection

M€(37v5+;a;gpuw'uﬁc““) — Mg(37,5+,04). (418)

Remark 4.15. Note for an elements ((¥', 2,2/, ), ¢’") U’, the marked points w;

can

that correspond to canonical marked points € W may not be canonical. (Namely
it may not be of the form ¢'(79,0) where 79 is an in Definition 4.10.)

Me(37,3", a; Gyumugesn) carries an (S1)F action on it given by
(t1, - ti) (2, 22, 24), u, @) U U ™) = (2, 2—, 24 ), u, ') U U™
where p = (¢;)%_, and ¢’ = (})¥_, such that
@i(1,t) = pi(T,t + ).

This action is locally free and the map (4.18) can be identified with the canonical
projection:

M£(37,3+, &S gpuﬁuwcaﬂ) - M£(37a5+; Q; gpuwuﬁcan)/(sl)k'
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It follows from this fact that U(p U @ U wW") is an open neighborhood of the
inverse image of [p] in M;(37,37, a; Gpuwugean )-
We now define:

B(p UdUT™) x D(k; Th) x Il%w SN/ ~) = My(5™5%,0) (4.19)

that is a homeomorphism onto an open neighborhood of the inverse image of [p] in
M(37,3,a). (Here ~ is as in [FOOO5, Remark 2.9].)

Let n € V(pUwUw) and (T',0) € D(k; Ty) x ([T7~, (Th,;,00] x 1)/ ~). Note

U(p U U W) is the quotient space of the R action We represent the quotient
by the slice obtained by requiring the balancing condition (Definition 4.7).

The element ) comes with the coordinate around the m singular points of ¥ that
are not transit points. (This is a part of the stabilization data centered at p.) We
use the parameters in ([~ (To,;,00] x S*)/ ~ to resolve those singular points.

The rest of the parameter 7’ = (Ty,...,Tx) € D(ki, k:g;fo) is used to resolve
the transit points as follows. We consider the case this parameter 7" is in lo)(k;, Tp).
Let us consider

[—5T;,5T;]; x S}
and regard it as a subset of the domain of ¢; : R x S — ¥;. We define

©o : U —5T;,5T3); x S}) = R x S*

as follows. If (7,t) € [-5T;,5T;]; x S} then
wo(r,t) = (7 + 1073, 1).

We use pgop; ! to identify (a part of) ¥; with a subset of R x S'. We then use this
identification to move bubble components (glued) and marked points. So together
with R x St it gives a marked Riemann surface. We thus obtain ).

The image of ¢ are in the core of ) and the complement of the core in the
mainstream is the neck region.

By taking a quotient with respect to the R action, we obtain:

Y =2y, T.0) € M35, ).
We have thus defined (4.19).

We next consider ((¥, 2", 2/ ),u',¢") U@’ and define the e-close-ness of it from
[pUBUT] = [((2, 2, 24), u, )U’Jf W], Here (X', 27, 2),u/,¢") is assumed
to satisfy Definition 4.2 (1)(2)(3)(6)(7) and @’ is the set of ¢ additional marked

points. We decompose

k/
=35 (4.20)
j=1

into the mainstream components. Let 2 be the j-th transit point and o = w/ ([¥%]).
We assume there exists a map ¢ : {1,...,k'} = {1,...,k} such that
(a) ulzigy) = u'(2)
i(j+1)—1
(b) Zzgz(J)) Q; = 0‘;"
Here z; is the the i-th transit point of p and a; = u.([X;]).
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Definition 4.16. We say ((X', 2,2/ ),u,¢") U’ is e-close to [p Uw Uw**"] if the
following holds.
(1)

—

(2,2, 24 ), ) U = B(F, T, 0) (4.21)

where §j € U(p U@ Uw). And [FOOO5, Definition 2.38 (1)] holds.
) [FOOO5, Definition 2.38 (2)] holds.

(3) [FOOO5, Definition 2.38 (3)] holds.

(4) [FOOOS5, Definition 2.38 (4)] holds. (Namely each of the component of T
is > 1/e.)

(5) If Xi, i =14(j),...,i(j +1) — 1 are all gradient line components, then X} is
also a gradient line component that is e-close to the union of the gradient
lines ulx,, i = i(j),...,i(j + 1) — 1. We also require that @' N ¥; consists
of i(j +1) —i(j) points 2}y .-, 2j(; ;1) such that

H(z) — % (H(3:) + H(3iv1))| <€

for i(j) <i<i(j+1)—1.

If (X, 20,2 ),u,¢") Ul is e-close to [p Uw U W] and € is sufficiently small,
we can define an obstruction bundle for ((X',2.,2)),u’,¢’) in a similar way as

[FOOO05, Definition 2.41] as follows.

Definition 4.17. We consider the decomposition (4.20) of ¥’ into the mainstream
components and define i(j) as in (a),(b) there. We will define an obstruction bundle
supported on each of E;.

If 2’ is a gradient line component then we set an obstruction bundle to be trivial
on Y.

Suppose E;- is not a gradient line component. We remove all the marked points
W' N that correspond to @**". We denote by @, ; C w’'NY’ the remaining marked
points on Y. It is easy to see that (X7; 2}, 2%, ) U, ; is stable. Let @y ; C w be
the set of the marked poins on ¥ corresponding to the marked points IU{M.

In the union Uz(:jjzjl)) ~1'%;, we shrink each of the gradient line components 3; to
a point. Let ¥ ; be the resulting semi-stable curve. Then (2o ;; 2i(5), Zi(j+1)) Uto, 5
is stable. It has a coordinate at infinity induced by one given in Definition 4.12 (3).
We remark that the union of the supports of the obstruction bundles in Uzg;;))_l i
may be regarded as subsets of X ;.

We observe that (37; 2}, 25, 1) U ; is obtained from (Xo ;5 zi(jy, 2i(j+1)) U Wo,;
by resolving singular points. Therefore using the above mentioned coordinate at
infinity we have a diffeomorphism from the supports of the obstruction bundles in
U;ﬁ(:jj(jl))*l ¥.; onto open subsets of E;, together with parallel transport to define an

obstruction bundle on X%, in the same way as [FOOOS5, Definition 2.41].

Remark 4.18. We remark that by construction the obstruction bundle that we
defined on ((X', 2,2/ ),u,¢") U’ is independent of the marked points € @’ cor-
responding to the canonical marked points wW". This is important to see that our
construction is S' equivariant.
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In other words, the canonical marked points W and the corresponding marked
points in @’ do not play an important role in our construction. We introduce them
so that our terminology is as close to the one in [FOOQ5] as possible.

In the same way as [FOOOS5, Corollary 2.43], we can show this obstruction bun-
dle is independent of the equivalence relation ~; (i = 1,2,3) that are defined in
the same way as Definition 4.3. We can define Fredholm regurality and evaluation-
map-transversality of such obstruction bundle in the same way as [FOOO5, Defi-
nition 2.44], [FOOO5, Definition 2.46], respectively. Then an obvious analogue of
[FOOOS5, Proposition 2.48] is proved in the same way.

Definition 4.19. Suppose ((X',2., 2/ ), v/, ¢") U’ is as in Defintion 4.16. We say
that it satisfies the transversal constraint if the following holds.

(1) Let w} be one of the elements of «'. If the corresponding w; € @ U @ is

contained in @ then u'(w}) in contained in the codimension 2 submanifold

D; that are given as a part of Definition 4.12 (8).

(2) Suppose E; is a gradient line component and w/

z(j)+1""’w;(j+1) = 117’02;».
Then

H(u(uf)) =

3

(H(3:) + H(3i+1))

M| —

fori(j)+1<i<i(j+1).

(3) Let wi,...,w], be the points in @’ corresponding to wW". We may assume
that they are all contained in the mainstream (by taking e small.) Then
we require that the S* coordinate thereof are all [0] € R/Z = S*.

Then for each p € M(X,H;37,37,a) we fix an obstruction bundle data €,
centered at [p]. In particular we have @,. We choose €, so that the conclusion of
[FOOO5, Lemma 2.50] holds.

For each [p] € M(X, H;37,3", @) we denote by 20, the subset of M(X, H;37,37, a)
consisting of [p’] satisfying the following conditions. There exists &’ such that p’ U’
is ep-close to [p U P U we"].

We then find a finite set € = {p.} such that

UIntQIIpC =M(X,H;3 ,37,a).

where 20, consists of elements p with the following property: there exists @, such
that p U, is €y, -close to p. U, Uw and W, satisfies the transversal constraint.

We can construct such € = €(«) mainstream-component-wise in the following
sense. We decompose p = Up; into its mainstream components. Then p € €(a) if
and only if p; € €(a;)? for each i. As long as we consider a finite number of s,
we can construct such €(«) inductively over the energy of a.

For each [p] € M(X,H;37,3",a) we define the notion of stabilization data in
the same way as [FOOOS5, Definition 2.57]. (In other words we require Definition
4.12 (1)(2)(3)(8).)

We put

@[p] ={ce €(a)]p] € Int Qﬂpc}. (4.22)

2For the component «; = 0 we take a sufficiently dense subset of the moduli space of gradient
lines and use it.
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We remark that that if ¢ € €, there exists @} such that p U @} is e.-close to
pe U W, Uw® and WP satisfies the transversal constraint. We take such @¥ and fix
it.
Let o
(b] = [(Zp, 2p.—» 2p.4)s tp, 0p)] € M(X, H3 37,37, ).
Definition 4.20. We define a thickened moduli space
Mg, 0. (X, Hi 37,37 asps24B), 5 (4.23)

€0, To
as follows. (Here A C B C €p,).)
(4.23) is the set of ~3 equivalence classes of ((),u', "), @y, (@) with the fol-
lowing properties.

(1) (D, v/, ¢") U, is eo-close to p Uy, Uw. Here £, = #i,.

(2) (V,u,¢") U, is ep-close to p U w?. Here £, = #u..

c

(3) On the bubble we have
o' =0 mod Ey.

Here £y is the obstruction bundle defined from Definition 4.17 in the same
way as [FOOOb5, Definition 2.55].

(4) On the i-th irreducible component of the mainstream we consider h] =
u’ o }. Then it satisfies

on, on,
87’1 +J ( 8; —%Ht> =0 mod &Exy.

Here £y is as in (3).

= carries the fol-
€0,To

The next lemma says that M(Zp’(gc))(X, H;37 37, a;p;2;8)
lowing S! action.

Lemma 4.21. Suppose that (9, ', ¢"), W), (W) is an element of our moduli space
M(ZP,(&;))(Xa Ha 3, 3+7 a; p; le %)Emfo and tO € Sl' Then ((@a ’U/, to@/), tow;:n (to’lﬁé))
is an element of Mg, (. (X, H;3 3%, a2 EB)EO 7, Here (to-¢")(1,t) = (7, t+
to). We define towl, as follows. (towl); = (wl); if it corrresponds to a marked
point in Wy,. If (W.); corresponds to a canonical marked point then (tyw.); =
((to - ¢") o (0) 1) ((W0)2)-

Proof. The only part of our construction which potentially breaks S' symmetry is
Definition 4.19 (3). However as we remarked in Remark 4.18, the marked points

that correspond to the canonical marked points do not affect the obstruction bundle.
Therefore S symmetry is not broken. O

Definition 4.22. We denote by V(EW(ZC))(X,H;g,‘,;,ﬂa;p;%l;%)60 the subset of
./\/l(gpy(gc))(X,H;g,_,g,*‘,04;;:0;91;%)E(J 7, consisting of the elements with the same
combinatorial type as p. (Compare [FOOO5, (2.212)].)

In the same way as [FOOO5, Lemma 2.68| ‘/(gp’(gc))(X,H;37,3+,C¥;p;ﬂ;%)50
is a smooth manifold. In the same way as Lemma 4.21 we can show that our
space V(gp,(gc))(X,H;;,_,;,‘*‘,a;p;Ql; B)., has (S1)*¥ action. Here k is the number of
mainstream components of p. Let m be the number of singular points of ¥, which
are not transit points.

Now we have the following analogue of [FOOOS5, Theorem 2.70].
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Proposition 4.23. There exists a map

Glue :Vig, 0. (X, H; 37,37, a;p;2;B), X (H(To,i,oo] X Sl)) | ~ xD(k; Ty)
=1

— Mg, 0. (X, Hi 37,37, ;952 B).,.

Its image contains M(gp’(gc))(X, H;37 .37, a;p;2A;,B), for sufficiently small e3.
An estimate similar to [FOOOb, Theorem 2.72] also holds.

(The notation M(gp’(gc))(X,H;;,‘,;,"‘,a;p;Ql;%)6 is similar to one in [FOOO5,
Theorem 2.70].)

Proof. The proof is mostly the same as the proofs of [FOOO5, Theorems 2.70, 2.72].
The only new point we need to discuss is the following.

Our equation is pseudo-holomorphic curve equation ((3) in Definition 4.20) on
the bubble but involves Hamiltonian vector field ((4) in Definition 4.20) on the
mainstream. When we resolve the singular points, the bubble becomes the main-
stream. So we need to estimate the contribution of the (pull back by appropriate
diffeomorphisms of the) Hamiltonian vecotor field on such a part. We need to do so
by using the coordinate that is similar to those we used in the proofs of [FOOOS5,
Theorems 2.70, 2.72]. We will use Lemma 4.24 below for this purpose.

We put

k
2 =JZiulJ
=1 v

where Y; are in the mainstream and X, are the bubbles. We remark X, is a sphere

S2. Let z be a singular point contained in 3,. According to Condition 4.13 we have

a disk D, C Xy centered at z on which coordinate at infinity is defiend. In case

z € ¥, we also have a disk D, ; C X; on which coordinate at infinity is defiend.
We also have

@i (((—00,5T;] U [6Tj41,00)) X Sl) C 3. (4.24)

The union of the images of (4.24) and the disks D, , and D, ; are the neck regions.
Its complement is called the core. We write K, or K; the part of the core in the
component Y, ¥;, respectively.

Using the coordinate at infinity, we have an embedding

iy K, — EI, i K — Y. (425)

Lemma 4.24 provides an estimate of the maps (4.25). We put the metric on K
regarding them as subsets of the sphere. We put the metric on K; by regarding
them as subsets of R x St. (They are compact. So actually the choice of the metric
does not matter.)

We fix T (the lengths of the neck region when we glue and obtain %’.) For each
v we define Ty as follows. Take a shortest path joining our irreducible component
3y to the mainstream. Let z1, ..., z. be the singular points contained in this path.
Let 107}, be the length of the neck region corresponding to the singular point z;.
We put Ty, = > T,,.

We remark that i, (K, ) is in the mainstream if and only if 75 is finite.

Lemma 4.24. There exist Cy,ce > 0 with the following properties.
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(1) Suppose iy (Ky) is in the mainstream. We then regard
iy Ky - Rx S

ceTy

The C* norm of this map is smaller than Cye~ In particular the di-
ameter of its image is smaller than Cre~Tv.
(2) We remark that the image of i; is in certain mainstream component. So we
may regard
i; : K; =& R x Sl.
Note K; C R x S*. Then i; extends to a biholomorphic map of the form
(1,t) = (T 4+ 70,t + to).

Proof. For simplicity of the notation we consider the case
Yy=RxSHUS*=%,U%,.
Let T be the length of the neck region of ¥’. Then we have a canonical isomorphism
Y = ((R x SY)\ D) U ([-5T,5T] x S*) U (C\ D?). (4.26)

Here D3 is an image of a small disk C R x R by the projection R x R — R x S*
and the disk D? in the third term is the disk of radius 1 centered at origin. The
identification (4.26) is a consequence of Condition 4.13.

We have a biholomorphic map

I:Y 5RxS!

that preserves the coordinates at their two ends.
We can take I as follows. Let Iy : D? — D3 be the isomorphism that lifts to a
homothetic embedding D? — R2.
(1) On (R x S*)\ D2, the map I is the identity map.
(2) If z € C\ D? then

I(2) = In(e720"T /7).
(3) If z = (7,t) € ([-5T,5T] x S') then
I(Z) _ Io(€_2ﬂ((T+5T)+\/jlt)>.

Lemma 4.24 is immediate from this description.
The general case can be proved by iterating a similar process. (I

Remark 4.25. On the part of the neck region [—47T,4T] x S* where we perform
the gluing construction, we can prove a similar estimate as Lemma 4.24 (1).

Now we go back to the proof of Proposition 4.23. Lemma 4.24 (2) implies that
on the mainstream the equation Definition 4.20 (4) is preserved by gluing. Lemma
4.24 (1) and Remark 4.25 imply that the effect of the Hamitonian vector field is
small in the exponential order on the other part. Therefore the presence of the
Hamiltonian term does not affect the proof of [FOOO5, Theorems 2.70, 2.72] and
we can prove Proposition 4.23 in the same way as [FOOO5, Section 2.5]. (]

We are now in the position to complete the proof of Theorem 3.8. We have
defined the thickend moduli space and described it by the gluing map. The rest of
the construction of the Kuranishi structure is mostly the same as the construction
in [FOOO5, Sections 2.6-2.10]. We mention two points below. Except them there
are nothing to modify.
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(1) We consdier the process to put (transversal) constraint and forget the marked
point. This was done in [FOOOS5, Sections 2.6] to cut down the thickened moduli
space to an orbifold of correct dimension, which will become our Kuranishi neigh-
borhood. Here we use the constraint defined in Definition 4.19. In the case when
the marked point w; corresponds to one of @, or @, that is not a canonical marked
point, this process is exactly the same as [FOOOS5, Sections 2.6].

In the case of the marked point w; corresponds to a canonical marked point of p
or p. we use Definition 4.19 (2),(3). Note these conditions determine the position
of w; on ¥’ uniquely. On the hand, as we remarked in Remark 4.18, the marked
point w; does not affect the obstruction bundle and hence the equations defining
our thickened moduli space. So the discussion of the process to put constraint and
forget such a marked point is rather trivial.

(2) Our thickened moduli space has an S* action. The gluing map we constructed in
Proposition 4.23 is obviously S! equivariant. (The obstruction bundle is invariant
under the S! action as we remarked before.) Therefore all the construction of the
Kuranishi structure is done in an S' equivariant way. Note we define S* action on
the thickened moduli space. The smoothness of this action is fairly obvious.

We remark that the group I'y, for p (Definition 2.1) in our case of p = (X, 2—, 24.), u, )
consists of maps v : ¥ — ¥ that satisfies Definition 4.3 (1)(2) for (X', 2", 2/, ),u, ¢’) =
((27 2 Z+)7 U, 90) and

V0 @a(T,1) = @qa(T, 1+ to)
for some ty € S*. The groups I'y and S' generate the group Gy.

The proof of Theorem 3.8 is now complete. O

Example 4.26. Let h: R x S — X be a solution of the equation (3.4) (without
bubble). We assume that h is injective. We put

hi(7,t) = h(kT, kt) : R x S* — X.

We define ¢ : R x ST — S2\ {z_, 2z, } by @(r,t) = 2" TV=10) We put uy, = hy, o
o=t Then ((S?,2_, z1), ur, ) is an element of M(X, H;37,37, ). Let top(7,t) =
o(T,t+tg). It is easy to see that

((527 Z—, Z+)7 Uk QO) ~2 ((52’ Z—y Z+),’U1k7tog0)

if and only if t¢ = m/k, m € Z.

We can take the Kuranishi neighborhood of p = ((S2, z_, 2z ), ux, ) of the form
V = S' x V', on which the generator of the group I'y = Zj acts by (t,v) —
(t + 1/k,9(v)) where ¥ : V' — V' is not an identity map. The S! action is by
rotation of the first factor. Thus the quotient V/T', is a manifold and V/(T'y x S*)
is an orbifold. See Example 2.3.

Remark 4.27. In this section we studied the moduli space M (X, H;37,3", ) in
the case when H is a time independent Morse function. In an alternative approach,
(such as those [FOOO3, Section 26]) we studied the case H = 0 using Bott-Morse
gluing. Actually the discussion corresponding to this section is easier in the case
of H = 0. In fact in case of H = 0, we do not need to study the moduli space of
its gradient lines. (Some argument was necessary to discuss the moduli space of
gradient lines since its element has S! as an isotropy group. The main part of this
seciton is devoted to this point.)
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In [FOn1] we used the case H is a time independent Morse function rather than
studying the case H = 0 by Bott-Morse theory. The reason is that the chain level
argument that we need to use for the case H = 0 was not written in detail at the
time when [FOn1] was written in 1996. Now full detail of the chain level argument
was written in [FOOO1]. So at the stage of 2012 (16 years after [FOnl1] was written)
using the case H = 0 to calculate Floer homology of periodic Hamiltonian system
is somewhat simpler to write up in detail rather than using the case when H is a
time independent Morse function. In this section however we focused on the case
of time independent Morse function and written up as much detail as possible to
convince the readers

5. CALCULATION OF FLOER HOMOLOGY OF PERIODIC HAMILTONIAN SYSTEM.

We first prove Theorem 3.4. The proof is similar to the proof of Theorem 3.8.
We indicate below the points where proofs are different.

Let (X, 2_,24+) be as in Definition 4.1. We define the notion of mainstream,
mainstream component, and transit point in the same way as in Section 4.

Let % = (v%,w®) € P(H). (Here H is a time dependent periodic Hamiltonian.)
Let ((3,2-,24),u,p) be as in Definition 4.2, such that it satisfies (1)(2)(4)(5) of
Definition 4.2 and the following 3 conditions:

(3)" w: X\ {transit points} — X is a continuous map.

(6)" There exists 7; = (v, w;) € P(H) for i = 1,...,k + 1 with 4 = 37,
Ak+1 = 7T such that the following holds. Let ¢; : R x St — ¥; be the i-th
component of . Then

lm u(pi(7,1)) = 7i(t), hm u(pi(7,1)) = it (t).

T——00 T—-+00
(7)/ wi#u(Zi) ~ Wi41-

We denote by /\//T(X, H;%~,4") the set of such ((X,2_,24),u, ). We define equiv-
alence relations ~1 and ~9 on it in the same way as Definition 4.3. (We do not use
~3 here.) We then put

We next define balancing condition. Let ((3,z_,2.),u,¢) € M(X, H;5~,5%)
be an element with one mainstream component. We define a function A : R\
a finite set — R as follows.

Let 7o € R. We assume ¢({7p} x S!) does not contain a root of the bubble
tree. (This is the way how we remove a finite set from the domain of A.) Let 3.,

i=1,...,m be the set of the irreducible components that is in a bubble tree rooted
on R<,, x S1. We define

A(m) = Z/E urw +/ (uop)w
i=1" v =T

test (5.27)

+ H(t,u(go(m,t)))dt—i—/ (w™ ) w.
tesSt D2
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Note the action functional Ag is defined by

Au) = [ @t [ e
tes? D?
The function A(7p) is nondecreasing and satsifies
dim AR =Au(). lm A() = Ax().

We say ¢ satisfies the balancing condition if

. 1 . - .

lim A(7) < 5 (Au(37) +Au(3")) < lim A(7). (5.28)

T—0 T—0

In case of genearal ((3,2_,24),u, ) € /\//Y(X7 H;%~,4") we consider the balancing
condition in mainstream-component-wise.

In the case there is a mainstream component ¥; such that d(u o ¢;)/01 = 0 we
can apply the method of Remark 4.8.

We next define the notion of canonical marked point. Let p = ((£, 2, 21 ), u, ) €
M(X, H;5,5"). Let ¥; be its mainstream component. We assume that there is
no sphere bubble rooted on it. We are given a biholomorphic map ¢; : R x S —
i\ {zi, zi41} where z;, z; 11 are transit points on ;. We require ¢; to satisfy the
balancing condition. Now we define the canonical marked point w{*" on 3; by
w; = ©;(0,0). Let @ be the totality of all the canonical marked points on 3.

A symmetric stabilization of p = ((3,2_, 24 ), u, ) € M(X, H;5~,5") is w such
that @ N X9 = ) where X is the mainstream of ¥ and @ U w" is the symmetric
stabilization of (X, z_, z4).

Definition 5.1. An obstruction bundle data €, centered at
p= ((E7z,,z+),u,<p) € M(X, H?'S’_/?Jr)

is the data satisfying the conditions described below. We put ¢ = (X, z_, 24 ). Let
t; be the i-th mainstream component. (It has two marked points.)

(1) A symmetric stabilization @ of p. We put @® = @ Ny;.

(2) The same as [FOOOS5, Definition 2.33 (2)].

(3) A universal family with coordinate at infinity of r, U@ U @". Here w°*"
is the canonical marked points as above. We require Condition 4.13 for the
coordinate at infinity.

(4) The same as [FOOO5, Definition 2.33 (4)]. Namely compact subsets KoPst
of ¥,. (We put it also on the mainstream.)

(5) The same as [FOOOJ5, Definition 2.33 (5)]. Namely, finite dimensional
complex linear subspaces E, (9, u). (We put it also on the mainstream.)

(6) The same as [FOOOS5, Definition 2.33 (6)] except the differential operator
there

D9 L7, 1 5((Sy, 0%y, );u"TX,u*TL)

5.29
— L?n,é(Zm;U*TX ® A") /By v (9, u) ( )

is replaced by the linearization of the equation (3.4)

(7) The same as [FOOOS5, Definition 2.33 (7)].

(8) We take a codimension 2 submanifold D; for each of w; € & in the same
way as [FOOOS5, Definition 2.33 (8)].
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We require that the deta KSP', E, (9, u) depend only on p; = [(Z4, 2i—1, 2i), U, @]
(Here z; is the i-th transit point.) that contains v-th irreducible component. We
call this condition mainstream-component-wise.

We define M,(5~,7") in the same way as My(3,3",a). (Namely its element
is (%4, 2i, 2i41), @) together with ¢ additional markd points on ¥, elements 7; €
SP(H) assigned to each of the transit point, and homology classes of each of the
bubbles.) We denote by M,(7~,71;G) its subset consisting of elements with given
combinatorial type G.

Let p = ((Z,2-,21),u,0) € M(X,H;5,7") and @ U @ be its symmetric
stabilization. We denote by U(p U @ U @) a neighborhood of p U & U " in
Me(ﬁ_a 7+§ gpuwumcaﬂ)-

We can define

S W(p UdUa™) x D(k;To) x ([[(To;,00] x 81/ ~) = My(57,5) (5.30)

=

j=1

in the same way as (4.19).
We say ((¥,20,2),u,¢") U is e-close to p U@ U ", if (1)(2)(3)(4) of
Definition 4.16 hold and if
(5)" Let w’; = ¢(75,t;) € W' be the marked point corresponding to the canonical
marked point € W NY;. Then

A(r;) — % (A (%) + Ag(Vit1))| < e

and |t; — 0] < e.
If (X, 20,2 ),u',¢") Ui is e-close to p U U@ and the obstruction bundle

data at p is given then they induce an obstruction bundle at (X', 2", 2, ), v/, ") U’
in the same way as Definition 4.17.

Definition 5.2. We say that ((X', 2,2/, ),u’, ¢") U’ satisfies the transversal con-
straint if the following holds.

(1) The same as Definition 4.19 (1).
(2) Let wj = ¢’(7;,t;) € W’ be the marked point corresponding to the canonical
marked point € W N%;. Then

1 ~ -
A(ry) = 5 (A (%) + A (Fiv1))
(3) In the situation of (2) we have t; = [0].

For each p € M(X, H;7~,7") we take a stabilization data €, centered at p. We
also take ey so that if ((X/, 27, 2, ), v/, ¢")Ud" is €,-close to pUwUwW** then Fredholm
regurality (See [FOOOb5, Definition 2.44].) and evaluation map transversality (See
[FOOO5, Definition 2.46].) hold for ((X/, 27,2 ),u/,¢") Ud'.

Let 20, be the set of elements p’ with the following property: there exists o’
such that p’ U’ is ep-close to pUwP U and @’ satisies the transversal constraint
in the sense of Definition 5.2.

We use it to find a finite set € = {p.} such that

Jmt 2w, = M(X, H;57,5M).
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‘We then define
¢ ={cec|pemw,).

Definition 5.3. We define a thickened moduli space
Mty e (X H; 77,7708, 7 (5.31)

as follows. (Here A C B C &,.)
(5.31) is the set of ~y equivalence classes of ((),,¢"), @y, (@) with the fol-
lowing properties.

(1) (,u',¢") U, is eo-close to p Uy, U w. Here £, = #i,.

(2) (Y, ', ") U, is ep-close to p UwP. Here £, = #u.

C c

(3) On the bubble we have
ou' =0 mod Egy.

Here g is the obstruction bundle defined from Definition 4.17 in the same
way as [FOOODS5, Definition 2.55].

(4) On the i-th irreducible component of the mainstream we consider h; =
u’ o @i Then it satisfies

l I
aa}:_l +J (aafil _th> =0 mod S%.

Here &y is as in (3).

Definition 5.4. We denote by V(gp,(gc))(X,H;’y*,:ﬁ;%;%)eo the subset of the
thickened moduli space M(gp,(gc))(X, ;’yﬂ’y*;%{;%)m 7, consisting of elements
with the same combinatorial type as p, o, w.. (Compare [FOOO5, (2.212)].)

The Fredholm regurality and evaluation map transversality imply that the space
Vi, ey (X, H; 77, 71;2;,B),, is a smooth manifold.

Proposition 5.5. There exists a map
m
Glue :V(gp,(gc))(X,H;’y‘,’y"‘;Ql;%)eo X (H(Toji,oo] X Sl)> | ~ xD(k;T})
i=1

— M, 0.y (X, H; 77,5752 B).,.

Its image contains M, (2.)) (X, H; 57,51, 2%;,9B), for sufficiently small e3.
An estimate similar to [FOOO5, Theorem 2.72] also holds.

The proof is the same as the proof of Proposition 4.23. Using Proposition 5.5
we can prove Theorem 3.4 in the same way as the last step of the proof of Theorem
3.8. |

Remark 5.6. In case H in Theorem 3.4 happens to be time independent, the
Kuranishi structure obtained by Theorem 3.4 is different from the one obtained
by Theorem 3.8. In fact, during the proof of Theorem 3.8 we chose a (suffi-

ciently dense finite) subset of M(X, H;37,3",a) to define the obstruction bun-
dle. During the proof of Theorem 3.8 we chose a (sufficiently dense finite) sub-
set of M(X, H;5,5") for the same purpose. The elements of the moduli space
M(X, H;37,3%, ) are ~3 equivalence classes and the elements of the moduli space
M(X, H;5,5T) are ~5 equivalence classes.
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Using Theroem 3.4 we can define Floer homology HF(X, H) for time dependent
1-periodic Hamiltonian H satisfying Assumption 3.1. This construction (going back
to Floer [F11, F12], see also [HS, On]) is well-established. We sketch the construction
here for completeness. We use the universal Novikov ring

o0
AO = {Z aiT’\’i

i=1
Let CF(X, H) be the free Ag module whose basis is identified with the set B(H).
We take E > 0. By Theorem 3.4, we obtained a system of Kuranishi structures
on M(X, H;%~,5") for each pair ¥~,5" with Ay (") — Ay (7~) < E. We take
a system of multisections s on them that are compatible with the description of
its boundary and corner as in Theorem 3.4 (3). Here we use the fact that the
obstruction bundle is defined mainstream-component-wise. Note our Kuranishi

strucutre is oriented. We define

= Y #MEHA AT (5.32)

a; € @, A € ]R, hrn A = +OO} .
i—00

Ftu(t)—pE—)=1
AgAH)-Ag(HTI<E

Here we take a lift 4~ of v~ to define the right hand side. We can show that the
right hand side is independent of the choice of the lift. The number u(5") is the
Maslov index. We have
dim M(X, H;57,57) = p(37) = n(37) - L.

Using the moduli space M (X, H;5~,5") with dim M (X, H;5~,5") = 2, there is
by now well-established way to prove

0¥ 0d¥ =0 mod TF. (5.33)
Thus we define

HF(X;H;Ao/TENo) = H(CF(X,H) ®p, Ao /TF Ay, 0F).

We can prove that HF(X; H; Ag/TF Ag) is independent of the choice of Kuranishi
structure and its multisection. (See the proof of Theorem 5.10 later.) We thus
define

Definition 5.7.
HF(X;H;Ay) =lim HF(X; H; Ag/TF o).
—
We also define
HF(X;H)=HF(X;H;Ay) ®a, A
where A is the field of fraction of Ag.

In fact using the next lemma we can find a boundary operator 0 on full module
CF (X, H) so that its homology is HF (X; H; Ao).

Lemma 5.8. Let C be a finitely generated free Ay module and E < E'. Suppose
we are given O : C @p, Ao/TF — C @p, Ao/TF, Op : C @4, AO/TE/ — C ®4,
AO/TE, with Op 0 Oy = 0, Og/ 0 g = 0. Moreover we assume (C @p, Ao/TF,0p:
mod TF) is chain homotopy equivalent to (C ®ux, Ao/T¥,0r). Then we can lift
dp to ly : C@py Mo/TF Ay = C @a, Ao/TE Ao such that (C @, Ao/TE ,dp) is
chain homotopy equivalent to (C @, Ao/TF Ao, d)y).

We omit the proof.
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Remark 5.9. The method for taking projective limit £ — oo that we explained
above is a baby version of the one employed in [FOOO1, Section 7]. (In [FOOO1]
the filtered A, structure is defined by using a similar method.) In [On], a slightly
different way to go to projective limit was taken.

For the main applicatin, that is, to estimate the order of B(H) by Betti numer,
we actually do not need to go to the projective limit. See Remark 5.17.

Now we use S' equivariant Kuranishi structure in Theorem 3.8 to prove the next
theorem.

Theorem 5.10. For any time dependent 1-periodic Hamiltonian H on a compact
manifold X satisfying Assumption 3.1, we have

HF(X,H) > H(X;A)
where the right hand side is the singular homology group with A coefficient.

Proof. Let H' be a time independent Hamiltonian satisfying Assumptions 3.5, 3.6.
We regard H' as a Morse function and let Crit(H') be the set of the critical points
of H'. We denote by CF (X, H'; Ay) the free Ag module with basis identified with
Crit(H’). Let u : Crit(H') — Z be the Morse index. If t*,p~ € Crit(H’) with
p(r™) — p(™) = 1 we define
(O, 1 ") = T g M(X, HY 1 0), (5.34)
where #M (X, H',x~,r;0) is the number counted with orientation. (Here 0 de-
notes the equivalence class of zero in II.) By Assumptions 3.5 this moduli space
is smooth.) It induces 0 : CF(X,H';A¢) — CF(X,H'; Ag). It is by now well
established that 0 o 9 = 0. We put
Kero
HF (X, H';Ay) = —/.
(X, H's o) Imo
It is also standard by now that
HF(X,H'Y= HF(X,H';Ag) ®a, A

is isomorphic to the singular homology H(X;A) of A coefficient.
We will construct a chain map from CF(X, H'; Ag) to CF(X, H;Ag). Let H :
R x ST x X — R be a smooth map such that

H' if < -1
Hirtz) = @) <L, (5.35)
H(t,z) ifr>-1.
For amap h: R x S' — X we consider the equation
oh oh
—+J|=-X =0, 5.36
or * <6t ”) (5.36)

where H,((x) = H(7,t, ).
Given ¢ € Crit(H') and 5 = (y,w) € B(H) we consider the set of the maps h

satisfying (5.36) together with the following boundary conditions.

(1) lim,;—_oo h(7,t) = 1.

(2) lim, o0 h(7,t) = ~(1).

(3) [h] ~ [w]. Here h is regarded as a map from D? by identifying {—oco} U

((—o0, +00] x S1) with D2.

We denote the totality of such h by M™8(X, H;r, 7).
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Theorem 5.11. There exists a compactification M(X, H;x,7) of M™8(X, H;r,7),
which is Hausdorff.

For each E > 0 there exists a system of oriented Kuranishi structures with
corners on M(X, H;x,7) for Ag(¥) < E. Its boundary is identified with the union
of the following spaces, together with its Kuranishi structures.

(1)
M(Xa Hl?F,I/MX) X M(XaH7x/a;}'/ - Oé)
where ¢’ € Crit(H'), a € Il and ¥ — a = (y,w — ).
(2)
M(X, Hse, ') x M(X, H.5',7)
where 3" € P(H).

Proof. The proof of Theorem 5.11 is mostly the same as the proof of Theorems 3.4
and 3.8. So we mainly discuss the point where there is a difference in the proof.

Let (X, 2_,24) be a genus zero semi-stable curve with two marked points. We
fix one of the irreducible components in the main stream and denote it by £J. We
decompose

Y=y uxfuzt (5.37)

as follows. Y0 is the mainstream component containing 3§. ¥~ (resp. £7) is the
connected component of ¥\ X0 containing z_ (resp. z.). We remark %° and/or
>~ may be empty.

We consider ((,z_,z1), %% u, @) such that Definition 4.2 (1)(2)(4)(5) are sat-
isfied. We assume moreover the following conditions.

(3.1)" ¢|g+ : T — X is continuous.

(3.2)" We put either {zg_} = X°NX~ or 29— = z_. (Here we put 29 = z_ if
z_ € X°) Then ¢[so\ (23 : £\ {20,-} = X is continuous.

(3.3)" The same condition as the condition (3)" stated at the beginning of Section
5 holds for 3T.

(4.1)" ho g, satsifies the equation (3.4) for H' if ¥, C ¥~

(4.2)" h o ¢g satsifies the equation (5.36). Here ¢g is a part of ¢ and is a
parametrization of X9.

(4.3)" ho ; satsifies the equation (3.4) for H if 3, C £+,

(6.1)" Definition 4.2 (6) is satisfied on X~.

(6.2)" Let k — 1 be the number of the mainstream component in X*. Then there
exists 5; = (v;,w;) € P(H) for j =1,...,k — 1. We have

lim u(po(r. 1) = 7 (0):
Here ¢ is as in (4.2)".
(6.3) Let Ej (j =1,...,k—1) be the irreducible components in the mainstream
of ¥*. Let <p;-' is a part of ¢ and is a parametrization of Z;r. Then we have

im u(pf(m) =) dim u(e] (7,1) = v4(0)-

Here v, = 7.
(1) w([Z]) = [w].
We denote by M(X,H;x,7) the set of all such ((Z,2_,2.),%% u, ¢).

We define three equivalence relations ~q, ~g, ~3 on M(X,H;r,7) as follows.
The definition of ~ is the same as Definition 4.3.
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We apply ~o of Definition 4.3 on £+ and X~ and ~; of Definition 4.3 on X°.
This is ~5 here.

We apply ~o of Definition 4.3 on ¥, ~3 of Definition 4.3 on ¥~ and ~; of
Definition 4.3 on £9. This is ~3 here. We put

M(X, H;1,7) = M(X, H;5,7)/ ~1,

—

M
M(X7H7xa;?) = M(X7H’I7 ’7)/ ~2,
M(X, H;r,7) = M(X, Hi 1, 7)) ~3 -

We define the notion of balancing condition on the mainstream component in
¥~ and X7 in the same way as before. (We do not define such a notion for X
since the equation (5.36) is not invariant under the R action.)

We next define the notion of canonical marked points. For the mainstream
components in X1 or in X7, the definition is the same as before. If 3° contains
a sphere bubble we do not define canonial marked points on it. Otherwise the
canonical marked point on this mainstream component is ¢o(0,0).

Using this notion of canonical marked points we can define the notion of ob-
struction bundle data for [p] € M(X,H;r,7) in the same way as before. (We put
an obstruction bundle also on ¥.) We take and fix an obstruction bundle data for
each of [p] € M(X,H;r,7).

We can use it to define a map similar to ® and ® in the same way.

We then use them to define the notion of e-close-ness in the same way.

We next define transversal constraint. Let (X', 27, 2/,), ¥, «/, /) U’ is € close
to ((%,2-,24),%%u, o) U U, We consider wj € u. If w) is either in ¥/, or
in ¥’ then the definition of transversal constraint is the same as Definition 4.19 or
Definition 5.2, respectively.

Suppose w’; € 3. If w’; corresponds to a marked point in @ then the definition
of transversal costraint is the same as Definition 4.19. We consdier the case where

w; corresponds to a canonical marked point w;. There are three cases.

(1) w; € Xo. In this case the transversal constraint is w} = ¢o(0, 0).

(2) w; € ¥_. Let ¥_, be the mainstream component containing w;. (It is
irreducible since wj is a canonical marked point.) The transversal constraint
first requires w’; = ¢{(70,0) with 79 < —1. Moreover it requires

fowres [ @yres B otm )

— =—0C

1 ’ / '
=3 (H'(u(z)) + H'(u(zi11))) + /Ef<f<w7:> e

Here z; and z;4; are transit points contained in ¥; and ¥, <., is defined as
follows. Let w; = ¢;(7:,0). We consider X\ {¢;(7i,t) | t € S} X,<py is
the connected component of it containing z_.

(3) w; € ¥4. Let ¥4, be the mainstream component containing w;. (It is
irreducible since wj is a canonical marked point.) The transversal constraint
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first requires w’; = ¢ (70,0) with 79 > +1. Moreover it requires

/ (U')*“’*/TO (u')w+ H(t, u'(po(70,1)))dt

_ =—c0 teSt
1 - -
=5 (Ar(7:) + A (viv1)) -
Here the restriction of u to X4 ; gives an element of M(X, H; 7%, 5 T1).

For a point [p] € ﬁ(X,’H;;,’y) we define the notion of stabilization data in the
same way as before.
Now using this notion of transversal constraint and e-close-ness, we define €,) C

ﬁ(X, H;r,7) for each [p] € ﬁ(X, H;r, 7). We then define a finite set € such that

U €pg = M Hsx, 7).
[pclee
We may assume that this choice is mainstream-component-wise in the same sense
as before.
We use the choice of € together with obstruction bundle data we can define an
obstruction bundle in the same way as before. We use it to define a thickened

moduli space. The rest of the proof is the same as the proof of Theorems 3.4 and
3.8. O

Lemma 5.12. There exists a constant €~ (H) dependig only on H with the follow-
ing properties. If M(X,H;x,7) is nonempty then

An(3) = H'(xr) — € (H). (5.38)

This lemma is classical. See [On, (2.14)]. (It was written also in [F1H, Lemma
9].)
Remark 5.13. The optimal estimate for €~ (H) is € (H) = E (H — H'), where

1 1
ET(F) = ax F(t,p)dt, E (F)=— inf F(t,p)dt.
(F) = | maxr(c.p) (F) == [ jnt F(e.p
See [Oh, Proposition 3.2]. (See also [Us, Proposition 2.1].) A Lagrangian version
of a similar optimal estimate was obtained by [Che].
We do not need this optimal estimate for the purpose of this note, but it becomes
imporntant to study spectral invariant.

We now define
Op: CF(X,H';\o) - CF(X, H; Ap)
as follows. We consider ¢ and 7 so that:
(a) The (virtual) dimension of M(X,H;r,7) is 0.
(b) Ax(7) < H'(x) + E.
We then put

(®5(r),7) = TATO-H©OFEFD L M(X H; 1, 7)°.

Here we take and fix a system of multisections s of the moduli spaces M (X, H;r, )
that is transversal to zero, compatible with the description of the boundary, and
satsifies the inequality (b) above. We use it to define the right hand side.

We remark that the exponent of T" in the right hand side is nonnegative because
of Lemma 5.12.
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Lemma 5.14.
Opodp—Pgod=0 modTF.

Proof. We use the case of moduli space M (X, H;r,7) satisfying (a) above and has
virtual dimension 1. It boundary is described as in Theorem 5.11. The case (2)
there, counted with sign, gives 0g o @ .

We consider the case (1) there. We need to consider the case when virtual
dimension of M(X, H';r,t’, ) is zero. Using S! equivariance of our Kuranishi
structure and multisection, and Lemma 2.15, we find that such M(X, H;r, 1/, @)
is an empty set after perturbation, unless a = 0. In the case @ = 0 we can prove,
in the same way as above, that

M(X, H';1,¢,0) = M(X, H'; 5,7, 0)5"

after perturbation. Therefore case (1) gives @ o 0.
The proof of Lemma 5.14 is complete. a

We have thus defined a chain map
Op: OF(X,H';Ng/TFNg) — CF(X, H; Ag/TF Ay). (5.39)

We next put H'(7,t,x) = H(—7,t,x). We use it in the same way to define the moduli
space M(X,H’;%,r). This moduli space has an oriented Kuranishi structure with
corners and its boundary is described in a similar way as Theorem 5.11. (The proof
of this fact is the same as the proof of Theorem 5.11.) If it is nonempty then we
have

H'(x) > Au(3) — €7 (H). (5.40)
Remark 5.15. Here ¢ (H’) is certain constant depending only on H’. The optimal
value is ET(H — H').
We put
(We(3),3) = T WA+ M(X, Hi . 7)°
and obtain a chain map
Uy : CF(X,H; Ao /TP No) — CF(X,H'; Ao/TF o). (5.41)
Lemma 5.16. We may choose €T (H'), €~ (H) and such that the following holds
for € = €T (H') + €~ (H).
(1) Wg o ®g is chain homotpic to [r] — T[]
(2) ®p o Vg is chain homotpic to [§] — TE[7].

Proof. For S > 0 we define pg : R — [0, 1] such that

(r) 1 ifjrj<S—-1
T) =
ps 0 if|r| > S,

and put

Hs(tv .’E) = H(pS(Tv {E))
For p4 € Crit(H') and « € I, we use the perturbation of Cauchy-Riemann equation
by the Hamilton vector field Hg -, to obtain a moduli space M (X, Hx 1)
in the same way. Its union for S € [0, Sp] also has a Kuranishi structure whose
boundary is given as in Theorem 5.11 (1), (2) and M(X,H%;r_,1r4;a) with § =
0, So.
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We consider the case S = 0. In this case the equation for M (X, H% r_,14;0q)
is S! equivariant. Therefore it has an S' equivariant Kuranishi structure that
is free for a # 0. For a = 0 we obtain an S! equivariant Kuranishi structure
on Mo(X,H%=%1_,r:;0). Therefore, by counting the moduli space of virtual
dimension 0 we have identity. (It becomes [t] — T"*[x] because of the choice of the
exponent in the definition.)

The case S = Sy with Sy huge gives the composition ¥ o ®p.

(1) now follows from a cobordism argument.

The proof of (2) is similar. O

Using [FOOO1, Proposition 6.3.14] we have
HF(X,H';Ao) = (A00)®" & @) %

here A, i = 1,...,m’ are positive real number. It implies
HF(X,H'; ) = (A)®
We remark H(X,H'; A) = H(X;A) where the right hand side is the singular ho-
mology. (Note H' is time independent Hamiltonian that is a Morse function on
X))
Similarly we have
m AO
HF(X, H; Ag) = (Ag)®
( s £y 0) ( 0) GBQTMAO

and

HF(X,H;A) = (A)®°.
We take F sufficiently larger than & and A;, A}. Then we can use Lemma 5.16 to
show b =1b'. (See [FOOO6, Subsection 6.2] for more detailed proof of more precise
results in a related situation.) The proof of Theorem 5.11 is now complete. g

Remark 5.17. (1) The argument of the last part of the proof of Theorem
5.11 shows that to prove the inequality (the homology version of Arnold’s
conjecture)

AP(H) > 3 rankHy(X; Q) (5.42)
for periodic Hamiltonian system with nondegenerate closed orbit, we do
not need to use projective limit. We can use HF(X,H;Ay/TFAg) for
sufficiently large but fixed E. (Such E depends on H and H'.)

(2) During the above proof of the isomorphism H(X, H;A) =2 H(X;A) we did
not construct an isomorphism among them but showed only the coincidence
of their ranks. Actually we can construct the following diagram

CF(X, H'; Ao/TF No) —22s CF(X, H; No/TF Ao)

l l (5.43)

CF(X, H'; Ag/TFNy) —2s CF(X,H:Ao/TFAo)

for E < E’. Here the virtical arrows are composition of reduction modulo
TF and chain homotopy equivalence. (Note this map is not reduction
modulo TF. In fact the two chain complexes that are the target and the
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domain of the vertical arrows, are constructed by using different Kuranishi
structures and multisections.) We can prove that Diagram 5.43 commutes
up to chain homotopy. Then using a lemma similar to Lemma 5.8 we can
extend ®g to a chain map CF (X, H'; Ag) = CF(X, H;Ag). We then can
prove that it is a chain homotopy equivalence. This argument is a baby
version of one developed in [FOOO1, Section 7.2].

Remark 5.18. As we mentioned in Introduction, there is an alternative (third)
proof of (5.42) which does not use S equivariant Kuranishi structure, for an ar-
bitrary compact symplectic manifold X. Let H be a time dependent Hamiltonian
whose 1 periodic orbit are all nondegenerate. Let ¢ : X — X be the symplectic
diffeomorphism that is time one map of our time dependent Hamiltonian vector
field. We consider a symplectic manifold (X x X, w @ —w). The graph

L) ={(z,¢(x)) | z € X}

is a Lagrangian submanifold in X x X. Since the inclusion induces injective ho-
momorphism H(L(y)) & H(X) — H(X x X) in the homology groups, [FOOOL1,
3.8.41] implies that the Lagrangian Floer homology between L(p) with itself is
defined, (after an appropriate bulk deformation). Again since L(¢) = X x X in-
duces injective homomorphism in the homology the spectral sequence in [FOOO1,
Theorem 6.1.4] degenerates at Fs stage and implies

HE((L(¢),b,b), (L(),b,b); A) = H(L(p); Ao) = H(X; Ao).

(Here b is an appropriate bounding cochain and b is an appropriate bulk class.)
Since L(y) is Hamiltonian isotopic to the diagonal X, [FOOO1, Theorem 4.1.5]
implies

HF((L(¢),b,6), (L(), b, b); A) = HF((L (1), b, b), (X, 1, b); A).

Note L(y) N X = P(H) and the intersection is transversal. (This is a consequence
of the nondegeneracy of the periodic orbit.) Therefore the rank of the Floer coho-
mology HF((L(y),b,b),(X,¥,b); A) is not greater than the order of B(H). The
formula (5.42) follows.

Note in the above proof we use injectivity of H(L(p)) — H(X x X) to show
that L(y) (which is Hamiltonian isotopic to the diagonal) is unobstructed (after
bulk deformation). Alternatively we can use the involution X x X — X x X,
(x,y) — (y,z) to prove the unobstructedness of the diagonal. (See [FOOOT7].)
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