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1. Introduction

This is an answer to question 5 below.

5.) How is equality of Floer and Morse differential for the Arnold conjecture
proven?

(1) Is there an abstract construction along the following lines: Given a com-
pact topological space X with continuous, proper, free S1-action, and a
Kuranishi structure for X/S1 of virtual dimension −1, there is a Kuranishi
structure for X with [X]vir = 0.

(2) How would such an abstract construction proceed?
(3) Let X be a space of Hamiltonian Floer trajectories between critical points of

index difference 1, in which breaking occurs (due to lack of transversality).
How is a Kuranishi structure for X/S1 constructed?

(4) If the Floer differential is constructed by these means, why is it chain homo-
topy equivalent to the Floer differential for a non-autonomous Hamiltonian?

Also some more in the post of March 23.

Q5 Could you write a little longer proof of this point in [FOn1]? Reading it there,
it sounds to me as if there is an abstract notion. In your answer now you again talk
about S1-equivariant Kuranishi structure, and I honestly don’t quite know what
that is .... or, more to the point, what an S1-equivariant good coordinate system
is, and how it is constructed.

Answer (copied from [Fu2].)

(1)(2) We do not think it is possible in completely abstract setting. At least I do
not know how to do it. In a geometric setting such as one appearing in [FOn1, page
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1036], Kuranishi structure is obtained by specifying the choice of the obstruction
space Ep for each p. We can take Ep in an S1 equivariant way so the Kuranishi
structure on the quotient X/S1 is obtained. And it is a quotient of one on X. S1

equivariant multisection can be constructed in an abstract setting so if the quotient
has virtual dimension −1 the zero set is empty.

(3) We can take a direct sum of the obstruction bundles, the support of which
is disjoint from the points where two trajectories are glued. In the situation of (1)
the obstruction bundle is S1 × S1 equivariant. The symmetry is compatible with
the diagonal S1 action nearby.

(4) It is [FOn2, Theorem 20.5].

In this note, we explain the proof of [FOn1] in more detail. Section 2 contains
abstract theory of S1-equivariant Kuranishi structure. We define the notion of
Kuranishi structure which admits a locally free S1 action and its good coordinate
system. We explain how the construction of [FOn2] (that is basically the same as
[FOn1] and [FOOO1, Sectin A1]) can be modified so that all the constructions are
S1-equivariant. (So this part contains a detailed answer to the additional question
in the post of March 23.)

In Section 3 we review the moduli space of Floer’s equation (the Cauchy-Riemann
equation perturbed by a Hamiltonian vector field).

In Section 4 we study the case of time independent Hamiltonian and prove in
detail that the Floer’s moduli space has an S1 equivariant Kuranishi structure in
that case. Thus this section completes the detail of the answer to (1)-(3).

In Section 5, we prove in detail that the Floer homology of periodic Hamiltonian
system is isomorphic to the singular homology. Namely it provides the detail of the
proof of [FOn2, Theorem 20.5] and is the answer to (4).

We also remark that, at the stage of the year 2012 (when this note is written),
there are two proofs of isomorphism between Floer homology of periodic Hamilton-
ian system and ordinary homology of M . One is in [FOn1] and uses identification
with Morse complex in the case Hamiltonian is small and time independent. This
proof is the same as the one taken in this note. (Namely the proof given in this
note coincides with the one in [FOn1] except some technical detail.) The other uses
Bott-Morse and de Rham theory and is in [FOOO3, Section 26]. (Several other
proofs are written in 1996 by Ruan [Ru], Liu-Tian [LT] also.) This second proof
has its origin in (the proof of) [Fu1, Theorem 1.2].

Actually there is a third method using the Lagrangian Floer homology of the
diagonal. In this third method we do not need to study S1 equivariant Kuranishi
structure at all. See Remark 5.18.

2. Definition of S1 equivariant Kuranishi structure, its good
coordinate system and perturbation.

We define an S1 equivariant Kuranishi structure below. A notion of Tn equivari-
ant Kuranishi structure (in the strong sense) is defined in [FOOO2, Definition B.4].
However that definition applies to the case when Tn acts on the target. The S1

equivariant Kuranishi structure we use to study time independent Hamiltonian is
different therefrom since our S1 action comes from the automorphism of the source.
Definition 2.1 gives a definition in the current case. We use the notation of [FOn2,
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Section 1]. Let X be a Hausdorff metrizable space on which S1 acts. We assume
that the isotropy group of every element is finite.

Definition 2.1. Let (Vp, Ep,Γp, ψp, sp) be a Kuranishi neighborhood of p ∈ X as
in [FOn2] Definition 1.1, except we do not assume γop = op for γ ∈ Γp.

1 We define
a locally free S1 action on this chart as follows.

(1) There exists a group Gp acting effectively on Vp and Ep.
(2) Gp ⊃ Γp and the Γp action extends to the Gp action.
(3) The identity component Gp,0 of Gp is isomorphic to S1. We fix an isomor-

phism hp : S1 → Gp,0.
(4) Gp is generated by Γp and Gp,0.
(5) Gp,0 commutes with the action of Γp.
(6) The isotropy group at every point of Gp action on Vp is finite.
(7) sp and ψp are Gp equivariant.

Remark 2.2. Note the Conditions (4), (5) imply that Gp is isomorphic to the
direct product Γp × S1.

The next example shows a reason why we remove the assumption γop = op.

Example 2.3. We take Vp = S1×D2 and Γp = Z2 such that the nontrivial element
of Γp acts by (t, z) 7→ (t + 1/2,−z). (Here S1 = R/Z.) Gp,0 = S1 acts on Vp by
rotating the first factor S1. The action of Γp is free. The quotient space Vp/Γp is
a manifold. The induced S1 action on Vp/Γp is locally free but is not free. The
quotient space Vp/Gp is an orbifold D2/Z2. See Example 4.26.

Definition 2.4. Let (Vp, Ep,Γp, ψp, sp) and (Vq, Eq,Γq, ψq, sq) be Kuranishi neigh-
borhoods of p ∈ X and q ∈ ψp(s−1

p (0)/Γp), respectively. We assume that they carry

locally free S1 actions. (Gp and Gq.) Let a triple (φ̂pq, φpq, hpq) be coordinate
change in the sense of [FOn2, Definition 1.2]. We say it is S1 equivariant if the
following holds.

(1) hpq extends to a group homomorphism Gq → Gp, which we denote by hpq.
(2) Vpq is Gq invariant.
(3) φpq : Vpq → Vp is hpq-equivariant.

(4) φ̂pq is hpq-equivariant.
(5) hpq ◦ hq = hp.

Definition 2.5. Let (Vp, Ep,Γp, ψp, sp) and (φ̂pq, φpq, hpq) define Kuranishi struc-
ture in the sense of [FOn2, Definition 1.3] on X. A locally free S1 action is assigned
by S1 actions in the sense of Definition 2.1 on each chart (Vp, Ep,Γp, ψp, sp) so that
the coordinate change is S1 equivariant.

Remark 2.6. Let r ∈ ψq((Vpq ∩ s−1
q (0))/Γq), q ∈ ψp(s

−1
p (0)/Γp). There exists

γαpqr ∈ Γp for each connected component (φ−1
qr (Vpq)∩Vqr∩Vpr)α of φ−1

qr (Vpq)∩Vqr∩
Vpr by [FOn2, Definition 1.3 (2)]. We automatically have

hpq ◦ hqr = γαpqr · hpr · (γαpqr)−1, (2.1)

because S1 lies in the center and this formula is already assumed for Γr.

Lemma-Definition 2.7. If X has a Kuranishi structure with a locally free S1

action then X/S1 has an induced Kuranishi structure.

1op ∈ Vp is a point such that ψp([op]) = p.
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Proof. Let p ∈ X. We take op ∈ Vp and choose a local transversal V p to the S1

orbit Gp,0op. We put

Γ+
p = {γ ∈ Gp | γop = op}.

Γ+
p is a finite group. We may choose V p so that it is invariant under Γ+

p . We

restrict Ep to V p to obtain Ep. The Kuranishi map sp induces sp.
We may shrink our Kuranishi neighborhood and may assume that

Vp = Gp,0 · V p (2.2)

for all p.
For x ∈ V p, satisfying sp(x) = 0, we define ψp(x) to be the equivalence class of

ψp(x) in X/S1. It is easy to see that (V p,Γ
+
p , Ep, sp, ψp) is a Kuranishi chart of

X/S1 at [p].
Let [q] ∈ ψp(q̃), where q̃ ∈ V p. Choose q ∈ X such that q = ψp(q̃). We have a

coordinate transformation (Vpq, φpq, φ̂pq) and a group homomorphism hpq : Gq →
Gp such that

q̃ = gpq(oq) · φpq(oq)
holds for some gpq(oq) ∈ Gp,0. Moreover there exists a smooth map

gpq : V pq → Gp,0

such that it coincides with gpq(oq) at oq and

gpq(x) · φpq(x) ∈ V p.

Here V pq is a neighborhood of oq in V q. We define

φpq(x) = gpq(x) · φpq(x).

We shrink Vpq and may assume

Vpq = Gp,0 · V pq (2.3)

By definition

Γ+
q = {γ ∈ Gq | γoq = oq}.

Using the fact that

{γ ∈ Γp | γ · φpq(oq) = φpq(oq)} = hpq(Γq)

and Gp,0 is contained in the center, we find that

{γ ∈ Gp | γφpq(oq) = φpq(oq)} = hpq(Γ
+
q ) ⊂ Γ+

p .

We denote by hpq the restriction of hpq to Γ+
q . It is easy to see that φpq is hpq

equivariant. We can lift φpq to φ̂pq using φpq and Gp action on Ep.
We have thus constructed a coordinate change of our Kuranishi structure on

X/S1. It is straightforward to check the compatibility among the coordinate
changes. �

We next define a good coordinate system. We remark that in [FOn2] we defined
a chart of good coordinate system as an orbifold that is not necessarily a global
quotient. So we define a notion of locally free S1 action on orbifold.
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Definition 2.8. Let U be an orbifold on which S1 acts effectively as a topological
group. We assume that the isotropy group of this S1 action is always finite. We say
that the action is a smooth action on orbifold if the following holds for each p ∈ U .

There exists an S1 equivariant neighborhood Up of p in U and Vp a manifold on
which Gp acts. (Vp,Γp, ψp) is a chart of U as an orbifold. The conditions (1)-(6) in
Definition 2.1 hold and ψp is Gp equivariant. Moreover the S1 action on Vp/S

1 ⊂ U
induced by hp : S1 → Gp,0 coincides with the given S1 action.

Let S1 act effectively on X and assume that that its isotropy group is finite.

Definition 2.9. Suppose X has a locally free S1 equivariant Kuranishi structure.

An S1 equivariant good coordinate system on it is (Up, Ep, ψp, sp), (Upq, φ̂pq, φpq)
as in [FOn2, Definition 2.2]. We require furthermore the following in addition.

(1) There exists a smooth S1 action on Up and Ep.
(2) ψp, sp are S1 equivariant.

(3) Upq is S1 invariant and φ̂pq, φpq are S1 equivariant.

Note the notion of S1-equivariance of maps or subsets are defined set theoreti-
cally.

Lemma 2.10. If (Up, Ep, ψp, sp), (Upq, φ̂pq, φpq) is an S1 equivariant good coordi-

nate system then it induces a good coordinate system of X/S1, that is (Up, Ep, ψp, sp),

(Upq, φ̂pq, φpq), where Up = Up/S
1 etc..

Proof. Apply the construction of Lemma-Definition 2.7 locally. �

Proposition 2.11. For any locally free S1 equivariant Kuranishi structure we can
find an S1 equivariant good coordinate system.

Proof. The proof uses the construction of good coordinate system in [FOn2, Section
4]. We defined and used the notion of pure and mixed orbifold neighborhood there.
We constructed them for Kuranishi structure. We will use pure and mixed orbifold
neighborhood of the Kuranishi structure on X/S1 and extend them to ones on X.
The detail follows.

We stratify X = X/S1 =
⋃

dX(d) where [p] ∈ X(d) if dimU [p] = d. So X(d +

1)/S1 = X(d). Let K∗ be a compact subset of X(d). Let K∗ be an S1-invariant
compact subset of X(d) such that K∗ = K∗/S1. In [FOn2, Proposition 4.4] we
constructed a pure orbifold neighborhood U∗ of K∗/S1.

Lemma 2.12. There exists a pure orbifold neighborhood U∗ of K∗ on which S1

acts and U∗/S
1 = U∗.

Remark 2.13. This lemma is somewhat loosely stated, since we did not define
the notion of S1 action on pure orbifold neighborhood. The definition is: U∗ has
locally free effective smooth S1 action and all the structure maps commute with S1

action.

Proof. We can prove this lemma by examining the proof of [FOn2, Proposition
4.4]. Namely U∗ is obtained by gluing various Kuranishi charts and restricting it
to suitable open subsets. We take the inverse image of Up → Up of those charts.
We can then glue and restrict them in the same way to obtain U∗. We omit the
detail. �
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In [FOn2, Section 4] we then proceed to define mixed orbifold neighborhood of
X(D) for an ideal D ⊂ D. For an ideal D ⊂ D we put D+1 = {d + 1 | d ∈ D}.

Lemma 2.14. We assume that {Ud} together with other data provide the mixed
orbifold neighborhood of X(D) obtained in [FOn2, Proposition 4.13].

Then we can take S1 equivariant mixed orbifold neighborhood {Ud+1} (plus other
data) on X(D+1) such that Ud = Ud+1/S

1.

Proof. This is proved again by examing the proof of [FOn2, Proposition 4.13] and
checking that the gluing process there can be lifted. This is actully fairly obvious.

�

We remark that the chart of good coordinat system on X constructed in [FOn2]
is Ud and other data of good coordinate system is obtained by the structure maps
etc. of mixed orbifold neighborhood. Therefore Ud+1 becomes the required S1

equivariant good coordinate system of X. The proof of Proposition 2.11 is complete.
�

Lemma 2.15. If the dimension of X/S1 in the sense of Kuranishi structure is −1
then there exists an S1 equivariant multisection on the good coordinate system Up
of X whose zero set is empty.

Proof. It suffices to define an appropriate notion of pull back of the multisection of
Up to ones of Up. This is routine. �

3. Floer’s equation and its moduli space

In this section we concern with the moduli space of solutions of Floer’s perturbed
Cauchy-Riemann equation. Such a moduli space appears in the proof of Arnold’s
conjecture of various kinds. In the next section, we prove existence of S1 equivariant
Kuranishi structure of such a moduli space in the case when our Morse function is
time independent.

Let H : X × S1 → R be a smooth function on a symplectic manifold X. We
put Ht(x) = H(t, x) where t ∈ S1 and x ∈ X. The function Ht generates the
Hamiltonian vector field XHt by

iXHtω = dHt.

We denote it by P(H) the set of the all 1-periodic orbit of the time dependent
vector field XHt . We put

P̃(H) = {(γ,w) | γ ∈ P(H), u : D2 → X, u(e2πit) = γ(t)}/ ∼,

where (γ,w) ∼ (γ′, w′) if and only if γ = γ′ and

ω([w]− [w′]) = 0, c1([w]− [w′]) = 0.

(Here ω is the symplectic form and c1 is the first Chern class.)

Assumption 3.1. All the 1-periodic orbits of the time dependent vector field XHt
are non-degenerate.

Following [Fl2], we consider the maps h : R× S1 → X that satisfiy

∂h

∂τ
+ J

(
∂h

∂t
− XHt

)
= 0. (3.4)
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Here τ and t are the coordinates of R and S1 = R/Z, respectively. For γ̃± =

(γ±, w±) ∈ P̃(H) we consider the boundary condition

lim
τ→±∞

h(τ, t) = γ±(t). (3.5)

The following result due to Floer [Fl2] is by now well established.

Proposition 3.2. We assume Assumption 3.1. Then for any solution h of (3.4)
with ∫

R×S1

∥∥∥∥∂h∂τ
∥∥∥∥2

dτdt <∞

there exists γ± ∈ P(H) such that (3.5) is satisfied.

Let γ̃± = (γ±, w±) ∈ P̃(H).

Definition 3.3. We denote by M̃reg(X,H; γ̃−, γ̃+) the set of all maps h : R×S1 →
X that satisfy (3.4), (3.5) and

w−#h ∼ w+.

Here # is an obvious concatenation.

The translation along τ ∈ R defines an R action on M̃reg(X,H; γ̃−, γ̃+). This
R action is free unless γ̃− = γ̃+. We denote by Mreg(X,H; γ̃−, γ̃+) the quotient
space of this action.

Theorem 3.4. ([FOn1, Theorem 19.14]) We assume Assumption 3.1.

(1) The space Mreg(X,H; γ̃−, γ̃+) has a compactification M(X,H; γ̃−, γ̃+).
(2) The compact space M(X,H; γ̃−, γ̃+) has an oriented Kuranishi structure

with corners.
(3) The codimension k corner of M(X,H; γ̃−, γ̃+) is identified with the union

of
k∏
i=0

M(X,H; γ̃i, γ̃i+1)

over the k + 1-tuples (γ̃0, . . . , γ̃k+1) such that γ̃0 = γ̃−, γ̃k+1 = γ̃+ and

γ̃i ∈ P̃(H).

The proof is in Section 5.
The main purpose of this section is to explain the proof of the next result. We

consider the case when H is time independent. In this case, Assumption 3.1 implies
that H : X → R is a Morse function. We also assume the following:

Assumption 3.5. (1) The gradient vector field of H is Morse-Smale.
(2) Any 1-periodic orbit of XH is a constant loop. (Namely it corresponds to

a critical point of H.)

Condition (1) is satisfied for generic H. We can replace H by εH for small ε so
that (2) is also satisfied.

By assumption, elements of P(H) are constant loops. We write x ∈ X to denote
its element. We put

Π =
Imπ2(X)→ H2(X;Z)

Ker(c1) ∩Ker(ω) ∩ Im(π2(X)→ H2(X;Z))
.
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(Here we regard c1 : H2(X;Z) → Z, ω : H2(X;Z) → R.) An element of P̃(H) is
regarded as a pair (z, α), where z is a critical point of H and α ∈ Π.

We put

Mreg(X,H; z−, z+;α) =Mreg(X,H; (z−, α−), (z+, α− + α)).

It is easy to see that the right hand is independent of α− ∈ Π.
Let M(X,H; z−, z+;α) be its compactification as in Theorem 3.4.

Let Mreg(X,H; z−, z+;α)S
1

be the fixed point set of the S1 action obtained by
t0h(τ, t) = h(τ, t + t0). It is easy to see that this set is empty unless α = 0 and in

the case α = 0 the fixed point set Mreg(X,H; z−, z+; 0)S
1

can be identified with
the set of gradient lines of H joining z− to z+. This identification can be extended
to their compactifications.

Assumption 3.6. (1) M(X,H; z−, z+; 0)S
1

is an open subset ofM(X,H; z−, z+; 0).
Namely any solution of (3.4) which is sufficiently close to an S1 equivariant
solution is S1 equivariant.

(2) The moduli space M(X,H; z−, z+; 0) is Fredholm regular at each point of

M(X,H; z−, z+; 0)S
1

.

Lemma 3.7. Assumption 3.6 is satisfied if we replace H by εH for a sufficiently
small ε.

Proof. (2) is proved in [FOn1, page 1038]. More precisely it is proved there that
for sufficiently small ε the following holds. Let ` be a gradient line joining z− to

z+ and h` be the corresponding element ofM(X, εH; z−, z+; 0)S
1

. We consider the
deformation complexes of the gradient line equation at ` and of the equation (3.4)
at h`. The kernel and the cokernel of the former are contained in the kernel and
the cokernel of the later, respectively. It is proved in [FOn1, page 1038] that they
actually coincide each other if ε is sufficiently small.

Since H is Morse-Smale the element ` is Fredholm regular in the moduli space
of gradient lines. Therefore by the above mentioned result the moduli space
Mreg(X, εH; z−, z+; 0) is Fredholm regular at h`. This implies (2). (1) is a con-
sequence of the same result and the implicite function theorem. (We remark that we

can prove the same result at the pointM(X, εH; z−, z+;α)S
1\Mreg(X, εH; z−, z+;α)S

1

in the same way.) �

We put

M0(X,H; x−, x̃+; 0) =M(X,H; x−, x̃+; 0) \M(X,H; x−, x̃+; 0)S
1

. (3.6)

Lemma 3.7 implies thatM0(X,H; x−, x̃+; 0) is open and closed inM(X,H; x−, x̃+; 0).

Theorem 3.8. ([FOn1, page 1036]) If we assume Assumptions 3.1, 3.5 and 3.6,
then the following holds.

(1) In case α 6= 0 the Kuranishi structure on M(X,H; x−, x̃+;α) can be taken
to be S1 equivariant.

(2) In case α = 0 the same conclusion holds for M0(X,H; x−, x̃+; 0).

4. S1 equivariant Kuranishi structure for the Floer homology of
time independent Hamiltonian.

In this section we prove Theorem 3.8 in detail. We begin with describing the com-
pactification M(X,H; z−, z+;α) of the moduli space Mreg(X,H; z−, z+;α). Here
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we include the case α = 0 and the S1 fixed point since it will appear in the fiber
product factor of the compactification.

We consider (Σ, z−, z+), a genus zero semistable curve with two marked points.

Definition 4.1. Let Σ0 be the union of the irreducible components of Σ such that

(1) z−, z+ ∈ Σ0.
(2) Σ0 is connected.
(3) Σ0 is smallest among those satisfying (1),(2) above.

We call Σ0 the mainstream of Σ. An irreducible component of Σ that is not con-
tained in Σ0 is called a bubble component.

Let Σa ⊂ Σ be an irreducible component of the mainstream. If z− /∈ Σa then
there exists a unique singular point za,− of Σ contained in Σa such that

(1) z− and Σa \ {za,−} belong to the different connected components of Σ \
{za,−}.

(2) z+ and Σa \{za,−} belong to the same connected components of Σ\{za,−}.
In case z− ∈ Σa we set z− = za,−.

We define za,+ in the same way.
A parametrization of the mainstream of (Σ, z−, z+) is ϕ = {ϕa}, where ϕa :

R× S1 → Σa for each irreducible component Σa of the mainstream such that:

(1) ϕa is a biholomorphic map ϕa : R× S1 ∼= Σa \ {za,−, za,+}.
(2) limτ→±∞ ϕa(τ, t) = za,±.

Definition 4.2. We consider the triple ((Σ, z−, z+), u, ϕ) where:

(1) (Σ, z−, z+) is a genus zero semistable curve with two marked points.
(2) ϕ is a parametrization of the mainstream.
(3) u : Σ→ X a continuous map from Σ to X.
(4) If Σa is an irreducible component of the mainstream and ϕa : R×S1 → Σa

is as above then the composition ha = u ◦ ϕa satisfies the equation (3.4).
(5) If Σa is a bubble component then u is pseudo-holomorphic on it.
(6) u(z−) = z−, u(z+) = z+.
(7) [u∗[Σ]] = α. Here α ∈ Π.

We denote by M̂(X,H; z−, z+, α) the set of all such ((Σ, z−, z+), u, ϕ).

Definition 4.3. On the set M̂(X,H; z−, z+, α) we define three equivalence rela-
tions ∼1, ∼2, ∼3 as follows.

((Σ, z−, z+), u, ϕ) ∼1 ((Σ′, z′−, z
′
+), u′, ϕ′) if and only if there exists a biholomor-

phic map v : Σ→ Σ′ with the following properties:

(1) u′ = u ◦ v.
(2) v(z−) = z′− and v(z+) = z′+. In particular v sends the mainstream of Σ to

the mainstream of Σ′.
(3) If Σa is an irreducible component of the mainstream of Σ and v(Σa) = Σ′a,

then we have
v ◦ ϕa = ϕ′a. (4.7)

The equivalence relation ∼2 is defined replacing (4.7) by the existence of τa such
that

(v ◦ ϕa)(τ, t) = ϕ′a(τ + τa, t). (4.8)

The equivalence relation ∼3 is defined by requiring only (1), (2) above. (Namely
by removing condition (3).
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Remark 4.4. After taking the ∼3 equivalence class, the data ϕ does not remain.
Namely ((Σ, z−, z+), u, ϕ) ∼3 ((Σ, z−, z+), u, ϕ′) for any ϕ,ϕ′.

Definition 4.5. We put

M̃(X,H; z−, z+, α) = M̂(X,H; z−, z+, α)/ ∼1,

M(X,H; z−, z+, α) = M̂(X,H; z−, z+, α)/ ∼2,

M(X,H; z−, z+, α) = M̂(X,H; z−, z+, α)/ ∼3 .

We use p etc. to denote an element of M(X,H; z−, z+, α). We denote by [p] its

equivalence class in M(X,H; z−, z+, α).

Let ((Σ, z−, z+), u, ϕ) be an element of M̂(X,H; z−, z+, α). Suppose the main-
stream of Σ has k irreducible components. We add the bubble tree to the irreducible
component of the mainstream where it is rooted. We thus have obtained a decom-
position

Σ =

k∑
i=1

Σi. (4.9)

Here z− ∈ Σ1, z+ ∈ Σk and #(Σi ∩ Σi+1) = 1. We call each summand of (4.9)
a mainstream component. We put zi+1 = Σi ∩ Σi+1 and call it (i + 1)-th transit
point. We put zi = u(zi) and call it a transit image.

Let p = ((Σ, z−, z+), u, ϕ) ∈ M̂(X,H; z−, z+, α) and Σi be one of its mainstream
component. We restrict u, ϕ to Σi and obtain pi. We say that Σi is a gradient line
component if pi is a fixed point of the S1 action.

In the definition of M̂(X,H; z−, z+, α) we forget the map u but remember only
the homology classes of u|Σv of each irreducible components and the image u(zi)
of the transit points (that are critical points of H). We then obtain a decorated

moduli space of domain curves, M̂(z−, z+, α). We define equivalence relation ∼j
(j = 1, 2, 3) on it in the same way and obtain M̃(z−, z+, α), M(z−, z+, α), and

M(z−, z+, α).

For each element p of M̂(X,H; z−, z+, α) etc., we obtain an element xp of M̂(z−, z+, α)
etc. by forgetting u.

For each p ∈ M̂(X,H; z−, z+, α) etc. or x ∈ M̂(z−, z+, α) etc., we define a graph
Gp or Gx in the same way as [FOOO5, Section 2.1]. (We include the data of the
homology class of each component and the image of the transit point in Gp (resp.
Gx). We call Gp (resp. Gx) the combinatorial type of p (resp. x). We denote by

M̂(X,H; z−, z+, α;G) etc. or M̂(z−, z+, α;G) etc. the subset of the objects with
combinatorial type G.

We consider the subset M̂reg(X,H; z−, z+, α) of M̂(X,H; z−, z+, α) consisting

of the elements ((Σ, z−, z+), u, ϕ) such that Σ = S2. Let M̃reg(X,H; z−, z+, α),

Mreg(X,H; z−, z+, α),M
reg

(X,H; z−, z+, α) be the ∼1, ∼2, ∼3 equivalence classes

of M̂reg(X,H; z−, z+, α), respectively.

It is easy to see that M̃reg(X,H; z−, z+, α), Mreg(X,H; z−, z+, α) coincide with
the ones in Definition 3.3. In particular

Mreg(X,H; z−, z+, α) ∼= M̃reg(X,H; z−, z+, α)/R. (4.10)
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Here the R action is obtained by the translation along the R direction of the source
and is free.

Moreover we have

M
reg

(X,H; z−, z+, α) ∼=Mreg(X,H; z−, z+, α)/S1. (4.11)

Here the S1 action is obtained by the S1 action of the source.
We however remark that the fiber of the canonical map

M(X,H; z−, z+, α)→M(X,H; z−, z+, α) (4.12)

between the compactified moduli spaces may be bigger than S1. In fact if (Σ, z−, z+)
has k mainstream components then the fiber of [(Σ, z−, z+), u, ϕ] inM(X,H; z−, z+, α)
is (S1)k for the generic points.

On the other hand there exists an S1 action on M(X,H; z−, z+, α) obtained by

t0 · [(Σ, z−, z+), u, ϕ] = [(Σ, z−, z+), u, t0 · ϕ]

where

(t0 · ϕ)a(τ, t) = ϕa(τ, t+ t0).

Definition 4.6.

M(X,H; z−, z+, α) =M(X,H; z−, z+, α)/S1.

The map (4.12) factors through M(X,H; z−, z+, α).
We can prove that M(X,H; z−, z+, α) is compact in the same way as [FOn1,

Theorem 11.1].
In place of taking the quotient by the R action in (4.10) we can require the

following balancing condition. (In other words we can take a global section of this
R action.)

Definition 4.7. Let ((Σ, z−, z+), u, ϕ) ∈ M̃(X,H; z−, z+, α). Suppose that it has
only one mainstream component. We define a function A : R \ a finite set→ R as
follows.

Let τ0 ∈ R. We assume ϕ({τ0} × S1) does not contain a root of the bubble
tree. (This is the way how we remove a finite set from the domain of A.) Let Σvi ,
i = 1, . . . ,m be the set of the irreducible components that is in a bubble tree rooted
on R≤τ0 × S1. We define

A(τ0) =

m∑
i=1

∫
Σvi

u∗ω +

∫ τ0

τ=−∞

∫
t∈S1

(u ◦ ϕ)∗ω +

∫
t∈S1

H(u(ϕ(τ0, t)))dt. (4.13)

This is a nondecreasing function and satsifies

lim
τ→−∞

A(τ) = H(z−), lim
τ→+∞

A(τ) = H(z+) + α ∩ ω.

We say ϕ satisfies the balancing condition if

lim
τ<0
τ→0

A(τ) ≤ 1

2
(H(z−) +H(z+) + α ∩ ω) ≤ lim

τ>0
τ→0

A(τ). (4.14)

In case ((Σ, z−, z+), u, ϕ) ∈ M̃(X,H; z−, z+, α) we require the balancing condition
in mainstream-component-wise.
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Remark 4.8. We remark that there exists unique ϕ satisfying the balancing condi-
tion in each of the R orbits, except the following case: u is constant on the (unique)
irreducible component in the mainstream. (In this case there must occur a non-
trivial bubble.) The uniqueness breaks down in the case when there exists τ0 such
that

m∑
i=1

∫
Σvi

u∗ω =
1

2
ω ∩ α

in addition. (Here {vi | i = 1, . . . ,m} is the bubbles associated to τ0 as in Definition
4.7.) In such a case we replace A by the following reguralized version

A′(τ0) =
2√
π

∫
R
e−(τ−τ0)2A(τ)dτ.

The first derivative of A′ is always strictly positive. So there exists a unique ϕ
satisfying the modified balanced codition (using A′) in each R orbit.

Note however the balancing condition will be mainly used later to define canon-
ical marked point. In the case there is a sphere bubble we will not take a canonical
marked point. So this remark is only for consistency of the terminology.

We have thus defined a compactification of Mreg(X,H; z−, z+, α). We will con-
struct a Kuranishi structure with corner on it. The construction is mostly the same
as the proof of [FOOO5, Theorem 2.3], which is a detailed version of the proof of
[FOn1, Theorem 7.10]. Here we explain this proof in more detail than [FOn1].

We first remark that M(X,H; z−, z+, α) does not have Kuranishi structure in
general. (Even in the case α 6= 0.) This is because there is an element in this moduli
space whose isotropy group is of positive dimension. Namely if Σi is a gradient line
component, then the biholomorphic S1 action on the component Σi is in the group

of automorphisms of this element ofM(X,H; z−, z+, α). So a neighborhood of this
element may not be a manifold with corner.

On the other hand, the S1 action on M(X,H; z−, z+, α) is always locally free
(namely its isotropy group is a finite group) in case α 6= 0. In the case of α = 0 the
S1 action on M0(X,H; z−, z+, 0) is locally free.

To define obstruction bundle on the compactification we need to take an obstruc-
tion bundle data in the same way as [FOOO5, Definition 2.33]. To keep consistency
with the fiber product description of the boundary or corner ofM(X,H; z−, z+, α)
we will define it in a way invariant not only under the S1 action but also un-
der the (S1)k action on the part where there are k irreducible components in the
mainstream.

We also need to consider the case of gradient line component at the same time.
Note we assumed that the map u is an immersion at the additional marked points
in [FOOO5, Definition 2.31 (3)] (the definition of symmetric stabilization). In case
of gradient line component, there is no such point. However since we assumed that
the gradient flow of our Hamiltonian H is Morse-Smale and satisfying Assumption
3.6 (2), we actually do not need to perturb the equation on such a component. So
our obstruction bundle there is, by definition, a trivial bundle. (And we do not
need to stabilize such a component to define obstruction bundle.)

Taking this into account we define the obstruction bundle data in our situation
as the following Definition 4.12.
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Definition 4.9. A symmetric stabilization of ((Σ, z−, z+), u, ϕ) is ~w such that
~w ∩ Σi is a symmetric stabilization of Σi in the sense of [FOOO5, Definition 2.31]
if Σi is not a gradient line component, and ~w ∩ Σi = ∅ if Σi is a gradient line
component.

Definition 4.10. Let p = ((Σ, z−, z+), u, ϕ) be as above. We assume Σi is a
gradient line component. Note, then `(τ) = u(ϕi(τ, t)) is a gradient line joining
transit images zi and zi+1. There exists a unique τ0 such that

H(`(τ0)) =
1

2
(H(zi) +H(zi+1)) .

We put wi = ϕi(τ0, 0), which we call the canonical marked point of our gradient
line component.

Remark 4.11. We remark that the pair (p, wi) where wi is the canonical marked
point depends only on the ∼3 equivalece class of p in the following sense. Suppose
p ∼3 p′. We define w′i in the i-th mainstream component of Σp′ as above. Then
there exists an isomorphism v : Σp → Σp′ satisfying Definition 4.3 (1), (2) and such
that v(wi) = w′i. This is because u is S1 equivariant on this irreducible component.

On the other hand, if the homology class u∗([Σi]) is nonzero, the pair (p, wi) is
not ∼3 equiviant to (p, w′i) in the above sense, where w′i = ϕi(τ0, t0) .

We remark that, if the i-th mainstream component Σi consists of a gradient line
and sphere bubbles, then we put ~w only on the part of the sphere bubble. Note
the irreducble component that is the intersection of this mainsteam component and
the mainstream is (source) stable since the root of the bubble is the third marked
point.

Definition 4.12. An obstruction bundle data Ep centered at

[p] = [(Σ, z−, z+), u, ϕ] ∈M(X,H; z−, z+, α)

is the data satisfying the conditions described below. We put x = (Σ, z−, z+).
Let xi be the i-th mainstream component. (It has two marked points.) We put
αi = u∗[Σi] ∈ Π.

(1) A symmetric stabilization ~w of p. We put ~w(i) = ~w ∩ xi.
(2) The same as [FOOO5, Definition 2.33 (2)].
(3) A universal family with coordinate at infinity of xp∪ ~w∪ ~wcan. Here we put

canonical marked points (Definition 4.10) for each gradient line components
and denote it by ~wcan. We require some additional condition (Condition
4.13 below) for the coordinate at infinity.

(4) The same as [FOOO5, Definition 2.33 (4)]. Namely compact subsets Kobst
v

of Σv. (The support of the obstruction bundle.) We do not put Kobst
v on

the gradient line components. In case the i-th mainstream component Σi
consists of a gradient line and sphere bubbles, then we put Kobst

v only on
the bubble.

(5) The same as [FOOO5, Definition 2.33 (5)]. Namely, finite dimensional
complex linear subspaces Ep,v(y, u). We do not put them on the gradient
line components. In case i-th mainstream component Σi consists of the
gradient line and a sphere bubble, then we put them only on the bubble.
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(6) The same as [FOOO5, Definition 2.33 (6)] except the differential operator
there

Du∂ :L2
m+1,δ((Σyv

, ∂Σyv
);u∗TX, u∗TL)

→ L2
m,δ(Σyv ;u∗TX ⊗ Λ01)/Ep,v(y, u)

(4.15)

is replaced by the linearization of the equation (3.4)
(7) The same as [FOOO5, Definition 2.33 (7)].
(8) We take a codimension 2 submanifold Dj for each of wj ∈ ~w in the same

way as [FOOO5, Definition 2.33 (8)]. We remark that we do not take such
submanifolds for the canonical marked points ∈ ~wcan. (In fact since u is
not an immersion at the canonical marked points we can not choose such
submanifolds.)

We require that the deta Kobst
v , Ep,v(y, u) depend only on the mainstream com-

ponent pi = [(Σi, zi−1, zi), u, ϕ] (Here zi is the i-th transit point.) that contains the
v-th irreducible component. We call this condition mainstream-component-wise.

The additional condition we assume in item (3) above is as follows.

Condition 4.13. (1) Let zi+1 be the (i+1)-th transit point, which is contained
in Σi and in Σi+1. Then the coordinate at infinity near zi+1 coincides with
the parametrization ϕi or ϕi+1 up to the R × S1 action. Namely it is
(τ, t) 7→ ϕi(τ + τ0, t+ t0) (resp. ϕi+1(τ + τ0, t+ t0)) for some τ0 and t0.

(2) Let z be a singular point that is not a transit point and Σv an irreducible
component containing z. Since Σv is a sphere there exists a biholomorphic
map

φ : Σv
∼= C ∪ {∞}

such that φ(z) = 0.
Then a coordinate at infinity around z is given as

(τ, t) 7→ φ−1(e±2π(τ+
√
−1t)),

for some choice of φ. Here ± depends on the orientation of the edge corre-
sponding to z.

Note the choice of coordinate at infinity satisfying the above condition is not
unique.

Remark 4.14. In (2) above we make full use of the fact that our curve is of genus
0. The construction of [FOOO5] is designed so that it works in the case of arbitrary
genus without change. So we did not put this condition in [FOOO5]. Condition
4.13 (2) will be used to simplify the discussion on how to handle the Hamiltonian
perturbation in the gluing analysis. See Lemma 4.24.

We can prove the existence of an obstruction bundle data in the same way
as [FOOO5, Lemma 2.37]. For example we can choose the marked points ~w as
follows: We remark that the restriction of u to the irreducible component Σv is not
homologous to zero except the following two cases. So we can find a point of Σv at
which u is an immersion and take it as an additional marked point.

(1) Σv is in the mainstream and is not a root of the sphere bubble.
(2) Σv is in the mainstream and is a root of the sphere bubble.
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In Case (1), we take only the canonical marked point on this component. In Case
(2), this irreducible component is stable. So we do not take additional marked point
on this component. Thus we can define ~w.

We take and fix obstruction bundle data for each element ofM(X,H; z−, z+, α).

We defined the moduli spaces M̂(z−, z+, α), M(z−, z+, α), and M(z−, z+, α) in
Definition 4.5. We add ` additional marked points on it and denote the moduli space

of such objects as M̂`(z
−, z+, α), M`(z

−, z+, α), and M`(z
−, z+, α). We denote

by M̂`(z
−, z+, α;G), M`(z

−, z+, α;G), and M`(z
−, z+, α;G) its subset so that its

combinatorial type is G. (We include the datum on how the additional marked
points ~w in G are distributed over the irreducible components.)

Let ((Σ, z−, z+), u, ϕ) ∪ ~w ∪ ~wcan = p ∪ ~w ∪ ~wcan be as in Definition 4.9 with

decomposition (4.9). We put ` = #(~w ∪ ~wcan) and denote by V(p ∪ ~w ∪ ~wcan) a

neighborhood of xp ∪ ~w ∪ ~wcan in M`(z
−, z+, α;Gp∪~w∪~wcan).

In the same way as [FOOO5, Definition 2.14] we define a map

Φ : V(p ∪ ~w ∪ ~wcan)× ((~T ,∞]× S1)→M`(z
−, z+, α), (4.16)

that is an isomorphism onto an open neighborhood of [xp ∪ ~w ∪ ~wcan]. Here the

notation ((~T ,∞]× S1) is similar to [FOOO5, Definition 2.13].
We next add the parametrization ϕ of the mainstream to the map (4.16) and

define its M`(z
−, z+, α)-version below.

We define a manifold with corner D̃(k; ~T0) as follows. We put

◦̃
D(k;T0) = {(T1, . . . , Tk) ∈ Rk | Ti+1 − Ti ≥ T0,i}. (4.17)

We (partially) compactify
◦̃
D(k; ~T0) to D̃(k; ~T0) by admitting Ti+1 − Ti = ∞ as

follows. We take s′i = 1/(Ti+1−Ti) then T1 and s′1, . . . , s
′
k−1 define another param-

eters. So (4.17) is identified with R×
∏k
i=1(0, 1/T0,i]. We (partially) compactify it

to R×
∏k
i=1[0, 1/T0,i].

By taking the quotient of the R action T (T1, . . . , Tk) = (T1 + T, . . . , Tk + T ), we

obtain
◦
D(k; ~T0) and D(k; ~T0).

Let V(p ∪ ~w ∪ ~wcan) ⊂ M`(z
−, z+, α;Gp∪~w∪~wcan) be the inverse image of V(p ∪

~w ∪ ~wcan) under the projection

M`(z
−, z+, α;Gp∪~w∪~wcan)→M`(z

−, z+, α). (4.18)

Remark 4.15. Note for an elements ((Σ′, z′−, z
′
+), ϕ′) ∪ ~w′, the marked points w′i

that correspond to canonical marked points ∈ ~wcan may not be canonical. (Namely
it may not be of the form ϕ′(τ0, 0) where τ0 is an in Definition 4.10.)

M`(z
−, z+, α;Gp∪~w∪~wcan) carries an (S1)k action on it given by

(t1, . . . , tk)(((Σ, z−, z+), u, ϕ) ∪ ~w ∪ ~wcan) = ((Σ, z−, z+), u, ϕ′) ∪ ~w ∪ ~wcan

where ϕ = (ϕi)
k
i=1 and ϕ′ = (ϕ′i)

k
i=1 such that

ϕ′i(τ, t) = ϕi(τ, t+ ti).

This action is locally free and the map (4.18) can be identified with the canonical
projection:

M`(z
−, z+, α;Gp∪~w∪~wcan)→M`(z

−, z+, α;Gp∪~w∪~wcan)/(S1)k.
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It follows from this fact that V(p ∪ ~w ∪ ~wcan) is an open neighborhood of the
inverse image of [p] in M`(z

−, z+, α;Gp∪~w∪~wcan).
We now define:

Φ : V(p ∪ ~w ∪ ~wcan)×D(k; ~T0)× (

m∏
j=1

(T0,j ,∞]× S1)/ ∼)→M`(z
−, z+, α) (4.19)

that is a homeomorphism onto an open neighborhood of the inverse image of [p] in
M`(z

−, z+, α). (Here ∼ is as in [FOOO5, Remark 2.9].)

Let y ∈ V(p∪ ~w∪ ~wcan) and (~T , ~θ) ∈ D̃(k; ~T0)× (
∏m
j=1(T0,j ,∞]×S1)/ ∼). Note

V(p ∪ ~w ∪ ~wcan) is the quotient space of the R action. We represent the quotient
by the slice obtained by requiring the balancing condition (Definition 4.7).

The element y comes with the coordinate around the m singular points of Σ that
are not transit points. (This is a part of the stabilization data centered at p.) We
use the parameters in (

∏m
j=1(T0,j ,∞]× S1)/ ∼ to resolve those singular points.

The rest of the parameter ~T ′ = (T1, . . . , Tk) ∈ D(k1, k2; ~T0) is used to resolve

the transit points as follows. We consider the case this parameter ~T ′ is in
◦
D(k; ~T0).

Let us consider

[−5Ti, 5Ti]i × S1
i

and regard it as a subset of the domain of ϕi : R× S1 → Σi. We define

ϕ0 :
⋃
i

([−5Ti, 5Ti]i × S1
i )→ R× S1

as follows. If (τ, t) ∈ [−5Ti, 5Ti]i × S1
i then

ϕ0(τ, t) = (τ + 10Ti, t).

We use ϕ0 ◦ϕ−1
i to identify (a part of) Σi with a subset of R×S1. We then use this

identification to move bubble components (glued) and marked points. So together
with R× S1 it gives a marked Riemann surface. We thus obtain Y.

The image of ϕ0 are in the core of Y and the complement of the core in the
mainstream is the neck region.

By taking a quotient with respect to the R action, we obtain:

Y = Φ(y, ~T , ~θ) ∈M`(z
−, z+, α).

We have thus defined (4.19).

We next consider ((Σ′, z′−, z
′
+), u′, ϕ′) ∪ ~w′ and define the ε-close-ness of it from

[p∪ ~w∪ ~wcan] = [((Σ, z−, z+), u, ϕ)∪ ~w∪ ~wcan]. Here ((Σ′, z′−, z
′
+), u′, ϕ′) is assumed

to satisfy Definition 4.2 (1)(2)(3)(6)(7) and ~w′ is the set of ` additional marked
points. We decompose

Σ′ =

k′∑
j=1

Σ′j (4.20)

into the mainstream components. Let z′j be the j-th transit point and α′j = u′∗([Σ
′
j ]).

We assume there exists a map i : {1, . . . , k′} → {1, . . . , k} such that

(a) u(zi(j)) = u′(z′j).

(b)
∑i(j+1)−1
i=i(j) αi = α′j .

Here zi is the the i-th transit point of p and αi = u∗([Σi]).
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Definition 4.16. We say ((Σ′, z′−, z
′
+), u′, ϕ′)∪ ~w′ is ε-close to [p∪ ~w∪ ~wcan] if the

following holds.

(1)

((Σ′, z′−, z
′
+), u′) ∪ ~w′ = Φ(y, ~T , ~θ) (4.21)

where y ∈ V(p ∪ ~w ∪ ~wcan). And [FOOO5, Definition 2.38 (1)] holds.
(2) [FOOO5, Definition 2.38 (2)] holds.
(3) [FOOO5, Definition 2.38 (3)] holds.

(4) [FOOO5, Definition 2.38 (4)] holds. (Namely each of the component of ~T
is > 1/ε.)

(5) If Σi, i = i(j), . . . , i(j + 1)− 1 are all gradient line components, then Σ′j is
also a gradient line component that is ε-close to the union of the gradient
lines u|Σi , i = i(j), . . . , i(j + 1) − 1. We also require that ~w′ ∩ Σ′j consists
of i(j + 1)− i(j) points z′i(j)+1, . . . , z

′
i(j+1) such that∣∣∣∣H(zi)−

1

2
(H(zi) +H(zi+1))

∣∣∣∣ < ε

for i(j) ≤ i ≤ i(j + 1)− 1.

If ((Σ′, z′−, z
′
+), u′, ϕ′) ∪ ~w′ is ε-close to [p ∪ ~w ∪ ~wcan] and ε is sufficiently small,

we can define an obstruction bundle for ((Σ′, z′−, z
′
+), u′, ϕ′) in a similar way as

[FOOO5, Definition 2.41] as follows.

Definition 4.17. We consider the decomposition (4.20) of Σ′ into the mainstream
components and define i(j) as in (a),(b) there. We will define an obstruction bundle
supported on each of Σ′j .

If Σ′j is a gradient line component then we set an obstruction bundle to be trivial
on Σ′j .

Suppose Σ′j is not a gradient line component. We remove all the marked points
~w′∩Σ′j that correspond to ~wcan. We denote by ~w′0,j ⊆ ~w′∩Σ′j the remaining marked
points on Σ′j . It is easy to see that (Σ′j ; z

′
j , z
′
j+1) ∪ ~w′0,j is stable. Let ~w0,j ⊆ ~w be

the set of the marked poins on Σ corresponding to the marked points ~w′0,j .

In the union
⋃i(j+1)−1
i=i(j) Σi, we shrink each of the gradient line components Σi to

a point. Let Σ0,j be the resulting semi-stable curve. Then (Σ0,j ; zi(j), zi(j+1))∪ ~w0,j

is stable. It has a coordinate at infinity induced by one given in Definition 4.12 (3).

We remark that the union of the supports of the obstruction bundles in
⋃i(j+1)−1
i=i(j) Σi

may be regarded as subsets of Σ0,j .
We observe that (Σ′j ; z

′
j , z
′
j+1) ∪ ~w′0,j is obtained from (Σ0,j ; zi(j), zi(j+1)) ∪ ~w0,j

by resolving singular points. Therefore using the above mentioned coordinate at
infinity we have a diffeomorphism from the supports of the obstruction bundles in⋃i(j+1)−1
i=i(j) Σi onto open subsets of Σ′j , together with parallel transport to define an

obstruction bundle on Σ′j , in the same way as [FOOO5, Definition 2.41].

Remark 4.18. We remark that by construction the obstruction bundle that we
defined on ((Σ′, z′−, z

′
+), u′, ϕ′) ∪ ~w′ is independent of the marked points ∈ ~w′ cor-

responding to the canonical marked points ~wcan. This is important to see that our
construction is S1 equivariant.
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In other words, the canonical marked points ~wcan and the corresponding marked
points in ~w′ do not play an important role in our construction. We introduce them
so that our terminology is as close to the one in [FOOO5] as possible.

In the same way as [FOOO5, Corollary 2.43], we can show this obstruction bun-
dle is independent of the equivalence relation ∼i (i = 1, 2, 3) that are defined in
the same way as Definition 4.3. We can define Fredholm regurality and evaluation-
map-transversality of such obstruction bundle in the same way as [FOOO5, Defi-
nition 2.44], [FOOO5, Definition 2.46], respectively. Then an obvious analogue of
[FOOO5, Proposition 2.48] is proved in the same way.

Definition 4.19. Suppose ((Σ′, z′−, z
′
+), u′, ϕ′)∪ ~w′ is as in Defintion 4.16. We say

that it satisfies the transversal constraint if the following holds.

(1) Let w′i be one of the elements of ~w′. If the corresponding wi ∈ ~w ∪ ~wcan is
contained in ~w then u′(w′i) in contained in the codimension 2 submanifold
Di that are given as a part of Definition 4.12 (8).

(2) Suppose Σ′j is a gradient line component and w′i(j)+1, . . . , w
′
i(j+1) = ~w′∩Σ′j .

Then

H(u(w′i)) =
1

2
(H(zi) +H(zi+1))

for i(j) + 1 ≤ i ≤ i(j + 1).
(3) Let w′1, . . . , w

′
n be the points in ~w′ corresponding to ~wcan. We may assume

that they are all contained in the mainstream (by taking ε small.) Then
we require that the S1 coordinate thereof are all [0] ∈ R/Z = S1.

Then for each p ∈ M(X,H; z−, z+, α) we fix an obstruction bundle data Cp

centered at [p]. In particular we have ~wp. We choose εp so that the conclusion of
[FOOO5, Lemma 2.50] holds.

For each [p] ∈M(X,H; z−, z+, α) we denote by Wp the subset ofM(X,H; z−, z+, α)
consisting of [p′] satisfying the following conditions. There exists ~w′ such that p′∪ ~w′
is εp-close to [p ∪ ~wp ∪ ~wcan].

We then find a finite set C = {pc} such that⋃
c

IntWpc =M(X,H; z−, z+, α).

where Wpc consists of elements p with the following property: there exists ~wp such
that p∪ ~wp is εpc-close to pc∪ ~wpc ∪ ~wcan and ~wp satisfies the transversal constraint.

We can construct such C = C(α) mainstream-component-wise in the following
sense. We decompose p = ∪pi into its mainstream components. Then p ∈ C(α) if
and only if pi ∈ C(αi)

2 for each i. As long as we consider a finite number of α’s,
we can construct such C(α) inductively over the energy of α.

For each [p] ∈ M(X,H; z−, z+, α) we define the notion of stabilization data in
the same way as [FOOO5, Definition 2.57]. (In other words we require Definition
4.12 (1)(2)(3)(8).)

We put

C[p] = {c ∈ C(α) | [p] ∈ IntWpc}. (4.22)

2For the component αi = 0 we take a sufficiently dense subset of the moduli space of gradient
lines and use it.
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We remark that that if c ∈ C[p] there exists ~wp
c such that p ∪ ~wp

c is εc-close to
pc ∪ ~wc ∪ ~wcan and ~wp

c satisfies the transversal constraint. We take such ~wp
c and fix

it.
Let

[p] = [(Σp, zp,−, zp,+), up, ϕp)] ∈M(X,H; z−, z+, α).

Definition 4.20. We define a thickened moduli space

M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0,~T0
(4.23)

as follows. (Here A ⊂ B ⊂ C[p].)
(4.23) is the set of ∼2 equivalence classes of ((Y, u′, ϕ′), ~w′p, (~w

′
c)) with the fol-

lowing properties.

(1) (Y, u′, ϕ′) ∪ ~w′p is ε0-close to p ∪ ~wp ∪ ~wcan. Here `p = #~w′p.
(2) (Y, u′, ϕ′) ∪ ~w′c is ε0-close to p ∪ ~wp

c . Here `c = #~w′c.
(3) On the bubble we have

∂u′ ≡ 0 mod EB.
Here EB is the obstruction bundle defined from Definition 4.17 in the same
way as [FOOO5, Definition 2.55].

(4) On the i-th irreducible component of the mainstream we consider h′i =
u′ ◦ ϕ′i. Then it satisfies

∂h′i
∂τ

+ J

(
∂h′i
∂t
− XHt

)
≡ 0 mod EB.

Here EB is as in (3).

The next lemma says thatM(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0,~T0
carries the fol-

lowing S1 action.

Lemma 4.21. Suppose that ((Y, u′, ϕ′), ~w′p, (~w
′
c)) is an element of our moduli space

M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0,~T0
and t0 ∈ S1. Then ((Y, u′, t0ϕ

′), t0 ~w
′
p, (t0 ~w

′
c))

is an element ofM(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0,~T0
. Here (t0·ϕ′)(τ, t) = ϕ′(τ, t+

t0). We define t0 ~w
′
c as follows. (t0 ~w

′
c)i = (~w′c)i if it corrresponds to a marked

point in ~wpc . If (~w′c)i corresponds to a canonical marked point then (t0 ~w
′
c)i =

((t0 · ϕ′) ◦ (ϕ)−1)((~w′c)i).

Proof. The only part of our construction which potentially breaks S1 symmetry is
Definition 4.19 (3). However as we remarked in Remark 4.18, the marked points
that correspond to the canonical marked points do not affect the obstruction bundle.
Therefore S1 symmetry is not broken. �

Definition 4.22. We denote by V(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0 the subset of

M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0,~T0
consisting of the elements with the same

combinatorial type as p. (Compare [FOOO5, (2.212)].)

In the same way as [FOOO5, Lemma 2.68] V(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0
is a smooth manifold. In the same way as Lemma 4.21 we can show that our
space V(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0 has (S1)k action. Here k is the number of
mainstream components of p. Let m be the number of singular points of Σp which
are not transit points.

Now we have the following analogue of [FOOO5, Theorem 2.70].
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Proposition 4.23. There exists a map

Glue :V(`p,(`c))(X,H; z−, z+, α; p;A;B)ε0 ×

(
m∏
i=1

(T0,i,∞]× S1)

)
/ ∼ ×D(k; ~T ′0)

→M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε2 .

Its image contains M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε3 for sufficiently small ε3.
An estimate similar to [FOOO5, Theorem 2.72] also holds.

(The notation M(`p,(`c))(X,H; z−, z+, α; p;A;B)ε is similar to one in [FOOO5,
Theorem 2.70].)

Proof. The proof is mostly the same as the proofs of [FOOO5, Theorems 2.70, 2.72].
The only new point we need to discuss is the following.

Our equation is pseudo-holomorphic curve equation ((3) in Definition 4.20) on
the bubble but involves Hamiltonian vector field ((4) in Definition 4.20) on the
mainstream. When we resolve the singular points, the bubble becomes the main-
stream. So we need to estimate the contribution of the (pull back by appropriate
diffeomorphisms of the) Hamiltonian vecotor field on such a part. We need to do so
by using the coordinate that is similar to those we used in the proofs of [FOOO5,
Theorems 2.70, 2.72]. We will use Lemma 4.24 below for this purpose.

We put

Σp =

k⋃
i=1

Σi ∪
⋃
v

Σv

where Σi are in the mainstream and Σv are the bubbles. We remark Σv is a sphere
S2. Let z be a singular point contained in Σv. According to Condition 4.13 we have
a disk Dz,v ⊂ Σv centered at z on which coordinate at infinity is defiend. In case
z ∈ Σ0, we also have a disk Dz,i ⊂ Σi on which coordinate at infinity is defiend.

We also have

ϕi(((−∞, 5Ti] ∪ [5Ti+1,∞))× S1) ⊂ Σi. (4.24)

The union of the images of (4.24) and the disks Dz,v and Dz,i are the neck regions.
Its complement is called the core. We write Kv or Ki the part of the core in the
component Σv, Σi, respectively.

Using the coordinate at infinity, we have an embedding

iv : Kv → Σ′, ii : Ki → Σ′. (4.25)

Lemma 4.24 provides an estimate of the maps (4.25). We put the metric on Kv

regarding them as subsets of the sphere. We put the metric on Ki by regarding
them as subsets of R×S1. (They are compact. So actually the choice of the metric
does not matter.)

We fix ~T (the lengths of the neck region when we glue and obtain Σ′.) For each
v we define Tv as follows. Take a shortest path joining our irreducible component
Σv to the mainstream. Let z1, . . . , zr be the singular points contained in this path.
Let 10Tzi be the length of the neck region corresponding to the singular point zi.
We put Tv =

∑
Tzi .

We remark that iv(Kv) is in the mainstream if and only if Tv is finite.

Lemma 4.24. There exist C`, c` > 0 with the following properties.
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(1) Suppose iv(Kv) is in the mainstream. We then regard

iv : Kv → R× S1.

The C` norm of this map is smaller than C`e
−c`Tv . In particular the di-

ameter of its image is smaller than C1e
−c1Tv .

(2) We remark that the image of ii is in certain mainstream component. So we
may regard

ii : Ki → R× S1.

Note Ki ⊂ R × S1. Then ii extends to a biholomorphic map of the form
(τ, t) 7→ (τ + τ0, t+ t0).

Proof. For simplicity of the notation we consider the case

Σp = (R× S1) ∪ S2 = Σ1 ∪ Σv.

Let T be the length of the neck region of Σ′. Then we have a canonical isomorphism

Σ′ = ((R× S1) \D2
0) ∪ ([−5T, 5T ]× S1) ∪ (C \D2). (4.26)

Here D2
0 is an image of a small disk ⊂ R × R by the projection R × R → R × S1

and the disk D2 in the third term is the disk of radius 1 centered at origin. The
identification (4.26) is a consequence of Condition 4.13.

We have a biholomorphic map

I : Σ′ → R× S1

that preserves the coordinates at their two ends.
We can take I as follows. Let I0 : D2 → D2

0 be the isomorphism that lifts to a
homothetic embedding D2 → R2.

(1) On (R× S1) \D2
0, the map I is the identity map.

(2) If z ∈ C \D2 then

I(z) = I0(e−20πT /z).

(3) If z = (τ, t) ∈ ([−5T, 5T ]× S1) then

I(z) = I0(e−2π((τ+5T )+
√
−1t)).

Lemma 4.24 is immediate from this description.
The general case can be proved by iterating a similar process. �

Remark 4.25. On the part of the neck region [−4T, 4T ] × S1 where we perform
the gluing construction, we can prove a similar estimate as Lemma 4.24 (1).

Now we go back to the proof of Proposition 4.23. Lemma 4.24 (2) implies that
on the mainstream the equation Definition 4.20 (4) is preserved by gluing. Lemma
4.24 (1) and Remark 4.25 imply that the effect of the Hamitonian vector field is
small in the exponential order on the other part. Therefore the presence of the
Hamiltonian term does not affect the proof of [FOOO5, Theorems 2.70, 2.72] and
we can prove Proposition 4.23 in the same way as [FOOO5, Section 2.5]. �

We are now in the position to complete the proof of Theorem 3.8. We have
defined the thickend moduli space and described it by the gluing map. The rest of
the construction of the Kuranishi structure is mostly the same as the construction
in [FOOO5, Sections 2.6-2.10]. We mention two points below. Except them there
are nothing to modify.
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(1) We consdier the process to put (transversal) constraint and forget the marked
point. This was done in [FOOO5, Sections 2.6] to cut down the thickened moduli
space to an orbifold of correct dimension, which will become our Kuranishi neigh-
borhood. Here we use the constraint defined in Definition 4.19. In the case when
the marked point w′i corresponds to one of ~wp or ~wpc that is not a canonical marked
point, this process is exactly the same as [FOOO5, Sections 2.6].

In the case of the marked point w′i corresponds to a canonical marked point of p
or pc we use Definition 4.19 (2),(3). Note these conditions determine the position
of w′i on Σ′ uniquely. On the hand, as we remarked in Remark 4.18, the marked
point w′i does not affect the obstruction bundle and hence the equations defining
our thickened moduli space. So the discussion of the process to put constraint and
forget such a marked point is rather trivial.

(2) Our thickened moduli space has an S1 action. The gluing map we constructed in
Proposition 4.23 is obviously S1 equivariant. (The obstruction bundle is invariant
under the S1 action as we remarked before.) Therefore all the construction of the
Kuranishi structure is done in an S1 equivariant way. Note we define S1 action on
the thickened moduli space. The smoothness of this action is fairly obvious.

We remark that the group Γp for p (Definition 2.1) in our case of p = ((Σ, z−, z+), u, ϕ)
consists of maps v : Σ→ Σ that satisfies Definition 4.3 (1)(2) for ((Σ′, z′−, z

′
+), u, ϕ′) =

((Σ, z−, z+), u, ϕ) and

v ◦ ϕa(τ, t) = ϕa(τ, t+ t0)

for some t0 ∈ S1. The groups Γp and S1 generate the group Gp.

The proof of Theorem 3.8 is now complete. �

Example 4.26. Let h : R× S1 → X be a solution of the equation (3.4) (without
bubble). We assume that h is injective. We put

hk(τ, t) = h(kτ, kt) : R× S1 → X.

We define ϕ : R× S1 → S2 \ {z−, z+} by ϕ(τ, t) = e2π(τ+
√
−1t). We put uk = hk ◦

ϕ−1. Then ((S2, z−, z+), uk, ϕ) is an element ofM(X,H; z−, z+, α). Let t0ϕ(τ, t) =
ϕ(τ, t+ t0). It is easy to see that

((S2, z−, z+), uk, ϕ) ∼2 ((S2, z−, z+), uk, t0ϕ)

if and only if t0 = m/k, m ∈ Z.
We can take the Kuranishi neighborhood of p = ((S2, z−, z+), uk, ϕ) of the form

V = S1 × V ′, on which the generator of the group Γp = Zk acts by (t, v) 7→
(t + 1/k, ψ(v)) where ψ : V ′ → V ′ is not an identity map. The S1 action is by
rotation of the first factor. Thus the quotient V/Γp is a manifold and V/(Γp × S1)
is an orbifold. See Example 2.3.

Remark 4.27. In this section we studied the moduli space M(X,H; z−, z+, α) in
the case when H is a time independent Morse function. In an alternative approach,
(such as those [FOOO3, Section 26]) we studied the case H ≡ 0 using Bott-Morse
gluing. Actually the discussion corresponding to this section is easier in the case
of H ≡ 0. In fact in case of H ≡ 0, we do not need to study the moduli space of
its gradient lines. (Some argument was necessary to discuss the moduli space of
gradient lines since its element has S1 as an isotropy group. The main part of this
seciton is devoted to this point.)
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In [FOn1] we used the case H is a time independent Morse function rather than
studying the case H ≡ 0 by Bott-Morse theory. The reason is that the chain level
argument that we need to use for the case H ≡ 0 was not written in detail at the
time when [FOn1] was written in 1996. Now full detail of the chain level argument
was written in [FOOO1]. So at the stage of 2012 (16 years after [FOn1] was written)
using the case H ≡ 0 to calculate Floer homology of periodic Hamiltonian system
is somewhat simpler to write up in detail rather than using the case when H is a
time independent Morse function. In this section however we focused on the case
of time independent Morse function and written up as much detail as possible to
convince the readers

5. Calculation of Floer homology of periodic Hamiltonian system.

We first prove Theorem 3.4. The proof is similar to the proof of Theorem 3.8.
We indicate below the points where proofs are different.

Let (Σ, z−, z+) be as in Definition 4.1. We define the notion of mainstream,
mainstream component, and transit point in the same way as in Section 4.

Let γ̃± = (γ±, w±) ∈ P̃(H). (Here H is a time dependent periodic Hamiltonian.)
Let ((Σ, z−, z+), u, ϕ) be as in Definition 4.2, such that it satisfies (1)(2)(4)(5) of
Definition 4.2 and the following 3 conditions:

(3)′ u : Σ \ {transit points} → X is a continuous map.

(6)′ There exists γ̃i = (γi, wi) ∈ P̃(H) for i = 1, . . . , k + 1 with γ̃1 = γ̃−,
γ̃k+1 = γ̃+ such that the following holds. Let ϕi : R× S1 → Σi be the i-th
component of ϕ. Then

lim
τ→−∞

u(ϕi(τ, t)) = γi(t), lim
τ→+∞

u(ϕi(τ, t)) = γi+1(t).

(7)′ wi#u(Σi) ∼ wi+1.

We denote by M̂(X,H; γ̃−, γ̃+) the set of such ((Σ, z−, z+), u, ϕ). We define equiv-
alence relations ∼1 and ∼2 on it in the same way as Definition 4.3. (We do not use
∼3 here.) We then put

M̃(X,H; γ̃−, γ̃+) = M̂(X,H; γ̃−, γ̃+)/ ∼1,

M(X,H; γ̃−, γ̃+) = M̂(X,H; γ̃−, γ̃+)/ ∼2 .

We next define balancing condition. Let ((Σ, z−, z+), u, ϕ) ∈ M̂(X,H; γ̃−, γ̃+)
be an element with one mainstream component. We define a function A : R \
a finite set→ R as follows.

Let τ0 ∈ R. We assume ϕ({τ0} × S1) does not contain a root of the bubble
tree. (This is the way how we remove a finite set from the domain of A.) Let Σvi ,
i = 1, . . . ,m be the set of the irreducible components that is in a bubble tree rooted
on R≤τ0 × S1. We define

A(τ0) =

m∑
i=1

∫
Σvi

u∗ω +

∫ τ0

τ=−∞

∫
t∈S1

(u ◦ ϕ)∗ω

+

∫
t∈S1

H(t, u(ϕ(τ0, t)))dt+

∫
D2

(w−)∗ω.

(5.27)
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Note the action functional AH is defined by

AH(γ̃) =

∫
t∈S1

H(t, u(γ(t)))dt+

∫
D2

(w)∗ω

The function A(τ0) is nondecreasing and satsifies

lim
τ→−∞

A(τ) = AH(γ̃−), lim
τ→+∞

A(τ) = AH(γ̃+).

We say ϕ satisfies the balancing condition if

lim
τ<0
τ→0

A(τ) ≤ 1

2

(
AH(γ̃−) +AH(γ̃+)

)
≤ lim

τ>0
τ→0

A(τ). (5.28)

In case of genearal ((Σ, z−, z+), u, ϕ) ∈ M̂(X,H; γ̃−, γ̃+) we consider the balancing
condition in mainstream-component-wise.

In the case there is a mainstream component Σi such that ∂(u ◦ ϕi)/∂τ = 0 we
can apply the method of Remark 4.8.

We next define the notion of canonical marked point. Let p = ((Σ, z−, z+), u, ϕ) ∈
M(X,H; γ̃−, γ̃+). Let Σi be its mainstream component. We assume that there is
no sphere bubble rooted on it. We are given a biholomorphic map ϕi : R × S1 →
Σi \ {zi, zi+1} where zi, zi+1 are transit points on Σi. We require ϕi to satisfy the
balancing condition. Now we define the canonical marked point wcan

i on Σi by
wi = ϕi(0, 0). Let ~wcan be the totality of all the canonical marked points on Σ.

A symmetric stabilization of p = ((Σ, z−, z+), u, ϕ) ∈M(X,H; γ̃−, γ̃+) is ~w such
that ~w ∩ Σ0 = ∅ where Σ0 is the mainstream of Σ and ~w ∪ ~wcan is the symmetric
stabilization of (Σ, z−, z+).

Definition 5.1. An obstruction bundle data Ep centered at

p = ((Σ, z−, z+), u, ϕ) ∈M(X,H; γ̃−, γ̃+)

is the data satisfying the conditions described below. We put x = (Σ, z−, z+). Let
xi be the i-th mainstream component. (It has two marked points.)

(1) A symmetric stabilization ~w of p. We put ~w(i) = ~w ∩ xi.
(2) The same as [FOOO5, Definition 2.33 (2)].
(3) A universal family with coordinate at infinity of xp ∪ ~w ∪ ~wcan. Here ~wcan

is the canonical marked points as above. We require Condition 4.13 for the
coordinate at infinity.

(4) The same as [FOOO5, Definition 2.33 (4)]. Namely compact subsets Kobst
v

of Σv. (We put it also on the mainstream.)
(5) The same as [FOOO5, Definition 2.33 (5)]. Namely, finite dimensional

complex linear subspaces Ep,v(y, u). (We put it also on the mainstream.)
(6) The same as [FOOO5, Definition 2.33 (6)] except the differential operator

there
Du∂ :L2

m+1,δ((Σyv
, ∂Σyv

);u∗TX, u∗TL)

→ L2
m,δ(Σyv

;u∗TX ⊗ Λ01)/Ep,v(y, u)
(5.29)

is replaced by the linearization of the equation (3.4)
(7) The same as [FOOO5, Definition 2.33 (7)].
(8) We take a codimension 2 submanifold Dj for each of wj ∈ ~w in the same

way as [FOOO5, Definition 2.33 (8)].
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We require that the detaKobst
v , Ep,v(y, u) depend only on pi = [(Σi, zi−1, zi), u, ϕ]

(Here zi is the i-th transit point.) that contains v-th irreducible component. We
call this condition mainstream-component-wise.

We define M`(γ̃
−, γ̃+) in the same way as M`(z

−, z+, α). (Namely its element
is ((Σi, zi, zi+1), ϕ) together with ` additional markd points on Σ, elements γ̃i ∈
P̃(H) assigned to each of the transit point, and homology classes of each of the
bubbles.) We denote byM`(γ̃

−, γ̃+;G) its subset consisting of elements with given
combinatorial type G.

Let p = ((Σ, z−, z+), u, ϕ) ∈ M(X,H; γ̃−, γ̃+) and ~w ∪ ~wcan be its symmetric
stabilization. We denote by V(p ∪ ~w ∪ ~wcan) a neighborhood of p ∪ ~w ∪ ~wcan in
M`(γ̃

−, γ̃+;Gp∪~w∪~wcan).
We can define

Φ : V(p ∪ ~w ∪ ~wcan)×D(k; ~T0)× (

m∏
j=1

(T0,j ,∞]× S1)/ ∼)→M`(γ̃
−, γ̃+) (5.30)

in the same way as (4.19).
We say ((Σ′, z′−, z

′
+), u′, ϕ′) ∪ ~w′ is ε-close to p ∪ ~w ∪ ~wcan, if (1)(2)(3)(4) of

Definition 4.16 hold and if

(5)′ Let w′j = ϕ′j(τj , tj) ∈ ~w′ be the marked point corresponding to the canonical
marked point ∈ ~wcan ∩ Σi. Then∣∣∣∣A(τj)−

1

2
(AH(γ̃i) +AH(γ̃i+1))

∣∣∣∣ < ε

and |tj − 0| < ε.

If ((Σ′, z′−, z
′
+), u′, ϕ′) ∪ ~w′ is ε-close to p ∪ ~w ∪ ~wcan and the obstruction bundle

data at p is given then they induce an obstruction bundle at ((Σ′, z′−, z
′
+), u′, ϕ′)∪ ~w′

in the same way as Definition 4.17.

Definition 5.2. We say that ((Σ′, z′−, z
′
+), u′, ϕ′)∪ ~w′ satisfies the transversal con-

straint if the following holds.

(1) The same as Definition 4.19 (1).
(2) Let w′j = ϕ′j(τj , tj) ∈ ~w′ be the marked point corresponding to the canonical

marked point ∈ ~wcan ∩ Σi. Then

A(τj) =
1

2
(AH(γ̃i) +AH(γ̃i+1))

(3) In the situation of (2) we have tj = [0].

For each p ∈M(X,H; γ̃−, γ̃+) we take a stabilization data Cp centered at p. We
also take εp so that if ((Σ′, z′−, z

′
+), u′, ϕ′)∪~w′ is εp-close to p∪~w∪~wcan then Fredholm

regurality (See [FOOO5, Definition 2.44].) and evaluation map transversality (See
[FOOO5, Definition 2.46].) hold for ((Σ′, z′−, z

′
+), u′, ϕ′) ∪ ~w′.

Let Wp be the set of elements p′ with the following property: there exists ~w′

such that p′∪ ~w′ is εp-close to p∪ ~wp∪ ~wcan and ~w′ satisies the transversal constraint
in the sense of Definition 5.2.

We use it to find a finite set C = {pc} such that⋃
c

IntWpc =M(X,H; γ̃−, γ̃+).
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We then define

Cp = {c ∈ C | p ∈Wpc}.

Definition 5.3. We define a thickened moduli space

M(`p,(`c))(X,H; γ̃−, γ̃+; p;A;B)ε0,~T0
(5.31)

as follows. (Here A ⊂ B ⊂ Cp.)
(5.31) is the set of ∼2 equivalence classes of ((Y, u′, ϕ′), ~w′p, (~w

′
c)) with the fol-

lowing properties.

(1) (Y, u′, ϕ′) ∪ ~w′p is ε0-close to p ∪ ~wp ∪ ~wcan. Here `p = #~w′p.
(2) (Y, u′, ϕ′) ∪ ~w′c is ε0-close to p ∪ ~wp

c . Here `c = #~w′c.
(3) On the bubble we have

∂u′ ≡ 0 mod EB.

Here EB is the obstruction bundle defined from Definition 4.17 in the same
way as [FOOO5, Definition 2.55].

(4) On the i-th irreducible component of the mainstream we consider h′i =
u′ ◦ ϕ′i. Then it satisfies

∂h′i
∂τ

+ J

(
∂h′i
∂t
− XHt

)
≡ 0 mod EB.

Here EB is as in (3).

Definition 5.4. We denote by V(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε0 the subset of the

thickened moduli space M(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε0,~T0
consisting of elements

with the same combinatorial type as p, ~w, ~wc. (Compare [FOOO5, (2.212)].)

The Fredholm regurality and evaluation map transversality imply that the space
V(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε0 is a smooth manifold.

Proposition 5.5. There exists a map

Glue :V(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε0 ×

(
m∏
i=1

(T0,i,∞]× S1)

)
/ ∼ ×D(k; ~T ′0)

→M(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε2 .

Its image contains M(`p,(`c))(X,H; γ̃−, γ̃+;A;B)ε3 for sufficiently small ε3.
An estimate similar to [FOOO5, Theorem 2.72] also holds.

The proof is the same as the proof of Proposition 4.23. Using Proposition 5.5
we can prove Theorem 3.4 in the same way as the last step of the proof of Theorem
3.8. �

Remark 5.6. In case H in Theorem 3.4 happens to be time independent, the
Kuranishi structure obtained by Theorem 3.4 is different from the one obtained
by Theorem 3.8. In fact, during the proof of Theorem 3.8 we chose a (suffi-

ciently dense finite) subset of M(X,H; z−, z+, α) to define the obstruction bun-
dle. During the proof of Theorem 3.8 we chose a (sufficiently dense finite) sub-
set of M(X,H; γ̃−, γ̃+) for the same purpose. The elements of the moduli space

M(X,H; z−, z+, α) are ∼3 equivalence classes and the elements of the moduli space
M(X,H; γ̃−, γ̃+) are ∼2 equivalence classes.
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Using Theroem 3.4 we can define Floer homology HF (X,H) for time dependent
1-periodic Hamiltonian H satisfying Assumption 3.1. This construction (going back
to Floer [Fl1, Fl2], see also [HS, On]) is well-established. We sketch the construction
here for completeness. We use the universal Novikov ring

Λ0 =

{ ∞∑
i=1

aiT
λi | ai ∈ Q, λi ∈ R, lim

i→∞
λi = +∞

}
.

Let CF (X,H) be the free Λ0 module whose basis is identified with the set P(H).
We take E > 0. By Theorem 3.4, we obtained a system of Kuranishi structures

on M(X,H; γ̃−, γ̃+) for each pair γ̃−, γ̃+ with AH(γ̃+) − AH(γ̃−) < E. We take
a system of multisections s on them that are compatible with the description of
its boundary and corner as in Theorem 3.4 (3). Here we use the fact that the
obstruction bundle is defined mainstream-component-wise. Note our Kuranishi
strucutre is oriented. We define

∂E [γ−] =
∑

γ̃+,µ(γ̃+)−µ(γ̃−)=1

AH (γ̃+)−AH (γ̃−)<E

#M(X,H; γ̃−, γ̃+)sTAH(γ̃+)−AH(γ̃−)[γ+]. (5.32)

Here we take a lift γ̃− of γ− to define the right hand side. We can show that the
right hand side is independent of the choice of the lift. The number µ(γ̃+) is the
Maslov index. We have

dimM(X,H; γ̃−, γ̃+) = µ(γ̃+)− µ(γ̃−)− 1.

Using the moduli space M(X,H; γ̃−, γ̃+) with dimM(X,H; γ̃−, γ̃+) = 2, there is
by now well-established way to prove

∂E ◦ ∂E ≡ 0 mod TE . (5.33)

Thus we define

HF (X;H; Λ0/T
EΛ0) ∼= H(CF (X,H)⊗Λ0 Λ0/T

EΛ0, ∂
E).

We can prove that HF (X;H; Λ0/T
EΛ0) is independent of the choice of Kuranishi

structure and its multisection. (See the proof of Theorem 5.10 later.) We thus
define

Definition 5.7.

HF (X;H; Λ0) = lim
←−

HF (X;H; Λ0/T
EΛ0).

We also define
HF (X;H) = HF (X;H; Λ0)⊗Λ0 Λ

where Λ is the field of fraction of Λ0.

In fact using the next lemma we can find a boundary operator ∂ on full module
CF (X,H) so that its homology is HF (X;H; Λ0).

Lemma 5.8. Let C be a finitely generated free Λ0 module and E < E′. Suppose
we are given ∂E : C ⊗Λ0

Λ0/T
E → C ⊗Λ0

Λ0/T
E, ∂E′ : C ⊗Λ0

Λ0/T
E′ → C ⊗Λ0

Λ0/T
E′ with ∂E ◦ ∂E = 0, ∂E′ ◦ ∂E′ = 0. Moreover we assume (C ⊗Λ0 Λ0/T

E , ∂E′

mod TE) is chain homotopy equivalent to (C ⊗Λ0 Λ0/T
E , ∂E). Then we can lift

∂E to ∂′E′ : C ⊗Λ0
Λ0/T

E′Λ0 → C ⊗Λ0
Λ0/T

E′Λ0 such that (C ⊗Λ0
Λ0/T

E′ , ∂E′) is

chain homotopy equivalent to (C ⊗Λ0 Λ0/T
E′Λ0, ∂

′
E′).

We omit the proof.
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Remark 5.9. The method for taking projective limit E → ∞ that we explained
above is a baby version of the one employed in [FOOO1, Section 7]. (In [FOOO1]
the filtered A∞ structure is defined by using a similar method.) In [On], a slightly
different way to go to projective limit was taken.

For the main applicatin, that is, to estimate the order of P(H) by Betti numer,
we actually do not need to go to the projective limit. See Remark 5.17.

Now we use S1 equivariant Kuranishi structure in Theorem 3.8 to prove the next
theorem.

Theorem 5.10. For any time dependent 1-periodic Hamiltonian H on a compact
manifold X satisfying Assumption 3.1, we have

HF (X,H) ∼= H(X; Λ)

where the right hand side is the singular homology group with Λ coefficient.

Proof. Let H ′ be a time independent Hamiltonian satisfying Assumptions 3.5, 3.6.
We regard H ′ as a Morse function and let Crit(H ′) be the set of the critical points
of H ′. We denote by CF (X,H ′; Λ0) the free Λ0 module with basis identified with
Crit(H ′). Let µ : Crit(H ′) → Z be the Morse index. If x+, x− ∈ Crit(H ′) with
µ(x+)− µ(x−) = 1 we define

〈∂x−, x+〉 = TH
′(x+)−H′(x−)#M(X,H ′, x−, x+; 0), (5.34)

where #M(X,H ′, x−, x+; 0) is the number counted with orientation. (Here 0 de-
notes the equivalence class of zero in Π.) By Assumptions 3.5 this moduli space
is smooth.) It induces ∂ : CF (X,H ′; Λ0) → CF (X,H ′; Λ0). It is by now well
established that ∂ ◦ ∂ = 0. We put

HF (X,H ′; Λ0) =
Ker∂

Im∂
.

It is also standard by now that

HF (X,H ′) = HF (X,H ′; Λ0)⊗Λ0
Λ

is isomorphic to the singular homology H(X; Λ) of Λ coefficient.
We will construct a chain map from CF (X,H ′; Λ0) to CF (X,H; Λ0). Let H :

R× S1 ×X → R be a smooth map such that

H(τ, t, x) =

{
H ′(x) if τ ≤ −1,

H(t, x) if τ ≥ −1.
(5.35)

For a map h : R× S1 → X we consider the equation

∂h

∂τ
+ J

(
∂h

∂t
− XHτ,t

)
= 0, (5.36)

where Hτ,t(x) = H(τ, t, x).

Given x ∈ Crit(H ′) and γ̃ = (γ,w) ∈ P̃(H) we consider the set of the maps h
satisfying (5.36) together with the following boundary conditions.

(1) limτ→−∞ h(τ, t) = x.
(2) limτ→+∞ h(τ, t) = γ(t).
(3) [h] ∼ [w]. Here h is regarded as a map from D2 by identifying {−∞} ∪

((−∞,+∞]× S1) with D2.

We denote the totality of such h by Mreg(X,H; x, γ̃).
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Theorem 5.11. There exists a compactificationM(X,H; x, γ̃) ofMreg(X,H; x, γ̃),
which is Hausdorff.

For each E > 0 there exists a system of oriented Kuranishi structures with
corners on M(X,H; x, γ̃) for AH(γ̃) ≤ E. Its boundary is identified with the union
of the following spaces, together with its Kuranishi structures.

(1)

M(X,H ′; x, x′, α)×M(X,H; x′, γ̃ − α)

where x′ ∈ Crit(H ′), α ∈ Π and γ̃ − α = (γ,w − α).
(2)

M(X,H; x, γ̃′)×M(X,H, γ̃′, γ̃)

where γ̃′ ∈ P̃(H).

Proof. The proof of Theorem 5.11 is mostly the same as the proof of Theorems 3.4
and 3.8. So we mainly discuss the point where there is a difference in the proof.

Let (Σ, z−, z+) be a genus zero semi-stable curve with two marked points. We
fix one of the irreducible components in the main stream and denote it by Σ0

0. We
decompose

Σ = Σ− ∪ Σ0 ∪ Σ+ (5.37)

as follows. Σ0 is the mainstream component containing Σ0
0. Σ− (resp. Σ+) is the

connected component of Σ \ Σ0 containing z− (resp. z+). We remark Σ0 and/or
Σ− may be empty.

We consider ((Σ, z−, z+),Σ0, u, ϕ) such that Definition 4.2 (1)(2)(4)(5) are sat-
isfied. We assume moreover the following conditions.

(3.1)′ ϕ|Σ+ : Σ+ → X is continuous.
(3.2)′ We put either {z0,−} = Σ0 ∩ Σ− or z0,− = z−. (Here we put z0,− = z− if

z− ∈ Σ0.) Then ϕ|Σ0\{z0,−} : Σ0 \ {z0,−} → X is continuous.
(3.3)′ The same condition as the condition (3)′ stated at the beginning of Section

5 holds for Σ+.
(4.1)′ h ◦ ϕi satsifies the equation (3.4) for H ′ if Σi ⊂ Σ−.
(4.2)′ h ◦ ϕ0 satsifies the equation (5.36). Here ϕ0 is a part of ϕ and is a

parametrization of Σ0
0.

(4.3)′ h ◦ ϕi satsifies the equation (3.4) for H if Σi ⊂ Σ+.
(6.1)′ Definition 4.2 (6) is satisfied on Σ−.
(6.2)′ Let k − 1 be the number of the mainstream component in Σ+. Then there

exists γ̃j = (γj , wj) ∈ P̃(H) for j = 1, . . . , k − 1. We have

lim
τ→∞

u(ϕ0(τ, t)) = γ1(t).

Here ϕ0 is as in (4.2)′.
(6.3)′ Let Σ+

j (j = 1, . . . , k− 1) be the irreducible components in the mainstream

of Σ+. Let ϕ+
j is a part of ϕ and is a parametrization of Σ+

j . Then we have

lim
τ→−∞

u(ϕ+
j (τ, t)) = γj(t) lim

τ→∞
u(ϕ+

j (τ, t)) = γj+1(t).

Here γk = γ.
(7)′ u∗([Σ]) = [w].

We denote by M̂(X,H; x, γ̃) the set of all such ((Σ, z−, z+),Σ0, u, ϕ).

We define three equivalence relations ∼1, ∼2, ∼3 on M̂(X,H; x, γ̃) as follows.
The definition of ∼1 is the same as Definition 4.3.
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We apply ∼2 of Definition 4.3 on Σ+ and Σ− and ∼1 of Definition 4.3 on Σ0.
This is ∼2 here.

We apply ∼2 of Definition 4.3 on Σ+, ∼3 of Definition 4.3 on Σ− and ∼1 of
Definition 4.3 on Σ0. This is ∼3 here. We put

M̃(X,H; x, γ̃) = M̂(X,H; x, γ̃)/ ∼1,

M(X,H; x, γ̃) = M̂(X,H; x, γ̃)/ ∼2,

M(X,H; x, γ̃) = M̂(X,H; x, γ̃)/ ∼3 .

We define the notion of balancing condition on the mainstream component in
Σ− and Σ+ in the same way as before. (We do not define such a notion for Σ0

0

since the equation (5.36) is not invariant under the R action.)
We next define the notion of canonical marked points. For the mainstream

components in Σ+ or in Σ−, the definition is the same as before. If Σ0 contains
a sphere bubble we do not define canonial marked points on it. Otherwise the
canonical marked point on this mainstream component is ϕ0(0, 0).

Using this notion of canonical marked points we can define the notion of ob-

struction bundle data for [p] ∈ M(X,H; x, γ̃) in the same way as before. (We put
an obstruction bundle also on Σ0

0.) We take and fix an obstruction bundle data for

each of [p] ∈M(X,H; x, γ̃).

We can use it to define a map similar to Φ and Φ in the same way.
We then use them to define the notion of ε-close-ness in the same way.
We next define transversal constraint. Let ((Σ′, z′−, z

′
+),Σ′0, u′, ϕ′)∪ ~w′ is ε close

to ((Σ, z−, z+),Σ0, u, ϕ) ∪ ~w ∪ ~wcan. We consider w′j ∈ ~w′. If w′j is either in Σ′+ or
in Σ′− then the definition of transversal constraint is the same as Definition 4.19 or
Definition 5.2, respectively.

Suppose w′j ∈ Σ′0. If w′j corresponds to a marked point in ~w then the definition
of transversal costraint is the same as Definition 4.19. We consdier the case where
w′j corresponds to a canonical marked point wi. There are three cases.

(1) wi ∈ Σ0. In this case the transversal constraint is w′j = ϕ0(0, 0).
(2) wi ∈ Σ−. Let Σ−,i be the mainstream component containing wi. (It is

irreducible since wi is a canonical marked point.) The transversal constraint
first requires w′j = ϕ′0(τ0, 0) with τ0 ≤ −1. Moreover it requires

∫
Σ−

(u′)∗ω +

∫ τ0

τ=−∞
(u′)∗ω +H ′(u′(ϕ0(τ0, t)))

=
1

2
(H ′(u(zi)) +H ′(u(zi+1))) +

∫
Στ≤τ(wi)

u∗ω.

Here zi and zi+1 are transit points contained in Σi and Στ≤τ0 is defined as
follows. Let wi = ϕi(τi, 0). We consider Σ \ {ϕi(τi, t) | t ∈ S1}. Στ≤τ0 is
the connected component of it containing z−.

(3) wi ∈ Σ+. Let Σ+,i be the mainstream component containing wi. (It is
irreducible since wi is a canonical marked point.) The transversal constraint
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first requires w′j = ϕ′0(τ0, 0) with τ0 ≥ +1. Moreover it requires∫
Σ−

(u′)∗ω +

∫ τ0

τ=−∞
(u′)∗ω +

∫
t∈S1

H(t, u′(ϕ0(τ0, t)))dt

=
1

2
(AH(γ̃i) +AH( ˜γi+1)) .

Here the restriction of u to Σ+,i gives an element of M(X,H; γ̃i, γ̃i+1).

For a point [p] ∈ M(X,H; x, γ̃) we define the notion of stabilization data in the
same way as before.

Now using this notion of transversal constraint and ε-close-ness, we define C[p] ⊂
M(X,H; x, γ̃) for each [p] ∈M(X,H; x, γ̃). We then define a finite set C such that⋃

[pc]∈C

C[pc] =M(X,H; x, γ̃).

We may assume that this choice is mainstream-component-wise in the same sense
as before.

We use the choice of C together with obstruction bundle data we can define an
obstruction bundle in the same way as before. We use it to define a thickened
moduli space. The rest of the proof is the same as the proof of Theorems 3.4 and
3.8. �

Lemma 5.12. There exists a constant E−(H) dependig only on H with the follow-
ing properties. If M(X,H; x, γ̃) is nonempty then

AH(γ̃) ≥ H ′(x)− E−(H). (5.38)

This lemma is classical. See [On, (2.14)]. (It was written also in [FlH, Lemma
9].)

Remark 5.13. The optimal estimate for E−(H) is E−(H) = E−(H −H ′), where

E+(F ) =

∫ 1

0

max
p∈X

F (t, p)dt, E−(F ) = −
∫ 1

0

inf
p∈X

F (t, p)dt.

See [Oh, Proposition 3.2]. (See also [Us, Proposition 2.1].) A Lagrangian version
of a similar optimal estimate was obtained by [Che].

We do not need this optimal estimate for the purpose of this note, but it becomes
imporntant to study spectral invariant.

We now define
ΦE : CF (X,H ′; Λ0)→ CF (X,H; Λ0)

as follows. We consider x and γ̃ so that:

(a) The (virtual) dimension of M(X,H; x, γ̃) is 0.
(b) AH(γ̃) ≤ H ′(x) + E.

We then put

〈ΦE(x), γ̃〉 = TAH(γ̃)−H′(x)+E−(H)#M(X,H; x, γ̃)s.

Here we take and fix a system of multisections s of the moduli spacesM(X,H; x, γ̃)
that is transversal to zero, compatible with the description of the boundary, and
satsifies the inequality (b) above. We use it to define the right hand side.

We remark that the exponent of T in the right hand side is nonnegative because
of Lemma 5.12.
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Lemma 5.14.

∂E ◦ ΦE − ΦE ◦ ∂ ≡ 0 mod TE .

Proof. We use the case of moduli spaceM(X,H; x, γ̃) satisfying (a) above and has
virtual dimension 1. It boundary is described as in Theorem 5.11. The case (2)
there, counted with sign, gives ∂E ◦ ΦE .

We consider the case (1) there. We need to consider the case when virtual
dimension of M(X,H ′; x, x′, α) is zero. Using S1 equivariance of our Kuranishi
structure and multisection, and Lemma 2.15, we find that such M(X,H ′; x, x′, α)
is an empty set after perturbation, unless α = 0. In the case α = 0 we can prove,
in the same way as above, that

M(X,H ′; x, x′, 0) =M(X,H ′; x, x′, 0)S
1

after perturbation. Therefore case (1) gives ΦE ◦ ∂.
The proof of Lemma 5.14 is complete. �

We have thus defined a chain map

ΦE : CF (X,H ′; Λ0/T
EΛ0)→ CF (X,H; Λ0/T

EΛ0). (5.39)

We next putH′(τ, t, x) = H(−τ, t, x).We use it in the same way to define the moduli
space M(X,H′; γ̃, x). This moduli space has an oriented Kuranishi structure with
corners and its boundary is described in a similar way as Theorem 5.11. (The proof
of this fact is the same as the proof of Theorem 5.11.) If it is nonempty then we
have

H ′(x) ≥ AH(γ̃)− E+(H′). (5.40)

Remark 5.15. Here E+(H′) is certain constant depending only onH′. The optimal
value is E+(H −H ′).

We put

〈ΨE(γ̃), x〉 = TH
′(x)−AH(γ̃)+E+(H′)#M(X,H; x, γ̃)s

and obtain a chain map

ΨE : CF (X,H; Λ0/T
EΛ0)→ CF (X,H ′; Λ0/T

EΛ0). (5.41)

Lemma 5.16. We may choose E+(H′), E−(H) and such that the following holds
for E = E+(H′) + E−(H).

(1) ΨE ◦ ΦE is chain homotpic to [x] 7→ TE[x].
(2) ΦE ◦ΨE is chain homotpic to [γ̃] 7→ TE[γ̃].

Proof. For S > 0 we define ρS : R→ [0, 1] such that

ρS(τ) =

{
1 if |τ | < S − 1

0 if |τ | ≥ S,

and put

HS(t, x) = H(ρS(τ, x)).

For x± ∈ Crit(H ′) and α ∈ Π, we use the perturbation of Cauchy-Riemann equation
by the Hamilton vector field HS,τ,t to obtain a moduli space M(X,HS ; x−, x+;α)
in the same way. Its union for S ∈ [0, S0] also has a Kuranishi structure whose
boundary is given as in Theorem 5.11 (1), (2) and M(X,HS ; x−, x+;α) with S =
0, S0.
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We consider the case S = 0. In this case the equation for M(X,HS ; x−, x+;α)
is S1 equivariant. Therefore it has an S1 equivariant Kuranishi structure that
is free for α 6= 0. For α = 0 we obtain an S1 equivariant Kuranishi structure
on M0(X,HS=0; x−, x+; 0). Therefore, by counting the moduli space of virtual
dimension 0 we have identity. (It becomes [x] 7→ TE[x] because of the choice of the
exponent in the definition.)

The case S = S0 with S0 huge gives the composition ΨE ◦ ΦE .
(1) now follows from a cobordism argument.
The proof of (2) is similar. �

Using [FOOO1, Proposition 6.3.14] we have

HF (X,H ′; Λ0) ∼= (Λ0)⊕b
′
⊕

m′⊕
i=1

Λ0

Tλ
′
iΛ0

here λ′i, i = 1, . . . ,m′ are positive real number. It implies

HF (X,H ′; Λ) ∼= (Λ)⊕b
′
.

We remark H(X,H ′; Λ) ∼= H(X; Λ) where the right hand side is the singular ho-
mology. (Note H ′ is time independent Hamiltonian that is a Morse function on
X.)

Similarly we have

HF (X,H; Λ0) ∼= (Λ0)⊕b ⊕
m⊕
i=1

Λ0

TλiΛ0

and
HF (X,H; Λ) ∼= (Λ)⊕b.

We take E sufficiently larger than E and λi, λ
′
i. Then we can use Lemma 5.16 to

show b = b′. (See [FOOO6, Subsection 6.2] for more detailed proof of more precise
results in a related situation.) The proof of Theorem 5.11 is now complete. �

Remark 5.17. (1) The argument of the last part of the proof of Theorem
5.11 shows that to prove the inequality (the homology version of Arnold’s
conjecture)

#P(H) ≥
∑

rankHk(X;Q) (5.42)

for periodic Hamiltonian system with nondegenerate closed orbit, we do
not need to use projective limit. We can use HF (X,H; Λ0/T

EΛ0) for
sufficiently large but fixed E. (Such E depends on H and H ′.)

(2) During the above proof of the isomorphism H(X,H; Λ) ∼= H(X; Λ) we did
not construct an isomorphism among them but showed only the coincidence
of their ranks. Actually we can construct the following diagram

CF (X,H ′; Λ0/T
E′Λ0)

ΦE′−−−−→ CF (X,H; Λ0/T
E′Λ0)y y

CF (X,H ′; Λ0/T
EΛ0)

ΦE′−−−−→ CF (X,H; Λ0/T
EΛ0)

(5.43)

for E < E′. Here the virtical arrows are composition of reduction modulo
TE and chain homotopy equivalence. (Note this map is not reduction
modulo TE . In fact the two chain complexes that are the target and the
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domain of the vertical arrows, are constructed by using different Kuranishi
structures and multisections.) We can prove that Diagram 5.43 commutes
up to chain homotopy. Then using a lemma similar to Lemma 5.8 we can
extend ΦE to a chain map CF (X,H ′; Λ0) → CF (X,H; Λ0). We then can
prove that it is a chain homotopy equivalence. This argument is a baby
version of one developed in [FOOO1, Section 7.2].

Remark 5.18. As we mentioned in Introduction, there is an alternative (third)
proof of (5.42) which does not use S1 equivariant Kuranishi structure, for an ar-
bitrary compact symplectic manifold X. Let H be a time dependent Hamiltonian
whose 1 periodic orbit are all nondegenerate. Let ϕ : X → X be the symplectic
diffeomorphism that is time one map of our time dependent Hamiltonian vector
field. We consider a symplectic manifold (X ×X,ω ⊕−ω). The graph

L(ϕ) = {(x, ϕ(x)) | x ∈ X}

is a Lagrangian submanifold in X × X. Since the inclusion induces injective ho-
momorphism H(L(ϕ)) ∼= H(X) → H(X × X) in the homology groups, [FOOO1,
3.8.41] implies that the Lagrangian Floer homology between L(ϕ) with itself is
defined, (after an appropriate bulk deformation). Again since L(ϕ) → X ×X in-
duces injective homomorphism in the homology the spectral sequence in [FOOO1,
Theorem 6.1.4] degenerates at E2 stage and implies

HF ((L(ϕ), b, b), (L(ϕ), b, b); Λ) ∼= H(L(ϕ); Λ0) = H(X; Λ0).

(Here b is an appropriate bounding cochain and b is an appropriate bulk class.)
Since L(ϕ) is Hamiltonian isotopic to the diagonal X, [FOOO1, Theorem 4.1.5]
implies

HF ((L(ϕ), b, b), (L(ϕ), b, b); Λ) ∼= HF ((L(ϕ), b, b), (X, b′, b); Λ).

Note L(ϕ) ∩X ∼= P(H) and the intersection is transversal. (This is a consequence
of the nondegeneracy of the periodic orbit.) Therefore the rank of the Floer coho-
mology HF ((L(ϕ), b, b), (X, b′, b); Λ) is not greater than the order of P(H). The
formula (5.42) follows.

Note in the above proof we use injectivity of H(L(ϕ)) → H(X × X) to show
that L(ϕ) (which is Hamiltonian isotopic to the diagonal) is unobstructed (after
bulk deformation). Alternatively we can use the involution X × X → X × X,
(x, y) 7→ (y, x) to prove the unobstructedness of the diagonal. (See [FOOO7].)
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