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Abstract. The main goal of this paper is to set a foundation for homotopy theory of
algebraic stacks under model category theory and to show how it can be applied in various
contexts. It not only generalizes the étale homotopy theory to algebraic stacks, but also
provides more suitable framework for the homotopy theory in a broader context. Also, a new
result that the profinite completion of pro-simplicial sets admits a right adjoint is provided
and integrated with the foundational work to generalize Artin-Mazur’s comparison theorem
from schemes to algebraic stacks in a formal way.
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1. Introduction

1.1. Motivation.

1.1.1. The purpose of this paper is to provide a foundation material for homotopy theory
of algebraic stacks (sometimes called Artin stacks) and to explain how it can be applied in
the context of various algebro-geometric objects. In addition to the significance of algebraic
stacks and the étale homotopy theory of schemes, the interaction between algebraic geometry
and algebraic topology (e.g., the study of classifying spaces) reinforces the importance and
necessity of developing homotopy theory of algebraic stacks.

However, generalizing Artin-Mazur’s étale homotopy theory of schemes to algebraic stacks
is not at all straightforward. The main obstacle is that the small étale topologies, which
are used to define the étale homotopy types of schemes, are not suitable for algebraic stacks
which are not Deligne-Mumford.

On top of that, the étale homotopy type of a scheme is a pro-object in the homotopy
category of simplicial sets instead of being an object in some homotopy category of pro-
simplicial sets. That is, Artin-Mazur’s theory was not built on a natural place for homotopy
theory.
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1.1.2. In this paper, we not only extend the scope of étale homotopy theory from schemes
to algebraic stacks, but also put the extended theory into a much better playground for
homotopy theory–model category theory. For example, this new approach will provide a
single framework for homotopy theory of algebro-geometric objects: (simplicial) schemes,
(simplicial) algebraic spaces, and algebraic stacks.

The systematical approach in this paper to the generalized étale homotopy theory under
model category theory has many advantages over the previous theories. For instance, accord-
ing to Daniel Isaksen [19, 3.11], the étale topological type of a simplicial scheme is equivalent
to the realization of that of schemes in each degree; he concretely analyzed the index cate-
gories of the étale topological types and studied truncated realizations. In contrast to him, we
recover it as a simple and formal consequence of the way we develop the theory (see 2.3.24).
Furthermore, it is proved in a general context so to be used in other situations such as the
comparison theorem for algebro-geometric objects (see e.g., 4.3.13).

The comparison theorem also witnesses how useful and powerful the theory developed in
this paper is. It says, for example, the topological type of classifying stack BGm for the
multiplicative group scheme over C is equivalent up to profinite completion to the classifying
space for the underlying topological group of the analytification of Gm (see 4.3.26). Since
BS1 is well-known to be the Eilenberg-MacLane space K(Z, 2), it gives the topological type
of BGm up to profinite completion. In particular,

H∗(BGm,Q`) = H∗(BS1,Q`) = Q`[c]

where c is the universal Chern class of degree 2. The cohomology of BGm is known to algebraic
geometers, but the comparison theorem brings it down to the well-known result in topology;
this reinforces the interplay of algebraic geometry and topology. Remark that this example is
new as the topological types of algebraic stacks had not been defined before. Of course, one
could have defined them using the étale topological types of hypercovers, which are simplicial
algebraic space, of algebraic stacks. However, the homotopy theory in this paper gives an
intrinsic definition of topological types of algebraic stacks–not depending on hypercovers–in
such a way that the topological types of algebro-geometric objects are incorporated into a
single framework. It is this framework that facilitates their interaction; for example, it helps
to prove the comparison theorem.

1.1.3. A new result on profinite completions will be given in the course of proving the com-
parison theorem. It was not known whether the profinite completion functor on pro-simplicial
sets admits a right adjoint or not (cf. [33, §2.7]). The new result 4.2.3 says this is the case; as
a consequence, the profinite completion commutes with homotopy colimits. When emerged
in the flexibility of the way the homotopy theory is developed in this paper, the comparison
theorem for algebraic stacks formally boils down to the scheme case which is a consequence
of the Riemann existence theorem and the étale cohomology theory; again, this provides
evidence of effectiveness of the theory in this paper.

1.1.4. To develop homotopy theory of algebro-geometric objects, we use the work of Ilan
Barnea and Tomer Schlank [4] regarding their model category structures on pro-categories of
simplicial objects in topoi; they rediscovered Artin-Mazur’s étale homotopy types of schemes
by applying to the small étale topoi.
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However, we found it useful to consider other topologies. For instance, we use the big
topologies to study not only algebraic stacks but also simplicial schemes/algebraic spaces.
To make it work, we investigate the behavior of homotopy types in regard to the change of
topologies.

1.2. Backgrounds.

1.2.1. Algebraic stacks arise when one studies moduli spaces or takes quotients in algebraic
geometry; for example, the moduli of elliptic curves does not exist as a scheme or an algebraic
space due to the non-trivial automorphisms of elliptic curves. Although an introduction to
algebraic stacks requires some technicalities, they have become a very useful part of algebraic
geometry. Moreover, the theory of stacks has played an important role in other areas such as
arithmetic geometry and mathematical physics.

On the other hand, in 1969, the étale homotopy theory of schemes was introduced by
Michael Artin and Barry Mazur in their seminal work [2], and it has found many important
applications including étale K-theory and the proofs of the Adams conjecture by Daniel
Quillen and Eric Friedlander and by Dennis Sullivan. More recently, people including Yonatan
Harpaz, Ambrus Pál, and Tomer M. Schlank use it to study rational points of algebraic
varieties.

Associated to a locally noetherian scheme is Artin-Mazur’s étale homotopy type which is a
pro-object in the homotopy category of simplicial sets. This object not only recovers the étale
cohomology and enlarged étale fundamental group of the scheme, but also provides homotopy
theory for locally noetherian schemes. In particular, one can define homotopical invariants,
like higher homotopy groups of locally noetherian schemes.

One of the fundamental results in the étale homotopy theory is Artin-Mazur’s comparison
theorem [2, 12.9] which generalizes the Riemann existence theorem; for a connected finite
type scheme X over C, its étale homotopy type is equivalent up to profinite completion to
the singular complex associated to the underlying topological space of the analytification Xan.
For example, for the multiplicative group scheme Gm over C, its étale homotopy type is the
unit circle S1 up to profinite completion.

In 1982, Friedlander extended the étale homotopy theory from schemes to simplicial schemes
[11]. In fact, he also lifted the étale homotopy types to étale topological types which are pro-
simplicial sets. However, a general homotopy theory was still limited to be applied.

Recently, Ilan Barnea and Tomer Schlank [4] provided a model categorical approach to the
étale homotopy theory. Let Xét be the small étale topos of a scheme X. For the pro-category
Pro(X∆op

ét ) associated to the category X∆op

ét of simplicial objects in the topos, they defined
model category structures on that pro-category and on the category of pro-simplicial sets.
Now assume X is locally noetherian so that the connected component functor Π exists on the
topos Xét. With respect to the model category structures, Π induces a left Quillen functor

Pro(Π) : Pro(X∆op

ét )→ Pro(SSet).

By deriving a final object in Xét along Pro(Π), they recovered Artin-Mazur’s étale homotopy
type of X [4, 8.4].
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1.2.2. While the first version of this paper was posted on the author’s webpage, David
Carchedi let the author know of his paper [6]. Using the language of ∞-categories, he de-
veloped the étale homotopy theory of higher stacks, thereby we have some similar results
including the comparison theorem for algebraic stacks. In the follow-up paper [7], the author
showed that the comparison theorem for algebraic stacks 4.3.24 in this paper can recover
Carchedi, using the equivalence between the model categorical and the ∞-categorical ap-
proaches to pro-categories by Ilan Barnea, Yonatan Harpaz, and Geoffroy Horel [3].

1.3. Statement of the main results.

1.3.1. Fix a base scheme S. Consider the big étale site (Sch/S)ét; see [32, 2.1.13]. The
global section functor on the big étale topos (Sch/S)∼ét is a right adjoint to the constant sheaf
functor Γ∗S. Recall from [4, 8.2] that for the pro-categories associated to simplicial objects,
the pull-back functor Pro(Γ∗S) admits a left adjoint LΓ∗S

. There is a model category structure
on the pro-category associated to the category of simplicial objects in the topos and the
pro-category of simplicial sets [4, §7.3] constructed by Barnea-Schlank in such a way that the
adjunction

LΓ∗S
: Pro((Sch/S)∼ét)

∆op
) //Pro(SSet) : Pro(Γ∗)oo

becomes a Quillen adjunction [4, 8.2].

Definition 1.3.2 (Definition 3.2.6 in the text). The topological type of a scheme (resp.
algebraic space) X over S is the pro-simplicial set

h(X/S) := LLΓ∗S
(X).

More generally, the topological type of a simplicial scheme (resp. simplicial algebraic space)
X• over S is the pro-simplicial set

h(X•/S) := LLΓ∗S
(X•).

1.3.3. This definition is compatible with Artin-Mazur’s étale homotopy types for schemes
[2, p.114], Barnea-Schlank’s topological realization of the small étale topoi for schemes [4,
8.2], and Friedlander’s étale topological types for simplicial schemes [11, 4.4] (see 3.2.11 and
3.2.13). Compared to Barnea-Schlank, we use the big étale topos instead of the small one.
Eventually, this change of viewpoint makes it easy to define and work with the topological
types of simplicial schemes/algebraic spaces.

For an algebraic stack X/S, one applies the same machinery to the big étale topos (Sch/X)∼ét

(see 3.3.1 for details):

Definition 1.3.4 (Definition 3.3.3 in the text). The topological type of an algebraic stack X

over S is the pro-simplicial set

h(X/S) := LLΓ∗
X
(∗(Sch/X)∼ét

)

where Γ∗X : Set→ (Sch/X)∼ét is the constant sheaf functor and ∗ is a final object in (Sch/X)∼ét

(cf. (2.3.1.1)).

1.3.5. One can benefit from the model categorical definitions of topological types for algebro-
geometric objects to deduce a series of descent theorems (see 3.2.9 and 3.3.5) without too
much difficulty.
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1.3.6. Denote by SSet (resp. ŜSet) the category of simplicial sets (resp. category of profinite
spaces [33, p.587]). The profinite completion functor on pro-simplicial sets is defined to be
the composition of level-wise profinite completions of simplicial sets followed by the limit
functor on the pro-category of profinite spaces:

Pro(SSet) // Pro(ŜSet)
lim // ŜSet : (Xi)i∈I 7→ limi∈I X̂i.

Recall from [3, 7.2.3] that a simplicial set is τn-finite if it is level-wise finite and the canonical
map X → coskn τnX is an isomorphism (see 1.5.5 for the definition of coskn and τn). Also,
a simplicial set is τ -finite if it is τn-finite for some n ≥ 0. Denote by SSetτ ⊂ SSet the full
subcategory of τ -finite simplicial sets. Then the inclusion functor SSetτ → SSet admits a
left adjoint on the pro-categories 4.2.2:

Ψ : Pro(SSet)→ Pro(SSetτ ).

There is an equivalence of categories Pro(SSetτ ) ' ŜSet by [3, 7.4.1], under which the
profinite completion functor is equivalent to Ψ:

Theorem 1.3.7. (Theorem 4.2.3 in the text) The profinite completion functor Pro(SSet)→
ŜSet is isomorphic to the composition of Ψ followed by the equivalence Pro(SSetτ ) ' ŜSet.
In particular, the profinite completion is a left adjoint functor.

1.3.8. Consequently, the profinite completion commutes with homotopy colimits, which can
be readily verified using the simplicial model category structures or using the fact that the
profinite completion becomes a left Quillen functor. This property becomes a crucial piece to
generalize Artin-Mazur’s comparison theorem for schemes [2, 12.9] to algebraic stacks. Let X
be a locally of finite type algebraic stack over C. Choose a smooth surjection X → X with X
a scheme. Denote by X• the 0-th coskeleton of X over X. Consider a commutative diagram
of profinite spaces:

hocolim
[n]∈∆op

ĥ(Xan
n ) //

��

hocolim
[n]∈∆op

ĥ(Xn)

��

(hocolim
[n]∈∆op

h(Xan
n ))̂ //

��

(hocolim
[n]∈∆op

h(Xn))̂

��

ĥ(Xan
• ) //

��

ĥ(X•)

��

ĥ(Xtop) // ĥ(X).

The middle vertical arrows (resp. bottom vertical arrows) are weak equivalences by the
simplicial descent 2.3.24 (resp. hypercover descent for stacks 2.3.40) (see also 4.2.9). In
addition, the crucial piece–the profinite completion commutes with the hocolim–comes into
play to validate that the top vertical arrows are also weak equivalences. Consequently, to
show that the bottom horizontal arrow is a weak equivalence, we are reduced to the case
of algebraic spaces Xn’s. Repeating this argument, one can further reduce to the case of
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schemes (see 4.3.13), where the result follows from the comparison of the étale fundamental
groups and étale cohomology (see 4.3.10).

Theorem 1.3.9. (Theorem 4.3.24 in the text) Let X be a locally of finite type algebraic stack
over C. Then the map of profinitely completed topological types

ĥ(Xtop)→ ĥ(X)

is a weak equivalence.

1.3.10. For example, we can compute the topological type of the classifying stack BGm where
Gm is the multiplicative group scheme over C. After profinite completion, the topological
type h(BGm) is weakly equivalent to the classifying space BS1 of the unit circle, which is in
turn weakly equivalent to CP∞ which is well-known as K(Z, 2).

1.4. Outline of the paper. In Section 2 we develop a basic theory of topological types.
After reviewing relevant backgrounds on the homotopy theory for pro-simplicial sheaves, we
define topological types of topoi and provide their elementary properties. Especially, a series
of descent results (see 2.3.24, 2.3.34, and 2.3.38) will be presented.

In Section 3 we apply the general theory of topological types of topoi to algebro-geometric
objects like schemes, algebraic spaces, and algebraic stacks. We then show that this theory
is compatible with the classical theories by Artin-Mazur and by Friedlander.

In Section 4 we generalize the classical comparison theorem of Artin-Mazur for schemes to
(simplicial) algebraic spaces and algebraic stacks; for an algebraic stack over C, its topological
type is equivalent to that of the associated topological stack upon profinite completions.

1.5. Convention.

1.5.1. In this paper, we follow the theory of algebraic spaces and stacks as developed in [32].

1.5.2. Throughout the paper, for schemes, algebraic spaces, and algebraic stacks, we work
over a fixed base scheme S unless stated otherwise. Moreover, we assume that S is locally
noetherian whenever we work with algebro-geometric objects which are locally of finite type
over S.

1.5.3. Throughout this paper T is a topos and, if necessary, C is a site whose associated
topos is T unless otherwise specified. Also, we assume that C is small.

1.5.4. For a functor between Grothendieck sites, we follow the definition of continuous (resp.
cocontinuous) functor as in [40, Tag 00WV] (resp. [40, Tag 00XJ]).

1.5.5. For each n ≥ 0, let [n] denote the set {0, 1, . . . , n} with the usual ordering. Let ∆
denote the category whose objects are [n] and whose morphisms are non-decreasing maps.

Let C be a category. Denote by τn the restriction functor

Fun(∆op,C)→ Fun(∆op
≤n,C),

where ∆≤n ⊆ ∆ is the full subcategory spanned by {[m]}0≤m≤n. Denote by coskn a right
adjoint of τn, if exists.

https://stacks.math.columbia.edu/tag/00WV
https://stacks.math.columbia.edu/tag/00XJ
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1.5.6. Ilan Barnea pointed out a set-theoretical issue on the sites used to define topological
types of algebro-geometric objects. For example, the Barnea-Schlank model category struc-
ture [4, 4.18] is applied to small sites. Whenever this kind of issue arises, we invoke [40, Tag
020M] from which one can assume that the sites are small.

1.6. Acknowledgements. The author would like to thank Martin Olsson for his suggestion
of topic and productive conversations. The author is also grateful to Ilan Barnea, Bhargav
Bhatt, Dan Isaksen, Tomer Schlank, and Gereon Quick for helpful comments on the draft,
and David Carchedi for introducing his independent approach to the étale homotopy type
of higher stacks. The author is very thankful to an anonymous referee for many helpful
and detailed suggestions, comments, and corrections. This work was partially supported by
IBS-R003-D1.

2. A foundation of topological types

In this section we develop a general theory of topological types of topoi.

2.1. Review on simplicial (pre)sheaves. In this subsection let us recall some basic notions
on simplicial (pre)sheaves that are necessary to define topological types of topoi. The main
references are [4], [23], and [22].

2.1.1. There is a model category structure on the category SSet of simplicial sets by Quillen
[34, II.§3] in which weak equivalences are the maps such that the induced maps of geomet-
ric realizations are homotopy equivalences of topological spaces, cofibrations are monomor-
phisms, and fibrations (called Kan fibrations) are the maps having the right lifting property
with respect to every horn inclusion Λn

k ⊆ ∆n, n ≥ 1 and 0 ≤ k ≤ n; the k-th horn Λn
k of

the standard n-simplex ∆n is the sub-simplicial set generated by the image of the face maps
di : ∆n−1 → ∆n, 0 ≤ i ≤ n and i 6= k.

2.1.2. For a simplicial set X•, let us consider homotopy groups with all base points at once:
πn(X•) :=

∐
x∈X0

πn(|X•|, x). In terms of this notion, a map X• → Y• of simplicial sets is a
weak equivalence if and only if the following holds:

(i) π0(X•)→ π0(Y•) is a bijection,
(ii) For each n ≥ 1, the following commutative diagram is cartesian:

πn(X•) //

��

πn(Y•)

��
X0

// Y0.

This equivalent condition enables us to generalize weak equivalences from simplicial sets to
simplicial presheaves. Indeed, let X• be a simplicial presheaf on C, or equivalently, a functor
Cop → SSet. For each n ≥ 0, one associates a presheaf

π̂n(X•) : Cop → Set : U 7→ πn(X•(U)).

2.1.3. A morphism f : X• → Y• of simplicial (pre)sheaves is a local weak equivalence [24,
p.64] if the following holds :

https://stacks.math.columbia.edu/tag/020M
https://stacks.math.columbia.edu/tag/020M
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(i) The morphism π̂0X• → π̂0Y• induces an isomorphism of associated sheaves,
(ii) For each n ≥ 1, the following commutative diagram induces a cartesian diagram of

associated sheaves:
π̂nX•

��

// π̂nY•

��
X0

// Y0.

There is a model category structure on the category T∆op
(Ĉ∆op

) of simplicial (pre)sheaves on C

in which weak equivalences are local weak equivalences and cofibrations are monomorphisms.
This is due to Joyal [25] from his letter to Alexander Grothendieck in the case of simplicial
sheaves, and due to Jardine [22, 2.3] in the case of simplicial presheaves.

2.1.4. A morphism f : X• → Y• of simplicial (pre)sheaves is a local fibration [24, p.71] if it
has the local right lifting property with respect to every horn inclusion: for each Λn

k ⊆ ∆n,
n ≥ 1 and 0 ≤ k ≤ n, and for each commutative diagram

Λn
k

//

��

X•(U)

��
∆n // Y•(U)

with U ∈ C, there exists a covering {Ui → U} such that for each i there exists a dotted arrow
that fills in the diagram below:

Λn
k

//

��

X•(U) // X•(Ui)

��
∆n

55

// Y•(U) // Y•(Ui).

Remark that if T has enough points, then local weak equivalences (resp. local fibrations) can
be checked at stalks.

2.1.5. Every fibration X• → Y• in Joyal-Jardine’s model category structure is a section-wise
fibration of simplicial sets (i.e., X•(U)→ Y•(U) is a fibration of simplicial sets for all U ∈ C)
and thus is a local fibration; see [24, 5.12].

Local weak equivalences which are local fibrations can be regarded as a generalization
of hypercovers (see [2, 8.4]); a morphism X• → Y• of simplicial sheaves is both a local
weak equivalence and a local fibration if and only if the following morphisms of sheaves are
epimorphisms (cf. [24, 4.32]):

(i) X0 → Y0,
(ii) Xn+1 → (coskn τnX•)n+1 ×(coskn τnY•)n+1 Yn+1 for each n ≥ 0.

2.2. Review on pro-simplicial (pre)sheaves. In this subsection let us recall basic back-
ground materials about pro-categories and model category structures on them. Then review
two different model category structures on the pro-category of simplicial (pre)sheaves by
Edwards-Hastings and by Barnea-Schlank.

2.2.1. A category I is cofiltered [2, p.148] if it satisfies the following conditions:
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(i) For every pair of objects i and j, there exists an object k and two morphisms k → i and
k → j,

(ii) For every pair of morphisms a, b : i → j, there exists an object k and a morphism
c : k → i such that a ◦ c = b ◦ c.

More generally, a functor φ : I → J between cofiltered categories is cofinal if the following
conditions hold:

(i) For every pair of objects j1, j2 ∈ J , there exists an object i ∈ I and two morphisms
φ(i)→ j1 and φ(i)→ j2,

(ii) For every pair of morphisms a, b : φ(i)→ j, there exists an object i′ ∈ I and a morphism
c : i′ → i in I such that a ◦ φ(c) = b ◦ φ(c).

Remark that this definition of cofinality is not standard (see, e.g., [4, 2.8]) but is equivalent
to the standard one for cofiltered categories.

Let C be a category. Recall from [2, p.154] that the pro-category Pro(C) associated to C is
the category that has objects functors I → C with I cofiltered and morphisms are defined by

MorPro(C)(X, Y ) = lim
j∈J

colim
i∈I

MorC(Xi, Yj).

For a pair of pro-object in C indexed by the same category, a morphism of functors between
them naturally induces a morphism between those pro-objects.

A level representation of a morphism X → Y in Pro(C) is a cofiltered category K, pro-
objects X̃ and Ỹ indexed by K, a morphism X̃ → Ỹ of functors, and isomorphisms X → X̃
and Y → Ỹ such that the following diagram commutes:

X //

��

Y

��

X̃ // Ỹ .

That is, a level representation replaces a morphism of pro-objects by a morphism induced by
a morphism between functors.

A partially ordered set (J,≤) is cofinite [20, p.183] if for every t in J , the set {s ∈ J : s ≤ t}
is finite; note that a directed set can be regarded as a cofiltered category. For a cofiltered
category I, recall from [41, Expose I.8.1.6] that there exists a cofinite directed set J and
a cofinal functor J → I. In particular, every morphism in a pro-category has a cofinite
directed level representation in a sense that it has a level representation with the index
category cofinite directed. A morphism in the pro-category of simplicial (pre)sheaves is a
special fibration (resp. special local fibration) if it has a cofinite directed level representation
X → Y for which, for each t in the index category, the relative matching map [20, 2.4]

Xt → lim
s<t

Xs ×lim
s<t

Ys Yt

is a fibration (resp. local fibration) of simplicial (pre)sheaves.

2.2.2. There is a model category structure on the pro-category of simplicial (pre)sheaves on
C ([10, §3.3], [23, 14]) such that a morphism is a weak equivalence if it is isomorphic to a level-
wise weak equivalence and a fibration if it is a retract of a special fibration. Cofibrations are
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monomorphisms. We refer to it as Edwards-Hastings’ model category structure and denote

by ProE−H(T∆op
) (resp. ProE−H(Ĉ∆op

)).

Remark 2.2.3.

(i) Edwards-Hastings’ model category structure is the strict model category structure [20,
4.13] on the pro-category of simplicial (pre)sheaves induced by Joyal-Jardine’s model
category structure on the category of simplicial (pre)sheaves; see [23, 20].

(ii) Edwards-Hastings constructed a model category structure on the category of pro-simplicial
sets. Later, Jardine generalized it to the category of pro-simplicial sheaves. He also in-
troduced the terminology Edwards-Hastings’ model category structure.

2.2.4. Let us recall Barnea-Schlank’s machinery of constructing model category structures
on pro-categories. A weak fibration category [4, 1.2] is a category A equipped with two
subcategories F,W satisfying the following conditions:

(i) F and W contain all isomorphisms,
(ii) A has all finite limits,

(iii) W has the 2-out-of-3 property,
(iv) The subcategories F and F ∩W are closed under base change,

(v) Every morphism A → B in A can be factored as A
f // C

g // B , where f is in W

and g is in F.

The morphisms in F (resp. W) are called fibrations (resp. weak equivalences).

The main example of weak fibration category is the category of simplicial (pre)sheaves on C

[4, 7.7, 7.13]; weak equivalences are local weak equivalences, and fibrations are local fibrations.
Let us justify the introduction of weak fibration categories and a passage to pro-categories.
Assume T has enough points. In general, one cannot make a model category structure on T∆op

such that weak equivalences are local weak equivalences and fibrations are local fibrations.
Considering that local weak equivalences and local fibrations can be checked at stalks, these
classes force the cofibrations to be exactly monomorphisms. However, Joyal-Jardine’s model
category structure 2.1.3 has such classes of weak equivalences and cofibrations. In there, the
class of fibrations is not identical to the class of local fibrations. Concretely, one can take T
to be the classifying topos of a profinite, but not a finite, group. Nevertheless, local fibrations
and local weak equivalences can still define a model category structure on the associated pro-
category; There is a model category structure on the pro-category of simplicial (pre)sheaves
on C by Barnea-Schlank [4, §7.3] such that a morphism is a weak equivalence if it is isomorphic
to a level-wise weak equivalence and a fibration if it is a retract of a special local fibration.

Denote this model category structure by Pro(T∆op
) (resp. Pro(Ĉ∆op

)).

Remark 2.2.5. In what follows, unless otherwise stated, the category of pro-simplicial
(pre)sheaves is equipped with Barnea-Schlank’s model category structure. They refer to
it as the projective model category structure since every local fibration of simplicial sheaves
is a fibration as a morphism of pro-simplicial sheaves. On the other hand, they refer to
Edwards-Hastings’ model category structure as the injective model category structure since
every cofibration of simplicial sheaves is a cofibration as a morphism of pro-simplicial sheaves.
We do not follow their convention as it can be applied to functor categories, but not to pro-
categories.
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2.2.6. When a weak fibration category comes from a model category, Barnea-Schlank model
category structure on the pro-category is nothing but the strict model category structure; see
[4, 4.21]. In particular, for the punctual topos, the three model category structures–Edwards-
Hastings’, Barnea-Schlank’s, and the strict model category structure induced by [34, II.§3]–on
the pro-category of simplicial sets all coincide.

On the other hand, Edwards-Hastings’ and Barnea-Schlank’s model category structures
share the same class of weak equivalences, and, in fact, the adjunction

(2.2.6.1) id : Pro(T∆op
) //ProE−H(T∆op

) : idoo

is a Quillen equivalence [4, §7.3].

2.3. Definition and Properties of Topological types.

2.3.1. Consider the (2-categorical) unique morphism of topoi

Γ = (Γ∗,Γ∗) : T → Set.

According to [4, 8.2], the pull-back functor Pro(Γ∗) admits a left adjoint LΓ∗ for the pro-
categories associated to simplicial objects. Moreover, there is a Quillen adjunction

(2.3.1.1) LΓ∗ : Pro(T∆op
) //Pro(SSet) : Pro(Γ∗)oo .

When T is locally connected in a sense that Γ∗ admits a left adjoint, denote the left adjoint
by Π and refer to it as the connected component functor. In this case, LΓ∗ = Pro(Π). The
locally connectedness condition is a topos-theoretic generalization of the same notion for
topological spaces. For instance, the small étale topos Xét of a locally noetherian scheme X
is locally connected. If Y is étale over X, then Π applied to the representable sheaf is the set
of connected components of the underlying topological space of Y .

In what follows, we do not assume the locally connectedness on T . Even if the condition is
necessary for the comparison with Artin-Mazur’s étale homotopy types (see 3.2.11), one can
still develop a general theory of topological types without it:

Definition 2.3.2. The topological type of T is the pro-simplicial set

h(T ) := LLΓ∗(∗)
where ∗ is a final object of T and LLΓ∗ : Ho(Pro(T∆op

))→ Ho(Pro(SSet)) is the left derived
functor of LΓ∗ . More generally, the topological type h(F•) (or hT (F•) if we wish to make the
reference to T explicit) of a simplicial object F• in T is the pro-simplicial set LLΓ∗(F•).

Remark 2.3.3. The above definition 2.3.2 is a generalization of [4, 8.2] where Barnea-Schlank
already defined the topological types of topoi and called it the topological realizations of topoi.

2.3.4. The main goal of this paper is to build a theory of topological types for algebraic
stacks. For general categories fibered in groupoids, we proceed as follows:

Definition 2.3.5. Let X be a category fibered in groupoids over C. Let C/X denote the
category whose objects are pairs (U, u), where U ∈ C and u : U → X is a morphism of fibered
categories over C and whose morphisms (V, v) → (U, u) are pairs (f, f b) where f : V → U
is a morphism in C and f b : v → u ◦ f is a 2-morphism of functors. Let us equip C/X with
the following Grothendieck topology: a collection of maps {(fi, f bi ) : (Ui, ui) → (U, u)} is a
covering if the underlying collection {fi : Ui → U} of morphisms in C is a covering of U .



12 CHANG-YEON CHOUGH

Remark 2.3.6. For a category fibered in groupoids p : F → C, there is an inherited topology
on F from C. Namely, a family {xi → x} of morphisms in F with fixed target is defined to
be a covering if the family {p(xi)→ p(x)} is a covering in C (see [40, Tag 06NU] for details).
Using the 2-Yoneda lemma, one sees that the site C/X defined above is equivalent to the site
X with the inherited topology.

Definition 2.3.7. The topological type of a category X fibered in groupoids over C is the
pro-simplicial set

h(X) := LLΓ∗
(C/X)∼

(∗)

where Γ∗(C/X)∼ : Set→ (C/X)∼ is the constant sheaf functor and ∗ is a final object in (C/X)∼.

2.3.8. After developing a descent theory of topological types, we will relate the topological
types of categories fibered in groupoids to the topological types of simplicial sheaves. Before
that, we provide a couple of examples of topological types of topoi.

Example 2.3.9. Let BG be the classifying topos of a discrete group G. Recall that it is the
category of presheaves on the category C with one object ∗ and Hom(∗, ∗) = G. Endow C

the trivial topology so that BG is also the category of sheaves on C. Note that BG is locally
connected with its connected component functor the colimit functor. The topological type
of BG is weakly equivalent to the classifying space K(G, 1). More generally, when C is a
category equipped with the trivial topology, the topological type of T is weakly equivalent to
the nerve of C [4, 8.3].

2.3.10. The classifying topos BG is equivalent to the category of G-sets, and under this
equivalence, the connected component functor takes the quotient by G and is denoted by
ΠG. Let us identify (BG)∆op

with the category of simplicial G-sets. Recall the projective
model category structure on it; A morphism of simplicial G-sets is a weak equivalence (resp.
fibration) if and only if its underlying morphism of simplicial sets is a weak equivalence (resp.
fibration). It follows from [12, V.2.10] that a simplicial G-set X• is cofibrant if and only if
Xn is a free G-set for each n. Also, the map G → ∗ is an epimorphism in BG and hence
cosk0(G) → ∗ is a trivial fibration. So, for a simplicial G-set X•, cosk0(G)×X• is cofibrant
and there is a trivial fibration

cosk0(G)×X• → X•.

Note that the Barnea-Schlank model category structure on Pro((BG)∆op
) is the strict model

category structure induced by the projective model category structure on (BG)∆op
. Therefore,

the above cofibrant approximation is also a cofibrant approximation in Pro((BG)∆op
). Hence,

there is a weak equivalence

ΠG(cosk0(G)×X•)→ h(X•).

Consequently, one can understand the left derived functor

LΠG : Ho(Pro((BG)∆op

))→ Ho(Pro(SSet))

as a generalization of the Borel construction. Finally, note that cosk0(G)/G is the classifying
space K(G, 1) of G, which allows us to recover that h(BG) is K(G, 1).

Example 2.3.11. For a profinite group G = (Gi)i∈I , the topological type of its classifying
topos–the category of continuous G-sets–is the pro-simplicial set (K(Gi, 1))i∈I .

https://stacks.math.columbia.edu/tag/06NU
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2.3.12. For the rest of the subsection, we study basic properties of topological types.

If T is locally connected, every object is isomorphic to a disjoint union of connected objects.
The behavior of topological types with respect to coproduct is simple:

Proposition 2.3.13. Let {Fα}α∈A be a collection of objects in T∆op
. Then the natural map

of pro-simplicial sets ∐
α

h(Fα)→ h(
∐
α

Fα)

is a weak equivalence.

Proof. It suffices to prove that for a collection {Xα → Yα}α∈A of weak equivalences in
Pro(T∆op

), the induced morphism
∐

αXα →
∐

α Yα is also a weak equivalence. Put Xα :
Iα → T∆op

: iα 7→ X iα . Recall from the proof of [17, 11.1] that
∐

αXα is equivalent to a
cofiltered system of objects

∐
α∈AX

iα with the index category {(iα) ∈
∏

α∈A Iα}. According
to [2, A.3.2], one can replace morphisms by their level presentations, and so it suffices to
prove the statement for morphisms in T∆op

, whence the result follows from [24, 4.42]. If T
has enough points, the statement can be reduced further to the case of simplicial sets where
the result is also well-known. �

2.3.14. Different topoi can induce equivalent topological types. Here is an important case
which plays a crucial role in studying topological types of simplicial objects:

Proposition 2.3.15. Let C′ → C be a cocontinuous functor (cf. 1.5.4) between sites with the
associated morphism of topoi f : T ′ → T . Assume that both C′ and C admit finite limits and
that the functor is continuous and commutes with finite limits. Let f! denote a left adjoint of
f ∗. For a simplicial object F ′• in T ′, there is a natural weak equivalence of topological types
(determined up to homotopy)

hT ′(F
′
•)→ hT (f!(F

′
•)).

In particular, the map h(T ′)→ h(T ) is a weak equivalence.

Proof. Observe that Pro(f!) preserves cofibration and trivial fibrations. Indeed, by the as-
sumption on continuity, there is a morphism of topoi (f!, f

∗) : T → T ′. Applying [4, 8.6] to
this morphism of topoi, Pro(f!) is a right Quillen so that it preserves trivial fibrations. On
the other hand, by the same argument applied to the morphism of topoi (f ∗, f∗), Pro(f ∗) is
a right Quillen functor. It then follows that Pro(f!) is left Quillen since it is a left adjoint to
Pro(f ∗). In particular, it preserves cofibrations.

Now consider a cofibrant replacement α : H ′ → F ′• in Pro(T ′∆
op

). By the discussion above,
Pro(f!)H

′ is cofibrant and Pro(f!)(α) is a trivial fibration in Pro(T∆op
). Then for a cofibrant

replacement H → f!F
′
• in Pro(T∆op

), one can choose a morphism β : Pro(f!)H
′ → H over

f!F
′
•. Recall from [14, 7.6.13] that the choice of β is unique up to homotopy. Since β is a

weak equivalence between cofibrant objects, the desired weak equivalence follows by applying
the left Quillen functor LΓ∗T

. �

2.3.16. One of the key technical features of topological types is their behavior with respect
to localizations:
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Proposition 2.3.17. Let G• → F be a morphism of simplicial objects in T where F is a
constant object. Then there is a natural weak equivalence of topological types (determined up
to homotopy)

hT/F (G•/F )→ hT (G•).

In particular, for each F ∈ T , the map h(T/F )→ hT (F ) is a weak equivalence.

Proof. It suffices to show that for the localization morphism of topoi j : T/F → T , the
functor

j! : (T/F )∆op → T∆op

: X•/F 7→ X•
preserves weak equivalences. Recall from [40, Tag 0791] that the category C/F = P(C)/F×P(C)

C, where P(C) denote the category of presheaves on C, can be equipped with the topology
inherited from C, and there is an equivalence of topoi (C/F )∼ ' T/F . Under this equivalence,
by the same argument as in [40, Tag 03CD], for each H ∈ T/F , j!H is the sheaf associated
to the presheaf jpre

! (H) given by the formula

jpre
! (H)(V ) =

∐
(V→F )∈C/F

H(V → F ).

Then the same argument as in [24, 5.25] shows that the claim is true for the functor jpre
! on

the category of simplicial presheaves. We complete the proof by recalling from [24, 4.22] that
sheafification preserves and reflects weak equivalences. �

Remark 2.3.18. In particular, we could have defined the topological type h(F ) of F to be
the topological type of T/F . Moreover, this is compatible with morphisms of topoi in a sense
that for a morphism of topoi f : T ′ → T and F ∈ T , there is a natural map of topological
types (determined up to homotopy) h(f ∗F ) → h(F ) which is compatible (up to homotopy)
with the map of topological types induced by j : T ′/f ∗F → T/F . To construct such a map
h(f ∗F ) → h(F ), consider a cofibrant replacement α : H → F (resp. β : H ′ → f ∗F ) in
Pro(T∆op

) (resp. Pro(T ′∆
op

)). Let cF : Lf∗f
∗F → F denote the morphism induced by the

counit for the adjunction (Lf∗ ,Pro(f ∗)). Since Lf∗H
′ is cofibrant, one can find a unique (up

to homotopy) morphism γ : Lf∗H
′ → H such that α ◦ γ = cF ◦ Lf∗(β). Applying LΓ∗T

, one
obtains the desired map.

2.3.19. Next goal is to understand topological types of simplicial objects via topological
types of objects in each degree. We begin with recalling the Reedy model category structure,
realization, and homotopy colimit.

Let M be a model category. The Reedy model category structure on M∆op
is defined as

following (see, e.g., [14, 15.3.4]). The Reedy weak equivalences are level-wise weak equiva-
lences. The Reedy cofibrations (resp. Reedy fibrations) are defined using the relative latching
maps (resp. relative matching maps) (see [14, 15.3.3] for details).

Remark 2.3.20. Throughout this paper, whenever we consider the category of simplicial
objects in a model category, we endow the Reedy model category structure on it.

2.3.21. A Reedy cofibration X• → Y• induces a cofibration Xn → Yn for each n, but not
vice versa. In particular, a level-wise cofibrant object X• is not necessarily Reedy cofibrant.
However, most model categories we use in this paper have the property that every simplicial

object is Reedy cofibrant. These include SSet, Pro(SSet), Ĉ∆op
, T∆op

, ProE−H(T∆op
), and

ŜSet. Remark that the Barnea-Schlank model category structure is excluded.

https://stacks.math.columbia.edu/tag/0791
https://stacks.math.columbia.edu/tag/03CD
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2.3.22. Let M be a simplicial model category. The realization functor | | : M∆op → M is
defined for X• by the coequalizer∐

([n]→[m])∈∆op

Xm ⊗∆n ////
∐

[n]∈∆op

Xn ⊗∆n // |X•| .

Note that this is a left Quillen functor with its right adjoint sending X to ([n] 7→ X∆n
).

On the other hand, the homotopy colimit functor hocolim : M∆op → M is defined for X•
by the coequalizer∐

([n]→[m])∈∆op

Xm ⊗N([n]/∆op)op ////
∐

[n]∈∆op

Xn ⊗N([n]/∆op)op // hocolimX•.

where N : Cat→ SSet is the nerve functor. Recall from [14, 18.7.4] that in cases of 2.3.21,
the Bousfield-Kan map

hocolimX• → |X•|
is a weak equivalence.

2.3.23. For a simplicial object F• in T , one can associate a simplicial object in T∆op
by

sending [n] to Fn viewed as a constant simplicial object. In turn, this gives rise to a simplicial
object in Pro(T∆op

) by embedding T∆op
into the associated pro-category:

∆op → Pro(T∆op

) : [n] 7→ Fn.

This is used in the proof of:

Theorem 2.3.24. (Simplicial descent) Let F• be a simplicial object in T . The natural map
of pro-simplicial sets

hocolim
[n]∈∆op

h(Fn)→ h(F•)

is a weak equivalence.

Proof. Notice that there is a weak equivalence hocolim
[n]∈∆op

Fn → F• in T∆op
. Also, observe

from the description of hocolim 2.3.22 that the inclusion functor T∆op → Pro(T∆op
) pre-

serves hocolims. Therefore, the statement nails down to proving that LLΓ∗ commutes with
hocolim for [n] 7→ Fn. Consider a cofibrant replacement H• → ([n] 7→ Fn) of ([n] 7→ Fn)
in (Pro(T∆op

))∆op
. Such a commutativity holds for H• [39, 9.1]. Therefore, it suffices to

show that hocolimHn → hocolimFn is a weak equivalence. However, this follows immedi-
ately using the model structure ProE−H(T∆op

) and the homotopy invariance of hocolim [14,
18.5.3]. �

Remark 2.3.25. The upshot is the way we define topological types of simplicial objects so
that more categorical approach is possible. This feature will be more apparent when defining
topological type of simplicial schemes/algebraic spaces.

2.3.26. To set up various descents theorems for topological types, we need a topos-theoretic
version of hypercovers in sites:

Definition 2.3.27. (cf. [2, 8.4]) A simplicial object G• over an object F in T is a hypercover
of F if the following morphisms are epimorphisms in T/F :

(i) G0/F → ∗T/F ,
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(ii) Gn+1/F → (coskn τn(G•/F ))n+1 for each n ≥ 0.

Lemma 2.3.28. Let G• → F be a morphism in T∆op
. Then it is both a local weak equivalence

and a local fibration in T∆op
if and only if G• is a hypercover of F in T . In particular, if

these equivalent conditions hold, it can be viewed as a trivial fibration in Pro(T∆op
).

Proof. Recall from the proof of 2.3.17 that j! : (T/F )∆op → T∆op
is the forgetful functor which

carries X•/F to X•. By virtue of 2.1.5, the claim follows from the fact that j! commutes with
the coskeleton functors for n ≥ 1 and that it preserves and reflects epimorphisms. For n = 0,
we use the fact that j!((cosk0 τ0G•/F )1) = (cosk0 τ0G•)1 ×(cosk0 τ0F )1 F. �

2.3.29. For a simplicial object [n] 7→ F n
• in T∆op

, we view it as a bi-simplicial object F•• in T
sending ([n], [m]) to F n

m. When we say a bi-simplicial object G•• over a simplicial object F•,
it means that we have a simplicial object Gn• over a constant simplicial object Fn for each n.

Definition 2.3.30. A bi-simplicial object G•• over a simplicial object F• in T is a hypercover
of F• if Gn• → Fn is a hypercover for each n.

Remark 2.3.31. Let f : T ′ → T be a morphism of topoi. Since f ∗ preserves all small
colimits, finite limits, and epimorphisms, it follows that if G•• is a hypercover of F•, then
f ∗G•• is a hypercover of f ∗F•.

2.3.32. Let us now study decent theorems on topological types. The following proposition
is due to Misamore [29, 2.1]:

Proposition 2.3.33. If a morphism G•• → F•• of simplicial objects in T∆op
is a degree-wise

trivial fibration in a sense that Gn• → Fn• is a trivial fibration of the weak fibration structure
on T∆op

for each n, then its diagonal ∆G•• → ∆F•• is a weak equivalence in T∆op
.

Proof. Fix a Boolean localization p : S → T ; see, for example, [24, p.49]. Recall from [24,
4.27] (resp. [24, 4.24]) that a morphism in T∆op

is weak equivalence (resp. trivial fibration)
if and only if its pull-back in S∆op

is a weak equivalence (resp. section-wise trivial fibration).
So we may assume that Gn• → Fn• is a section-wise trivial fibration. From the corresponding
result for simplicial sets (see, for example, [14, 15.11.6, 15.11.11]), we then have a section-wise
weak equivalence of simplicial sets, which implies local weak equivalence. �

Theorem 2.3.34. (Hypercover descent) Let G•• → F• be a hypercover of F• in T . Then the
natural map of topological types

h(∆G••)→ h(F•)

is a weak equivalence.

Proof. By the definition of hypercovers and 2.3.28, G•• → F• is a degree-wise trivial fibration
in T∆op

. So the result follows from 2.3.33. �

2.3.35. Particularly, topological types are independent of the choice of hypercovers:

Corollary 2.3.36. Let G• → F and H• → F be hypercovers of F . Then h(G•) and h(H•)
are weakly equivalent.

Proof. Define a bi-simplicial object K•• by Kmn = Gm×F Hn. Then the projection K•• → G•
(resp. K•• → H•) is a hypercover of G• (resp. H•), whence the statement follows from
2.3.34. �



TOPOLOGICAL TYPES OF ALGEBRAIC STACKS 17

2.3.37. Combining 2.3.24 and 2.3.34, one obtains:

Theorem 2.3.38. (Simplicial hypercover descent) Let G• be a hypercover of F in T . Then
the natural map of pro-simplicial sets

hocolim
[n]∈∆op

h(Gn)→ h(F )

is a weak equivalence.

2.3.39. Finally, let us exploit the descent theorems to understand topological types of cate-
gories fibered in groupoids through topological types of simplicial sheaves.

Whenever we discuss topological types of categories fibered in groupoids, we assume that
the sites C and C/X have subcanonical topologies; note that these conditions are satisfied by
algebraic stacks and topological stacks. In particular, for each object C ∈ C (resp. (X →
X) ∈ C/X), we abusively denote by C (resp. X → X) the sheaf represented by it.

Let us say that a simplicial object X• → X in C/X is a hypercover of X if the simplicial
sheaf represented by it is a hypercover of a final object in the topos (C/X)∼.

Theorem 2.3.40. Let X/C be a category fibered in groupoids. Then for a hypercover X• → X

of X, there is a zig-zag of weak equivalences between hT (X•) and h(X) (here hT (X•) denote
the topological type of the simplicial sheaf on C represented by X•).

Proof. By the hypercover descent 2.3.34, the natural map of the topological types

h(C/X)∼(X•/X)→ h(C/X)∼(∗(C/X)∼) = h(X)

is a weak equivalence. Consider a functor p : C/X → C which carries (x : X → X) to X. It
follows from [40, Tag 06NW] that the functor p is continuous and cocontinuous; in particular,
[40, Tag 00XR] supplies a left adjoint p! of the pullback functor of the morphism of topoi p∗

induced by the cocontinuous functor p. To complete the proof, it suffices to show that the
natural map of topological types (determined up to homotopy)

h(C/X)∼(X•/X)→ hT (p!(X•/X)) = hT (X•)

is a weak equivalence. Using the simplicial descent 2.3.24 and the homotopy invariance of
hocolim [14, 18.5.3], we may reduce to the case where X• → X is a constant simplicial object
X → X. Note that there is an equivalence of topoi

(C/X)∼/(X → X) ' T/X

by virtue of [40, Tag 0CN0] and [40, Tag 04IQ]. Now consider a triangle of topological types

h(C/X)∼(X/X)

&&
h(T/X)

77

// hT (X)

which commutes up to homotopy (here the left diagonal is induced by the localization of
the topos (C/X)∼ at X → X). Applying 2.3.17, one deduces that the left diagonal and the
bottom arrows are weak equivalences, thereby completing the proof. �

https://stacks.math.columbia.edu/tag/06NW
https://stacks.math.columbia.edu/tag/00XR
https://stacks.math.columbia.edu/tag/0CN0
https://stacks.math.columbia.edu/tag/04IQ


18 CHANG-YEON CHOUGH

2.4. Connected components, Fundamental groups, and Cohomology of Topologi-
cal types.

2.4.1. Let X• be a simplicial set. Recall that the connected component π0(X•) is the co-
equalizer

X1
// // X0

// π0(X•).

By level-wise application, one can define the connected component of a pro-simplicial set. It
can be readily checked that:

Proposition 2.4.2. Let T be a locally connected topos. Let F• be a simplicial object in T .
Then the map of pro-sets

π0(h(F•))→ π0(Π(F•))

is an isomorphism, where Π denotes a left adjoint to the constant sheaf functor Γ∗ : Set→ T .

Remark 2.4.3. In a geometric situation of schemes, this means that the number of connected
components of a scheme is equal to the number of connected components of its topological
type.

2.4.4. Let G be a discrete group. For a connected simplicial set X• and x ∈ X0, its funda-
mental group classifies G-torsors in a sense that there is a bijection

Hom(π1(X•, x), G)G = H1(X•, G)

where the left hand side denotes the set of all group homomorphisms from π1(X•, x) to G, up
to inner automorphisms of G, and H1(X•, G) is the set of isomorphism classes of G-torsors.
To extend this correspondence to topological types, recall that there is a natural bijection

HomHo(SSet)(X•, BG) = H1(X•, G).

More generally, for a group object G in T , the non-abelian cohomology group H1(T,G) is
defined to be the set of isomorphism classes of G-torsors. Recall (e.g., from [24, 9.8]) that
there is an identification

HomHo(T∆op
)(∗, BG) = H1(T,G).

The following lemma will provide us the relationship between topoi and their topological types
in terms of algebraic invariants like homotopy groups, homology groups, and cohomology
groups.

Theorem 2.4.5. Let F• be a simplicial object in T and let n ≥ 0 be an integer. Let G be
a set if n = 0, a discrete group if n = 1, and a discrete abelian group if n ≥ 2. Then the
canonical map

HomHo(T∆op
)(F•, K(G, n))→ HomHo(Pro(SSet))(h(F•), K(G, n))

is a bijection where G denotes the constant sheaf associated to G.

Proof. From the adjunction i : T∆op //ProE−H(T∆op
) : limoo and the Quillen equivalence (2.2.6.1),

it comes down to the adjunction (2.3.1.1). �

Theorem 2.4.6. Let T be a locally connected topos. Let F be a connected object in T and
let x ∈ h(F ). Let G be a discrete group. Then there is a bijection

HomPro(Gp)(π1(h(F ), x), G)G ' H1(F,G)
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where the left hand side denotes the set of all pro-group homomorphisms from π1(h(F ), x) to
G, up to inner automorphisms of G.

Proof. Note from 2.4.2 that h(F ) is connected. By virtue of [38, A.10, A.16] (see also [17,
10.9]), there is an isomorphism

HomHo(Pro(SSet))(h(F ), BG) ' HomPro(Gp)(π1(h(F ), x), G)G.

The desired bijection follows from 2.4.5 and [24, 9.8]. �

2.4.7. Fix an abelian group Λ throughout the rest of the subsection.

Recall that for a pro-simplicial set, its homology groups are pro-groups which are obtained
by level-wise application of those of simplicial sets. Similarly, one can define the homotopy
groups when pointed. On the other hand, the cohomology groups are usual groups by taking
the colimit of level-wise cohomology groups. In particular, one can make sense of those
algebraic invariants of topological types:

Definition 2.4.8. For the topological type h(F•) of a simplicial object F• in T , the coho-
mology, homology, and homotopy groups are those of h(F•) as a pro-simplicial set.

2.4.9. A simplicial object F• in T induces a simplicial topos [n] 7→ T/Fn. The cohomology
of the total topos T/F• associated to the simplicial topos coincides with the cohomology of
the topological type h(F•):

Proposition 2.4.10. Let n ≥ 0. The canonical map of cohomology groups

Hn(T,Λ)→ Hn(h(T ),Λ)

is an isomorphism. More generally, for a simplicial object F• in T , the canonical map of
cohomology groups

Hn(T/F•,Λ)→ Hn(h(F•),Λ)

is an isomorphism.

Proof. An immediate consequence of 2.4.5 and [17, 8.1]; note from [24, 8.34] that Hn(T/F•,Λ)
can be identified with HomHo(T∆op

)(F•, K(Λ, n)). �

Remark 2.4.11. To the extent of the author’s knowledge, it is not clear if the topological
type of the topos T/F• is equivalent to h(F•) (cf. 3.2.10).

2.4.12. Recall the set-up in 2.3.15 where the pull-back f ∗ of morphism of topoi f : T ′ → T
admits a left adjoint f! which commutes with finite limits. The following comparison is
immediate from 2.3.15:

Proposition 2.4.13. In the situation of 2.3.15, for a sheaf of abelian groups G in T and for
each n ≥ 0, the canonical map of cohomology groups

Hn(f!(F
′
•), G)→ Hn(F ′•, f

∗G)

is an isomorphism.

Remark 2.4.14. This generalizes Jardine’s lemma [21, 3.6] as we removed his fibrant as-
sumption. He worked with local weak equivalences and local fibrations, but applied Brown’s
adjoint functor lemma [5, p.426] to a category of fibrant objects for a homotopy theory [5,
p.420]. We could remove the assumption as we replace the category of fibrant objects and
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Brown’s adjoint functor lemma by the Barnea-Schlank model category structure and Quillen’s
adjoint functors respectively.

3. Topological types of algebraic stacks

In this section we apply the general theory of topological types developed in Section 2 to
algebro-geometric objects, especially to algebraic stacks.

3.1. Motivation.

3.1.1. Let X be a locally noetherian scheme. The category HR(X) of hypercovers of X mod-
ded out by simplicial homotopy is cofiltered and gives rise to Artin-Mazur’s étale homotopy
type by applying the connected component functor Π:

HR(X)→ Ho(SSet) : U• 7→ Π(U•).

Observe that this is only a pro-object in the homotopy category of simplicial sets, which does
not fit into model category theory. Hence, we would like to have it in some homotopy category
of pro-simplicial sets. An improvement toward this goal was made by Friedlander with the
introduction of rigid hypercovers. Indeed, his étale topological types are pro-simplicial sets,
but model category theory hardly came into play at that time.

Recently, Barnea-Schlank made another improvement as they introduced weak fibration
categories and eventually put a model category structure on pro-categories of simplicial
sheaves. Applied to the small étale topos on X, this machinery recovered Artin-Mazur’s
étale homotopy type by taking the derived functor of the connected component functor.

All the previous theories are suitable for Deligne-Mumford stacks while using the small
étale topology. However, none of them can be directly applied to general algebraic stacks as
the small étale topology does not provide a good theory; algebraic stacks only admit smooth
covers, not étale covers. Nonetheless, one can still define the étale homotopy types of algebraic
stacks by using simplicial hypercovers. That is, for an algebraic stack X, choose a smooth
cover X → X with X a scheme. The 0-th coskeleton cosk0(X/X) is a simplicial algebraic
space, and so one can define the homotopy type of X to be the étale topological type of the
simplicial algebraic space in the sense of Friedlander. Of course, one then verifies that this is
independent of choice of smooth covers.

3.1.2. One of the main goals in this paper is to give an intrinsic definition of topological types
of algebraic stacks, not depending on smooth covers. We then later verify that this new defini-
tion coincides with the old definition using smooth covers. The fundamental idea is to replace
the small étale topos, which is used in Barnea-Schlank’s model categorical approach for étale
homotopy types of schemes, by the big étale topos. Starting from there, our new approach
will provide a general framework for homotopy theory of algebraic stacks. In particular, our
theory of topological types of algebro-geometric objects is built under model category theory.
Consequently, compared to the previous theories, one can take more systematic approach to
the étale homotopy theory.

Another feature of our theory is the use of topoi rather than sites, which provides us more
flexibility. In particular, once we setup the theory for schemes, it will be immediately applied
to algebraic spaces.
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3.2. Topological types of schemes and algebraic spaces. In this subsection we explore
various properties of the big étale topology that are necessary for developing our theory of
topological types of algebro-geometric objects.

Definition 3.2.1. Let X be a scheme. The site LFÉ/X (resp. LFS/X) has the underlying
category the full subcategory of the category of X-schemes consisting of locally of finite type
morphisms to X. The coverings are induced by coverings in the big étale (resp. big smooth)
topology on X.

3.2.2. It is the following that allows us to replace the small étale topology by the big one:

Lemma 3.2.3. Let X be a scheme. Then the inclusion functors

Ét(X)→ LFÉ/X, LFÉ/X → (Sch/X)ét, (Sch/X)ét → (Sch/X)sm, and LFÉ/X → LFS/X

are cocontinuous, continuous, and commute with finite limits.

Proof. The cocontinuity of (Sch/X)ét → (Sch/X)sm and LFÉ/X → LFS/X is a consequence
of [13, 17.16.3] which says that every smooth morphism admits a section étale locally on the
target. The rest follows immediately. �

Remark 3.2.4. Applying the same argument as in [37, 3.7], one sees that for a locally

noetherian scheme X the topos (LFS/X)∼ is locally connected, and so are (LFÉ/X)∼ and
Xét by 3.2.3. Observe that for a locally of finite type morphism Y → X with Y connected,
the sheaf represented by the morphism is a connected object in (LFÉ/X)∼.

3.2.5. Let X be a S-scheme. The representable presheaf hX→S : (Sch/S)op
ét → Set is a sheaf

by descent theory. We abusively denote by X the representable (constant simplicial) sheaf.

Definition 3.2.6. The topological type of a scheme (resp. algebraic space) X over S is the
pro-simplicial set

h(X/S) := LLΓ∗S
(X)

where Γ∗S : Set→ (Sch/S)∼ét is the constant sheaf functor (cf. (2.3.1.1)). The topological type
of a simplicial scheme (resp. simplicial algebraic space) X• over S is the pro-simplicial set

h(X•/S) := LLΓ∗S
(X•).

Remark 3.2.7.

(i) In the case when the base scheme S is locally noetherian and X is locally of finite type

scheme over S, by virtue of 3.2.3, one can replace (Sch/S)∼ét and LΓ∗S
by (LFÉ/S)∼ and

the connected component functor ΠS (which exists by 3.2.4), respectively: the same
conclusion is valid more generally for algebraic spaces by generalizing 3.2.3 to algebraic
spaces.

(ii) Due to 2.3.17, one can compute the topological types over any base scheme in a sense
that if X• is a simplicial scheme (or simplicial algebraic space) over S and S → T
is a morphism of schemes, then there is a weak equivalence h(X•/S) → h(X•/T ).
In particular, if X is an S-scheme, there is a weak equivalence LLΓ∗X

(∗(Sch/X)∼ét
) →

h(X/S). So we could have defined the topological type of X to be the topological type
of (Sch/X)∼ét.

(iii) Due to 3.2.3, one could have used (Sch/S)∼sm instead of (Sch/S)∼ét in 3.2.6.
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Example 3.2.8. Applying 2.3.11, for a field k, h(Spec k) is K(G, 1) where G = Gal(ksep/k)
is the absolute Galois group.

3.2.9. One can immediately apply the general theory of topological types developed in Section
2 where the theory of hypercovers 2.3.27 is applied to (Sch/S)∼ét; note that a smooth surjection
of algebraic spaces is an epimorphism as a morphism of big étale sheaves on S. In particular,
for simplicial schemes (resp. simplicial algebraic spaces), one obtains:

(i) The simplicial descent 2.3.24,
(ii) The hypercover descent 2.3.34,

(iii) The independence of hypercovers 2.3.36,
(iv) The simplicial hypercover descent 2.3.38.

Remark 3.2.10. It is the way of defining topological types of simplicial schemes/algebraic
spaces that makes us enjoy the descent theorems which result from abstract model category
theory. Indeed, for a simplicial scheme/algebraic space X•, instead of working with some
topos arising from it (see, for example, 2.4.9), we regarded X• as a simplicial object in the
ambient topos (Sch/S)∼ét to derive its topological type.

3.2.11. For the rest of the subsection, we compare our approach to topological types of
(simplicial) schemes to that of Barnea-Schlank, Artin-Mazur, Isaksen, and Friedlander.

For a scheme X, it follows from 3.2.7 that the natural map

LLΓ∗X
(∗(Sch/X)∼)→ h(X/ SpecZ)

is a weak equivalence. Moreover, when Γ∗ : Set → Xét denotes the constant sheaf functor,
the natural map

LLΓ∗(∗Xét
)→ LLΓ∗X

(∗(Sch/X)∼)

is a weak equivalence due to 2.3.15 and 3.2.3. As Barnea-Schlank’s topological realization [4,
8.2] of Xét is defined to be LLΓ∗(∗Xét

), it is weakly equivalent to the topological type h(X).
Now assume that X is locally noetherian. Then one sees from [4, 8.4] that LLΓ∗(∗Xét

) applied
to the natural functor

Pro(SSet)→ Pro(Ho(SSet))

gives rise to an isomorphism

LLΓ∗(∗Xét
) ' hAM(X)

in Pro(Ho(SSet)) where hAM(X) is the étale homotopy type of X in the sense of Artin-Mazur
[2, p.114]. Consequently, the topological type of X in the sense of 3.2.6 recovers Artin-Mazur.
In particular, [2, 10.7] shows that the fundamental group of h(X) is isomorphic to the enlarged
étale fundamental pro-group of X in the sense of [36, Exposé X.6] (see also 2.4.6).

3.2.12. The proofs of the following comparisons to Friedlander’s étale topological types of
simplicial schemes [11, 4.4] and to Isaksen’s derived functor approach were suggested by the
referee.

Proposition 3.2.13. Let X• be a locally noetherian simplicial scheme. Then the étale topo-
logical type of X• in the sense of Friedlander is weakly equivalent to h(X•) with respect to
Isaksen’s model category structure [17, 6.4] on the category of pro-simplicial sets.
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Proof. By virtue of the simplicial descent 2.3.24 and a similar description for Friedlander’s
étale topological types due to Isaksen [19, 3.11], one can reduce to the case of schemes. So let
X be a locally noetherian scheme. Then both topological types correspond to the ∞-shape
associated to the hypercompletion of the∞-category of space-valued étale sheaves on X (see
[28, 7.1.6.3]). Indeed, [15, 5.6] supplies the correspondence for Friedlander’s étale topological
type of X, while for h(X) the correspondence follows by combining [3, 6.0.4] with 3.2.11. �

3.2.14. In [19], Isaksen also provided a derived functor approach to étale topological types.
Let S be a noetherian scheme. Consider the category Sm/S of smooth schemes of finite type
over S. According to [19, 2.1], the étale topological type for schemes can be extended to a
functor

Et : (Ŝm/S)∆op → Pro(SSet).

It then follows from [19, 2.2] that this functor is left Quillen with respect to the étale local
or the Nisnevich local projective model category structure (see [19, §2] for details) on the
category of simplicial presheaves on Sm/S and Isaksen’s model category structure [17, 6.4]
on the category of pro-simplicial sets. In particular, for each scheme X ∈ Sm/S, LEt(X) is
the topological type of X in the sense of Friedlander. Since the class of weak equivalences in
the étale local model category coincides with the class of local weak equivalences, Isaksen’s
construction factors through the one used in 3.2.6 to induce a diagram

Ho((Ŝm/S)∆op
)

LEt

))��

Ho(Pro((LFÉ/S)∼)∆op
))

LΠ // Ho(Pro(SSet)).

To show that the above diagram commutes, it suffices to consider representable presheaves
because both functors Et and Π are left Quillen so that they commute with homotopy colimits.
Since the case of representable presheaves is a consequence of 3.2.13, we conclude that our
approach to topological types generalizes Isaksen.

3.3. Topological types of algebraic stacks.

3.3.1. Let X/S be an algebraic stack. Let (Sch/X)ét denote the site defined by applying

2.3.5. Likewise for LFÉ/X in the case when X is locally of finite type over S (recall from
1.5.2 that S is assumed to be locally noetherian in this case).

Lemma 3.3.2. The topos (LFÉ/X)∼ is locally connected.

Proof. The forgetful functor

LFÉ/X→ LFÉ/S : (Y → X) 7→ Y

is continuous and cocontinuous. So the pull-back functor of the associated morphism of topoi
admits a left adjoint, and so the statement follows from 3.2.4. �

Definition 3.3.3. The topological type of an algebraic stack X over S is the pro-simplicial
set

h(X/S) := LLΓ∗
X
(∗(Sch/X)∼ét

)

where Γ∗X : Set→ (Sch/X)∼ét is the constant sheaf functor and ∗ is a final object in (Sch/X)∼ét

(cf. (2.3.1.1)).
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Remark 3.3.4.

(i) In the case when X is locally of finite type over S (recall from 1.5.2 that S is assumed
to be locally noetherian in this case), using the idea of 3.2.3, one can replace (Sch/X)∼ét

and LΓ∗
X

by (LFÉ/X)∼ and the connected component functor ΠX (which exists by 3.3.2),
respectively.

(ii) The small étale topology could have been used for Deligne-Mumford stacks to define the
topological types.

3.3.5. To obtain descent theorems for algebraic stacks, note that for a smooth surjection
X → X of an algebraic stack X with X a scheme, the morphism hX→X → ∗(Sch/X)∼ét

of sheaves
on (Sch/X)ét is an epimorphism. As in the case of schemes and algebraic spaces, one can
readily apply the consequences in Section 2. In particular, for algebraic stacks, one obtains
the hypercover descent 2.3.40. Although 2.3.40 is stated only for hypercovers induced by
simplicial schemes over X, the descent result holds more generally for simplicial algebraic
spaces. For this, let us denote by (AS/X)ét the Grothendieck site which is defined similarly
to (Sch/X)ét, using algebraic space in place of scheme; see [32, 9.1.1]. As in the case of schemes
over X, a presheaf represented by an algebraic space X over X is in fact a sheaf on (AS/X)ét.
By virtue of [41, Expose III.4.1], there is an equivalence of topoi (Sch/X)∼ét ' (AS/X)∼ét under
which the representable sheaf can be viewed as a sheaf on (Sch/X)ét.

Using the equivalence of topoi, let us say that a simplicial algebraic space X• over X is a
hypercover of X if the simplicial sheaf represented by it is a hypercover of a final object in
the topos (Sch/X)∼ét (cf. 2.3.39).

Proposition 3.3.6. Let X/S be an algebraic stack. Then for a hypercover X• → X of X

with X• a simplicial algebraic space, there is a zig-zag of weak equivalences between h(X•)
and h(X), where h(X•) denotes the topological type of the simplicial algebraic space X• in the
sense of 3.2.6.

Proof. Let (AS/S)ét denote the category of algebraic spaces over S, equipped with the big
étale topology; see [32, 7.1.2]. Note that the inclusion functor (Sch/S)ét → (AS/S)ét induces
an equivalence to topoi by virtue of [41, Expose III.4.1]. So the statement follows by applying
the proof of 2.3.40 to C = (AS/S)ét (and so C/X = (AS/X)ét as defined in 3.3.5). �

3.3.7. An alternative proof of 3.3.6 can be given using the fact that every simplicial algebraic
space X• can be refined by a simplicial scheme U• in such a way that the associated morphism
of simplicial sheaves on (Sch/S)ét satisfies the equivalent conditions of 2.1.5, thereby inducing
an equivalence h(U•) → h(X•) by virtue of 2.3.33; therefore, the statement can be reduced
to 2.3.40. Indeed, one can inductively refine each algebraic space Xn by a scheme Un, using
étale coverings (see [40, Tag 0DAX] for details).

This refining process provides the existence of a hypercover of X in the sense of 2.3.39. Let
X → X be a smooth surjection with X an algebraic space. The simplicial sheaf associated to
the 0-th coskeleton X• = cosk0(X/X) so that Xn = X ×X X ×X · · · ×X X is the (n + 1)-fold
fiber product of X over X is a hypercover of a final object in (Sch/X)∼ét. Although X• → X

is not a hypercover in the sense of 2.3.39 as X• is merely a simplicial algebraic space, the
process above guarantees that X• can be replaced by a simplicial scheme. Alternatively, such
an existence also follows from [40, Tag 0DAX].

https://stacks.math.columbia.edu/tag/0DAX
https://stacks.math.columbia.edu/tag/0DAX
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Remark 3.3.8. As a consequence of the hypercover descent, one could have defined the
topological type of an algebraic stack by choosing any hypercover, and then apply the inde-
pendence of choice of hypercovers. Instead, we have defined the topological types of algebraic
stacks directly, and then proved that it is equivalent to the topological type of any hypercover.

3.3.9. Let X be a pointed connected algebraic stack. Behrang Noohi associated the Galois
category of finite étale coverings of X to define the fundamental group of X [30, §4]. It then
follows from 2.4.6 that the profinite completion of the fundamental group of h(X) plays the
same role of classifying G-torsors on X, where G is a finite group, as the fundamental group
of X in the sense of Noohi.

4. Profinite completion of topological types

In this section we study profinite completion of topological types. In particular, we gener-
alize Artin-Mazur’s comparison theorem [2, 12.9] to simplicial schemes and algebraic stacks.

4.1. Review on completion. We follow [33] for the profinite completion of (pro-)simplicial
sets.

4.1.1. Let Ê be the category of compact, Hausdorff, and totally disconnected topological
spaces; note that this category is equivalent to the pro-category of finite sets. The forgetful

functor Ê→ Set admits a left adjoint. The category of profinite spaces ŜSet is the category

of simplicial objects in Ê. There is an induced adjunction

(4.1.1.1) ̂: SSet //ŜSet : | |oo

where the right adjoint is the induced forgetful functor. The profinite completion of simplicial
sets is the left adjoint functor.

4.1.2. There is a model category structure on ŜSet by Quick [33, 2.12] in which cofibrations
are monomorphisms and weak equivalences are defined as following: A morphism f : X → Y
of profinite spaces is a weak equivalence if the following holds [33, 2.6]:

(i) π0(X)→ π0(Y ) is an isomorphisms of profinite sets,
(ii) π1(X, x)→ π1(Y, f(x)) is an isomorphism of profinite groups for each x ∈ X0, and

(iii) For each n ≥ 0, Hn(Y ;M) → Hn(X; f ∗M) is an isomorphism for every local coefficient
system M of finite abelian groups on Y (see [33, §2.2] for more details).

Remark that according to [33, 2.28], (4.1.1.1) is a Quillen adjunction.

4.1.3. Recall from [33, §2.7] that the profinite completion on Pro(SSet) is the composition
of the functor on the pro-categories associated to the profinite completion of simplicial sets

followed by the limit functor on Pro(ŜSet):

Pro(SSet) // Pro(ŜSet)
lim // ŜSet : (Xi)i∈I 7→ limi∈I X̂i.

4.1.4. Denote by ĥ(T ) the profinite completion of the topological type h(T ) which is a priori

a pro-simplicial set, and call it the profinite topological type of T . Likewise for ĥ(F•).



26 CHANG-YEON CHOUGH

4.2. Profinite completion and adjunction. In this subsection we show that the profinite
completion on pro-simplicial sets is a left adjoint functor.

4.2.1. To realize the profinite completion functor Pro(SSet) → ŜSet as a left adjoint, we

study some subcategory of SSet, whose associated pro-category will be equivalent to ŜSet.
Let X be a simplicial set. Recall from [3, 7.2.3] that X is τn-finite if it is level-wise finite and
the canonical map X → coskn τnX is an isomorphism. Also, X is τ -finite if it is τn-finite for
some n ≥ 0. Denote by SSetτ ⊂ SSet the full subcategory of τ -finite simplicial sets. There

is a natural inclusion SSetτ → ŜSet and the universal property of pro-categories induces a
functor

Pro(SSetτ )→ ŜSet

which is an equivalence of categories by [3, 7.4.1].

4.2.2. The natural inclusion SSetτ → SSet is fully faithful and preserves finite limits. Thus,
the induced functor on pro-categories is fully faithful and preserves limits, and in addition,
it admits a left adjoint and so there is an adjunction

(4.2.2.1) Pro(SSet) //Pro(SSetτ ).oo

Denote by Ψ the left adjoint. We show that Ψ is equivalent to the profinite completion on
pro-simplicial sets under the equivalence of [3, 7.4.1]:

Theorem 4.2.3. The profinite completion functor Pro(SSet) → ŜSet is isomorphic to the

composition of Ψ followed by the equivalence Pro(SSetτ ) ' ŜSet. In particular, the profinite
completion is a left adjoint functor.

Proof. The same argument as in 4.2.2 shows that the functor on pro-categories induced by

the inclusion functor SSetτ → ŜSet admits a left adjoint

L : Pro(ŜSet)→ Pro(SSetτ ).

Consider a diagram

Pro(SSet) //

Ψ ++

Pro(ŜSet)
lim //

L

''

ŜSet

Pro(SSetτ )

o

OO

where the top row is the profinite completion on pro-simplicial sets. We want to show that
the outer triangle commutes. Since the left triangle commutes by construction, it then suffices
to show that the functor L followed by the equivalence is isomorphic to the limit functor.
Considering the equivalence of [3, 7.4.1], by the uniqueness of left adjoint and the definition
of morphisms in pro-categories, it is enough to show that for each A ∈ SSetτ and (X : I →
ŜSet) ∈ Pro(ŜSet), there is a canonical bijection

Mor
ŜSet

(limXi, A) ' Mor
Pro(ŜSet)

(X,A).

Recall from [18, 7.2] that every constant object in a pro-category is cocompact, and so A is

cocompact as an object in ŜSet, whence the bijection follows. �
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4.2.4. Remark that Pro(SSet) (resp. ŜSet) is, in fact, equipped with a simplicial model
category structure [20, 4.16] (resp. [33, p.597]). Let us recall the tensoring due to a mild
subtlety. For pro-simplicial sets, define the tensoring with simplicial sets having finitely many
non-degenerate simplices by level-wise cartesian products, and extends by colimits [20, §4.1].
Likewise for profinite spaces.

4.2.5. Under the equivalence of [3, 7.4.1], Pro(SSetτ ) can be equipped with a model category
structure. According to [3, 7.4.5], (4.2.2.1) is a Quillen adjunction. Using 4.2.3, one obtains
an adjunction

(4.2.5.1) Pro(SSet) //ŜSetoo

whose left adjoint is the profinite completion on pro-simplicial sets. Therefore, one sees:

Corollary 4.2.6. (4.2.5.1) is a Quillen adjunction.

Remark 4.2.7. Let L̂Γ∗ denote the composition of the functor LΓ∗ with the profinite com-
pletion functor on pro-simplicial sets. As the referee pointed out, by combining (2.3.1.1) and
4.2.6, one obtains a Quillen adjunction

Pro(T∆op
) //ŜSetoo

whose left adjoint is L̂Γ∗ . In particular, for F• ∈ T∆op
, one could have defined the profinite

topological type ĥ(F•) (see 4.1.4) by LL̂Γ∗(F•).

4.2.8. The descent theorems 2.3.24 and 2.3.38 are still valid after profinite completion:

Theorem 4.2.9. Let F• be a simplicial object in T . Then the canonical map of profinite
spaces

hocolim
[n]∈∆op

ĥ(Fn)→ ĥ(F•)

is a weak equivalence. Furthermore, for a hypercover G• of H in T (see 2.3.27), the canonical
map of profinite spaces

hocolim
[n]∈∆op

ĥ(Gn)→ ĥ(H)

is also a weak equivalence.

Proof. Recall from the proof of 2.3.24 that there is a weak equivalence hocolimFn → F• in
Pro(T∆op

). Using this, the first one is an immediate consequence of 4.2.7 and the fact that
a left derived Quillen functor preserves hocolims. Since the profinite completion preserves
weak equivalences (cf. [33, 2.14. 2.28]), the second one is a combination of the first and the
hypercover descent 2.3.34. �

Remark 4.2.10. These profinite descent theorems will play a crucial role when proving the
comparison theorems for algebro-geometric objects.
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4.3. Comparison theorems. In this subsection we extend Artin-Mazur’s comparison the-
orem for schemes to simplicial schemes, simplicial algebraic spaces, and algebraic stacks.

Definition 4.3.1. (cf. 3.2.1) The big étale site Ét is the site whose underlying category is
that of complex analytic spaces. A collection of morphisms {Xi → X} is a covering of X if
each morphism Xi → X is étale and the map

∐
i∈I Xi → X is surjective. For an analytic

space X, the small étale site Ét(X) is the site whose underlying category has objects étale
morphisms of analytic spaces Y → X and whose morphisms are X-morphisms. A collection
of morphisms {Yi → Y } is a covering of Y if the map

∐
i∈I Yi → Y is surjective. Denote by

Xét the associated topos and refer to it as the small étale topos of X.

4.3.2. Recall from [35, Exposé XII.1.1] that associated to a locally of finite type scheme X
over C is the complex analytic space Xan. This construction is functorial and the functor

LFÉ/C→ Ét : X 7→ Xan

is continuous and commutes with finite limits; see [35, Exposé XII.1.2]. Therefore, it induces

a morphism of topoi Ét
∼
→ (LFÉ/C)∼, which in turn, by 2.3.18, induces a map of topological

types h(Xan)→ h(X).

Definition 4.3.3. Let X be a complex analytic space. The site Ét(|X|) is defined as fol-
lowing. As a category, an object is a local homeomorphism from a topological space Y to
the underlying topological space |X| of X, and morphisms are continuous maps over |X|. A
collection of maps {Yi → Y } is a covering of Y if the map

∐
i∈I Yi → Y is surjective.

Remark 4.3.4. Recall from [8, p.4] that the small étale site Ét(X) is equivalent to the

site Ét(|X|). Moreover, the topos associated to the site Ét(|X|) is equivalent to the topos
associated to the usual topology on |X|; see [8, 1.1.2.2]. Therefore, Xét is equivalent to the
usual topos of |X|. In particular, for a locally of finite type scheme X over C, when we
abusively denote by X(C) the underlying topological space of Xan, there is an equivalence
of topoi (Xan)ét ' X(C)∼ between the small étale topos 4.3.1 of Xan and the usual topos of
X(C).

4.3.5. As in the case of schemes, replacing the small site by the big one is a cornerstone
toward topological types of simplicial analytic spaces. The same argument shows that:

Lemma 4.3.6. (cf. 3.2.3) Let X be an analytic space. Then the inclusion functor

j : Ét(X)→ Ét/X

from the small étale site of X to the big étale site localized by X is cocontinuous, continuous
and commutes with finite limits.

4.3.7. We will need the following to study the comparison theorems:

Lemma 4.3.8. (cf. [33, 2.1], [2, 3.7]) Let X be a pointed connected pro-simplicial set. Then
the natural map

π̂1(X)→ π1(X̂)

is an isomorphism of profinite groups.
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Proof. It suffices to show that for each finite group G, the natural map

HomPro(FinGp)(π1(X̂), G)G → HomPro(FinGp)(π̂1(X), G)G

is a bijection (here we also use the fact that a homomorphism of profinite groups is an
isomorphism in the category of profinite groups if and only if it is an isomorphism in the
category whose objects are profinite groups and whose morphisms are outer continuous ho-
momorphisms). Using the adjunction 4.2.5.1 and the fact that BG is fibrant, the natural
map

Hom
Ho(ŜSet)

(X̂, BG)→ HomHo(Pro(SSet))(X,BG)

is a bijection. By the same argument as in the proof of 2.4.6, the right hand side of the first
map can be identified with the right hand side of the second map. On the other hand, using
[33, 2.9, 2.10, 2.24], one can identify the left hand sides of the maps, thereby completing the
proof. �

4.3.9. Artin-Mazur’s comparison theorem can be restated in terms of topological types with
weaker assumption:

Theorem 4.3.10. (cf. [2, 12.9]) Let X be a locally of finite type scheme over C. Then the
map of profinite topological types

ĥ(Xan)→ ĥ(X)

is a weak equivalence.

Proof. To establish the weak equivalence, note first that the map induces bijection on the
connected components using 2.4.2, [35, Exposé XII.2.6], and the fact that profinite completion
commutes with π0: the topological type (resp. profinite completion) preserves coproducts
2.3.13 (resp. 4.2.3) and a coproduct of weak equivalences between cofibrant objects is a weak
equivalence. So, we may assume X is connected.

Combining 4.3.8 with 2.4.6, it follows from [35, Exposé XII.5.1] that the map of profinite
topological types induces isomorphism of fundamental groups. To establish the desired weak
equivalence, it remains to show that the map induces isomorphisms of cohomology with local
coefficient systems of finite abelian groups. By virtue of [2, 10.8], the desired isomorphisms
follow from [26, 2.6] which implies that the morphism Xan → X induces isomorphisms of
cohomology for constructible torsion sheaves. �

Remark 4.3.11. This version of comparison theorem is more general than [2, 12.9]; the
assumption that X is of finite type is weakened to being locally of finite type.

4.3.12. With the building block–the comparison theorem for schemes–at hand, we build up
the comparison theorems for algebro-geometric objects using the new result 4.2.9. Let us
begin with the case of algebraic spaces.

Recall from [1, 1.6] that the analytification of schemes can be extended to locally separated
[1, 1.4] and locally of finite type algebraic spaces X over C; choose an étale surjection U → X
with U a scheme. Let R denote U ×X U . Then R ↪→ U ×C U is an étale equivalence relation
such that U/R ' X (see, for example, [32, §5.2]). The analytification Xan of X is defined
to be the quotient analytic space Uan/Ran; this construction is independent of the choice of
étale covers of X.
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It follows from this construction and the fact the pullback functor of the morphism of topoi
Ét
∼
→ (LFÉ/C)∼ appearing in 4.3.2 preserves sheaf-theoretic quotients that when we view X

as a sheaf on LFÉ/C, the functor carries X to the sheaf represented by Xan. In particular, the
analytification of such algebraic spaces preserves finite limits and carries smooth surjections
to epimorphisms of representable sheaves, generalizing the case of schemes (see 4.3.2). Note
also that by virtue of 2.3.18, one obtains the map of topological types

h(Xan)→ h(X).(4.3.12.1)

Proposition 4.3.13. Let X be a locally separated and locally of finite type algebraic space
over C. Then the map of profinite topological types

ĥ(Xan)→ ĥ(X)

is a weak equivalence.

Proof. The map in the statement is obtained by taking profinite completion to (4.3.12.1).
Choose an étale surjection U → X with U a scheme. Denote by U• the 0-th coskeleton
cosk0(U/X) so that Un = U ×X U ×X · · · ×X U is the (n + 1)-fold fiber product of U over
X. Combining 2.3.31 with 4.3.12, it follows that Uan

• → Xan is a hypercover where Uan
• is the

degree-wise analytification of U•. Consider a commutative diagram of profinite spaces:

hocolim
[n]∈∆op

ĥ(Uan
n ) //

��

hocolim
[n]∈∆op

ĥ(Un)

��

ĥ(Xan) // ĥ(X).

By the homotopy invariance of hocolim [14, 18.5.3], the top is a weak equivalence by the
scheme case 4.3.10. On the other hand, the vertical maps are isomorphisms by 4.2.9. There-
fore, the bottom is a weak equivalence. �

4.3.14. By virtue of 4.2.9, the case of simplicial algebraic spaces readily brings down to
4.3.13:

Theorem 4.3.15. Let X• be a locally separated and locally of finite type simplicial algebraic
space over C. Then the map of profinite topological types

ĥ(Xan
• )→ ĥ(X•)

is a weak equivalence.

Remark 4.3.16. Compared to the scheme case, there is an extra assumption of algebraic
spaces being locally separated in 4.3.13 and 4.3.15. According to [9, 2.2.5], the assumption is
indispensable when analytifying algebraic spaces. However, it is not the case in the process
of taking the underlying topological space |Xan| of Xan. Indeed, |Xan| ' U(C)/R(C) (using
the notation of 4.3.12). Let us denote the topological space by X(C). In particular, the
assumption can be dropped in 4.3.13 and 4.3.15 by replacing Xan

• with X•(C) (cf. 4.3.4).

4.3.17. Let us set up for topological types of topological stacks. The category of topological
spaces with the usual open coverings gives rise to the big topological site Top. As in the case
of algebraic stacks, the results of Section 2 can be applied in this context. In particular, one
obtains the descent theorems (cf. 3.3.5).
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Let X be a topological space. Its topological type h(X) is defined to be the topological
type of the sheaf on the site Top represented by X.

Remark 4.3.18.

(i) By virtue of 2.3.17, h(X) could have been defined to be the topological type of the
localized topos (Top/X)∼.

(ii) Denote by Op(X) the site induced by the usual topology on X. Then the natural functor
Op(X)→ Top/X satisfies the assumptions in 2.3.15 where Top/X is the localized site.
So one could have defined h(X) to be the topological type of the usual topos of X.

(iii) By virtue of [4, 8.5], as in the scheme case, h(X) and the homotopy type of X in the
sense of Artin-Mazur [2, 9.8] are isomorphic as pro-objects in the homotopy category of
simplicial sets.

(iv) If Y is a connected locally contractible topological space such that every open subset is
paracompact, then its homotopy type in the sense of Artin-Mazur is isomorphic to its
singular complex [2, 12.1] in Pro(Ho(SSet)). For instance, X(C) is such a space when
X is a connected separated finite type C-scheme. Combined with 4.3.4, h(Xan) and the
singular complex of X(C) are isomorphic in Pro(Ho(SSet)).

4.3.19. Recall from [31, §20] that there is a functor of 2-categories from the 2-category of
locally of finite type algebraic stacks over C to the 2-category of topological stacks; choose
a smooth surjection X → X with X an algebraic space. Let R denote X ×X X. Then

pr1, pr2 : R // // X is a smooth groupoid such that [X/R] ' X (see, for example, [27, 3.8]).

The topological stack Xtop associated to X is defined to be the quotient stack [X(C)/R(C)]
(cf. 4.3.16); this construction is independent of the choice of smooth covers of X. Note from
the construction that if X were an algebraic space X, then Xtop ' X(C).

4.3.20. Let X be a locally of finite type algebraic stacks over C. We now construct a map of
topological types

(4.3.20.1) h(Xtop)→ h(X).

This is a bit technical because the site associated to X (see 2.3.5) does not admit a final object.
Nevertheless, one can still prove the comparison theorem for algebraic stacks 4.3.24 without
constructing such a map. Indeed, the proof of 4.3.24 will show us that there is a zig-zag of weak

equivalences between ĥ(Xtop) and ĥ(X); in other words, they are isomorphic in the homotopy
category of profinite spaces. However, for the sake of completeness, we include a construction
of (4.3.20.1) and show that it induces a weak equivalence upon profinite completion.

4.3.21. Let X be a locally of finite type algebraic stacks over C. Let (Sch/X)ét denote the
site associated to X; see 2.3.5. Let (SchLF/X)ét ⊆ (Sch/X)ét denote the induced site on the
full subcategory spanned by those objects (X, x), where X is a locally of finite type scheme
over C and x : X → X is a morphism of algebraic stacks over C.

For the associated topological stack Xtop, let (Top/Xtop)lh denote the site whose underlying
category is equal to the underlying category of the site (Top/Xtop) defined as in 2.3.5 and
whose coverings are defined as following: A collection of maps {(fi, f bi ) : (Ui, ui) → (U, u)}
is a covering if each fi is a local homeomorphism of topological spaces and the induced map∐
Ui → U is a surjection.
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Lemma 4.3.22. There is a continuous functor

u : (SchLF/X)ét → (Top/Xtop)lh

which carries X → X to X(C)→ Xtop and induces a morphism of topoi

(Top/Xtop)∼lh → (SchLF/X)∼ét.

Proof. Note that the underlying category of the site (SchLF/X)ét admits equalizers (see [40,
Tag 06WY]) and fiber products. The functor u is equivalent to the restriction of the functor
of [31, §20] associating topoloigcal stacks to algebraic stacks. By virtue of [31, 20.2], the
functor u commutes with equalizers and fiber products. Also, it carries coverings to coverings
(see [35, Exposé XII.3.1]); therefore, it is continuous. Now consider the adjunction

u∗ : (SchLF/X)∼ét
//(Top/Xtop)∼lh : u∗oo

induced by the continuous functor u; see [32, 2.2.26]. To complete the proof, we need to show
that u∗ commutes with finite limits (or, equivalently, with a final object and fiber products).
Recall from the proof of [32, 2.2.26] that for F ∈ (SchLF/X)∼ét, u

∗F is the sheafification of the
presheaf û∗F given by the following formula: for each (t : T → Xtop) ∈ (Top/Xtop),

(û∗F )(t) = colim
(x,(φ,φb))∈Iop

t

F (x),

where It is the category whose objects are pairs (x, (φ, φb)), where (x : X → X) ∈ (SchLF/X)

and (φ, φb) is a morphism from t to u(x) in (Top/Xtop), and whose morphisms (x′, (φ′, φ′b))→
(x, (φ, φb)) are morphisms (f, f b) : (x′ : X ′ → X) → (x : X → X) in (SchLF/X) such that

u(f, f b) ◦ (φ′, φ′b) = (φ, φb). It follows from [40, Tag 00X4] and [40, Tag 002Y] that colimits
over Iop

t commute with fiber products in sets. Therefore, û∗ commutes with fiber products,
and so is u∗ as sheafification commutes with finite limits. So it remains to show that u∗ carries
a final object to a final object. Let Stackfaith

/X denote the category whose objects are pairs
(Y, y), where Y is a (not necessarily algebraic) stack in groupoids over (Sch/C)ét and y : Y→ X

is faithful morphism of stacks [16, 1.8], and whose morphisms (Y, y)→ (Z, z) are equivalence
classes of pairs (f, f b), where f : Y → Z is a morphism of stacks and f b : y → z ◦ f is a

2-morphism of functors (here two such pairs (f ′, f ′b) and (f, f b) are defined to be equivalent

if there exists a 2-morphism α : f ′ → f such that f b = (idz ? α) ◦ f ′b); see [16, 1.17].
Stackfaith

/Xtop is defined similarly for Xtop. One can naturally regard (SchLF/X) and (Top/Xtop)

as full subcategories of Stackfaith
/X and Stackfaith

/Xtop , respectively. Since Stackfaith
/X and Stackfaith

/Xtop

are topoi by [16, 1.18], it follows from [41, Expose III.4.1] that with respect to the étale and
the local homeomorphism topologies on the full subcategories, respectively, and the canonical
topologies on the topoi, there are equivalences of topoi

(SchLF/X)∼ét ' Stackfaith
/X and (Top/Xtop)∼lh ' Stackfaith

/Xtop ,

from which it follows immediately that u∗ preserves final objects. �

4.3.23. On the one hand, using the same argument as in the proof of 4.3.22, there is an
equivalence of topoi (Sch/X)∼ét ' Stackfaith

/X . On the other hand, since every homeomorphism

can be refined by open maps, it follows from [40, Tag 00VX] that the sites (Top/Xtop) and

https://stacks.math.columbia.edu/tag/06WY
https://stacks.math.columbia.edu/tag/00X4
https://stacks.math.columbia.edu/tag/002Y
https://stacks.math.columbia.edu/tag/00VX
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(Top/Xtop)lh induce the same category of sheaves. Consequently, the morphism of topoi
constructed in 4.3.22 can be restated as a morphism of topoi

(Top/Xtop)∼ → (Sch/X)∼ét,

which induces the desired map of topological types (4.3.20.1).

Theorem 4.3.24. Let X be a locally of finite type algebraic stack over C. Then the map of
profinite topological types

ĥ(Xtop)→ ĥ(X)

is a weak equivalence.

Proof. The map in the statement is obtained by taking profinite completion to (4.3.20.1).
Choose a hypercover U• → X of X in the sense of 2.3.39 (whose existence is guaranteed by
3.3.7); in particular, each Un is a scheme. It then follows from 2.3.31 and 4.3.22 (see also
4.3.23) that U•(C)→ Xtop is a hypercover of Xtop. By virtue of 2.3.40, the statement can be
reduced to the case of simplicial algebraic spaces 4.3.15 (see also 4.3.16), thereby completing
the proof. �

Remark 4.3.25. It is 4.2.9 that makes it easy and formal to generalize the comparison
theorem for schemes 4.3.10 to (simplicial) algebraic spaces and algebraic stacks.

Example 4.3.26. Let G be a smooth group scheme over C and let BG denote the classify-
ing stack of G. Recall from the construction in 4.3.19 that the associated topological stack
(BG)top is equivalent to the classifying topological stack of the topological group G(C). Since
the 0-th coskeleton of the smooth surjection SpecC→ BG can be identified with the classi-
fying scheme BG of the group scheme G, it follows from 2.3.31 and 4.3.22 (see also 4.3.23)
that the classifying space B(G(C)) of G(C) is a hypercover of (BG)top. By virtue of the
comparison theorem for algebraic stacks 4.3.24 and the hypercover descent for stacks 2.3.40

applied to the associated topological stack (cf. 4.3.17), ĥ(BG) is weakly equivalent to the
profinite topological type of the classifying space of the topological group G(C). Concretely,

for the multiplicative group scheme Gm over C, ĥ(BGm) is weakly equivalent to the profinite
completion of K(Z, 2) as it is well-known that the classifying space BS1 of the unit circle
is CP∞ which is K(Z, 2). More generally, for the general linear group scheme GLn over C,

ĥ(BGLn) is weakly equivalent to the profinite topological type of the Grassmannian G(n,C∞)
of n-dimensional subspaces in C∞. In particular,

H∗(BGLn,Q`) = Q`[c1, c2, · · · , cn] = H∗(G(n,C∞),Q`)

where ci are the universal Chern classes of degree 2i. Each side is well-known to algebraic
geometers and topologists, respectively.
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applications to geometric topology. Lecture Notes in Mathematics, Vol. 542. Springer-
Verlag, Berlin-New York, 1976, pp. vii+296.

[11] Eric M. Friedlander. Étale homotopy of simplicial schemes. Vol. 104. Annals of Mathe-
matics Studies. Princeton University Press, Princeton, N.J.; University of Tokyo Press,
Tokyo, 1982, pp. vii+190. isbn: 0-691-08288-X; 0-691-08317-7.

[12] Paul G. Goerss and John F. Jardine. Simplicial homotopy theory. Modern Birkhäuser
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